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Abstract: In this paper we start the program of the existence of the
smooth equivariant geodesics in the equivariant Mabuchi moduli space of
Kahler metrics on type II cohomogeneity one compact Kéhler manifold. In
this paper, we deal with the manifolds M, obtained by blowing up the
diagonal of the product of two copies of a CP™.

1 Introduction

Motivated with the Hilbert scheme construction in [Gu4], we consider the
manifolds N,, = M,,/Ss in [Gu8|, where M,, is constructed by blowing up
the diagonal of the product of two copies of a complex projective space and
So is the symmetry group of two elements.

The manifolds M,, are Fano. In [GC], we proved the existence on M,, of
the Kahler-Einstein metric in the Ricci class by considering the symmetric
Ricci curvature equation and in [Gu7] we dealt with the general Kéhler
classes on M,, by the symmetric scalar curvature equations as in [Gu2].

In [Gu8] we deal with a similar situation for N,,. We adapt the method
in [Gu5] to our situation to solve the uniqueness and then to obtain a clearer
picture of the existence. We proved that the existence of extremal metric
is the same as the negativity of certain integral, i.e., the positivity of the
generalized Futaki invariants (see also [Gu6]). This is a demonstration of
the relation between the existence and the stability.

The relation between the existence and the stability can also be seen in
[Gu2] where we obtain a solution, up to the positivity of ¢, for any Kdihler
class on the projective line bundle with the conditions therein (except the
positivity of the Ricci curvature). The positivity of ¢ is depended on the



negativity of the partial integrals faD ' (U)dU with D > a > —d (we call
the Kéhler class being stable if this is true by comparing with the condition
(9) in [Gu8]), or equivalently, the negativity of fa_d ®'(U)dU. Hence, we
studied the stability of [Gu2] together with the situation of NN,. We were
able to prove the equivalence between the stability and the geodesic stability
in [Gu8].

To test the geodesic stability further, we need first to find the smooth
geodesics.

We shall deal with this for M, in this paper and for general type II of
almost homogeneous manifolds of cohomogeneity one in [Gu9].

Most of this work was done in the summer of 2002. Here, I like to thank
Professors Kobayashi, Wong for their supports and interests. I also thank
the mathematics department of The University of California at Riverside for
their supports such that this work is possible to be done. Thanks goes to
Professor Qi Zhang for showing me the book [Ga] and his suggestion for the
solution of the differential equations. I also like to take this chance to thank
Professors G. Tian, K. F. Liu, X. Y. Zhou, C. P. Wang for their supports.
And thanks goes to Professor S. X. Feng and the School of Mathematics and
Statistics in Henan University for their hospitalites when I was prepraring
this paper.

2 Preliminary

Let M, be the blow-up of CP™ x CP" along the diagonal. Here we recall
some formulas in [GC] and [Gu7] on the calculation of K&hler metrics on
M,

To calculate the Kéahler metric w on M,,, we consider the pushdown of
the metric by the map p: M, - P, = CP™ x CP™. Then

Pew = awy + bwy + OOF, (1)

where w; (i = 1,2) are the standard metrics on the first and the second copy
of CP™ and F is a function with some singularities on the diagonal.

Now the automorphism group of M, is PSL(n+1,C), and the maximal
connected compact subgroup K = PSU(n+ 1) has real hypersurface orbits.

2
All K invariant functions are functions of 6 = % where z and w are

the homogeneous coordinates of the CP™’s and |zw| = |z||w|. The diagonal



corresponds to § = 1. The orbit with § = 0 is a very special orbit. If the
metric is K invariant, then F' is a function of 6.

Recall that w; = 0dlog|z|? and ws = Adlog |w|>. We also have that
O0F = O(F'00) = 0(0F'0log ). If we let f = OF', then f(0) =0 and

Pew = awy + bwy + 0 0log @ A Ologf + f00log b. (2)

Because of the action of the isometric group we only need to calculate
psw at points with zp =1, wg =1 and z; = w; = 0 for i # 0,1, j # 0. This
choice covers a dense set of the values of 8. By calculation we obtain:

d0log |z|? = 0(dz N dz — (1 — 0)dz A d7y)

d0log |w|* = dw A dw
0,0z logl =dz Ndw  0,05logf = dw A dz
0log 6 = z;(dwy — 0dz1)

pw = (a— f(6)001log|z” + (b~ f(6))9dlog [w|”
+  f(0)(0.05 + 0y,05) log 6 + 0 f(0)01log & A Dlog O
= (a— f(0)0(0dz1 Adzy + ) dz Adz) + (b— f(6))dw A dw
i>1
+ f(0)(dz A dw + dw A dZz)
+ (1 — 9)f’(9)(9dz1 — dwl) VAN (Hdzl — d’lﬁl)

We observe that the complex 2-dimensional subspaces V; generated by Bizz"

Biw, are orthogonal to each other for different ¢ with 1 < i <n. If we regard

the tangent space as the complex vector space generated by the vector fields
corresponding to the elements of the Lie algebra of K, then the semisimple
part of the centralizer of the isotropy group has these V;’s as invariant sub-
spaces of the tangent space. To calculate the volume form, we only need to
calculate the determinant 7; of the restricted metric for each V; and compare
them with the corresponding determinants on the standard Kahler-Einstein
metric on CP"™ x CP".

We notice that ;, ¢ > 2 are all equal to

bla—f0) JO) |_
10 b fe) | = 0@ FENE-10) - 126).



If w comes from the pullback of the standard metric, then a = b =n+1

and the determinants of the standard metric on each V; are Tio = (lefyl‘f for
i>1. So % = (lfi"l'; (O(a — £(0))(b— f(0)) — f2(6)) must be a function of
0, we have
1
" P

with i > 1, where A = (a — f(6))(b— f(0)) — 071 f2(0).

For i = 1 we have:

"= 0*(a— f(0) +(1—0)f(0)) f(0)—0(1—0)f(0)
fO)=0(1L=0)f'(0)  b—f(0)+(1—0)f(0)
=0%[(a— f(0) + (L= 0)f'(0)(b— f(8) + (1 —0)f(6))
—(071F(0) = (1= 0)f'(6))°]-
In the same way, we observe that 79 = (?Zfﬂl‘f and hence
1
"

with

B =(a—f(0)+ 1 -0)f'(0)b— f(0)+(1-0)f(0))
= (071(0) - (1 - 0)£'(9))*.

We have the following result in [GC]:
Proposition 1. The volume form is

1

— A" 'Bdzy Adz A Adzy Adzy A dwy Adiog A A dwy, A did,.
’211)’2”—’—2

Now we try to describe the conditions for f(6) such that the 2-form
defined by f(0) is a Kéhler form at any point outside the diagonal. We have
the following (see [GC]):

Proposition 2. (A(1 —0)) = —B.
We let C' = A(1 —6) and

dV =dzxy Ndzy N -+ Ndzy, ANdZ, Ndwy Adwg A -+ A dwy, A diy,.



Then the volume form is

C" 1BV
|Z,w|2n+2 (1 _ 9)n

— = ®dV.

We will see more geometrical meaning of this formula later on.

If w is positive, then 74 > 0. That is, B > 0. Proposition 2 says
that A(1 — 0) is decreasing. We observe that A is positive if and only if
limg_,; A(1—6) > 0. Let § = 0. We observe that a,b > 0 since w is positive
on V; with ¢ > 1. On the other hand, if a,b > 0 and A > 0, then w is
positive on V; with ¢ > 1 at # = 0; and w is always positive on V; (i > 1) by
the continuity (otherwise w has zero direction on some V; (i > 1), but this
contradicts A > 0). In the same way, we observe that w is positive on V; if

and only if a + f'(0),b+ f'(0) > 0 and B > 0. We have (see [GC]):
Proposition 3. w is a Kdhler metric outside the diagonal of M, if and
only if (1) B >0, (2) limg_,; C > 0 and min(a,b,a + f'(0),b+ f/(0)) > 0.
We consider how the Kéahler metric w in Proposition 3 extend to a metric
on the diagonal. As above, we only consider the points at which zg = wy = 1
and z; = w; =0 fori > 1,7 > 0.

Proposition 4. Let w be a Kdahler metric as in Proposition 3. Then it is
a metric on the diagonal of My, (resp. Ny ) if and only iflimg_,1 f(6)(1—0) <
0, limp_yy B >0 (resp. =0), and limg_,; C > 0.

To calculate the Ricci curvature of w on M, we notice that C(0) =

A(0) = ab. We let
U=ab—C
= ab—(1=0)((a— f(8))(b— f(8)) — 67" f*(9))
= fab+ (a+b)f(0)(1—0)+0"1f2(0)(1 — 6)*
(a+b)? L +5b

= flab— (=07 FO)1-0)7]
L U E)s
_ _(0_5)204_92’
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where g = 9%(%“’ + 60711 = 0)f), then & = % and U(0) = 0.
Therefore, the Ricci curvature is —99 log ®. We also let

V = 6(log ®|zw|*" 2,



then V(0) = 0 and
Ricci(w) = (n+ Dwy + (n + ws — 0V'0log§ A dlogd + VOdlogh. (3)

Again, we only need to calculate the Ricci curvature at points with
20 =1, wg = 1 and z; = w; = 0 for 7 # 0,1, j # 0. By calculation we
obtain:

Ricci(w) = ((n4 1)+ V)ddlog|z|> + ((n + 1) + V)90 log |w|*

V(0.0g + 0,05)log 6 — V' dlog 6 A Dlog O
dzNdz  |z1|*dz ANdz

= LV Ers)
+ o (n+1+ V)idum’jw - V(az(éd—ww)) +3w((zdj)))

zZ1dzy Z1dwy z1dzy z1dwy

— V(-
O T " CRE T w)
dz1 Ndz dz; N\ dz;
— (14 V(LA LT
|2 = 7
+ (n+14+V)dwAdw—V(dzAdw+ dw A dz)
dz dz; _
— OV P (s — dun) A (—= — dy).
|Zl|(‘z’2 wy) (’2‘2 w1)

We observe that the complex 2-dimensional subspaces V; generated by
Bizz" Biwi are orthogonal to each other for different ¢ with 1 < ¢ < n with
respecting both the metric and the Ricci curvature. To calculate the scalar
curvature, we only need to calculate the restricted o; = %Ricci(w) Awly; for
each V; and compare them with the corresponding items on the standard
Kahler-Einstein metric on CP" x CP".

We notice that o;, ¢ > 2 are all equal to

atb_ g
Tl F6) o Latb
-V on+14V |22 2

f@)n+14+V)+ f(O)V.

If w comes from the pullback of the standard metric, then a = b=n+1 and

o? = 2 for i > 1. So % = Ll (2 (52— F(0))(n+ 1+ V) + f(O)V)

must be a function of 6, and we have

1

%= Tl ™
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with i > 1, where A1 = (%2 — f(0))(n+ 1+ V) + 071 f(O)V.
For i = 1 we have:

20 £(0)+]2120f' () HOERSENRIMC)

ol = 2|4 [2]2
- _ 2 2 !
Va1 |0v" ‘j‘lfl‘ oV n+1+V =0V |z|?

= #((GTH — O+ A=) O)Nn+1+V —(1-0)V)

+OTHO) = A=) f OOV — (1= )V)).

(n+1)2

+ and hence
|zw]

In the same way, we observe that o =

1

=B

with By = (42 — f(0) + (1= 0)f'(0))(n+1+V — (1 —)V') + (67 f(F) —
L =0)f )0~V — (1 - 0)V).

We have the following result which is similar to Proposition 2 (see [Gu7]):

Proposition 5. (A;(1—-0)) = —B.

Proof: Af = —072f(0)V + V(L — f(0) +071f(0)) — f'(O)(n+1+V —
6=1V). Therefore, we have

(A1(1—-0)) = A1(1 - 0) — A,
a+b

= o2V - (- ey 1+ v)
OV 0 0 )+ PO+ 1V -0 Y))
= —Db.
Q. E. D.
We let C1 = A;(1 —6). Then we have (see [GuT]):
(G oty

Proposition 6. The scalar curvature is 2n Y

We shall determine the equation for metrics with constant scalar curva-
tures. By Proposition 6, this is the same as

C Cn—l !

G ) _ Ry

(cny

Let
lim (1 - 6)7(6) =~
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then by Proposition 4 we have ¢ > 0.

U(l) =ab—C(1)
= ab— Jim(—a - b)f(6) ~ 67 (O)(1 - 0))(1 - 6)

= ab—(a+bc+c=(a—c)b—c)>0

we have a, b > c¢ since if we increase only a without changing other quantities
we should still get a metric. We have:

Proposition 8. The Kdhler classes on M, (resp. N,) are one to one
to with the elements in the set A = {(a,b,¢)|ap>c>0} (resp. (a,b)|a>c>0)-
For any Kdahler metric on Ny, we have U = (1 — 0)u(0) with u(1) # 0.

We can regard M, as a K-equivariant fiber bundle over CP". To cal-
culate the equivariant integrals we only need to calculate them on an open
dense set of the fiber. Therefore, the total volume is

“+o00 ab = U™ / 7,,21171
/ U —C’(n)/o e +(£2)n+1(f _) T By 2 D

= Aw) [ ((ab— U)"Yd0 = A} (ab)" ~ (ab — (a = )b~ )"
= A(m)((ab)" ~ (e(a+ b )",

where C'(n) (resp. S(2n—1)) is the volume of CP" (resp. the sphere Sa,_1)

and
1 C(n)S(2n —1)

0=——, A(n) =
1+ 72’ (n) (2n)!
In the same way, we have that the total scalar curvature on M, is
A(n)(Ci(ab = U)"HY
n+1 n—1 n—1
= A(n)( (a+0)(ab)" " = C1(1)(c(la+b—e))" ).

3 Some general results on almost homogeneous
manifolds

Theorem 1. Let K be a compact Lie subgroup of the automorphism group
of a compact Kihler manifold M such that K€ has an open orbit. Then the
Mabuchi moduli space of the K equivariant Kdhler metrics is flat.

The flatness comes from the fact that the curvature of the Mabuchi
moduli space is determined by the Poisson brackets of two functions. Since



the the complexification Lie group K© has an open orbit, say U, at each
poit in U the vector fields related to K generates the whole holomorphic
tangent space, the K1 to the metric is perpendicular to itself with respect
to the symplectic structure.

Theorem 2. Assume that the Mabuchi moduli space is flat. Let o(s,t)
be a two parameters family of the Kdhler metrics in the Mabuchi moduli
space such that p(s,0) = v1,9(s,1) = pa, ¢o be a function on M. Then
the parallel transformation ¢1(s) of ¢o along the curve @5 = @(s,t) are
independent of s.

Proof: Along each curve s, ¢ is parallel, therefore, Vi¢p = 0. We have
ViVsp = Vi Vi = 0, ie., V¢ is also parallel. But Vg¢ =0 at £ = 0, we
have Vs =0 at t = 1 also.

Theorem 3. Let M be a Kdhler manifold, p(t) be a path in the Mabuchi
moduli space of the Kahler metrics. If ¢g is a function on M, we can regard
¢o as a vector at @g, then the parallel transformation of ¢g along ©(t) exists.

Proof: We need to solve the equation
.1 )
¢ — §(d¢’ dso)go(t) =0,

which is ¢ — g ¢;¢5 = 0.

Here we apply a method from [Ga p.18]. Regarding the graph of v =
¢ as a hypersurface we have the normal vector (—¢, —¢5,1). If a(s) =
(t(s),2j(s),v(s)) is a curve such that

O/(S) ’ (_¢a —ij, 1) =0,

then «(s) is a curve on the graph if and only if the initial point is on the
graph. B

In particular, if o/(s) = (1, —g¢;,0), a(s) is a curve on the graph if
a(0) is. We call the curves with this condition the characteristic curves of

this equation. In this case we have v/(s) = 0,t/(s) = 1, % = —gip;. )
Therefore, ¢ is constant along these characteristic curves, t = s, % =
—97 ;.

Now the ordinary differential equations have good enough conditions
such that these curves exist and unique. Therefore, the parallel transforma-
tion exists.

Q. E. D.



4 The Existence of the Geodesics

In [GC] we proved that there is a unique Kéhler-Einstein metric in the Ricci
class on M,,. By the result of [LS], we see in [Gu7] that there is an open
subset 2y such that for any Kahler class in €y there is a unique Ké&hler
metric of constant scalar curvature on M,. Although this argument does
not work for N,, with a general n, we applied a modified method of [Gub]
and proved the existence of the geodesics in the Mabuchi moduli space of
Kahler metrics. We can not apply our method of Legendre transformation
as in [Gub,6] to our case when a # b. Here we will apply our Theorem 2 and
3 in section 3 and then integrate the parallel vector field to get the geodesics.
The parallel transformation equation is

.1 i
& = 5(do. dF")
_f
= 0f¢'(0logh,dlog )
= 2f¢/(1—0)02gB
= 299¢/B =UH(U')".
But if we regard ¢ as a function of U and ¢, then

, o 0 - U

Therefore, we have (b(U, t) =0, i.e., ¢ only depends on U.
The equation for the geodesic is:

F = ¢(U)
then ¢, = ¢. where g = 9%(“7% + 0711 -0)f) = (U+ %9)% and

1
s = In 492 In particular,
1-62

. —p)2
U = 2g§ = 2(U + (a - ) 6)3 by Us.

Regard z = U(s,t) as a graph, (—Uy, —U, 1) is the normal vector. The
characteristic curve is U =constant, t = t,

ds (a —b)?
dt




By integration we get that if

(a —b)? (a —b)?
D:\/ 7 0+U+\/0( U

then

D? = CoU(1 — ) exp(—2tdy

(a _46)2 +U).

Let ¢ = 0 we obtain

_ — D)2 (a—b)? D(60,U)
— (01— 60)) () C=2 0 2= 202
Co = (U(1 = o)) (\/ 0+U+\/ o(——+U)) U0 — )
if By # 1. That is 0 = o where z = CpUe®,
_ H)2
k= 20y 4b) LU

We notice that ) )
(1+62)2 1+62
= 1

L=bo 1 _¢g

Since both x and U > 0, it is not difficult to see that 0 < 6 < 1 always hold
if 8y < 1. For 6y = 0, we have

Co > > 1.

a—b)2 a—
(VETE + U0 + 151)?
U'(0)

Co(0) =

1
If a = b then D = U2(1 + 62), D? = CoU(1 — 0)eap(—2tdyU3).

1 1
3 3
Cy = 1+901, T = U(Hef )exp(—ngUU%t). Let y = {7, then when ¢t = 0, we
1-63 1-63
1
1462  (y—1\2 L g .
have y = .- > 1. Therefore, by § = (T) ; we have 02 = 7—. That is
1-62 Y Y
Iny =s.

Therefore, in general, we might use s; = Iny in the place of s. But in
general, s; depends on U and can not be a function of 6 only.

Now we try to connect two metrics by a geodesic. Regard = as a function
of t. Let 61 be the value of 6 of the second metric which corresponds to U (6p).

11



We notice that the characteristic curve has U as constant, we can then solve
the equation

(z(1) - U)?
(z(1) + U)? + (a — b)?x(1)’

6, =
we obtain that

2U(1 + 91) + (CL — b)291 + \/(4U + (CL — b)291)(4U91 + (CL — b)291)
2(1 = 61)

C()Uek =

We can also have

(1 —69)D*(61,U)
(1—61)D?(6y,U)

= eXp(—Q(bU U+ (G

From this we get k& and hence ¢. To get ¢r(1), we apply

1= 6(U) = lim 60—’U.

U%(alIg(bfc) 1-—- 91(U) U—(a—c)(b—c) 91,U
To prove this does give a path of metric we only need to prove that

r— 2
Oy = [%]U > 0 always.

0 — x—U
U @+ U2+ (a—1b)2z)

for 0 < U < U(1). For U = 0, we have

(y —1)?
(a—0)%y

5 [m'(4U—|—(a—b)2)(:U+U)—2:U(2(ﬂ:+U)+(a—b)2)]

0u(0) =

with y = z/U.

For U = U(1), we only need to check limy_,q)ym(t)/z > 0, ie,
limg 1) ;’—; > 0. That is same as limy_,y(q) C’O_l(log Co)" > 0. This is
always true.

Therefore, 6y > 0 if and only if

! ~ 2(a— b)?

7mo:%MU+m—mﬂ—4 sl

forU=#0and y >0at U =0.

12



If this is true for the two metrices at the end of the geodesic, i.e., for
2(0) and x(1), then by Inz = tInz(0) + (1 — ¢) Inx(1), we have

z ~ . 2'(0) /(1)
;[4U+(a—b)z]—4_(tx—())+(1—t)w)[4U+(a—b)2]—4
t 1—-t¢
> 2e- b)Q[x(O) +U + z(1) + U]
2(a —b)?
- z+U

The last inequality comes from the fact that the function h(t) = (e! 4+ 1)~}
is concave (h” > 0) for t > 0 by noticing that y(0),y(1) hence y > 1.
We notice that if b = a, we only need %U —1>0o0r (Iny) > 0.

Theorem 4. On M,, there is always a smooth geodesic curve between
two metrics in the same Kahler class.

Therefore, we have:

Theorem 5. There is an unique Kdhler metric of constant scalar cur-
vature up to the automorphism group in each Kdhler class on M, if there is
one.

We notice that the existence problem for the compact type II cohomo-
geneity one Kéhler manifolds were solved in [Gu6].
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