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Knot Energies and Knot Invariants
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To record what has happened, ancient people tie knots.
1. Ching, the Chinese classic of 1027-771 BC.

Knots are fascinating objects. When fastening a rope, the distinction between a knot and a
‘slip-knot’ (one that can be undone by pulling) must have been recognized very early in
human history. We even developed a subconscious about knots: when we are puzzled or
troubled, we have a feeling of being knotted somewhere. However, the mathematical study
of knots started much later. It was inspired in the middle of the nineteenth century by the
vortex theory of fluid dynamics (see [1] for a vivid description of this history). The
development of modern topology in the first half of the twentieth century provided a solid
background for a mathematical theory of knots. Yet we only began to see the full scope of
knot theory in the last decade, starting with the discovery of the Jones polynomial in 1984
(see [2] for a survey of the history of knot theory up to Jones’ discovery). In 1989, Witten
generalized the Jones polynomial using his Chern-Simons path integral. Finally, in 1990-92,
the development of knot theory culminated in the theory of Vassiliev knot invariants, which
provides probably the most general framework for the study of the combinatorics of knots.
Through the study of Vassiliev knot invariants, we see that although the abundance of knots
in varieties is distinctively visible, this abundance does not come from any randomness. The
combinatorics of knots embraces almost all fundamental symmetries of mathematics and
physics that we know. Such a pervasive nature is not common among topological and
geometric objects that mathematicians favor. For the reader’s convenience, we have collected
several excellent expository papers on these developments in the references (see [3-7]).

Geometers are restless in their effort to search for geometric objects with ‘maximal
homogeneity’. Here, of course, the measurement of homogeneity is different in different
situations. Actually, it is the key point to recognize in a given geometric setting what should
be the measurement of homogeneity. Thus, in classical Riemannian geometry, we know that
various curvatures are the key measurement of homogeneity. For example, we measure
length or area for immersions of circles and surfaces into a Riemannian manifold and
develop the theories of geodesics and minimal surfaces; in gauge theory, we study
connections minimizing the Yang-Mills functional; and we look for pseudo-holomorphic
curves in symplectic geometry. Moreover, there is always the moduli problem if geometric
objects with maximal homogeneity are not unique.

So, we may also ask for smooth imbeddings S'— R>, which we will refer to as geometric
knots, with the ‘most perfect’ shape among all geometric knots isotopic to each other. This
geometric side of knot theory is much less mature than the combinatorial side of knot theory.
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It seems to be not yet completely clear what should be the most fundamental measurement
for the homogeneity of a geometric knot within its isotopy class. One of the purposes of this
article then is to argue that such measurements of homogeneity satisfying the criteria set
forth in the foundational paper of Freedman ez al. [8] may not be unique. There seems to be
a spectrum of Mdobius knot energies related to the geometric functionals on geometric knots
that appear in integral formulae of Vassiliev knot invariants coming from perturbative
expansion of Witten’s Chern-Simons path integral (which are called Gauss functionals). Of
course, unless we can understand the dynamical behavior of geometric knots with respect to
these Mobius energies, their nature remains a mystery.

Classically, functionals on loop spaces that people have studied include the length
functional and holonomy functionals. Functionals defined only on embedded curves have
caught people’s attention lately, in a large part due to the recent advance in knot theory. The
elementary discussion of those Gauss functionals on geometric knots in this article reminds
us of classical integral geometry where different measurements on the same geometric object
are shown to be related. Hopefully, this will motivate further interesting in geometric knot
theory.

1. MOBIUS ENERGIES

We define a geometric knot to be a smooth embedding y:S' — R*. Here, the oriented circle
S' comes with no particular parameterization. Two geometric knots y, and v, are equivalent
(or isotopic) if there is an orientation preserving diffeomorphism p:R’— R* such that
v2=p7y:. A knot is simply an equivalence class of geometric knots. See Fig. 1. So, a geometric
knot is unknotted if it can be deformed to a round circle without passing through itself.

The Mobius energy E(y) of a geometric knot 7y, originally defined by O’Hara [9] and
studied in [8], is given as follows. Suppose S' is parameterized by u, and that du is the
positive volume form of S' coming from that parameterization. For i,v € §', u # v, denote by
D(y(v),y(x)) the minimum of the lengths of subarcs of y from y(u) to y(v). Then
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The integral is independent of the parameterization of S'. It is therefore a positive functional
on geometric knots. It is also independent of the orientation of S'.

The idea is that, as a geometric knot y deforms and tends to acquire a double point, £(y)
will blow up and thus constrain the deformation of y within its isotopy class. Ideally, every
geometric knot would deform to a unique energy-minimizing geometric knot within its
isotopy class via the gradient flow of £ (the direction in which F is decreasing). Although this
is not true in general, we will see below that geometric knots with smaller £ do look more

Fig. 1. Two equivalent (isotopic) geometric knots.






