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The Thurston norm
and twisted Alexander polynomials
By Stefan Friedl at Regensburg and Stefano Vidussi at Riverside

Abstract. Using recent results of Agol, Przytycki–Wise and Wise we show that twisted
Alexander polynomials detect the Thurston norm of any irreducible 3-manifold which is not
a closed graph manifold.

1. Introduction and main results

Let N be a 3-manifold. (Throughout the paper, unless otherwise stated, we will assume
that all 3-manifolds are orientable, connected and that they have either empty or toroidal bound-
ary.) Given a surface†with connected components†1; : : : ; †k , its complexity is defined to be

��.†/ D

kX
iD1

max¹��.†i /; 0º:

Given a 3-manifold N and � 2 H 1.N IZ/, the Thurston norm is defined as

xN .�/ WD min¹��.†/ j † � N properly embedded and dual to �º:

Thurston [41] showed that xN is a seminorm on the module H 1.N IZ/. We say that a class
� 2 H 1.N IZ/ D Hom.�1.N /;Z/ is fibered if there exists a fibration p W N ! S1 such that
� D p� W �1.N /! Z. We refer to Section 2 for more information on the Thurston norm and
fibered classes.

Given a 3-manifold N , a class � 2 H 1.N IZ/, and a representation

˛ W �1.N /! GL.k;C/;

we denote by �.N; �; ˛/ 2 C.t/ the corresponding twisted Reidemeister torsion, whose defini-
tion we summarize in Section 3.1. This invariant was first introduced by Lin [30] and Wada [46]
using slightly different normalizations. In the literature �.N; �; ˛/ is also sometimes referred to
as the twisted Alexander polynomial of .N; �; ˛/. Our approach in defining �.N; �; ˛/ follows
the point of view taken in [26] and [9].
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88 Friedl and Vidussi, The Thurston norm and twisted Alexander polynomials

Given p.t/ ¤ 0 2 CŒt˙1�, we can write

p.t/ D

sX
iDr

ai t
i

with ar ¤ 0 and as ¤ 0 and we define

deg.p.t// WD s � r:

We extend this definition to deg.0/ WD 0. Furthermore, given f .t/ 2 C.t/, we can write

f .t/ D
p.t/

q.t/

with p.t/; q.t/ 2 CŒt˙1�, and we define

deg.f .t// WD max¹0; deg.p.t// � deg.q.t//º:

Note that the degree of f .t/ is well-defined.
The following theorem was proved by the first author and Taehee Kim [9, Theorems 1.1

and 1.2] (see also [8] for an alternative proof).

Theorem 1.1. Let N be a 3-manifold, let � 2 H 1.N IZ/ be non-zero and let a repre-
sentation ˛ W �1.N /! GL.k;C/ be given. Then

(1.1)
1

k
deg.�.N; �; ˛// � xN .�/:

Furthermore equality holds if � is fibered.

It is a natural question to ask whether there exists a representation such that (1.1) becomes
an equality for all �. Computational evidence towards an affirmative answer was given in [9,10]
and [7]. Using recent work of Agol [1, 2], Przytycki–Wise [39] and Wise [49] (see Section 5.2
for details) we can now prove that this is indeed the case for most 3-manifolds:

Theorem 1.2. LetN be an irreducible 3-manifold which is not a closed graph manifold.
Then there exists a unitary representation ˛ W �1.N /! U.k/ such that

1

k
deg.�.N; �; ˛// D xN .�/ for any � 2 H 1.N IZ/ n ¹0º:

Furthermore ˛ can be chosen to factor through a finite group.

Remark. (1) In Corollary 5.10 we will prove a closely related result which shows
that under the same assumption on N there exists a unitary representation such that the
corresponding twisted Alexander norm introduced in [10] (which generalizes work of
McMullen [32] and Turaev [45]) also detects the Thurston norm.

(2) Almost the same proof shows that under the same hypothesis of Theorem 1.2 there ex-
ists also a rational representation ˛ W �1.N /! GL.k;Q/ such that the corresponding
twisted Reidemeister torsion detects the Thurston norm. We leave the details to the reader.
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(3) It was shown by many authors (see [5,8,9,14,20,21,28,37]), at different levels of gener-
ality, that twisted Alexander polynomials give obstructions to a 3-manifold being fibered.
In [16] (see also [15]) the authors showed that in fact twisted Alexander polynomials de-
tect fibered 3-manifolds. The fiberedness criterion of [16] can be greatly strengthened
using the recent work of Wise. We refer to [17] for details.

(4) Some of the ideas of this paper were also used by the authors in [18] to study genus
minimizing surfaces in S1-bundles over closed 3-manifolds.

Of particular interest is the case of knots in S3. If K � S3 is a knot and if

˛ W �1.S
3
nK/! U.k/

is a representation, we can consider Wada’s invariant W.K; ˛/ 2 C.t/, see [46]. By [14, 27] it
can be viewed as the twisted Reidemeister torsion of .S3n�K; �; ˛/where � 2 H 1.S3n�KIZ/
is a generator. The Thurston norm of � is furthermore well known related to the genus of K
and we immediately obtain the following corollary to Theorem 1.2.

Corollary 1.3. Let K � S3 be a knot. Then there exists a representation

˛ W �1.S
3
nK/! U.k/

such that
1

2
degW.K; ˛/ D 2 genus.K/ � 1:

The main theorem is not only of theoretical interest, but it also has several applications.
For example in Section 6 we will show that it gives rise to a new algorithm for determining
the Thurston norm. Furthermore, in [12] we will use Theorem 1.2 to study ‘splittings of knot
g+roups along free groups’.

Finally, in light of our main result the question arises whether there exists a canonical
representation such that the corresponding twisted Reidemeister torsion detects the Thurston
norm. The following conjecture is a slight generalization of a conjecture first formulated in [7]
for knots.

Conjecture 1.4. Let N be a hyperbolic 3-manifold and let ˛ W �1.N /! SL.2;C/ be
a lift of the holonomy representation ˛ W �1.N /! PSL.2;C/. Then

1

2
deg.�.N; �; ˛// D xN .�/ for any � 2 H 1.N IZ/ n ¹0º:

Computational evidence towards this conjecture is given in [7]. Further evidence is given
in [24, 25, 34, 35].

Convention. Unless specified otherwise, all groups are assumed to be finitely gener-
ated. Furthermore we allow norms to be degenerate, i.e., we refer to seminorms as norms. By
a free abelian group we always mean a non-trivial free abelian group.

Acknowledgement. We are grateful to Genevieve Walsh for a helpful conversation.
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2. The Thurston norm

LetN be a 3-manifold and let � 2H 1.N IZ/. It is well known that any class inH 1.N IZ/
is dual to a properly embedded surface. Now recall that the Thurston norm of � is defined as

xN .�/ WD min¹��.†/ j † � N properly embedded and dual to �º:

Thurston [41] showed that xN is a seminorm on H 1.N IZ/ which thus can be extended to
a seminorm onH 1.N IR/ which we also denote by xN . Thurston furthermore showed that the
Thurston norm ball

B.N/ WD ¹� 2 H 1.N IR/ j xN .�/ � 1º

is a (possibly non-compact) finite convex polytope.
We also recall that an integral class � 2 H 1.N IZ/ D Hom.�1.N /;Z/ is called fibered

if there exists a fibration p W N ! S1 such that � D p� W �1.N /! Z. More generally, we say
that a class � 2 H 1.N IR/ is fibered if � can be represented by a nowhere vanishing closed
1-form. It is well known (see, e.g., [42]) that for integral classes the two notions of being fibered
coincide.

Thurston [41] showed that there exist open top-dimensional faces F1; : : : ; Fr of the norm
ball B.N/ such that the set of fibered classes in H 1.N IR/ equals the union of the open cones
on F1; : : : ; Fr . The faces F1; : : : ; Fr are referred to as fibered faces of B.N/.

Finally let p WM ! N be a finite cover of degree k and let � 2 H 1.N IR/. Then

(2.1) xM .p
��/ D k � xN .�/;

furthermore � is fibered if and only if p�� is fibered. We refer to [19, Corollary 6.18] for
a proof of (2.1), while the statement regarding finite covers can be proved using Stallings’
theorem [40].

3. Definition and basic properties of twisted Alexander polynomials

3.1. Twisted Alexander polynomials. Let N be a 3-manifold and let

˛ W �1.N /! GL.k;C/

be a representation. Furthermore let  W �1.N /! F be a rationally surjective homomorphism
to a free abelian group F . (Here by rationally surjective we mean that  has finite cokernel.)
We get a tensor representation

˛ ˝  W �1.N /! GL.k;CŒF �/;

g 7! ˛.g/ �  .g/:

We denote the universal cover of N by QN . Note that there exists a canonical left �1.N /-action
on the universal cover QN given by deck transformations. We consider the cellular chain com-
plex C�. QN IZ/ as a right ZŒ�1.N /�-module by defining � � g WD g�1� for a chain � . The
representation ˛ ˝  gives rise to a left action of �1.N / on CŒF �k . We can therefore consider
the CŒF �-complex

C
 ˝˛
� .N ICŒF �k/ WD C�. QN IZ/˝ZŒ�1.N/� CŒF �k
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and its homology modules

H
 ˝˛
i .N ICŒF �k/ WD Hi .C�. QN IZ/˝ZŒ�1.N/� CŒF �k/:

Since N is compact and since CŒF � is Noetherian, these modules are finitely presented over
the ring CŒF �. We now define the i -th twisted Alexander polynomial of .N; ; ˛/ to be the
order of Hi .N ICŒF �k/ (see [14] and [44] for details). We will denote it as �˛N; ;i 2 CŒF �.
Throughout this paper we often write �˛N; instead of �˛N; ;1.

Note that�˛N; ;i 2 CŒF � is well-defined up to multiplication by a unit in CŒF �, i.e., up to
an element of the form rf with r 2 C n ¹0º and f 2 F . In the following, we denote by C.F /
the quotient field of CŒF �, and given p; q 2 C.F / we write

p
:
D q

if p and q agree up to multiplication by an element of the form rf with r 2 C n ¹0º and f 2 F .

3.2. Definition of �.N; ;˛/. The following is a mild extension of [9, Proposition 2.5]
and [10, Lemmas 6.2 and 6.3]. Most of the ideas go back to work of Turaev (cf., e.g., [43,44]).

Proposition 3.1. Let N be a 3-manifold, let  W �1.N /! F be a rationally surjective
homomorphism to a free abelian group F and let ˛ W �1.N /! GL.k;C/ be a representation.
Then the following hold:

(1) �˛N; ;0 ¤ 0.

(2) If �˛N; ;1 ¤ 0, then �˛N; ;2 ¤ 0.

(3) If rank.F / > 1, then �˛N; ;0
:
D 1.

(4) If rank.F / > 1 and if �˛N; ;1 ¤ 0, then �˛N; ;2
:
D 1.

If �˛N; ;1 ¤ 0, then we define

�.N; ; ˛/ WD

2Y
iD0

�
�˛N; ;i

�.�1/iC1

2 C.F /:

If �˛N; ;1 D 0, then we define
�.N; ; ˛/ WD 0:

Remark. (1) Note that it is an immediate consequence of Proposition 3.1 that the
element �.N; ; ˛/ lies in CŒF � if rank.F / > 1.

(2) Throughout this paper we identify the complex group ring of Z with CŒt˙1�, i.e., we
identify CŒt˙1� D CŒZ� and C.t/ D C.Z/. In particular if  W �1.N /! Z is rationally
surjective, then we view �.N; ; ˛/ as an element in C.t/.

(3) The invariant �.N; ; ˛/ can be viewed as a twisted Reidemeister torsion. We refer to
[33, 36, 44] for background on Reidemeister torsion, and we refer to [14, 26, 27] and
[10, Theorem 6.7] for twisted Reidemeister torsion and its relation to twisted Alexander
polynomials. We will not make use of this point of view.

(4) We drop  from the notation if  is the projection �1.N /! H1.N IZ/=torsion, fur-
thermore we drop ˛ from the notation if ˛ is the trivial one-dimensional representation.
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92 Friedl and Vidussi, The Thurston norm and twisted Alexander polynomials

3.3. Tensoring with one-dimensional representations. Let N be a 3-manifold, let
 W �1.N /! F be a rationally surjective homomorphism to a free abelian group F and let
� W F ! U.1/ be a character. We will denote the character � ı  W �1.N /! U.1/ by � as
well. Note that � gives rise to a ring automorphism CŒF �! CŒF � induced by f 7! �.f / � f ,
f 2 F . We will denote this ring automorphism by � as well.

The following lemma is now a straightforward consequence of the definitions:

Lemma 3.2. For any i we have

�
�
N; ;i D �.�N; ;i / 2 CŒF �:

3.4. Change of variables. Let N be a 3-manifold. We write F D H1.N IZ/=torsion.
Let ˛ W �1.N /! GL.k;C/ be a representation, and let � 2 H 1.N IZ/ D Hom.F;Z/. We de-
note the induced ring homomorphism CŒH �! CŒZ� D CŒt˙1� by � as well. Let

S D ¹f 2 CŒF � j �.CŒF �/ ¤ 0 2 CŒt˙1�º:

Note that � induces a homomorphism CŒF �S�1 ! C.t/ which we also denote by �.
The following is a slight generalization of [10, Theorem 6.6], which in turn builds on

ideas of Turaev (cf. [43] and [44]).

Proposition 3.3. We have �.N; ˛/ 2 CŒF �S�1, and

�.N; �; ˛/
:
D �.�.N; ˛//:

3.5. Induced representations. Let � be a group and let � 0 � � be a normal subgroup
of index k. Let � W � 0 ! U.1/ be a character. We consider the action of � given by left multi-
plication on the tensor product CŒ��˝CŒ� 0� C, where � 0 acts on C via the character �. Note
that CŒ��˝CŒ� 0� C is a complex k-dimensional vector space and we thus obtain a represen-
tation ˛ W � ! GL.k;C/. This representation is called an extended character. If � factors
through a finite group, then we refer to ˛ as an extended finite character. For future reference
we record the following elementary fact:

Lemma 3.4. (1) An extended character is a unitary representation.

(2) An extended finite character factors through a finite group.

We conclude this section with the following well-known lemma:

Lemma 3.5. Let N be a 3-manifold and let p WM ! N be a finite regular covering
map of index k. Let � W �1.M/! U.1/ be a character and denote by ˛ W �1.N /! U.k/ the
extended character. Let  W �1.N /! F be a rationally surjective homomorphism to a free
abelian group F . Then

�.M; ı p�; �/ D �.N; ; ˛/:

Proof. It is an immediate consequence of Shapiro’s lemma (cf. [4, Proposition 6.2] and
also [13]) that for any i the following equality holds:

�
�
M; ıp�;i

D �˛N; ;i 2 CŒF �:

The lemma now follows from the definitions.
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4. The twisted Alexander norm

4.1. Definition of the twisted Alexander norm. We will now recall the definition of
twisted Alexander norms introduced in [10]. Let N be a 3-manifold with b1.N / > 1. We write
F WD H1.N IZ/=torsion. Let ˛ W �1.N /! GL.k;C/ be a representation. We will now define
a seminorm y˛N on H 1.N IR/ D Hom.F;R/ using �.N; ˛/.

If �.N; ˛/ D 0, then we set y˛N .�/ D 0 for any class � 2 H 1.N IR/. Now suppose that
�.N; ˛/¤ 0. Since b1.N /D rank.F / > 1, it follows from Proposition 3.1 that �.N; ˛/ 2CŒF �.
We can therefore write

�.N; ˛/ D
X
f 2F

af f

and we define

y˛N W Hom.F;R/! R�0;

� 7! max¹�.f1/ � �.f2/ j f1; f2 2 F with af1
¤ 0 and af2

¤ 0º:

It is clear that y˛N defines a norm on H 1.N IR/ D Hom.F;R/ and we refer to y˛N as the
twisted Alexander norm of .N; ˛/. If ˛ is the trivial one-dimensional representation, then we
drop ˛ from the notation.

Remark. (1) With the above conventions the seminorm yN is just the ordinary Alex-
ander norm introduced by McMullen [32].

(2) Twisted Alexander norms corresponding to abelian one-dimensional representations
were first considered by Turaev [45]. Furthermore, twisted Alexander norms for arbi-
trary representations were introduced in [10].

4.2. Lower bounds on the Thurston norm and fibered classes. In this subsection
we recall results relating the Thurston norm of a 3-manifold to the twisted Alexander norms.
We start out with the following lemma.

Lemma 4.1. Let N be a 3-manifold with b1.N / > 1 and let ˛ W �1.N /! GL.k;C/
be a representation. Given any � 2 H 1.N IZ/, we have

deg.�.N; �; ˛// � y˛N .�/;

furthermore equality holds for all � outside a finite collection of hyperplanes in H 1.N IQ/.

The proof is essentially given in [32] and we provide it for the reader’s convenience as it
is helpful in understanding the proof of Theorem 1.2.

Proof. We write F WD H1.N IZ/=torsion. By Proposition 3.1 we can write

�.N; ˛/ D
X
f 2A

af f

with A � F and af ¤ 0 for all f 2 A. It follows from Proposition 3.3 that

�.N; �; ˛/ D �.�.N; ˛// D
X
f 2F

af t
�.f /:
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94 Friedl and Vidussi, The Thurston norm and twisted Alexander polynomials

It follows that

deg.�.N; �; ˛// D deg
�X
f 2F

af t
�.f /

�
:

It is clear that

deg
�X
f 2F

af t
�.f /

�
� max¹�.f1/ � �.f2/ j f1; f2 2 Aº;

and that equality holds unless there exist f1; f2 2 A with �.f1/ D �.f2/. The lemma now
follows immediately.

The following theorem is now a consequence of the above lemma, Theorem 1.1 and the
fact that norms are continuous. The theorem was first proved in [10, Theorem 3.1].

Theorem 4.2. Let N be a 3-manifold with b1.N / > 1 and let ˛ W �1.N /! GL.k;C/
be a representation. Then for any � 2 H 1.N IR/ we have

1

k
y˛N .�/ � xN .�/

and equality holds if � is a fibered class.

The first part of Theorem 4.2 generalizes McMullen’s theorem [32]. Turaev [45] proved
this theorem in the special case of abelian representations.

5. Proof of Theorem 1.2

5.1. Agol’s virtual fibering theorem. We say that a non-trivial � 2 H 1.N IR/ is
quasi-fibered if there exists a fibered face F of the Thurston norm ball such that � lies in a
cone on the closure of F . Put differently, a non-trivial � is quasi-fibered if and only if any
neighborhood of � inH 1.N IR/ contains a fibered class. Note that in particular fibered classes
are quasi-fibered.

We recall from [1] the following definition: A group � is residually finite rationally
solvable (RFRS) if there exists a filtration of groups � D �0 � �1 � �2 � � � � such that the
following hold:

(1)
T
i �i D ¹1º,

(2) �i is a normal, finite-index subgroup of � for any i ,

(3) for any i the map �i ! �i=�iC1 factors through �i ! H1.�i IZ/=torsion.

We refer to [1] for details and more information on RFRS groups. A group is virtually RFRS
if it admits a finite index subgroup that is RFRS.

We can now formulate Agol’s virtual fibering theorem (see [1, Theorem 5.1] and see
also [11, Theorem 5.1]) which is one of the key ingredients in our proof of Theorem 1.2.

Theorem 5.1 (Agol). Let N be an irreducible 3-manifold such that �1.N / is vir-
tually RFRS. Then given any non-trivial � 2 H 1.N IR/ there exists a finite regular cover
p WM ! N such that p�� 2 H 1.M IR/ is quasi-fibered.
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The following is a well-known consequence of Agol’s virtual fibering theorem:

Corollary 5.2. Let N be an irreducible 3-manifold with virtually RFRS fundamental
group. Then there exists a finite regular cover p WM ! N such that for every non-trivial class
� 2 H 1.N IR/, the class p�� 2 H 1.M IR/ is quasi-fibered.

Proof. Let � 2 H 1.N IR/ be a non-trivial class contained in the cone over a top-dimen-
sional open face of B.N/. By Agol’s virtual fibering theorem there exists a finite regular cover
p WM ! N such that p�� is quasi-fibered. It follows from the multiplicativity of the Thurston
norm under finite covers (see (2.1)) that the pull back map p� W H 1.N IR/! H 1.M IR/ is,
up to scale, a monomorphism of normed vector spaces when we endow these spaces with their
respective Thurston norm. It follows that the pull back under p of any class in the closure
of the open cone (in H 1.N IR/) determined by � will be quasi-fibered in M . For the same
reason if a class lies in the closure of a fibered cone, its pull back under further finite covers
will enjoy the same property (since pull backs of fibrations are fibrations). Recall now that the
Thurston norm ball of a 3-manifold is a finite, convex polyhedron, in particular it has finitely
many top-dimensional open faces. By picking one class in the cone above each of these faces,
and repeatedly applying Agol’s theorem to the (transfer of) each such class, we obtain after
finitely many steps a finite cover, that we will denote as well by p WM ! N , such that p�� is
quasi-fibered for any � 2 H 1.N IR/. By going to a further cover, if necessary, we can arrange
that M is in fact a finite regular cover of N .

5.2. The results of Agol, Liu, Przytycki–Wise and Wise. The ‘virtually RFRS’ con-
dition in Theorem 5.1 might at a first glance look very restrictive. It is thus amazing that over
the last few years it was shown that ‘most’ 3-manifold groups are in fact virtually RFRS.

The key in proving that 3-manifold groups are virtually RFRS is the notion of a ‘virtu-
ally special’ group introduced by Haglund and Wise [22]. The precise definition of ‘virtually
special’ is of no concern to us. The only thing we need is the following theorem of Haglund
and Wise [22] and Agol [1, Theorem 2.2]:

Theorem 5.3. Let � be a group which is virtually special. Then � is virtually RFRS.

We can now formulate the following theorem which was announced by Wise [47] in
2009, with the details of the proof being provided in [49] (see also [48]).

Theorem 5.4 (Wise). Let N be a hyperbolic 3-manifold such that one of the following
holds:

(1) b1.N / > 1,

(2) b1.N / D 1 and N is not fibered,

(3) N has non-trivial boundary.

Then �1.N / is virtually special.

Remark. We give now precise references for the theorem:
(i) Let N be a closed hyperbolic 3-manifold which admits a geometrically finite surface.

Note that [49, Theorem 14.1] asserts that �1.N / is ‘virtually special’, which by work of im-
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plies that �1.N / is virtually RFRS. Thurston and Bonahon [3] showed that an incompressible
connected surface† � N either† lifts to a surface fiber in a finite cover, or† is geometrically
finite. It now follows from basic arguments that a closed hyperbolic 3-manifold with either

(a) b1.N / > 1, or

(b) b1.N / D 1 and N not fibered,

admits a geometrically finite surface. By the above this implies that the fundamental group of
such a hyperbolic 3-manifold is virtually RFRS.

(ii) If N has boundary, then the statement of Theorem 5.4 is precisely Theorem 16.28
together with [49, Corollary 14.16].

(iii) Agol [2], building on the Surface Subgroup Theorem of Kahn–Markovic [23] and on
work of Wise [49] showed that in fact the fundamental group of any closed hyperbolic 3-mani-
fold is virtually RFRS. We will not make use of this result since in our situation it suffices
to consider hyperbolic 3-manifolds which satisfy the conditions of Theorem 5.4. Also note
that Agol’s result does not cover the case of hyperbolic 3-manifolds with non-trivial toroidal
boundary.

The following theorem was proved by Liu [31, Theorem 1.1].

Theorem 5.5 (Liu). LetN be a graph manifold which supports a non-positively curved
metric. Then �1.N / is virtually special.

Note that by [29] any graph manifold with non-trivial boundary is non-positively curved.
For such graph manifolds the theorem was also proved by Przytycki–Wise [38].

The following theorem is also due to Przytycki–Wise (see [39]).

Theorem 5.6 (Przytycki–Wise). Let N be a 3-manifold which admits a non-trivial JSJ
decomposition with at least one hyperbolic piece. Then �1.N / is virtually special.

5.3. Properties of the twisted Alexander norm. Let F be an free abelian group and
let � W F ! U.1/ be a character. Note that � gives rise to a ring homomorphism CŒF �! C
which we also denote by �.

Lemma 5.7. Let F be a free abelian group and let´
pi D

diX
jD1

aijfij 2 CŒF � j i D 1; : : : ; l

µ

be a collection of non-zero polynomials. Then there exists a character � W F ! U.1/ � C
which factors through a finite group such that all

Pdi

jD1 aij�.fij / 2 C are simultaneously
non-zero.

Proof. Given i 2 ¹1; : : : ; lº it is clear that

Vi WD ¹� 2 Hom.F;Q/ j �.fij / D �.fik/ for some j ¤ k; aijaik ¤ 0º

is a finite union of codimension one subspaces of Hom.F;Q/. We can now pick an epimor-
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phism � W F ! Z such that � 62 V1 [ � � � [ Vl . For all z 2 U.1/ � C we now consider the
character

�z W F ! U.1/;

f 7! z�.f /:

Since � 62 V1[� � �[Vl , the polynomials qi .t/ D
Pdi

jD1 aij t
�.fij / 2 CŒt˙1� are non-zero. It is

clear that there exists a root of unity z with qi .z/ ¤ 0 2 C for i D 1; : : : ; l . The character
� WD �z corresponding to such z 2 U.1/ has the desired property.

Proposition 5.8. Let M be a 3-manifold. Then there exists a character

� W �1.M/! U.1/

which factors through a finite group such that

yM .�/ D deg.�.M; �; �// for any � 2 H 1.M IZ/.

Proof. We write F WD H1.M IZ/=torsion. If rank.F / D 1 or if �.M/ D 0, then there
is nothing to prove. We thus consider the case rank.F / > 1 and �.M/ ¤ 0. By Proposition 3.1
we have �.M/ D �M 2 CŒF �. We now write

�M D
X
f 2F

af f

with af 2 C; f 2 F . Given a subset A � F ˝R, we write

�A WD
X

f 2F\A

af f 2 CŒF �:

We say �A 2 CŒF � is a face polynomial of �M if A � N.�M / is a face of the Newton poly-
hedron of �M .

We denote by �A1
; : : : ; �Al

the face polynomials of �M . By Lemma 5.7 there exists
a character � W F ! U.1/ factoring through a finite group such thatX

f 2F\A1

af �.f /; : : : ;
X

f 2F\Al

af �.f /

are simultaneously non-zero complex numbers.

Claim. Let � 2 H 1.M IZ/ D Hom.F;Z/. Then yM .�/ D deg.�.M; �; �//.

First note that � extends to a homomorphism Hom.F ˝R;R/ which we also denote
by �. There exist maximal faces At and Ab ofN.�M / such that � takes on maximal values on
At � F ˝R and minimal values onAb � F ˝R. Put differently, � is constant onAt andAb ,
and

�.Ab/ � �.f / � �.At /

for any N.�M / and equalities hold only if f 2 Ab respectively f 2 At . Recall that

(5.1)
X

f 2F\Ab

af �.f / ¤ 0 2 C and
X

f 2F\At

af �.f / ¤ 0 2 C:
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At this point, applying Lemma 3.2 and Proposition 3.3 we have

�.M; �; �/ D
X
f 2F

af �.f /t
�.f /:

It follows from (5.1) and the above discussion that

highest degree term of �.M; �; �/ 2 CŒt˙1� D

� X
f 2F\At

af �.f /

�
t�.At /

and

lowest degree term of �.M; �; �/ 2 CŒt˙1� D

� X
f 2F\Ab

af �.f /

�
t�.Ab/;

hence

yM .�/ D max¹�.f1/ � �.f2/ j f1; f2 2 F with af1
¤ 0 and af2

¤ 0º

D �.At / � �.Ab/

D deg.�.M; �; �//:

This concludes the proof of the claim.

5.4. Proof of Theorem 1.2. The following theorem, together with Lemma 3.4, clearly
implies Theorem 1.2.

Theorem 5.9. LetN be an irreducible 3-manifold which is not a closed graph manifold.
Then there exists an extended finite character ˛ W �1.N /! U.k/ such that

1

k
deg.�.N; �; ˛// D xN .�/ for any non-trivial � 2 H 1.N IZ/:

Proof. Let N be an irreducible 3-manifold which is not a closed graph manifold. If
b1.N / D 0, then there is nothing to prove. If N is a closed hyperbolic fibered 3-manifold
with b1.N / D 1, then the trivial representation has the required property. For all the remain-
ing cases, it follows from Theorems 5.3–5.6 that �1.N / is virtually RFRS. By Corollary 5.2
there exists a regular finite cover p WM ! N such that p�� is quasi-fibered for any non-
trivial � 2 H 1.N IR/. We denote by k the order of the cover. It follows from Theorem 4.2
and from the continuity of yM and xM that yM . / D xM . / for any quasi-fibered class
 2 H 1.M IR/. In particular we obtain that

(5.2) yM .p
��/ D xM .p

��/ for any � 2 H 1.N IR/:

By Proposition 5.8 there exists a character � W �1.M/! U.1/ which factors through
a finite group such that

(5.3) yM . / D deg.�.M; ; �// for any  2 H 1.M IZ/.

We now denote by ˛ W �1.N /! U.k/ the corresponding extended finite character.
Now let � 2 H 1.N IZ/. Lemma 3.5 implies

(5.4) �.M; p��; �/ D �.N; �; ˛/:
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It now follows from equalities (2.1), (5.2), (5.3) and (5.4) and from Theorem 1.1 that

xN .�/ D
1

k
xM .p

��/

D
1

k
yM .p

��/

D
1

k
deg.�.M; p��; �// D

1

k
deg.�.N; �; ˛// � xN .�/:

We conclude that

1

k
deg.�.N; �; ˛// D xN .�/ for any � 2 H 1.N IZ/.

We can also reinterpret Theorem 1.2 in terms of twisted Alexander norms:

Corollary 5.10. Let N ¤ S1 �D2 be an irreducible 3-manifold which is not a closed
graph manifold. Then there exists an extended finite character ˛ W �1.N /! U.k/ such that

1

k
y˛N .�/ D xN .�/ for any � 2 H 1.N IR/:

Proof. Let N be an irreducible 3-manifold which is not a closed graph manifold. By
Theorem 5.9 there exists an extended finite character ˛ W �1.N /! U.k/ such that

1

k
deg.�.N; �; ˛// D xN .�/ for any � 2 H 1.N IZ/:

Lemma 4.1 and Theorem 4.2 imply that

xN .�/ D
1

k
deg.�.N; �; ˛// �

1

k
y˛N .�/ � xN .�/;

hence for any � 2 H 1.N IZ/ we have

1

k
y˛N .�/ D xN .�/:

It now follows from the linearity and the continuity of the norms y˛N and xN that this equality
holds in fact for all real classes.

6. An algorithm for determining the Thurston norm

Let N be an irreducible 3-manifold which is not a closed graph manifold. We will now
show the following:

(A) Given � 2 H 1.N IZ/, Theorem 5.9 gives rise to an algorithm A which determines the
Thurston norm of �.

(B) Corollary 5.10 gives rise to an algorithm B which determines the Thurston norm of N .

Since the former algorithm is much easier to explain, we treat it separately, even though of
course the second algorithm is stronger than the first algorithm. We explain the algorithms in
an informal way and leave it to the reader to formulate them in a completely formal manner.
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6.1. Extended finite characters. Let � be a finitely presented group. We can then sys-
tematically go through all homomorphisms from � to all permutation groups. Since every finite
group is a subgroup of a permutation group, we can thus go through all epimorphisms to finite
group. For each epimorphism ˛ W � ! G onto a finite group we can determineH1.Ker.˛/IZ/
using the Reidemeister–Schreier method. It is now straightforward to see that one can system-
atically find a sequence of extended finite characters such that, up to conjugation, every finite
extended character will eventually appear.

Put differently, we can inductively define extended finite characters ˛i , i 2 N, such that
given any extended finite character ˛ there exists an i such that ˛ and ˛i are conjugate.

6.2. Algorithm A. Let N be an irreducible 3-manifold which is not a closed graph
manifold and let � 2 H 1.N IZ/.

The algorithm A consists of two programs P.�/ and Q.�/ running at the same time:

(1) For i D 1; 2; 3; : : : , Program P.�/ computes �.N; �; ˛i / 2 C.t/. Note that �.N; �; ˛i /
can be calculated efficiently using Fox calculus (see, e.g., [9]).

(2) ProgramQ.�/ lists all properly embedded surfaces dual to � up to isotopy and computes
their complexities. Such a program can for example be written using normal surfaces
(see, e.g., [6]).

It follows from Theorem 5.9 that after finitely many steps the lower bound on the Thurston
norm coming from Program P.�/ agrees with the upper bound on the Thurston norm coming
from Program Q.�/.

This algorithm sounds inefficient, but the calculations in [9] and [7] show that in practice
twisted Alexander polynomials are very efficient at determining the Thurston norm for a given
class �.

6.3. AlgorithmB. Before we explain the algorithm for determining the Thurston norm
ball, we state the following elementary lemma:

Lemma 6.1. Let x and y be seminorms on a real vector space V with y � x. Denote
by B and C the norm balls of x and y. Let �1; : : : ; �k be a set of non-zero classes in V such
that each open cone on a top-dimensional face of C contains at least one �i . If x.�i / D y.�i /
for i D 1; : : : ; k, then x D y for all � 2 V .

Let N be an irreducible, triangulated 3-manifold which is not a closed graph manifold.
Recall that we denote the Thurston norm ball of N by

B.N/ WD ¹� 2 H 1.N IQ/ j xN .�/ � 1º:

Given a representation ˛ W �1.N /! GL.k;C/, we also write

B.N; ˛/ WD

²
� 2 H 1.N IQ/ j

1

k
y˛N .�/ � 1

³
:

Note that Theorem 4.2 says that B.N; ˛/ � B.N/. Also note that B.N; ˛/ is the dual to the
Newton polygon of �.N; ˛/, in particular the vertices of B.N; ˛/ can be determined easily
using �.N; ˛/.
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We finally write ˆ WD ; � H 1.N IZ/ and we denote by z the zero norm. The algorithm
now consists of two programs running at the same time:

(1) If �1; : : : ; �k denote the elements ofˆ, we apply algorithmsQ.�1/; : : : ;Q.�k/ from the
previous section and we compute the complexities of the corresponding surfaces.

(2) For i D 1; 2; : : : , Program P computes �.N; ˛i / and determines B.N; ˛i /. If

B.N; j̨ / ¨ B.N; ˛i / for j D 1; : : : ; i � 1;

then we denote by z the norm y
˛i

N and for each open cone on a top-dimensional face
of B.N; ˛i / we pick a class in H 1.N IZ/ and we denote the resulting set by ˆ and we
restart (1).

We terminate the two programs when the complexities of the balls C.�1/; : : : ; C.�k/ agree
with z.�1/; : : : ; z.�k/. It then follows from Lemma 6.1 that z equals the Thurston norm on N .

It remains to show that this algorithm terminates after finitely many steps. First note that
by Corollary 5.10 there exists an i such that B.N; ˛i / D B.N/. After finitely many further
steps the first program will find Thurston norm surfaces representing �1; : : : ; �k . The program
terminates at this point.
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