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Thesis result

We will discuss the following result of my thesis:
Theorem (Main theorem)

There exists a Riemannian metric with positive radial sectional
curvature on S* that attains a negative radial sectional curvature
when evolved by the Ricci flow.

We remark that this theorem is an extension of a similar by Bettiol
and Krishnan in 2019 using a metric with nonnegative sectional
curvature on S*. We also remark that, in December 2021, they
have also recently extended their result to a metric with positive
sectional curvature on S*. This means that Theorem 1 is now a
special case of their 2021 result. | will explain that my metric with
positive radial sectional curvature contains properties that differ
significantly from the metric of their 2021 result.



The group action on M

Let M be a compact Riemannian manifold equipped with a
Riemannian metric g. Let G be a group that acts by isometries on
M.

Definition

We say that the action by G on M is with cohomogeneity one if
the quotient space M /G is one-dimensional.

Since we are assuming that M is compact, the quotient space M/G
must be isometric to either a circle St or a closed interval [0, L] for
some L > 0.

In this presentation, we will focus only on the closed interval [0, L].



The SO(3) action on S*

Define V := {Ac R33 | A= AT tr(A) = 0}. Then V is
five-dimensional and its natural inner product is
g(A,B) :=1tr(ATB) for A,Bc V.

The SO(3) action on S* is defined to be the restriction to the unit
sphere in V of the group action of SO(3) on V by conjugation:
SO(3) x V — V given by h- A= hAh™! for all rotation matrices
h € SO(3) and for all A€ V.



Geodesic through the orbits of S*

The geodesic v : [0, 2] — V defined by

runs orthogonally through all the principal orbits
50(3)/50(3)7(&“) of 54.

__2cos(s)

S



Basis of the Lie algebra of SO(3)

The Lie algebra of SO(3) is

s0(3) = {AcR¥>3 | A+ AT =0}.

The set {Eps, E31, E12}, where we define

0 0 O
Exz:=(0 0 1},
0 —1 0]
[0 0 —1]
Es3 =10 0 0|,
1 0 0
[0 1 0]
Er,:=|-1 0 0f,
|0 0 0

is a basis of s0(3).



Killing fields
The corresponding Killing fields are X, Y, Z, defined by

X(p) := iex (sE2s) -
pP) = ds p 23) P )

d
Y(p) := ——exp(sEa1) -p| .

ds 5=0
d
Z(p) = cexp(skr) - p|
s=0

where

exp : Tp(M\ (7 ({0}) UnH({L})))
= M\ (r({0}) unH({L}))

is the Lie group exponential map.



Killing fields

Since the SO(3) action on S* is cohomogeneity one and by
isometries, the metric g is determined completely by its restriction
to the geodesic .

The lengths of the Killing fields are denoted

p(s) = [X(v(s))l, (10)
U(s) =Y (v(s))l, (11)
£(s) = 1Z2(7(s))] (12)



The 2017 result by Renato Bettiol and Anusha Krishnan

Let % be the tangent vector of the geodesic v at the point 7(s).
Lemma (Bettiol and Krishnan, 2017)
Any SO(3)-invariant Riemannian metric g on S* takes the form

g = dr2 + (p2dX2 + w2dy2 + 520’22, (13)

where dr, dx, dy, dz are covectors corresponding respectively to the
vector fields %, X,Y,Z.

The entries off the diagonal of the 4 x 4 matrix associated with g
are zero.



Applications of Ricci flow

Now we consider metrics g(t) that evolve in time.
Definition

A smooth time-dependent family of metrics g(t) for all t > 0 is
called the Ricci flow if it satisfies the partial differential equation

ag(t) = -2 Ricg(t), (14)

where Ricg(y) is the Ricci tensor.



Applications of Ricci flow

The Ricci flow equation (14), the diagonal form of g, the Ricci
curvature expressions in terms ¢, 1, £, and some calculus all yield
the system of partial differential equations associated with the Ricci
flow g(t):
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Graphs of the functions for the metric
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The middle metric

The middle linearized metric on a neighborhood of S* about
s = sp, for any fixed 0 < sp < % and for any m,c € R:

Bme = ds° + Gy o O + 0, dy® + &, d2,
where we define (,Z_Jm@ﬂ/;m@,gm,c :[0,3] = R by

@m,c(s) :=c+ms
mr

Vm.c(s) == 3 + 2c,
Emc(s) == % + ¢ — ms.

A working example for our result is g, _7 ..
Z
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Graphs of the functions for the metric
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First key lemma

We introduce a key lemma.
Lemma (First key lemma)

Let {(M, g-)}r>0 be a smooth family of Riemannian metrics. For
simplicity of notation, we set gy = g. Suppose there exists a
tangent plane o that satisfies

secg(0) =0, (23)
(secg(t)(0))tlt=0 < 0. (24)

If T > 0 is sufficiently small, then (M, g.) evolves through Ricci
flow to a metric with a negative sectional curvature; that is, there
exists tg > 0 that satisfies

seCq, (t0)(7) < 0. (25)



The middle metric

The middle metric (5%, gm.c) has a negative temporal derivative of
sectional curvature for suitable values of m, c € R.

Lemma

There exist m € (—ﬂ, ﬁ) c € R, and a sufficiently small « > 0
such that, for all T — o < s < ¢ + «, the middle metric gm, . has
zero mixed curvatures and satisfies

S€Cg,, <685,X> =0, (26)

0 0
a <Sng—m7C(t) <85, X>)

where gm c(t) is Ricci flow whose initial metric is gm c(0) = &m,c-

<0, (27)
t=0

c=="

A working example is g,._7 ._3
5 10



The deformed middle metric

The corresponding family of deformed linearized metrics {gf, . }e>0
on a neighborhood of $* about s = sy, for any fixed 0 < sp <
and for any m, ¢ € R, defined by

8o = ds” + (i c)? I + (Vo) dy? + (§,0)7 d2%, (28)

where we define @;,76,12,;,6,5,;76 :[0,3] = R by

95;,76(5) ‘= c+ ms — es> (29)
Te mm 2 3

Vm.c(s) = K +2c—es” —es”, (30)
ffnvc(s) = mr + ¢ — ms — es. (31)

3



Graphs of the functions for the metric

The figure below shows the graphs of ¢35, A%’fc, A%EC when o > 0
and € > 0 are very small.
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As we will see, one of the tangent planes at s = & has positive
radial sectional curvature that will flow to a negative one through

the Ricci flow.



The metrics we will use to construct a one-parameter family

The modified round metric on a neighborhood of the singular orbit
of S* about s = 0, for any a > 0:

g = dr’ +(36)" a5 + (J6)° dy? + (£6)°d2%, (32)
where we define @8,1;8‘,53 1[0, 55] — R by
- 2 .
oo (s) = o sin(as), (33)
. 1
U5(s) = V3 cos(as) + o sin(as), (34)

£8(s) = v/3cos(as) — ésin(as), (35)



The metrics we will use to construct a one-parameter family

The modified round metric on a neighborhood of the singular orbit
of §* about s = %, for any a > 0:

&2 = dr +($%)7 d® + ($8)2 dy? + (£2)°d2%, (36)

[Z1E]e)

where we define 95%,1#%,5% 1[0, 55] = R by

23(s) =46 (s—3) - (37)
b =8 (s—3). (38)
&2(s) =~ (s - 3) (39)



The metric is smooth at the singular orbits

Theorem

The SO(3)-invariant metric g is smooth on the singular orbit

(SO(3) x D?)/ SO(3)(o) if and only if the metric
glp2 = ds? + p? dx? (40)

is smooth on D? and the extended functions
Yext, Sext [—L, L] — R defined by

__JU(s) fors>0,
Pl = {{(—s) fors <0

) &(s) fors >0,
Seals) = {@b(—s) fors <0 (42)

are also smooth on [—L, L].



Graphs of the functions for the metric

We remind the audience of the graphs of $n'c, ¥m'c, Em'c when

a >0 and € > 0 are very small.
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The metrics we will use to construct a one-parameter family

The deformed hat metric, for any € > 0:
B = dr? + (P)? P + (D)2 dy® + (Ee) d2?, (43)

where we define gom c,wm c,ﬁm ¢ [0, %] — R by

Pmc(s) = min{Fg(s), somc(S) ¢5 ()}, (44)
Dic(s) = min{d (s), ¥ (), 0% (5}, (45)
Emels) = min{&g (5),§m,c(5),f‘§(5)}- (46)



Metric modification techniques

Consider a mollifier n : R — R that is positive and has compact
support. Furthermore, consider for any § > 0 the function
n’ : R — R given by

W)=z (%) (47)
that satisfies
/_OO n’(x) dx = 1. (48)

Define for any § > 0 the mollification f° : R — R by the
convolution of 77° and f; namely, we define

[e.o]

F(x) = (1 % F)(x) = / P (x— 2)F(2)dz.  (49)

—0o0



Metric modification techniques

For any closed interval [a, b] C R, let H,, : R — R be a smooth,
nondecreasing function that is 0 on (—o0, a] and 1 on [b,c0). This
allows us to glue the functions f, h: R — R, which we write as

(faob h)(x) :== (1 — Hap(x))f(x) + Hap(x)h(x) (50)
In particular, the glue function is smooth on R and satisfies

(faop h)(x) = f(x) for all x < a, (51)
(fa0p h)(x) = h(x) for all x > b. (52)

The glue operation allows us to glue the convolved functions with
the modified round metrics using bump functions.



Graphs of the functions for the metric

Once again, we remind the audience of the graphs of
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<Pmc,¢mc, mc when « > 0 and € > 0 are very small.
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Glued metric

In particular, define for any a > 0, 6 > 0, ¢ > 0 the glue functions
~ 75’ £ 767 .
‘p%,cfpa,mzw '07["7676,01,2,5,6 . [Oa E] —+R by

A6, o

SO% C€p3 478(5) (SDO 030P4()0m c P7<>P 80%)( ) (53)

3
6 . "
Io‘ll"l’,cj,epl’zj’ﬁ(s) = (50 plOP2§m,C pSOP )( ) (54)

7777777

7,0 é, d,
1/}%7,(:776/)172737475,6,7’8 (S) = SDIO'I; Cep3 4,7, 8(5) + g% Cfp]_ 2,5,6(5)' (55)

Accordingly, we have the glued metric for any m, ¢ € R and for any
0>0,e>0:

A Q0,6 :dr2+( A€ )2dX2

Emic,p1,2,3,45,6,7.8 Pm,c,p3.4,7,8

,0,€ 2 2
+ (w%,C,P1,2,3,4,5,6,7,8) dy (56)
+ (Aa,(s,e )2 dZ2.

m,C,0p1,2,5,6



One-parameter family of metrics

Define the one-parameter family of metrics {gf. . }r>0 taking the
form

gfﬁirnal = dr2 + Spgnal dX2 =+ 77bizi—na| dy2 + §f7i—na| dZ2, (57)

where we define o7 . 0% & R — R by

T . ~a,0,TE 58
Pfinal - (‘Om:%,c:%,m,mzs’ ( )

~

wlz;nal = @baﬁﬂ_e (59)

_7 .3 ’
m=g,C=15:P1,2,3,4,5,6,7,8

gT [ é\a7677—€
H Dl 7 _ 3 .
final m=g,¢=1P1,2,5,6

forall 0 < d < g and 0 < € < ¢p.



Qutline of our proof of the main theorem

Now that we have introduced all the Riemannian metrics on S*
that we need, we will now turn our attention to outlining our proof
of the main theorem, which we will state again here:

Theorem (Main theorem)

There exists a Riemannian metric with positive radial sectional
curvature on S* that attains a negative radial sectional curvature
when evolved by the Ricci flow.

To prove this theorem, we will need two key lemmas.



Qutline of our proof of the main theorem

Lemma (First key lemma)

Let {(M,g;)}r>0 be a smooth family of Riemannian metrics. For
simplicity of notation, we set go = g. Suppose there exists a
tangent plane o that satisfies

secg(0) =0, (61)
(secg(t)(0))tlt=0 < 0. (62)

If 7 > 0 is sufficiently small, then (M, g.) evolves through Ricci
flow to a metric with a negative sectional curvature; that is, there
exists tg > 0 that satisfies

seCq, (t0)(0) < 0. (63)



Qutline of our proof of the main theorem

Lemma (Second key lemma)

There exists g on S* of the form given by (13) such that:
1. The functions p,1, & are concave down.
2. For k=0,1 and for s* = 0, 5, the functions ¢,, ¢ satisfy

P(s*) = (¢5)W(s7), (64)
PW(s*) = ()9 (s"), (65)
£W(s") = (€)1 (s"). (66)

3. There exists to € (0, ) such that, for any
p € SO(3)/SO(3) (1), there exists a radial plane o € T,S*
that satisfies (secg(¢)(0))t|t=0 < 0, where g(t) solves Ricci
flow near (to, p) whose initial metric is g(0) = g.



Qutline of our proof of the main theorem

Proposition
Let f,h: R — R be twice differentiable functions that are strictly
concave on any closed interval [a, b] C R. Then:

1. The sum function f + h is strictly concave on R.

2. If § > 0 is sufficiently small, then the mollification O .= 775 x f
is strictly concave on |a, b].

3. For any 3 > 0, there exists € > 0 such that, if f, h satisfy

max( max_ f"’(x), max h"(x)) < -5, (67)
x€[a,b] x€|a,b]
£ = hllcr(a,e) <6 (68)

then the glue function f yo, h is strictly concave on [a, b].

. ~Q,0,€ ~a,d,e Fa,d,e . T
In partlcu|ar, @m,c,p3’4’7,8)wm,C7P1,2,3,4,5,6,7,8’ m,c,p1,256 - [07 7] —-+R
are all strictly concave on [0, 5], according to the Proposition.



Qutline of our proof of the main theorem

Lemma
Let (S* g) be SO(3)-invariant. Suppose g takes the form in (13).
1. If p,2, & are concave, then (S*, g) has a nonnegative radial
sectional curvature.
2. If p, 1), & are strictly concave, then (S*, g) has positive radial
sectional curvature.

Lemma
Fix any number 79 > 0. There exist § > 0 and € > 0 such that the
following properties hold:
1. The manifold (S*,gf. .,) has positive radial sectional curvature
forall 0 < 7 < 79.
2. The family of manifolds {(S*, gf. ) o<r<r, satisfies the
hypotheses of the first key lemma.



Qutline of our proof of the main theorem

Let us summarize what we have discussed before we prove the main
theorem.

1.

. Their corresponding mollifications ¢p; ¢,

Our functions QOmc,@ZJm . m <, where e > 0 and € > 0 are

small, are continuous, piecewise smooth, and strictly concave.

~a,0, ,0, 4,
e w%ce’ ,‘che maintain

the properties we mentioned in (1) and are also smooth.

~a,d,e fa,d,e
The glue functions ‘Pm ¢ 03 47,8 ¥Ym,c,p1,23,45,6,7,8)SM,C,p1256

glue @%‘ie,w%&ce, %556 with &8, V¢, £2, respectively. The glue

functions maintain the properties we mentioned in (1) and (2),
and they satisfy (64), (65), (66), as asserted by the second key

o,0,€
lemma. We called this resulting metric g5, 2 3.4.5.67.6-

1459,

. Finally, we were able to construct our desired one-parameter

,0,T€e

fam||y Of metrics {gf|na|}7>0 - {g m,c,p1,2,3,4,5,6,7,8 }TZO



Qutline of our proof of the main theorem

Finally, we will write a short proof of the main theorem, citing our
previous propositions and lemmas. We will also restate the main
theorem one more time.

Theorem (Main theorem)

There exists a Riemannian metric with positive radial sectional
curvature on S* that attains a negative radial sectional curvature
when evolved by the Ricci flow.

Proof. Consider the one-parameter family of metrics {gf . }->o0-
For all 0 < 7 < 79, the final key lemma asserts that the manifold
(8%, gf..,1) has positive radial sectional curvature and that the
family {(S*, g7 .;) Jo<r<r, satisfies the hypotheses of the first key
lemma for the tangent plane span(%,X). Furthermore, the first
key lemma asserts (25), which is precisely the assertion of our main

theorem.
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