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Abstract

In this paper, we generalize our results in [GC, Gu4, 5] on the existence
of Kéhler metrics with constant scalar curvatures to the general type I almost
homogeneous manifolds of cohomogeneity one. We actually carry out all the
results in [Gub] to the type I cases. We prove that the existence of Kéhler
metrics with constant scalar curvatures is equivalent to the negativity of an
integral, and is also equivalent to the geodesic stability. We also prove the
existence of smooth geodesic connecting any two given metrics on the Mabuchi
moduli space of Kéhler metrics, which leads to the uniqueness of our Kahler
metrics with constant scalar curvatures if they exist. The similar proofs of
the results other than the existence of Kahler metrics with constant scalar
curvatures for the type II cases are more complicated and will be done in
[Gu6]. In particular, we also deal with the existence of K&hler-Einstein metrics
on these manifolds and obtain a lot of new Kéhler-Einstein manifolds as well as
Fano manifolds without Kéhler-Einstein metrics. With applying our results to
the canonical circle bundles we also obtain Sasakian manifolds with or without
Sasakian-Einstein metrics.
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1. Introduction

I met Hong You in the Institute of Mathematics, Academia Sinica, Beijing China
around the middle of the 1980’s as graduate students. Following Professor Zhong Jia-
Qiing, I started to study the K&hler Einstein metrics. Hong You came to USA in the
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summer of 1986 as a graduate student of Professor Dorfmeister. In the summer 1987,
I also came to USA and became another graduate student of Professor Dorfmeister.
He met me at the airport and we were close friends. He was also interested in
the Einstein geometry. In the summer of 1988, he moved to another university
with Professor Dorfmeister. And to pursuit my Kéahler-Einstein dream, I eventually
moved to Berkeley and became one of Ph. D. students of Professor Kobayashi.
While in Berkeley, then Princeton, I worked very hard but did not get any new
example of Kéhler-Einstein manifold (but see [Gul,2,11] and our Lemma 5 in the
last section, also that in [Gu9,12]) until we applied the Hilbert scheme constructions
in [GC]|(see [Gu3]). I dedicate this paper to the memory of Hongyou Wu.

One major problem in differential geometry is to find compact Riemannian Ein-
stein manifolds. A Riemannian manifold is Einstein if the Ricci curvature is pro-
portional to the Riemann metrics.

In general, this is a very difficult problem. When the manifold is Kahler, it is
much easier. In that case, after rescaling, the Ricci class is either the negative of
the Kahler class, or the zero class, or the Kéhler class. The case in which the Ricci
class is the same as the Kéhler class is still open. Although considerable progress
has been made in the area of the existence of Kéhler Einstein metrics, see [Yal, [Su],
[Ti], [Gul0], [Do], [WxZu], [TZ] (also [Mt], [CO], [Kbl] etc. for obstructions) for
example, the examples for the positive first Chern class case are still very isolated.
There is no very clear picture what is the difference between the Kéhler Einstein ones
and the Kéhler non-Einstein ones. Even after Perelman’s stunning breakthrough on
the Kéhler Ricci flow, see [TZ], we still do not have many general and systematic
methods to find Kéhler Einstein metrics. In this paper, we shall finish all the type
I cohomogeneity one cases, that lead to the finishing of all the cohomogeneity one
cases. It provides us with many new examples. It also shows the clear relation
between the existence and the geodesic stability.

The Kéhler-Einsten metrics is a special case of Kéahler metrics with constant
scalar curvatures.

Main Theorem For any simply connected type I compact Kdahler complex almost
homogeneous manifolds of cohomogeneity one with a hypersurface end, there is a
Kahler metric with a constant scalar curvature in a given Kdhler class if and only
if the condition (7) holds.

The condition (7) can be found as an integral inequality in the seventh section
as a necessary condition. It will be appeared again as (16) in the eighth section.
We should see in the second part that it is a checkable topological condition and a
polynomial of some topological constants. For the higher condimensional end cases
and the general cases, similar results are obtained in the second part of this paper.

As an application, considering the canonical circle bundle, we also obtained
Sasakian manifolds with and without Sasakian-Einstein metrics (see [BG1 Theorem
2.4 (iv)], also [Kb2], [WmZi]). By using the Riemannian cone of the Sasakian-
Einstein metrics we obtained many open Calabi-Yau manifolds (see [BG2 p.374
Corollary 11.1.8]).

Therefore, we finished all the possible cases in which the existence of the extremal



metrics could be reduced to an ordinary differential equation problem. We also give
many examples for both the stable and the unstable cases in the second part of this
paper, as we promised in [Gub].

For the definition and the classification of compact almost homogeneous of coho-
mogeneity one, on emight look at the papers [Ak], [HS]. The more detail classification
can be found in [Gub, 12]. For the type I cases, one only need to consider three
classes of manifolds, i.e., manifolds with the typical fibers of (1) the second and
third cases, (2) the fourth case, (3) the eighth and ninth cases in [Ak p.67]. There
are five different cases. We have to separate them into each cases in this paper, just
like what people did for those four classical Hermitian symmetric domains.

For (1), the fiber is either CP™ the complex projective space or Q™ the hyper-
quadric with a SO(n + 1, C) almost homogeneous action. We denote the fiber by
F =F(OP,) or F = F(OQ,). F(OQ,) is the double branched covering of F(OF,)
along the exceptional divisor Q"~!. For (2), the fiber is Gr(2k,2) with a Sp(k, C)
almost homogeneous action. We denote the fiber by F' = F(Gry,). For (3), the fiber
is either CP7 or Q7 with a Spin(7,C) almost homogeneous action. We denote the
fiber by F' = F(Sp?) or F = F(Sp?). And we denote them by F(Sp7) if there is no
confusion.

2. The Complex Structures of the Type I Almost Ho-
mogeneous Manifolds

In this section, we shall deal with the complex structure of the type I almost homo-
geneous manifolds. Let us recall some basic notations of the Lie algebras.

Let G be the complex Lie group action and S be the connected complex Lie
subgroup acting on a given fiber. According to [Gub p.283 Theorem 12.1(ii)], a
compact complex almost homogeneous manifold of cohomogeneity one is type I if
and only if the fiber F' is one of (1) the second and third case with n > 3, (2) the
fourth case, (3) the eight and ninth cases, (4) the fifth case in [Ak p.67].

The fiber F' in (4) has S = Fy, so G = Fy = S, that is, M = F is homogeneous.
Therefore, every Kéahler class of M has a metric with constant scalar curvature. So,
we do not need to do anything with (4).

To make the things simpler, we look at three special possible fiber cases [Ak
p.67] first:

(1) F = F(OP,): The third case with n > 3. We shall treat G = S = SO(n +
1,C) and X = F = CP" first. The corresponding compact rank one symmetric
space is the real n dimensional real projective space. It has an equivariant branched
double covering Q™ of the second case.

(2) F = F(Grg): The fourth case with an standard G = S = Sp(k, C) action on
the manifold X = F' = Gr(2k,2). The corresponding compact rank one symmetric
space is the quarterion projective space.

(3) F = F(Sp7): The ninth case with a G = S = Spin(7,C) action on X =
F = CP7". This is the restriction of (1) with n+ 1 = 8 to the complex Lie subgroup
Spin(7,C). Tt has an equivariant branched double covering Q7 of the eighth case.



In the case (1), we consider the case n = 3 first. G = S = SO(4) with roots
+(e1 £ e2). The roots a; = e; — eg and ay = e + ez constitute a fundamental root
system of this Lie algebra.

G = D5 has a Cartan subalgebra

0 —ayi 0 0
ai 0 0 0
H= 0 0 0 —agi|laweC

0 0 ast 0

e1 corresponds to (aq,az) = (1,0) and ey corresponds to (aj,as) = (0,1). The open
orbit is generated by the action of Dy on [1,0,0,0]7. U = S(O(1,C) x O(3,C)).
We let
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F, = E, — E_,, Gy, = i(Ey4 + E_,), then [F,,Gy| = 2H, and [H,,F,] =
i(Hy, Hy)oEq where (1, )g is the standard inner product such that (e;, e;)g = 1.

Similar to the cases of [Gu8,9,12], we consider the semisimple orbit generated by
—iH = e;. Now, ps = exp(—isH)[1,0,0,0]7 = [1,itanhs,0,0]”, ps = [1,4,0,0,0]7.
As before, we can check that

J(Fy, + F,,) = —(tanh 5) T} (G, & Ga,),

Fa1 (0) - FOQ (0) = Gal (0) + Gaz (0) =0.

Let T be the tangent vector of the curve p,, then JH = —T.

Similarly, we consider the case n = 4. G = § = By = S0O(5,C). The long
roots of By are o = £(e; £ e2) and the short roots of By are § = +e;. We have
long simple root oy = e; — eg and short simple root ag = es. They constitute a
fundamental root system of this Lie algebra. By has other positive roots a;+ag = €1,
a1 + 2a9 = e 4+ e3. By has a Cartan subalgebra

0 —ayi 0 0 0
ai 0 0 0 0

H= 0 0 0 —agi 0 |a.aec
0 0 ayi 0 0
0o 0 0 0 0

e corresponds to (ai,az) = (1,0) and e corresponds to (ai,as) = (0,1). The open
orbit is generated by the action of By on [1,0,0,0,0]”.
We let

O2x2 Oaxo BT 1
Eie, = | O2x2 0O2x2 0O2x1 with B = —Z[jzl,i],
—B 0O1x2 0
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Ee te, = — AT 03xa 02x1 for A= 3 [
Oi1x2 O1x2 0O

E .=El F,=FE,~E_,,Gy =i(Eq+E_,), then [F,,G,] = 2H,, and [H,, F,] =
i(Ho, Ho)oEq where (1, )o is the standard inner product such that (e, e;)o = 1.

We also have that [Eic, Eic;—c;)] = FEie;r [Eeyy Bie;] = Flhexe; and
[E—eia E:l:Ej] = :':E—Ei:tej'7 [E:I:eiyE:I:(ei—i-ej)] = j:E:Fej'

As above, we consider the semisimple orbit generated by —iH = e;.

Now,

1 =+
¢ F1 |’

ps = exp(—isH)[1,0,0,0,0]" = [1,itanh s,0,0,0]7,
Poo = [1,4,0,0,0]7. As before, we have that

J(Fe1+62 + Fel—ez) = _(tanh S)$1(Ge1+62 + G61—62)7

F61+62 (0) - Fe1—62 (0) = G61+62 (0) + G61—62 (0) =0.

Let T be the tangent vector of the curve p,, then JH = —T.

Similarly, JF,, = —(tanh s)Ge,, F¢, (0) = 0 and F,, = G, = 0. In particular, at
Do We have that JF, = —G,,.

Similarly, we consider the case (1) with G =S = SO(n + 1, C), which is either
Dy, with n =2k — 1 or By, with n = 2k. The open orbit is a SO(n + 1, C) action on
[1,0,---,0].

For Dy (or By), we have a; = e; — e;41 for 1 < i < k and oy = ex_1 + e, (or
aj = eg). In particular, as above we have that:

Proposition 1. For F(OP,) and F(OQ,), we have:
J(Feyte; £ Fey—e;) = —(tanh s) T (Ge, e, £ Gey—e,)
(and JF., = —(tanh s)G,, ). We also have that
Foite, = Gejte, =0
(and F,, = G., = 0) for i > 1. In particular, at pso, JFo = —Gy for a # e; £ ey,

(ande; )1 <i<k.

In the case of (2), we first consider the case in which G = S = Sp(2,C) = Cy
acting on Gr(4,2). The short simple root oy = e; — ez and the long simple root
oy = 2es constitute a fundamental root system of the Lie algebra. Cs has other
positive roots a1 + as = e1 + eg and 2aq + ag = 2ey.

C3 has Cartan subalgebra ‘H = {diag(a1, a2, —a1, —a2)|q, aec}. €1 corresponds
to (a1, az) = (1,0), ez to (0,1). The open orbit is generated by the Cy action on
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which represents the complex 2 dimensional column space 7 of A in C*.



0 . 01 0 0
Ea:[ 0 —AT] with A61_62:[0 0} and A_61+e2:[1 0}

We let

[0 Bg : [v2 0 o1
Ea—[o 0} with B261—|: 0 0] and Bel+62—[1 0].

We also let E_g = Eg
We have [F,,G.] = 2H,, and [H,, E,] = i(Hy, Hy)oEs where (, )o is the
standard inner product such that (e; — ez, e1 — €2)p = 2,

[Ei?emEiF(ei—i-ej)] = :IZ\/EE:I:(ei—ej)v [E:I:(ei—ej)a E:I:2ej] = :IZ\/EE:I:(ei—i-ej)a

[E:I:(ei—ej)a E:I:(ei-l-ej)] = j:\/iE:lﬁe“ [Eei—ej-:Eej-—ek] = Eei—eky

[E:I:(ei—ej)a E$(ej+ek)] = j:E:I:(ei—l—ek)'

As above, we consider the semisimple orbit generated by —iH,, .
Now,

i 0 O]T_[l e 0 0
(3

‘ 1
ps:exp(_”Hal)[o 1 — 0 0 1 —iex |’

100 07"
Po=1109 00 1] -

The complex projective space CP™ has canonical line bundle K = —(n+1)Dpg
with Dy being the hyperplane divisor line bundle. Our exceptional divisor D is a
hyperquadric and hence D = 2Dy for the corresponding line bundles.

When Q = Q" is a hyperquadric in CP"t!, Dy be the restriction of the hy-
perplane line bundle to @", then Kg = —nDpg. And Dy can be represented as a
hyperquadric Q"' in Q.

Consider the equivariant double branched covering map f: Q™ — CP"™, we see
that the branched locus is just the exceptional divisor D = Q™ !. So we have that
D = Dy in this case.

Let F, = Eo — E_,Go = i(Es + E_,), then as above we have JF,, _., =
—(tanh 2s)Ge, —¢,. Let T be the tangent vector of the curve py, then JH = —T.
Similarly,

J(Fae; £ Foe,) = —(tanh 23)i1(G2e1 F Gaey), Feyrey = Gey ey = 0.

Similarly, we consider the case (2) with G = S = Sp(3,C) = C3. The two short
simple roots a; = e; —eg, s = e9 — eg and the long simple root ag = 2eg constitute
a fundamental root system of the Lie algebra. C3 has other positive roots

al+ag =€ —e3, a1 +as+ a3 =e;+e3, a; +2as + a3 =e1 + ea,



a9 + ag = ez + e3, 2a0 + ag = 2e9, 2a71 + 200 + a3 = 2e;.

C3 has a Cartan subalgebra
H = {diag(a17 az,as, —al, —az, _a3)|a1,a2,a3€C}'

ey corresponds to (a1, as,a3) = (1,0,0), ez to (0,1,0), e3 to (0,0,1). The open orbit
is generated by the C3 action on

1400 0 0
A‘[ 01 —i 0

T

which represents the complex 2 dimensional column space 7w of A.
We let

A 0 01 0 0 0 O
E, = [ OO‘ —AT] with Ag,—e, =10 0 0| and A4, =1|1 0 0
o 0 0 O 0 0 O
We let
0 B V2 0 0 010
By = [ 0 oﬁ] with Boe, = | 0 0 0 | and Beje,=|1 0 0
0O 0 O 0 0 O

We also let E_g = Eg

We have that [F,,,G,] = 2H, and [H,, E,] = i(Hy, Hy)oFE, where (, )g is the
standard inner product such that (e; — ez, e1 — €2)p = 2,

[E:I:2ei7E:F(ei+ej)] = j:\/iEﬂ:(ei—(ij)? [E:I:(ei—(ij)7 E:|:2€j] = :t\/iE:l:(ei-i-(ij)?

[E:I:(ei—ej)v E:I:(ei-l-ej-)] = iﬁEﬂﬁew [Eei—ej7Eej—ek] = Ee;—ey
[E:I:(ei—ej)a E:I:(ej—l—ek)] = :l:E:I:(ei—l—ek)'

As above, we consider the semisimple orbit generated by —iH,, .
Now,

‘ 1i00 0 o0]" 1 ée2 00 o o0]°
ps=exp(—isHa) | o g g 1 g | Tlo o

o
—_
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Let Fy = E, — E_o,Go =i(Ey + E_,), then as above we have that JF,, _., =

—(tanh 2s)Ge, —¢,. Let T' be the tangent vector of the curve ps, then JH = —T.
Similarly,

_[100000r
=

J(Fye, & Foe,) = —(tanh 25) ¥ (Gae, F Gaey), Faey = Goey = 0,

J(Fey—e5 £ Gey—ey) = —(tanh 5)3F1(Ge1—e3 + Feyes),



J(Fe1+63 + G62+63) = _(tanh 5)$1(G61+63 + F62+63)'

At poo, Foes = Goey =0 = Feiqey = Geytey, and JFye, = Gae,, otherwise JFy, =
-G,

Similarly, we consider the case (2) with G = S = (), then the roots of U are
+(e; £e;) with 1 <i < j < n and £2e;,2e;. The open orbit is a combination of the
C,, action on

130 - 000 0-- 0]
[000 0'1—2'0---0}'

I

For C),, we have that a; = ¢; — e;41 for 1 <14 < n and a,, = 2¢,,, Therefore,

k—1 k—1 n—1 n—1
€ — e = E aj,ei+ek:Zaj+2Zaj+an,2e,~:2E aj—i-an.
J=t Jj=t i=k J=t

Therefore, similarly we have:

Proposition 2. For F(Gry), we have
JF,, = —(tanh2s)G,,,

J(Fgel + Fgez) = —(tanh 28)$1(G251 F Ggez),
J(Fey—e, £ Gey—e,) = —(tanh 3)3F1(G61—6k + Fey—ey)s
J(Feﬁ-ek + G52+5k) = _(tanh S)q:l(Ger‘rek + F52+€k)’

for

o =ey + e, e — e, 2¢e,e + e

with 1 > 2.
At poo, we have Foy = Go =0 if a = e1 +e9,2¢;,e; T e, @ > 2; and JF, = G,
if a = 2eq, eg £ep. Otherwise JF, = —G,.

Before we consider the isolated case (3), we can look at the general cases in
which G # S = n(GFp) C Aut(F), where G is the subgroup that acts on the fiber
F and 7 : Gp — Aut(F) is the induced map from G to Aut(F'). As in [Ak], G is
semisimple, Ug is the 1-subgroup. There is a parabolic subgroup P = SS1R with
S, S1 semisimple and R solvable such that Ug = US1 R where U is a 1-subgroup of
S. The manifold is a fibration over G/P with the completion of P/U¢g = S/U as the
isotropic open orbit of the almost homogeneous fiber. In this case, the root system
of S is a subsystem of the root system of G. In the Lie algebra of GG, we also have
some other Fy,, G, outside S§. Let K be a maximal connected compact Lie subgroup
of G and L be the isotropic subgroup of K at a generoc orbit. Let IC, L be the
corresponding Lie algebras. The tangent space of G/Ug along p; is decomposed into
irreducible £ representations. These F,, G, are in the complement representation
of the Lie algebra S of S. JF, = —G, (mod §) as it is in the tangent space of
G/P. Therefore, we have JF, = —G,, for any « which is not in the root system of



S. This discussion is corresponding to the discussion in the last paragraph of the
second section of [Gu8] and similar discussions in [Gu9, 12]..

If Sis By, G can be B, C,,, F4. If S'is Bg, G can be B,,, 4. If S'is C3, G can
be C,, Fy. If S'is B,, with n > 3, G can only be By,1,. If §is C), with n > 3, then
G can be Cjqy,. The case of By action which has an isotropic group of SO(4, C)
generated by roots +ej £ e9 is exactly the same as the case of Sp(2, C) action, which
has an isotropic subgroup of Sp(1, C) x Sp(1, C) generated by +2e1, £2e5. All these
are similar to the discussions in [Gu9, 12]. Here we have a few more possibilities. If
S =Dy, k>3, Gcan only be D,, n >3 or E, n> k. If S = Ds, that is an Ag,
Gcanbe A, n>2 B,, n>3,C,n>3 D,n>2and E,. If §S= Dy, G can be
any simple group or product of simple groups other than Gs.

We now treat the isolated case (3) of the Spin(7,C) action on CP”. This case
is the restriction of the case (1) with an G = S = SO(8, C) action to the Spin(7,C)
action induced by the spinor representation.

Let +e; 1 < i < 4 be the weights of the SO(8, C) action, they generate a Cartan
subalgebra. Let hq, ho, hg be the short positive roots which generated a Cartan
subalgebra of Spin(7, C), then the spinor representation has weights %(:l:hl +hoths)
and the Cartan subalgebra of G is generated by h; —h;. We can identify Spin(7,C)
as a subgroup of SO(8, C) by letting

1 1
ho = 5(61 +e2 +e3+ 64),h1 = 5(61 + ey —e3 — 64),

1 1
hy = 5(61 —e9 + e3 — 64),h3 = 5(61 — ey —e3+ 64).

One can easily check that the Cartan subalgebra of Spin(7) is just the complement
of hg. We have that hy —hg = ez —e3, ho — hz = e3 —eu, therefore, Ep,_p, = Eey—ey
and similarly, Ep,—p; = Ee,,,—e;,,- All of them fix p;. Therefore, G fixes p;.

We also have that

hi4+ hys =e1 —eq,hog+hg =e; —eg,h1 + hg = e — e3.

Therefore,
Enin; = Eey—eyyy (3,5, k} = {1,2,3}.
And
ho + h; = e1 + eiy1,ho — hy = ej41 + epy1,
therefore,

Ep, = aE€1+€i+l + bE—€j+1_ek+l’

It is not difficult to check that a = b = % will make them generating a so(7)
subalgebra. Therefore,

by, =

1
i %(EEH-QH + E_5j+1_5k+1)‘



That is, the semisimple element which we should use is a nonzero multiple of hy.

We use
%(hl + ho + h3) = ?(381 —eg —e3 —ey).

Therefore, the open orbit is generated by py = [1,0,0,0,0,0,0,0] with the
Spin(7,C) action. And we have ps = exp(—isH)py = [1,itanh @s,0,0,0,0, 0,0].
Therefore, p», = [1,4,0,0,0,0,0,0,0,0]. As before, we have:

Proposition 3. For F(Sp7), we have

—iH =

J(V2Fy, £ Fy,1p,) = —(tanh

3
§8)$1(\/§Ghi + Ghj+hk)

and
JH =T,

Foime; =Geje; =00 <i < j< A4

At poos JFn, = —Ghyy JFnvn, = —Ghytnys Fri—ny = Ghi—ny, = 0.
However, in this case S = B3, G can only be B,, or Fj.

3. The Kahler Structures I

In this section, we first examine the Kéhler structure for the S = SO(n, C) actions
and shall deal with other actions in the next section. We shall summarize our
conclusion of the volume calculation in our Theorem 1 in the next section, which is
needed in calculating the Ricci and the scalar curvatures.

If G =S = Dy or By, by regarding the open Dy (or Bs) orbit as a homogeneous
space, the vector fields which corresponding to the Lie algebra are the pushdown of
the right invariant vector fields on the Lie group Do (or Bz). As we did in [Gu8], we
study the corresponding left invariant vector fields on the Lie group. To make the
things simpler, we still use our original notation for the left invariant vector fields.
Since the Kahler form is (left)invariant under the action of the maximal compact Lie
algebra IC, the pullback of this Kéhler form is left I invariant form on S. Therefore,
T(w(X,Y)) = —w(T,[X,Y]) for any X,Y € K.

Let (, ) be an invariant metric on K such that (H, H) = 1. Then

(X, Y]=(X,Y],H)H + [X, Y] + [X7Y](.A+£)l'

Therefore, (7, [X,Y]) = ([X, Y], H)w(T, H) + w(T,[X, Y] (a4 )+ ). But we also
have w(T, [X, Y] a40)r) = w(sH, J([X,Y](a1)r)) = 0 since JX € (A + L)+ if
X € (A+ L)+, We also have that w(X,Y) = (aH + I,[X,Y]) with I in the center
of L. Therefore,

Tw(X,Y)) = (d'H+1T',[X,Y]) = —w(T,[X,Y]) = —([X,Y],w(T, H)H),

ie, I'=0and o’ = —w(T, H). The first equality means that I does not depend on
s, i.e., I = Biey (or I = 0) for some constant B. Therefore, the Kéhler form is

w(X,Y) = (a(s)H + Bies, [X,Y]) = (H(s),[X,Y])

10



where H(s) = aH + I. Here we have B = 0 for the By action. We also notice that
when S = Dy we have w(F,,1e, — Fe,—¢,, X) = 0 at s = 0. Therefore, by letting
X = Gejte, and X = G, ¢, we have a(0) = B = 0. a(—s) coth(—s) = a(s) coth s
implies that a is an odd function and a(s) < 0 for s > 0.

Therefore, as observed in [Si] and [PS] that the tangent space has following
orthogonal basis:

{T7 H}, {Fe1—62 + F61+eza Ge1—62 + G61+62}7 {F61—62 - Fe1+ezv G61—ez - G61+ez}

(and {F.,,Ge })-
We have that w(T, JT) = w(T,H) = —a’. We see that a is decreasing. We also
have that
wW(Fo, + Foy, J(Fo, + Fo,)) = —4acoths,

Fy,
W(Fo, — Foy, J(Fo, — Fa,)) = —4atanhs
(and w(Fe,, JF,,) = —2atanhs).
Therefore, the volume is equal to V = —16a%a’ (or 32a®(tanh s)a’).

For the case of G = S = D,, (or By,), we can do the same and almost everything
are the same and I, = 0 since L = D,,_1 (or B,_1) is semisimple. In that case, we
have one basis element {7, H} with the metric value —a’, n — 1 basis elements

{thl =Feyte; T Fey—e;s G+ 1 = Geyte; + Gey—e;}
with the metric values —4a coth s, n — 1 basis elements
{Fz_—l = F61+6i - Fel—3i7 Gz‘_—l = G61+6i - Gel—ei}

with metric values —4atanh s (and one basis element {F, = F.,,G,, = G, } with
metric value —2a tanh s). Therefore, the volume is

V = —42Un=0) /201 (or V = 24773¢/q® tanh ).

In the case S = D,, (or By,), G = Dpy4y, (Or Bptp) and the C™ is generated by
€m+1s° " 5 €mtn. The metric is w(X,Y) = (aH +i>_;", Bie;, [X,Y]). Other roots
related to —iH = ey, 11 are e; & e,,+1. The restricted metric values are —2(B; £ a).
Other elements of the orthogonal basis only produce positive constants.

Therefore, the volume is

V =—-Mda*" D l_I(BZ2 —a?) (or Ma'a® ! (tanh s) H (B? — a*
=1 i=1
with a constant M > 0.
Now, it is not difficult to see that for any possible G and S = SO(n,C) we
always have Kéhler metric: w([X,Y]) = (aH + I, [X,Y]) with the I in the C center
of [ and we always have Ig = 0. Therefore, we have that

V =—Mda*" Y H(a,- —a) H(bj +a)
1 1
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T S

(or V = Ma'a* 1 (tanh s) H(ai —a) H(bj +a))
1 1

with positive a; and b;.

One more observation: actually a;,b; come in pairs and bj;;) = a;. This comes
from an involution symmetry of positive roots. This symmetry is induced by the
element H. If S is By, then H = iej is from a root vector e;. The representation
of the Lie subalgebra sl(2) corresponding to e; decomposes the Lie algebra of G
into irreducible representations, which we call strings as in [Gu9]. The involution
symmetry is induced by reversing the signs of the eignvalues. One might check
this using the case by case checking. However, it will be tedious for us. Here,
we only need to prove the pairing up a; and b;. To do this we can use H = iey,
then H corresponds to a simple root. Therefore, the reversing of the signs of the
eignvalues induces the pairing of positive roots except the cases in which either the
irreducible representation is the si(2) itself, where it reverses e with —ey, or we
have a 0 eigenvalue string. For these extreme cases, we just say that the involution
symmetry of eg or the positive roots corresponding to the 0 eigenvalue strings are
themselves. The effect of the involution symmetry of the positive roots induces the
pairing of the a; and b; we needed. In the case in which S = Dy, we can also
consider the choice of H = iep. Then, it is proportional to the sum of two simple
roots ex_1 — e and ex_1 + e, which are orthogonal to each other. This time we
have a Lie subalgebra sl(2) x sl(2) and we can decompose the Lie algebra of G into
irreducible representations, which we call double strings. Then the same method
above leads to an involution symmetry of the positive roots related to the two simple
roots and pairs up the coefficients a; and b; in our volume formula.

4. The Kahler structures 11

In this section, we shall deal with the Kahler metrics with Sp(k, C) and Spin(7,C)
actions.
As above, we always have that

T(W(X,Y)) = —w(T,[X,Y]),w(X,Y) = (aH + I,[X,Y])

with Ig = 0 since LNS = sp(k — 2) x sp(1) or su(3) (see [Gub p.284]) are both
semisimple, I’ = 0.
If S = Sp(n,C), the tangent space has an orthogonal basis

{Tv H}v {F2(k—1) = Fm—eza G2(k—1) = G€1—62}7
{Fl:t = F2€1 + F2627Git = G2el + G262}7
{Fii—l =Feye; T Geyey Gz’i—l =Gej—e; T Fey—e,
{F];t_,_i_g = Fe1+ei + G62+6i7 Gf_i_i_g = Ge1+ei + F62+6i}

and {F,, Gy} with o ¢ S. The corresponding metric values are

—a’,—2atanh 2s, —4a(tanh 2s)T!, —4a(tanh s)T!, —4a(tanh s)T

12



and kq(aq —a) or ko (by +a) or ko with positive numbers ko. Therefore, the volumes
are

V= Ma/a4k—5(tanh 28) H(al — a) H(bj + a).
1 1

As above, we also observe that a; and b; come in pairs, and b;;) = a;. Since
we have that H is proportional to the simple root e; — e, it induces an involution
symmetry of the positive roots. That leads to our observation.

If S = Spin(7,C), the tangent space has an orthogonal basis {T, H}, {Ff =
V2F,, + Fy i, GE = V2Gy, + Ghjtny,} and {Fy,Go} with a ¢ S. The corre-

(2
sponding metric values are —a/’, —%a(tanh @8)jFl and kq(a; —a) or kq(bj + a) or
kq with positive numbers k,. Therefore, the volumes are

S

V = —Mad'a® H(ai —a) H((bj +a).
i=1

j=1

We also observe that a; and b; come in pairs, and b;;) = a;. This can be
seen in the last part of our last section. As for the S = D case, we notice that
e1+ex+e3 = (e1+e2)+esis a sum of two roots. We can actually use (e; —ez) +e3
as our H, then it is proportional to a sum of two simple roots which are orthogonal
to each other. Arguing as in the case of S = D we can use double strings to
get an involution symmetry of the positive roots. That leads to the pairing of the
coeflicients in the formula.

Altogether, we have:

Theorem 1. For the type I case the volume is
V = —Md'a®™ l_I(CLZ2 —a?) (1)
for the cases S = Dy, or Spin(7,C) and
V = Md'a®"*!(tanh bs) l_I(CLZ2 —a?)

for the cases S = By (or Cx) with b = 1 (or 2), where M and a; are positive
numbers, m are nonnegative integers. We also have that 2m + 1 (or 2m + 2) are
the dimensions of the fiber.

5. Calculating the Ricci Curvature

We now calculate the Ricci curvature. We have an orthogonal basis related to
T, FZ-jE 1 <i< m, F, if the dimension of the fiber is 2m + 1. If the dimension of the
fiber is 2m + 2, we have one extra element F),,1. We also denote the corresponding
restriction of Kéhler metric by o, Uii, 0q and o,+1. For any nonzero 2-form ¢ on
C2, we let

Axy(8) = 271(0(Xy, X)) -

[6([‘][‘){’ ‘]Y]le] - J[[X’ JY]aX1]7X2) + 5(X17 [J[Xv JY]aX2] - J[[Xv JY]aX2])]

13



for a given independent pair of vectors X1, Xo. Let h = logV. Following Koszul
[Ks p.567], we have that

Lyix, v, W)W, JT, F, JF, Fy, JFy)

X,JY) =
PX,TY) 20 (T, JT, F, JF, Fo, JF)

where X, Y, are the corresponding right invariant vector fields and here we use
F,JF torepresent F,", JF" F[ , JF[,--- Fi JE} F. JF, (and Fpi1, JFi1),
F,,JF, torepresent F,,,, JF,,,--- , F,,, JF,, the array of FZ-jE (and F,,,41 if it exists),
F,, with its conjugate for positive roots a ¢ S which have nonzero F, and G,. When
G = S, all the notations related to o can be omitted.

To calculate the Ricci curvature for the case S = G = By or C), we only need
to consider X =Y = F,41 = F_;p.

[Frt1s JFmt1] = [Fins1, — (tanh bs)G11] = —2(tanh bs) H,

J[Frmt1,rs JFmy1,r) = 2(tanh bs)JH = —2(tanh bs)T.

Again as what happened in [Ks p.567-570], usually it is not clear how to find JX
for a right invariant vector field X along ps and to deal with the left invariant form
with right invariant vector fields. Therefore, the argument in [Si] does not work as
we can see for our situation. We need something similar to the Koszul’s trick in [Ks
p.567-570](see also [GuT]). It turns out that all the argument there still go through
for our situation.

Therefore, we have that:

1

F,, F, = —(tanhbs)h’ .
P(Fm+1, S ) (tanh bs) Jr2wzn~b+2(T,JT,F,JF)

[ W*™2([2(tanh bs)T, T] — J[-2(tanh bs)H, T, JT, F, JF)

+ W7, [2(tanh bs)T, JT] — J[—2(tanh bs)H, JT), F, JF)

+ WP(T, JT, [2(tanh bs)T, F] — J[~2(tanh bs)H — 2H, F], JF)
4+ WPMT(T, JT, F, [2(tanh bs)T, JF] — J[—2(tanh bt)H, JF))

= —(tanhbs)h' + Ap,, | F . (T)

n

+
Z AFm+17Fm+1 (Ti ) + AFm+17Fm+l (Tm+1)7
it

here we use w"(--- ,[A, F| — J[B, F], JF') to represent

W' (A F = JB ), JFS - Bty JEpg) +
+ wn( 3F1+7JF1+7 7[A7Fm+1] _J[ByFm—l-l],JFm—i-l)

the sum of
W'+ F IR A FE] = J[B,FF|, JFE, -+ Fopg1, JFng)

for all the F' elements in the orthogonal basis, similarly for w™(---, F,[A, JF] —
J[B, JF]).

14



In general, we have a formula
p(X,JY) = JIX, V() + Y Axy(o

for ¢ runs through all o, th, Om+1,Oa-
To apply this formula, we have that Ap, ., F,.,(0) =0 and

Ap, .1 iy (0F) = Njtanh bs <tanhi1 NisF + tanhF! Ns>

sinh N;s cosh N;s

with N; = 1 except for the FljE in the case S = Sp(k,C), in which case N; = 2
Similarly, we have that

1
AF7L+1,Fm+1 (0n+1) - btanh bS <COth bS + tanh bs + m) '

Therefore, we have that

p(Fm-I—la JFm-i—l)

b
= tanhbs | —h 2N; coth 2N;s 4 bcoth 2bs + —————— 2
anh bs < + Z co s +beoth2bs + —m—nr bs> (2)

which is
= tanh bs(—(log(a’a*™* 1))’ + 4(m — 1) coth 2s + 6b coth 2bs).

But, we also have that

P(Fmt1, JEmi1) = (apH, [Fnt1, J Finta])
= —2tanhbs(a,H, H) = —2a, tanh bs.

Therefore,

1
a, = 5((10g(a’a2m+1))’ — 4(m — 1) coth 2s — 6b coth 2bs).

For the case in which G is strictly bigger than S = By, or Cf, we can easily check
that Ar, ., F,.,,(0a) = 0. Therefore, we have that

~((log(a'a®+1 11[(6122 —a?))) — 4(m — 1) coth 2s — 6bcoth 2bs)).

Now, we take care of the case S = Dy, or Spin(7,C). In this case, we have the
orthogonal basis determined by T, F’ Z.i, Fy.
For the cases in which G = S = Dy, we only need to calculate p(Fy", JF;").
When S = Dy, as before we have that
[F}F, JFT] = —4(coth s)H, J[Fy JFJr .| = 4(coth s)JH = —4(coth s)T.

1,7
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This is proportional to what we have for S = By, therefore we have a similar formula

0, = %((log(a'azk_Q T] (a2 = a2)))’ — 4k — 1) coth 2s).

When G = S = Spin(7,C), we have that

(B JF] = —2i coth(és)(Zhl + ha + hs)

V3
= —2coth — H 2h ho — h
co 2s<\/§ —|-3( 1 — N9 3)),
V3 4
JF+,JF+ = —2coth [ —s | - —=T.
[lr ] <2 \/g

Applying above formula, it is proportional to

4 4
(A,B) = (\f \/—H+ Lon, — hQ—hg)):%

The second factor induces a zero since [2h — hy — hs, F}'] = 2F, and etc.. The first
factor is proportional to what we had above and

V3 V3
[H’Fl—i_] = 7Gf - ?Gl

1
—(0,2hy — hg — h3).

(T,H)Jr3

and etc., that is, the coefficient of G is exactly N;. Therefore, we have that

1
a, = 5((log(a’abj))’ — 12N coth 2Ny s.

Similarly, as above in general we have that

a, = =((log(a'a® H (a? —a?))) —12- ?(coth V3s).

Combining above results with those from the last section and as in [Gu9,12] we
have:

Theorem 2. If the fiber with the S action is of type I of complex dimension n,
then

n—1

~((log(a’a" ' T (a? = a?))) =2 Njcoth 2N;s).

Moreover, (1) N; are 1 for S = SO(n+1,C) and (2) 1 except three of them being 2

for S of type Ci, (3) @ for the case S = Spin(7,C). Other coefficients come from
the Ricci curvature of G/P which is

—(g¢/p, [X,Y])
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with

dGg/p = Z H,

acAt—Ap
with the standard inner product.

We see that our result is basically the same as in [PS p.19 (4.18)] except the zero
term 4B(Z%, Zp) there. But the middle steps are different. For example, we have
a different JF,4+1 if n is even.

6. Calculating the Scalar Curvature

To calculate the scalar curvature we again use the orthogonal basis. The Ricci

curvature for T is Z—? The Ricci curvature of the other elements in F' is %’ The

Ricci curvature for F,, which corresponding to factor a; £ a is % The Ricci
T

curvature for constant fact k; is k]s—j

Now, the eigenvalues for the Ricci curvature must be a contiinuous functions.
Therefore, in general we have that

. a,
fimap = 0.l T oy, I

exist and are finite (see Theorem 5 in the next section). We also see that if we can
contract the hypersurface orbit and consider the manifold with a higher codimen-
sional orbit, we have that —[, = lim; . a, = a;,. We shall see more details in
the following sections.

Then, by Theorem 1 we have V = —Ma'Q(a) = —Ma'(—a)" ' Q1(a)g(s) where
g(s) =1if S = Dy or Spin(7,C) and g(s) = tanh bt if S = By, or Ck. Let N be the
complex dimension of the manifold, and Q(a) = (—a)" Q1 (a), we have that

pAwN‘l=M(n—1)!(—apQ+<n—1) "(—a)"%a,Q
+ ap(_a)n—lQll n 12 pi < Q1 Qla> )g(s)

al+a a; —

k
—1)! MIZVAN 4
£ =)
J
Therefore, p A w1 = M((—a,Q(a)) + pod’).
Theorem 3. The scalar curvature is
2(—a,Q)" + pd’
—d'Q :
Moreover, p(a) = (—a)" 'pi(a) with pi(a) a polynomial of a and is a positive linear
sum of Q1 and product of deg Q1 — 1 factors of Q1. The contribution of each factor
k; is 21;,;,3' for the QQ1 factor. The contribution of each a; £ a is

5 ap,iCQ1
qi
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We shall see later on that the contribution of the k; will not affect the equation
although it has an effect in the scalar curvature.

7. Setting up the Equations

Now, we set up the equations for the metrics with constant scalar curvature. Before
we do that, we need to understand more about the metrics. We have:

Theorem 4. w is a metric on the open orbit if and only if a is an odd function
with a’ <0 and 0 < a;, bj +a > 0.

To understand the metrics near the hypersurface orbit, we let 8 = tanh ¢t with
c = 1,1,@ for S = SO(n + 1,C),Ck, Spin(7,C) and we see that 6 = ¢(1 —
tanh?2s) = c(1 — 62).

In the case of S = SO(n+ 1,C) or Spin(7,C), we can use [1,z1, 29, - , 2] as
the coordinate near [1,4,0,--- , 0], then the metric is proportional to

dz1dz, = d(itanh s)d(itanh s) = (1 — 2)*(ds)?

at pso. Therefore, limy_,; agp = limg_, 20(%2—) = 0 and actually we have that ag =
(1 —0)h(#) with h(1) < 0. If the fiber is a Q™ which is a branched double covering
of CP™ near po, with a local map equivalent to the double map wq — 21 = w%, then
the metric is proportional to

dwydw, = dvitanh sdVitanh s
= 4711 —tanhs)7 (1 — 0%)2(ds)? = 4711 — 6%)(1 + 6)(ds)>.

Therefore, ag(1) < 0.
Similarly, for the case of S = C} we can use

1z 2 -z 211 0 242 o0 29
0wy we -+ wy; wyr 1 wge o wy

as a coordinate near po,, then the metric along the curve is proportional to
dz1dz) 4 dwidig = 2d(ie™%%)d(ie=2%) = 8e~*%(ds)?,

which is proportional to (cosh s)~*(ds)? = (1 — 6?)?(ds)2. Therefore, ay(1) = 0 and
ag = (1 —0)h(0) with h(1) < 0.

In particular, a is bounded. Let [ = lim;_ -, a. We also notice that [ actually
determine the homogeneous Kahler metric on the exceptional hypersurface divisor.
Therefore, [ is a topological invariant.

Theorem 5. w in Theorem 4 extends to a Kdhler metric over the exceptional
divisor if and only if

lim a=1> —aq;

s—+400
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and ag(1) = 0,ap9(1) < O for the cases of the fiber' F = CP"™ or Gr(2k,2) (or
ag(1) < 0 for the cases of the fiber F' = Q™).

Now for any given ! with 0 > | > —a;, we can check that a(f) = 10 (or a =
210(1 + 62)~1) satisfies Theorems 4 and 5. So we have:

Theorem 6. The Kdhler classes are in one to one correspondence with the
elements in the set

A - {l|0>l>—ai}-

To calculate the total volume, we notice that
TAJT NENTE) N (Fa AJF,) =Mg(s)T NH NF AG) )\ (Fa AGa)
i agsS adS

with a positive number M. a(0) = 0, a(+o00) = I. Therefore, let u = —a, the total
volume is Vp = fo_l Q(u)du.
We also see that

1 a  Q(a)d
ap = 5 <? + 0@ 4(k — 1)Ny coth 2Nys — 2(n — 2k + 1)bcoth 2bs | .

One can easily check that

!/

a'(0) <0, (1 — 2N coth 2Nis> (0) = a”(0) = 0
a

by a being odd and therefore a,(0) = 0.
To make the things clearer, we replace s by 8 = tanh cs. We have that

2ap=0[hog[aa@<a><1—02>ne<1—92>—m11“’2—2m2(1+92+ - >]

o [age | Q'(a)ag 14 62 0
= c[(l 0)[%—# Q(a)] 20— (n—1) 5 4dmeo ]
which has a limit —2(n + 14+ mg)c if F' = CP™ or Gr(2k,2); —2cn if F' = Q™, here
m; =n—1,myg =0 for S = SO(n+1,C) or Spin(7,C) and m; =n —4,mg = 3
for S=Cy. Sol,=—c(n+1)=-n—1,-n—4,—cn=—-33.

We can also check that limg_,; a:—'e exists. If FF' = Q", ap(1) < 0 and it is fine.
If = CP" or Gr(2k,2), ap(1) = 0, we need a little more work. We need to prove
that a, (1) = 0 also. Then

. Gpe . Qp .00
lim 22 = lim —27_,
6—1 ag  6—1—h(1)

We actually notice that the curve p; we considered is in a CP!. Therefore, we
can consider the SO(2) invariant metrics in CP!. Actually, we can see that the

'In this case, if we require the metric to have some smoothness we need more, see the discussions
two paragraph before (3). We already take this into our account in the proof of the next Theorem.
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case a = —%g is the standard Fubini-Study metric. ag = (1 — 62)(1 + 6#?)~2 and
h = (14 6)(1+6%)~2. In general we have

h=F(O)(1+6)(1+6%) 2
where I’ comes from an invariant function

1422 14322
T+ 2271+ 22

F( )

which must be a positive real function for all the possible z. Therefore, F' comes

from a function
o <(1 +22)(1 + 22)>
(14 [2[?) '

ro-a((22).

Therefore

In particular, F'(1) = 0. Therefore, h'(1) = F(1)273(1 —2 x 2) = —3F(1) and
7:((11)) = —%. Applying the latter to our formula of a,, we see that a,g(1) = 0.

Now, we have the Kéhler Einstein equation
2

m = 20@

_ 2y | Qe Q’(a)ag_ 2 _(p— 2 _am
c[&(l 0)[a9+ Q(a)] 20 — (n — 1)(1 + 607) — 4maq

Here, we can also notice that if this equality holds then we have following in-
equality:

c[(1 = 6% (log(a'Q(a))) — 20 — 2(n — 1 — my) — 4my]

> c[(l —0%)(log(ad'Q(a))) —20 — (n—1 —my)(B+ 671 (3)
1+ 62 20
2m2< 20 +1+‘92>}:2a.

The total scalar curvature is

1 l
Ry = /0 p(u)d’ + 2(u, Q)] d6 = /0 pdu +21,Q(1)

where we let u = a. And, from this we have the average scalar curvature

p_ Br _ Jyp(w)du+2,Q()
o= L .

VU fol Q(u)du

The equation of constant scalar curvature is % = Ry. Therefore, we have that
2, Q1) + / p(u)du = Ro / Qu)du + Aq (@)
0 0

20



with Ag a constant.
Let # = 0, we have that 0 = Ag. If we put 8§ = 1, we get the same Aj.
We have that

 RofyQdu—Jy'pdu R
P 2Q(u) 2Q1 (u)
where Q(u) = v~ 'Q1(u) and R(u) is a polynomial of wu.
Actually, if we let

1 1
p1=2u""" Zap,in( ' + = 4yt Z ama,Ql — oy p,
:

a; +u  a; —u

with l
201,Q(1) + |, prdu
pQ—QZi:ap,Zaz 22 5 and Ry = -2 féQi(i 1 7
then
Ry [y Qdu— [ prdu fo Y(R1Q1 — 2p2)du
b 2Q 2Q
_ou"m(u)  um(u)  R(u)
2Qu) 201 2Qi(u)

with m(u) a polynomial. We can also check that

m(l) _ Ro JyQdu— Jypdu _ 21,Q0) _,
2Q1(l) 2Q(1) S0 "

Therefore, u, = %(("u)) Obviously, this is a generalization of the Kéhler Einstein

equation, in which m(u) = 2Q (u).

Therefore,
2 Q' (w/ 2 2 6 _ m(u)
We also notice that
cl(1— 92)(log(u'Q(u)))' —20—2(n—1—mg) —4dmgy] > —ugll(&)) (6)
by
2 2
—(n —1- m2)1 ;—00 < —(n— 1 —mg) and — 2m2(1 2002 + L ;_00 ) < —4dmey
The equality holds if and only if § = 1. That is,
(g Q(u)). — 200 ~ 1+ ma)] = —u S
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and the equality holds if and only if 6 = 1.
By integration, we have that

—
0=2"Y(wQ(u +°°>/ <n_1+m_um(u)> u)du.
( tQ( )) 0 0 2 2ch(u) Q( )
Therefore, we have a necessary condition
—
0> / (n—14+my —a)Q(u)du (7)
0

with " "
o um(u)  Ro [y Qdu— [ pdu
2¢Q1 (u) 2¢Q(u)
for existing an extremal metric. We shall see later on that this is also a sufficient
condition.

The above equation might be a good equation. But, we could not obtain the
estimates we had in [GC, Gu4,5,8,9,12]. Therefore, we use a square transformation
(u,0) — (U = u?, 0, = 0). By abusing the notation, we still use 0 for the new free
variable 61. We replace u’ by (%)_%U’, and / by ’-20%. We also denote Q(u), m(u),
Q1(u) by Q(U), m(U), Q1(U) for simplicity.

Therefore, we have that

0[20(1 —9)(log(p:U'U 2" f[(af —U)Y =20 — (n—1)(1 +6) — 4ms
1

o)

—
+
>

— ¢[20(1 — 0)(10(U'QW)) + (1) 20— (n— 1)(1+6) — dmy2—]
0

= c [29(1 —0)(log(U'Q(U))) — (n+2)0 — (n — 2) — dmso T 0]
1 m(U)
= —(AU)2 . 8
60 Q1(U) ®)
From this, we have that
P
/ o
Then, as in [Gu9,12] we have that
n+2 n—2 0 1 n+2 n—2 0 1
_ _— = 2 < < 2,
5 0+ 5 —|—2m21+9 APz < P< 5 0+ 5 +2m21+0+A192

for some positive constant A;, C; which only depend only on [. Since

n+2 n-—2
P(1) =
for the case ' = CP"™ or Gr(2k,2) (or P(1) = n+c~'l, =0 for the cases F = Q"),

we have A; > n+mg+1 (or n).

+m2+c_llp:n+m2—(n+1+m2):—1
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To integrate, we have that

do df 1 146

do 62d9 1402
/9(1_ log +C’ /9 og— +C.

— 92
By integration, we have that

T (a4 ) DU T (@QuU@) (g
(1L - 97)Amnmma(1 4 g)m2(1 4 a7)Avkntme T UY(0)UT (0)Q1(U(6))

_ "21 (1 9%)n+m2+Az(1 +a)™ (1 + 9%)n+m2—AL

T 0" (1= az)ntmatAl(] 4 )ma (1 4 g2 )ntma—Ar

for 0 <@ <a<1 Welet V=u"and z =602, we obtain the following Harnack
inequality:

(1—-a
(1-46

YA )™ (L4 02 V(@)@ (Ula))
)Al—n—mz(l +6)m2(1 4 a%)Al+n+m2 ~ Va(0)Q1(U(9))
(1— 6%)n+m2+Al(1 a)m2(1 _i_aé)n—i-mg—Al

(1 a2 (

_l’_
1+ 0)m2(1 + a3 )mme—A

(10)

NI=[ =

—a )n—l—mz +Al

Arguing as in [Gu4,5,9,12], we have that

Theorem 7. If there is a solution 0 < U < I? of above equation (8) with
U(0) = 0 and U(1) = [?, then there is a Kdhler metric with constant scalar curvature
in the considered Kdhler class.

Theorem 8. For any small positive number 3, we have a solution of (8) with
U@0)=0,U(1—-p) =12

This corresponds to a Kdhler metric with a constant scalar curvature on the manifold
with boundary 0 < 0 <1 — 3.

8. Global Solutions

In this section, we shall extend our solutions to the hypersurface orbit. We will let
B — 0. As we did in [Gu4], we let 7 = —log(1 — 6) and have

P-4
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Therefore, we have that

"U U, P—60 (n—2)6,
log | 2—— 7 — _
_ P-0 n-— 1 2P —n+2+(n—4)0
e (5 1> 20 (11)

27712 1 U (U)
= n 1+1+0 50 <9> U )—T(U,G)
U2m(U) =n—14+my—«
2cQ:1(U)
when 6 tends to 1 and it converges unformly.

If w is in the Ricci class, then m(U) = 2Q1(U) and a = (¢)~'VU.

Let U; be a series of solutions corresponding to 3; — 0. By P(1) = —1 (or
0), for any eg € (n 4+ ma,n + mg + 1) (or (n — 1 + ma,n + mg)) there are two
numbers A(eg) < 12 and B(eg) > 0 such that if U > A(eg) and 7 > B(eg) then
a>e>n+my (orn—1+meo) and T(u,0(7)) <n—1+mg —ey. Let 7; be a
point of 7 such that U;(7;) = A(ep), and if we also have 7; > B(eq) then

UQU” 2P —n+24+(n—4)8
g | 22 u(w)| | = 2= 1w

-
< n—14+mg—eg

for = > ;.
Let w = _9 Ql( ), then w; < e(r=1+m2—e0)(T=7i)y, (.).

If no subsequence of 7; tends to 400, then a subsequence of 7; tends to a finite
number 7y. By the left side of the Harnack inequality (10), we see that V; ,(6(70))
must be bounded from above, otherwise V; ; will be bounded from below by a very
large number such that V; will be bigger than (—1)™ before x reaching the point 1.
That is, there is a subsequence of U; converging to a solution U of our equation with
U(1) > A(eg).

We shall observe that no subsequence of 7; tends to +oo under our earlier nec-
essary condition (7), which is just

12

/ (n—=1+ms—a)Q(U)dU < 0. (12)
0

If there is a subsequence of 7; tends to +00, we might assume that lim;_, o, 7; =
+o0, and 7; > B(eg). To make things simpler, we try to avoid the homogeneous
cases, i.e., the cases in which G = S. In those cases, the second Betti number
is 1, therefore, all the equations are basically the Kéhler Einstein equations with
different Einstein constants. There are unique solutions for our equations. Actually,
one can easily see that u = mtanh 2s should solve all the equations for ' = CP"
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or Gr(2k,2) and u = mtanh s should solve all the equations for F' = Q™. Let uy be
the solution, then

with a positive constant mg. We claim that u; > ug always, otherwise u;(s) = ug(s)
at some point s # 0 and u; < ug for some s1 < s with u}(s1) = u{(s1), both é,
o increase near s1 by u;(1 — ;) = —1 > uo(1 — 3;) and u;(0) = ug(0) = 0. Then,
the two sides of the above equality have a different sign, a contradiction. Now, by
this inequality, 7; has a finite upper bound 7y such that Uy(79) = A(ep). Actually,
one can see later on that any convergent subsequence of u; converges to the unique
solution ug, therefore u; converges to ug itself. Therefore, we shall always assume
that G is bigger than S and in that case we can see that there is at least one a;.
Now, from the equation we observe that if

n—2

Ui (1)U, 2 (75) > 2(—1)"T a4, > 2U"T (a2 — U) A,
n—2
then U; -(1;) > 2(a? — U;(7;))A;, and we have that V, [[] = U, 2 U, is increasing
for 7 > 7;. This can not happen. Therefore, U; -(7;) is bounded from above.
We shall see that in that case a subsequence of

Ui(t) = Ui(T + 1) (13)

converges in the C' norm to a nonconstant function U. We see that for each 7 > 0,
w; is decreasing and [7, .+ are uniformly bounded. For each 7 < 0, —A4; < [log w;], <
n — 1+ ma 4+ A; when i big enough, that is, V; .+ are also bounded uniformly on %
over closed intervals. Therefore, a subsequence of V; converges in the C'! norm to a
function V. So does UZ.

To see that U is not a constant, we can also notice that

2% ;U <2 2n(,zi)Ui’T(Ti)e<"—1+m2—60><7—ﬂ'>

0=z 072 (m;)

for 7 > 7;, where C; actually can be chosen that they do not depend on i. That is,

3

n-2
§Uz’ * Uir < CUi,T(Ti)e(”_”m?—60)(T—n)‘

Integrating both sides, we have (—Z)% — A(eo)% < —$Ui77—(n), ie., Ujr(m)

5 — n—1l4+mo—eg
is bounded from below. Therefore, U;(0) are bounded from below. We have
U,(0) > 0. This implies that U is not a constant.

Then U satisfies the equation [log[achiz:E’Ql(:U)]]’ = —a+n—1+ my on
(—00,+00). Therefore,

n—=2
[x

> 2'Q1(2)] = (—a+n—1+ mg)x%Ql(:v)x'

25



Integrating as in [Gu4], we have that

z(+00) n—
/ fide =0, where fi=(—a+n—1+ m2)l‘TQQ1(l‘)-
z(—00)

As in [Gud], we see that z(+00) = 2.
As in [Gud], we shall prove:

Lemma 5. n — 1+ mgy — a has only one zero.

Proof: Asin [Gud], we may expect that x is related to a Kéhler metric of constant
scalar curvature on the blow-downed CP! bundle over the hypersurface orbit which
is topologically equivalent to our manifold. Hence, we may apply the method of
counting zeros in [Gu2,4] to this manifold. ol Q1(x) is proportional to “@pQ” in
[Gu2]. Therefore, the counting of zeros of n — 1 4+ mo — « should be the same as
counting the zeros of the derivative of “p@Q” to “U” there.

However, it is obvious that f; is, with square roots, not a polynomial at all. To
make our argument work, we need to get rid of the square roots. Naturally, we have
u = v/U. We observe that g; = 2uf; is a polynomial in u, which already appeared in
the necessary condition (7), and should be proportional to the derivative of “p@Q” in
[Gu2]. Therefore, we may expect that y = %u — 1 corresponds to the “U” in [Gu2].
We let ¢ = 2uQ(u?), which is actually our original 2Q(u) before we applying the
square transformation before (8) and ¢ is proportional to the “Q” in [Gu2].

We see that

29 = (n — 1+ mp)q — ¢ 'm(u)u™ = (n — 1+ ma)q — ¢ *R(u)u™?
= (n—14+may)q— c_lRo/Qdu 47t /pdu. (14)

Let g; be the derivative of g; to u, we have that

2g) = (n —1+ma)qd — (2¢) ' Rog+ ¢ 'p (15)
= (n—14+ma)d +c'Py—(2¢) 'Rog+ ¢ 1Py = A —myg,

where P3 = C'@Q is the @) term in p generated by the elements of the orthogonal basis
with constant metric values and Py = p — P3 is the positive linear combination of
afiu corresponding to a;, A = (n—1+mg)q +c ' Py, m = Ry—C = Ry. Therefore,

29 = [, (A — mq)du.

Lemma 6. The coefficients of A are always positive.

Proof of Lemma 6: From Theorem 3, we only need to check that ¢™1a,; — (n —
1+ my) is positive.

So we need to check that the last coefficient is also positive. There are two ways
to prove this. First we notice that this actually is the same to check the coefficients
n—1-+mso, c_lam +n—1+ms, c_lap,i —(n—14msg) are all positive. We claim that
these are the components of the Ricci curvature of the exceptional divisor, then the
positivity comes from the positivity of the Ricci curvature of the compact rational
homogeneous spaces. The point is that u is corresponding to an H in the calculation
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of the metric and the volume form, and we should prove that the contribution of H
to the Ricci curvature is exactly n — 1 + mo, i.e.,

(QG/PWH)O = (QS/(SHPM),H)O =c(n—14 mo)

where P, is the isotropic group of the exceptional divisor at ps,. Notice that Py
is parabolic.

If S = Dy (or By), then the semisimple part of Poo1 = S N Py is generated
by e; £e; 1 < i < j (and e;) with the same orientation. n = 2k — 1 (or 2k).
Therefore, (gs/p,. ,» H)o = 2(k — 1) (or 2(k — 1) + 1 = 2k — 1). But we also have
that c(n—1+mg)=n—-1=2k—-2=2(k—1) (orn—1=2k—1).

If S = C}, then the semisimple part of Py, 1 is generated by e + e, a3, , o
with an orientation in which e} = ¢; i # 2,e, = —ea. n = 3(2k —2) = 4(k — 1).
Therefore,

(as/par- H)o =2+2(k —2) + 1+2+2(k —2) + 1 = 2(2k — 1).

But we also have that ¢(n —1+mg) =4(k—1) —14+3 =22k — 1).
If S = Spin(7,C), then the semisimple part of Py 1 is generated by aq,as with
the same oriention. Therefore,

(4s/pPo 1 H)o = V3+ V3 +V3=3V3.

But we also have that ¢(n — 1+ mg) = @ -6 = 3/3.

Secondly, we could check the positivity of the last coefficient with a case by case
checking. That will also give all the a,; in concrete calculations. But in practice
the calculation is doable as in [Gu9] and it is tedious although they are needed to
check the Fano property and apply our integral criterion for the existence of Kéhler
Einstein or extremal metrics. Therefore, we omit them here (but also see the second
part of this paper).

Q. E. D.

Therefore, as we argued in [Gud p.73], if n — 1 4+ my — « has two zeros then
A — mq has degq — 3 + 4 = degq + 1 zeros. That will be a contradiction to the
degree 2deg @ + 1. Thus, we obtain our Lemma 5.

Q. E. D.

Now, we have that f; has a unique zero. Therefore, if the necessary condition
(7) which is also

12
; fide <0 (16)

holds we can not have 0 = f;?_oo) fidx < f012 fidz. A contradiction.

By choosing A(eg) close to 2 we have u(1) = [2. Arguing as in [Gu4], we have
that u/(1) = 0 (or exists and is finite). So are u”(0) and u”(1). Therefore, we have:

Theorem 9. There is a Kdhler metric of constant scalar curvature in a given
Kabhler class if and only if the condition (7) is satisfied.
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Fortunately, this result is much simpler than those in [Gu8,9,12] and those in
[Gud] (see the conjecture there), for which we need to check the converse in [Gu6].
For the type I case, the necessary part of (7) was observed in 2000 (see [Gub section
9]).

Assuming the converse in our Theorem 9, which we proved for the type I case
in (7) and the type II case in [Gu6], our argument in the proof of our Theorem 9
actually shows that there is a convergent subsequence of U; which converges to a
metric with constant scalar curvature on the open orbit with U(1) = a2,0 < a < —I
and also converges at the exceptional divisor to a blowup metirics with a constant
scalar curvature on the projective normal line bundle. If a = —] we get what we
need. If a < —I, then a is the only possible number such that 0 = f;j fi(x)dx by
our lemma 5. Therefore, U(1) = a?. If a = 0, the manifold piece collapses.
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