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1 Introduction

A smooth 2n-dimensional manifold M equiped with a smooth transitive
action of a Lie group is called a homogeneous space. If in additional M is a
symplectic manifold, we refer to it as a homogeneous space with a symplectic
structure and, if the structure is invariant, a homogeneous space with an
invariant symplectic structure.

Recently there has been much progress in the area of symplectic mani-
folds and group actions. I was interested in the classical problem of classify-
ing compact homogeneous spaces with symplectic structure. The difficulty is
that we do not know anything about the transitive group and the isotropy
group (Cf. [DG1,2,Hk]). In the Kéhler case we know that the isometric

group is compact. In this note we prove following theorem:

Main Theorem: FEvery finite dimension Lie subgroup of the automor-
phism group of a compact symplectic manifold is locally a product of a com-
pact semisimple group and a 2-step solvable group R. Moreover, the adjoint

representation of R on R’ is a subgroup of a compact torus.

An application of this result is a simpler and more prospective proof
of the classification of the compact homogeneous manifolds with invariant
symplectic structures.

I am also interested in the structure of compact homogeneous manifold
with symplectic structure (which might not be invariant under the group
action)

In [Gul,2] we also proved the following theorem:

Proposition 1. Fvery compact homogeneous complex manifold with a

2-cohomology class w such that w™ is not zero in the top cohomology is a



product of a rational homogeneous space and a complex parallelizable solv-
manifold with a right invariant symplectic structure on its universal cover-
mng.

This generalized the result of [BR] for the Kéhler case (one does not
assume that the Kéhler form is invariant).

These results suggest further study in two directions along the lines of
Proposition 1. One is the classification of compact complex homogeneous
space; the other is the classification of compact homogeneous space with
a symplectic structure. The first problem can be solved by the method
in [Gu3,7], where in the first paper we prove that every compact complex
homogeneous space with an invariant volume is a torus bundle over a product
of a rational homogeneous space and a complex parallelizable manifold and
in the second paper we classify compact complex homogeneous spaces of
1-step. In the present paper we are working in the direction of the second

problem. This is quite analogous to the results in [Gul,2]:

Proposition 2. Fvery compact homogeneous space with an invariant
symplectic structure is a product of a rational homogeneous space and a

torus with invariant symplectic structures.

In this classification, the tori which occur are not necessarily standard.
The following conjecture arises naturally from our arguments for the proof
of the above proposition:

CONJECTURE. If G/H is a compact homogeneous space with a sym-
plectic structure, then G/H is diffeomorphic to a product of a rational ho-
mogeneous space and a finite quotient of a compact locally flat parallelizable

manifold with a symplectic structure.

Here we call a manifold N locally flat parallelizable if N = G/H for a



simply connected Lie group G which is diffeomorphic to R* for some integer
k and H is a uniform discrete subgroup.

In our future work we will attempt to prove this conjecture and to classify
the compact locally flat parallelizable manifolds with a symplectic structure.

We prove our Proposition 2 at the end of 1997 in the line of the section
3—we prove the diffeomorphism in [Gu5], then the symplectic isomorphism
in [Gu6]. Then we get the Main Theorem. But we just found the paper
[ZB] which literally included all our results in [Gub,6] with a different proof.
So in this note we combine our three papers in one and keep the proof in
the section 3 to show the reason of the Conjecture and the relation to the
general compact homogeneous manifold theory.

Another consequence of our main theorem is that we can start to consider

the classification of compact symplectic manifold of codimension 1.

2 The Proof of the Main Theorem

2.1 Preliminary

Let (M, w) be a symplectic manifold and G a Lie group of symplectic
diffeomorphisms of M, i.e., a smooth action G x M — M such that g*w = w
for all g € G. Let Hamy,.(M) be the set of smooth vector fields X on M

such that Lxw = 0. In this situation we have the following sequence:

sgrad «

0—>R—i>C’°°(M) = Hamy,.(M) — G

where ¢ realizes the real numbers as constant functions, the skew-gradient
sgrad(f) is a vector field X such that ix,w = w(Xy, ) = df, and « is

the natural Lie algebra homomorphism arising from the G-action. The



associated Lie algebra structure { , } on C*°(M) is defined by

{f,9} = w(sgrad(f), sgrad(g)).

It follows that sgrad: C°°(M) — Ham,,.(M) is a Lie algebra homomor-
phism, and we are confronted with a lifting question: Does there exist a Lie
morphism A : G — C°°(M) such that sgradoA = « 7 If such a lifting exists,
we refer to the G—action as a Poisson action (with regard to the lifting). In

this case the G—equivariant dual map
®: M -G 2(x)(&) = A ()

is called the moment map. If every G-field is the skew-gradient of some
function, i.e., if for every £ € G the associated vector field is of the form
Em = sgrad(fe), then the G-action is called a Hamiltonian action (our
definition is different from the one in [GS]).

The following is a list of elementary observations in the above setting
(see [GS]):

(1) Let G’ be the commutator of G, then the G'-action is Hamiltonian,

and if G is a semisimple group, then it induces a Poisson action (see also

[GS p.185]).

(2) Suppose that £ € G can be lifted. Then
{weM | dfele) =0} = {aeM|&y() =0}
(3) If the G-action is Poisson with moment map ® : M — G*, then
ker(d®,) = { v € TuM | wy(v,w) =0 for all w € T,G(z) } = (T,G(x))*,

where (T,,G(z))* is the skew-orthogonal complement to the tangent space

of the G-orbit G(z).



(1), (2) and (3) come from the properties of the Poisson bracket. If
M is compact, we might use C§°(M) = {f € C'OO(M)UM fun—o) instead of
C*®(M) in (1) and we see that G’ is actually Poisson by the argument of
[GS p.186-187]. We have:

Lemma 1. If M is compact, then the Lie algebra of the exact Hamilto-
nian group of M is C3°. The group is “compact” in the sense that its Lie

algebra has an invariant positive definite inner product (f,g) = [y fow™.

Proof: It is known that the exact Hamiltonian group of M is generated
by functions h with [, hw™ = 0. All these kind of functions consists a

infinite dimensional Lie algebra since

/M{f,g}w" = /M df Adg Aw™ ™t =0.

This metric is invariant since
({h, 11 9+ (f; {h, g})
_ / (gdh A df + fdh A dg) A w"™!
M
_ / d(fg) Ndh A"t = 0.
M
Q. E. D.
For a further application of this section, we also list the following prop-
erty:
(4) If G is as in (3) and G(z) = G/H is a generic orbit with moment

fibering
(I)’G(:c) : G/H — G/J: G((I)(w)) x €M,

then H? < J° and J°/H" is abelian (see [GS p.190]).



2.2 The Proof

Now we are ready to prove the Main Theorem:

Since G’ is a subgroup of the exact Hamiltonian group, there is an in-
variant inner product (f, g) on its Lie algebra. Moreover, G acts on the Lie
algebra of G’ and keeps the inner product invariant. We see that the adjoint
group of G on G’ is a subgroup of a compact group and it splits locally
into a product of its compact semisimple part and the abelian part. So G is
locally a product of a compact semisimple group and a solvable 2-step Lie

group R. And the adjoint action of R on R’ is a subgroup of a torus.

3 On the Classification of Compact Homogeneous
Manifolds with Invariant Symplectic Structures

3.1 Preliminaries

1. A rational homogeneous manifold @ is a compact complex manifold
which can be realized as a closed orbit of a linear algebraic group in some
projective space. Equivalently, @ = S/P where S is a complex semisimple
Lie group and P a parabolic subgroup, i.e., a subgroup of S which contains
a maximal connected solvable subgroup (Borel group). Every homogeneous
rational manifold is simply-connected and is therefore an orbit of a compact
group. In general, a quotient K/L with K compact and semisimple carries
a K-invariant complex structure which is projective algebraic if and only if

L is the centralizer C(T') of a torus T' C K.

A parallelizable manifold is the quotient of a Lie group by a discrete

subgroup.

A solv-manifold is a homogeneous space with a solvable Lie group.



In our research we are interested in locally flat parallelizable manifolds
in the sense that the Lie group is locally flat, i.e., its universal covering is
diffeomorphism to R* for some integer k. By the classification of the Lie
group, we see that a Lie group G is locally flat if and only if its semisimple

part is locally isomorphic to a product of SL(2, R)’s.

2. In this subsection we recall some basic results about simply connected
Lie groups (see [On]). First, any simply connected Lie group has a Levi
decomposition G = SR with S a semisimple subgroup, R a simply connected
maximal solvable normal subgroup and SN R = {e}.

A connected closed subgroup U C G is said to be a k-subgroup if the
manifold G/U is compact. Let G be the Lie algebra of G, IntG the Lie
group of its inner automorphisms. A subalgebra i C G is said to be compact
in G if the connected subgroup in IntG corresponding to the subalgebra
Adgld C AdG is compact. A subalgebra H C G is said to be a k-subalgebra
if there exists a subalgebra I/ which is compact in G, such that G =U + H.

Let G be a semismple Lie algebra, U a maximal compact subalgebra in
g, and G = U + P the Cartan decomposition. Let 6 denote an involutive
automorphism of G which is given by the formula §(z + y) = = — y, where
x €U, y € P. Let H_ be a maximal abelian subalgebra in P and let
H = H4 + H_ be a Cartan subalgebra in G which contains H_ and H, C
U. We consider the complexification GC of G and let us denote by o the
corresponding conjugation in G€. Then HC is a Cartan subalgebra in GC.
Let us denote by ¥ C (HC)* the corresponding system of roots of G€. If
«a € X, then by G, we denote its root subspace in GC. The roots of ¥

are real in the subspace H, = iH4 + H_. Let us determine on (HC)* an



anti-involution ¢* by the formula
(0 ¢)(w) = $(ox) (z € HO).

If a € 3, then o*«v is also a root, and 0G, = Gy+q. Let g ={a € X, oc*a =
—a}. Then ¥ = {a € X|,),, —o}- Let X1 = ¥\Xg. It is clear that X and
Y1 are invariant relative to o*.

If in (H€)* we introduce an ordering and if A C X, let us denote by A*
and A~ the sets of positive and negative roots respectively, which belong
to A. It is known that this ordering may be introduced in such a manner
that Ei" will be invariant relative to o*. Then X7 is also invariant, and
oSl =3y,

The subsystem A C X is said to be closed if for any «, 5 € A such
that o + 8 € X, we have a + 8 € A. Clearly, X, Zf and X7 are closed
subsystems.

Let us now set NC = 2, Ezfga. From the fact that system Ef is closed,
it is clear that AV'© is a nilpotent subalgebra in G€. Moreover, o(NC) = NC.
Hence, if we let N' = NC NG, we have that AC is a complex envelope of

N. As it is well known, a so-called Iwasawa decomposition holds; namely:
G=U+H_+N.

or G = UH_N with H_N a maximal triangular subgroupin G. Let Il C X7
be a system of simple roots, Iy = IIN g, 1I; = [INX;. It appears that for
every « € II; there exist a § € II; such that o*a — 8 = >_ ¢yy, kyy, where
ky > 0. If we set 3 = 6, then we have an involution & of system II;.

An algebra G is said to be normal if H_ = H. In this case 31 = X and
o = 1. It is clear that in every complex semisimple Lie algebra there exists

exactly one (up to conjugacy) normal real form.



We find it convenient to write a real semisimple Lie algebra G by means
of its Satake scheme. This scheme is constructed as follows. We take the
Dynkin diagram of GC:; that is, the diagram of the system II. The circles
which correspond to elements which belong to Il are blackened; those be-
longing to II; are left white. In addition, in Il by means of arrows we show
pairs of roots which are permuted by the involution &.

We call a subgroup L of G a t-subgroup if H_NNgr C L, where H_N is
a maximal triangular subgroup of the semisimple part of G and Ng is the
maximal nilpotent normal subgroup in R. To describe a t-subgroup it is
sufficient to describe its intersection with the semisimple part of G.

Using above terminology, let us describe the well-known method for the
construction of t-subalgebras in a semisimple Lie algebra G. Let I' C II; be
some subset which is invariant relative to ¢. Let us denote by ¥’ the system
of roots which can be linearly expressed by the system IIp UT and by %"
a system of all roots which can not be expressed linearly by Iy UT. It is
clear that ¥’ and X are closed systems. In what follows, it is convenient to

study an element xr € H which is defined by the formulas

afzr) = 0, if aelyUT,
7Y 1, if aelI\I.

Clearly, such an element exists and is uniquely determined. We will show
that xr € H_. In order to do this, one must verify that cxpr = zr or that
(0*a)(zr) = alrr) = a(zr) for all a € TI. For « € T this is true because
ofa = —a. If a €1, then 6*a = da + > cyy, kyy, where 6a € I'. For
this reason (c*a)(ar) = (6a)(2r) = 0 = azr). Similarly we verify it for
o € IIL1\I.

We notice that ¥’ = {a € ¥, a(zr) = 0}, ¥’ = {a € &, a(zr) > 0}.

Because xr € H_, it follows at once from what we have proved that ¥’ and

10



>'"* are invariant relative to o*.
Let us denote by Zr the centralizer of the element zp in G. It is clear
that Zlg is the centralizer of zr in G€ and
ZEP=H+ Y Ga.
aeX’
Let us denote by Cr the subspace in H which is annihilated by all roots in
IIo UT or, what comes to the same thing, in ', it is the center of Zr. And
Zr = Cr + Sr, where St is the semisimple part of Zp.

Let us set NFC = 2762”+ G,. It is a nilpotent subalgebra of GC which is
invariant under o. Consequently N, FC is a complex envelope of N1 = NFC ng.
In particular, Ny = N.

Finally, let us set Ur = Zr + Nr. Then UFC is a parabolic subalgebra
in G and AT is the nilradical of Ur. Let Cff =CrNU, C, =PNCr and
Mr = Cff + &r be the maximal compact ideal of Zr with & semisimple, Z/.

be its complement in Zr. Then we call a subalgebra
T=M+Z+Nr

with M a subalgebra of Mr a standard t-subalgebra. Then we have:

Proposition 3. FEvery t-subalgebra of a semisimple Lie algebra G is a
standard t-subalgebra. Moreover, the normalizer of T in G is P(M) + 2} +
Nr, where P(M) is the normalizer of M in Mr.

3. In this subsection we recall some basic results on a generalization
of the Tits fibration, introduced by V. V. Gorbatservich [Gbl] to compact
homogeneous spaces. It coincides with a fibration considered by Tits [Ti]
in the case of compact complex homogeneous spaces. We call it the double

normalizer fibration as in [Gbl] or the the Gorbatservich fibration. Let

11



M = G/H, H° be the identity component of H and P(L) = Normg(L)
the normalizer of the identity component of a subgroup L in G, P*(L) =
P(P*=1(L)) we have:

Proposition 4. Let G be a connected real Lie group acting almost
effectively and transitively on the manifold M = G/H and let G/H —
G/P?(H) be the double normalizer fibration.

Then

(a) P*(H) = P%(H) for all k > 2. In particular, the double normalizer
fibration of G/P?(H) is a trivial fibering.

(b) G/P(H) is a compact homogeneous space in RPF for some integer k
such that G acts as a linear group and P(H) is a t-subgroup of G.
In particular, the nilradical of G is in P(H) and the intersection of a

semisimple part of G with P(H) is a standard t-subgroup.
(¢) Any normalizer bundle of G/P?(H) is itself.

(d) The semisimple part S of G acts on G/P%(H) transitively. There is a
mazimal connected compact subgroup K of S acts on G/P?(H) tran-

sitively, i.e., G/P?>(H) = K/K N P*(H).

If G is a complex Lie group and H C G is a closed complex subgroup,
then we have the normalizer fibration G/H — G /P(H) and P*(H) = P(H).
Let G and H denote the Lie algebras of G and H, respectively. The base
space G/N is realized as the Ad(G)-orbit of the subspace H in the Grass-
mann manifold of subspaces of G that have the same dimension as that of
H. And G/P(H) is a rational homogeneous manifold and P(H)/H is a

compact parallelizable homogeneous manifold.
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4. In this subsection we will recall the foliation fibering induced by the
action of the maximal compact subgroup of G. This was considered by V.

V. Gorbatservich in [Gb2]. He proved following structure theorem:

Proposition 5. Let M = G/H be a compact homogeneous, K be a
mazimal compact Lie subgroup in G. Then all the K orbits have same
dimension and M//K is a good orbifold, i.e., has a compact manifold as a
covering. Moreover, there is a subgroup H' C H of finite index such that all
the K orbits on M' = G/H' are the same and M'//K is smooth with R*

as its universal covering for some integer k.

5. In the rest of this paper we will use frequently arguments on the Lie
algebra level.

First we recall the following result due to Koszul [Kz]:

Proposition 6. Let G be a real Lie group and H a closed subgroup.
Then G/H admits a G-invariant symplectic structure if and only if there
exist a 2 form p on G which satisfies following conditions for all x, y, 2z € G

and he H

p([l'a y]7 Z)""p([ya Z]a l’)—l—p([z, ZL'], y) =0,
p(Adh(z), Adh(y)) = p(z, y).

6. Here we collect some results we need from the splitting theory of the
Lie group (see [Gb3]). Let G = SR be a Levi decomposition of a semisimple
Lie group. We call G a splittable Lie group if R = TU with TNU = {e} such
that T acts semisimplely and U acts unipotently on the Lie algebra G. We
call a Lie group embedding o : G — M(G) from G to a splittable simply

13



connected Lie group M(G) =T -5 -U a Mal’cev splitting or M-splitting if
a(G) is a normal subgroup of M(G) and M(G) is a semidirect product of
T and o(G), and o(G) - U = M(G).

Proposition 7. For any simply connected Lie group G there is a unique
Mal’cev splitting.

The Mal’cev splitting can be constructed as following:

Let G = S - R be the Levi decomposition of a connected simply con-
nected Lie group G. Consider the adjoint representation Adg : G —
GL(G); put G* = Adg(G), and let < G > be the algebraic closure of
G* in GL(G). Since < G > is algebraic, it has a Chevalley decomposition
< G >= T*S*U*, where U* is the unipotent radical, S* is semisimple,
and T* is abelian and consists of semisimple (i.e., completely reducible)
elements. Put W* = S*U*; then < G >= T*W*, with T* N W* finite.
Let t* : T*W* — T*/T* N W* be the natural epimorphism, with ker-
nel W*. Writing T = T*/T* N W*, we have clearly t*(AdG) c (T)°,

since G is connected. If for the connected abelian Lie group (7*)°

we
consider the universal covering for 7 : T — (T%)°, it is obvious that
t*-mp: T — (T)° is the universal covering for (T)°. Since G is connected
and simply connected, there exists a unique homomorphism ¢ : G — T such
that t* -t = t*-Adg. Put T = #(G), T, = nr-#(G); then T is a connected
simply connected abelian Lie group covering of T, while 75, C< G >. We
see that T/ can be regarded as a subgroup of AutG. The imbedding T —
AutG and the homomorphism 77 induce a homomorphism ¢ : T — AutG,
with ker ¢ = ker mp N1 discrete. Then we can get the Mal’cev splitting
M(G) =T x4 G and M(G) = TSU for a unipotent group U such that

dimU = dim R, dimU/Nr = dimT, where Np is the nilpotent radical

14



of G. Now we let Wg = SU, Wg,; = S/I(S) - U, then AutWg; and the
semidirect product AutWg; oc W are prealgebraic groups. We can regard
T¢ as a subgroup of AutWg ;. Let a(T¢) be the prealgebraic hull of T in
AutWe, and A)(G) = a(T}) o« Wg,;. We see that A;(GQ) is prealgebraic.
Let M;(G) = T;S,U as a quotient of M(G), then:

Proposition 8. The group A;|(G) is prealgebraic, and there exists an
imbedding 3 : M;(G) — A;(G) such that the following properties hold:

1) A)(Q) is splittable, and if A)(G) = T'S'U’, where U’ is unipotent, S’
semisimple and T' a prealgebraic torus, then B(M;(G)) D S'U’" and
S" = S, where S is the semisimple part of G and U' = U.

2) The prealgebraic closure of each of the subgroup B(G;) and B(M;(G)) in
Ai(GQ) is Ai(G) itself.

Here we like to give a very simple example: Let G = G1 X Go, G1 =TN
with T', N, G5 abelian and T acts on N almost faithfully and as a compact
torus without any eigenvector. Then < G >= Adg(T)N, W* =N,

t*: Adg(T)N — Adg(T) =T
mr: T — Adg(T)
t: TN x Gy —T
TG =Adg(T), ¢+ T — Adg(T)
M(G) =T x4 G=TU, U= {(t,t *,n,9)|ie nen gecs}

Wa = Way = U, A(G) = M(G) = Adg(T)U.
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7. Here we recall the Gorbatservich modification for a compact homoge-
neous spaces. This is first used in [Gb4]. Similar construction can be found
in the study of homogeneous Kéhler manifolds, e.g., [Dm], [DN].

Let M = G/H be a compact homogeneous space of a simply connected
Lie group G. We set G, = G; = G/I(S) be the image of G(H, = H/H N
1(S) be the image of H) in A(G). We also set P, = Ny ) (HY), the
normalizer of H?. Since the subgroup H? is connected, then its normalizer
is a prealgebraic group, i.e., the identity component of an algebraic group.
Hence the group mo(P;) is finite. Passing from H to the subgroup H; =
H N7 YP2N H,) of finite index, where 7 : M(G) — M;(G) is the natural
epimorphism, we might assume that H, C P? by considering a finite covering
M’ of M. This inclusion will be assumed to hold in what follows.

We consider the natural epimorphism v : A;(G) — A;(G)/W;. We have
A|(G) /Wy = Tuxmn(We) /W, with W = SU, Wy = S;Ng (our W, is the same
as in [Gb4] but different from the one in [Gb3], in [Gb3] W; = S/I(S)-U) and
T, is a prealgebraic torus; 7(W¢)/W; = U/Ng. So Imvy = T, x U/Ng, we
denote it by A. A is connected and Abelian. There is a natural embedding
of the group G,/W; = R/Ng in M;(G)/W; which is contained in A.

We denote the image of R/Ngr by B. By BN T, = {e} we see that the
projection y : Ty x U/Nr — U/Npg to the second factor is an isomorphism
on B, i.e., Bis closed in A. Now we consider the subgroup H,./H,NW, of A
and its closure m (in the Euclidean topology) which we denote by
Aj. Since H,/H, NW; C B we have A1 C B. Since the group B is simply
connected and Abelian, A; is a closed subgroup of it, A; is torsion free and
isomorphic to RP x Z? for some p, g > 0.

Finally we consider the subgroup v(Pyx) C A. The subgroup Kery = W is

16



closed in the “Zariski topology” on 4;(G), so does the Lie group P, therefore
v(Py) is a closed subgroup of A. But H, C P,, so H,/H,.NW; C v(P,) and
hence A; C y(P,), i.e., A1 C v(P?) by our convention. The group ~(P?) is
connected and Abelian and hence y(P?) = K x V, where K is a maximal
compact subgroup of v(P?) (which is a torus), and V is simply connected.
Since A; is closed in A and torsion free, Ay N K = {e}. Hence the projection
K xV — Y onto the second direct factor on A; is a monomorphism. Now
it follows from this that there exists a closed simply connected subgroup
C C y(P?), such that A; C C and A; is uniform in C' (we notice that C
is not always in B). We set ®, = y~1(C). Then ®; is a closed connected
subgroup of A;(G). To it corresponds a closed connected subgroup ® of
A(G).

With this construction at hand, V. V. Gorbatservich proved in [Gb4] the

following theorem:

Proposition 9. Let M = G/H be a compact homogeneous space of a
simply connected Lie group G. Then there exists a subgroup H' of finite
indez in H and a subgroup ® of A(G), such that:

(a) ® is a connected, simply connected, closed subgroup of A(G), containing

H/

(b) W = Wg, in particular S¢ = Si,Us = Ug (although M (®) and M(G)

are not generally isomorphic),

(¢) for the decomposition A(G) = TWq with T an Abelian subgroup of
A(G) we have ® C TG, G C T®, where dNT =GNT = {e},

(d) there exists a diffeomorphism n: ® — G which is the identity on the
subgroup H' and induces a diffeomorphism ®/H' — G/H',

17



(€) @ = No((H")")Sa,

(f) the Lie group (No((H')°)); = No((H')°)/Na((H')®) NI(S) has a finite

number of connected components.

Here we also test this construction with a simple example that G is the
same as the example in last subsection and H is in the kernel of Ad|xs such
that H C NV and does not contain any ideal of G;, N, Ad(T)(HE) is discrete.
Then:

Gy = Gy = {(Adt, (t,t71),n, 9)lter nen gecs}

H,=H, H, C {(Adt, (t,t7 1), n,9)|aqi=1} C U
P, = Npyqy(H))U, P2 =U, Hy=H, M'=M, Wg=U, W;=N
v : Ad(T)U — Ad(T) x U/N = A = {(Adt1, (t2,t5 1), 9)|ts o geco )
T. = Ad(T), G./Nr = {(Adt, (t,t71), 9)|ter gecs} = B
Ay = H,/H.OW; = H,/H, N W; C {(Adt, (t,t7"), g)|aa=1}
p=0, K=e, V=U/N, C=V. 9, =U = 9.

We will see that this modification turns out to be very useful in our

classification.

3.2 The Splitting Theorem

Theorem 1. Let (G/H,w) be a compact homogeneous space with an in-
variant symplectic structure. Then the double normalizer bundle is a product
of a rational homogeneous space and a solv-manifold with an invariant sym-
plectic structure.

Proof: Assume that G is simply connected, then the maximal compact

subgroup K is semisimple. So K is Poisson, by the Proposition 5 and (4)
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of 2.1 we get that every K orbit is, up to a finite covering, a same torus
bundle over a rational homogneous space ) = K/J which is induced by the
moment map K/K N H — K/J. In particular, if £ € J (the Lie algebra of

J) and if T is the closure of the 1-parameter group expt£ in J, then

Fixyr(T) = { o | €ar(e) =0} = { = | dfe() = 0 } £ 0.

Now let T' be a maximal torus in J. We see that one of the K orbit must be
() since not other homogeneous space of this type can be locally isomorphic
to @ (the isotropy group J is connected and is the normalizer of itself). So
all the K orbits are isomorphic to ). Now for any K orbit there is only
one point on it with isotropy group J. So we get a section s of the compact
foliation, i.e., M is a product of @) and s. Now we see that s is a symplectic
reduction of the moment map and therefore s is a symplectic manifold with
the induced symplectic structure.

Now from the normalizer of J being itself, i.e., J = KNH = KN P?(H),
we see that the double normalizer fibration (see (d) of Proposition 4) has
@ as the base and s as a fiber and s itself is a compact homogeneous space
with an invariant symplectic structure. We have s = P2(H)/H as a fiber of
the double normal fibration. By P(H) be a t-subgroup in G we see that all
the semsimple factors of P2(H) is in P(H). If a simple factor S; of P(H) is
not in H it acts almost freely on s, i.e., only elements in its center may have
fixed points, then since Sy is Poisson, every element in its Lie algebra have
fixed points, a contradiction. We see that all the semisimple factors must
be in H, i.e., the radical of P?(H) acts on s transitively. So we get that s is
a solv-manifold with an invariant symplectic structure.

Q. E. D.

Remark 1. (1) In our proof above we have to use the structure of the
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double normalizer fibration and t-subalgbra in Propositon 3,4 to prove that
the moment map is actually equivariant.

(2) An easy calculation can show that the Levi decomposition is actually
a product. We first prove this in [Gu6], and found that this is a conclusion

of our Main Theorem later. See also [ZB].

3.3 Compact Solv-manifolds with Invariant Symplectic Struc-
tures

Lemma 2. FEvery compact solv-manifold with an invariant symplectic
structure is a two step solv-manifold. Moreover, the orbits of the commu-
tator are isotropic, and any element in the Lie algebra correspond to the
commutator is conjugate to an element in the Lie algebra of the isotropy
group.

Proof: We consider the moment map introduced by ' =[G, §] (see the
sentence after (3) of 2.1). The corresponding subgroup N is unipotent, in
particular on N* and each orbit in the image is compact hence must be a
point. We see that N/NNH is abelian, [N, N] C H as an ideal must be zero.
Hence G is a two step solvable group. Moreover, since the moment map is
a constant on each commutator orbit, we see that df (X) = w(Xy, X) =0
for all Xy, X in the commutator, i.e., the commutator orbits are isotropic.

We also see that any element in the Lie algebra of the commutator
corresponds to a function on the manifold, and hence has a zero point, i.e.,
this element is in the Lie algebra of the isotropy group at that point. So every
element in the Lie algebra of the commutator is conjugate to an element in
the Lie algebra of the isotropy group.

Q. E. D.

Now we assume that G is a direct sum A + N as a vector space, where
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N =1G,G] and such that H =HNA+HNN. Welet H;1 = HNA, Hy=
HNN and

B = {a € A’p(a, N)=0}7

B = Hi + A; as a direct sum of vector speces, then A is a direct sum
Hy + Ay + Ao, N is a direct sum Ho + N7 as vector spaces, where A is a
complement of H; in

C={a€ Alpa.a)=0}-
We have:

Lemma 3. [B, B] =0, [B, N]=0.

Proof: Since p([B, B], A) = p(B, [B, A]) C p(B, N) =0, we see that
[B, B] C H. In the same way we see that [B, N] C H. And [[B, B], G] C
B, N, [[B, N, G] C [B, N], we see that [B, N],[B, B] generates an ideal
in H, that is, [B, B] = [B, N]=0.

Q. E. D.

By this Lemma 3 we can see that H; is a Lie subalgebra, by modification
we can assume that H; = 0. We also see that A; C P(H). Now by
the last sentence of the Lemma 1 and counting the dimension we see that
P(H) = N+A;. Now we consider the G action on the Grassmanian G(G, H)
of H in G. The orbit through H is exactly the base of the normalizer fibering,
being compact and with an abelian transitive group it must be a torus with
its action on itself. We can also regard it as an orbit in G(N,H) and the
action of G on it is an almost faithful representation of adjoint action AdG|
on N as the restriction of the adjoint action. In particular, we see that AdG
acts on N as a compact group. To see this we notice that H(N + A7) is an
open and closed subgroup of P(H), hence is closed in G, i.e., G/H(N + A;)
is compact. We see that H (N + A1) is cofinite in P(H). But H acts on N'/H
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trivially since (As, N'/H) is a perfect pair to p and any invariant subspace of
‘H on which H acts nontrivially must be an ideal of G, i.e., H is in the kernel
of Ad|y. Now for a generic element in G, it does not have any eigenvector in
N, otherwise this eigenvector will generate an ideal in H. Now we consider
a minimal invariant subspace V of the linear transformation of A = ad(a)
on G for an element a € A, then either ad(a)ly =0 or VNN # 0. In the
latter case we must have V' C A since the eigenvalues of ad(a)|yc are not
zero, hence V' has dimension 2 and ad(a) is semisimple. This implies that
A1 can be chosen to be an abelian ideal, and Ay + N is another ideal. So
we get:

Lemma 4. If we let Gy = Ay + N and Go = Ay. Then G = G + G as
direct sum of Lie algebras. Moreover, G is abelian and As acts on Gi as

torus.

Now we can apply Gorbatservich modification (Proposition 9) to our
case with some modification from the 7. in the Preliminary. Instead of

P, = N z,(c)(H?) we consider P, N D where

D= {a € AI(G)‘p(Ad(a)x, Ad(a)y)=p(z, y) for all w,yeg}7

then all the construction go through. and basically we get same modification
modulo a finite covering. Especially in the case of the example in the 7. of
the Preliminaries we see that P0 = U acts trivially on N, we will see that
this is what exactly happens here latter on.

Moreover if we defind on M (G) that p(t; +z, t2 +y) = p(z,y), then on
® we have p([t1 +z, y|, 2)+p(y, [t1+z, z]) =0forall t; +z € Lie®,y,z € G

and hence
p(ltr+x, t2+yl, ts+2)+p(t2+y, ts+2], t1+2)
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+p([ts + 2, t1 + ], ta+y)
(t1 + =, ta+y], 2)+p(ta + vy, ts+ 2], z)

=p
+p([ts + 2, t1 + ], y)

p(tr + =, yl, 2) +p([z, t2+yl, 2) —p([z, Y, 2)
(t2 +v, 2], =)+ p(ly, t3+ 2], ) — p(ly, 2], x)
([ts + 2, z], y) +p([z, t1 +2], y) — p([z, =], y)

=0

+p
+p

for all t1 + x,to + y,t3 + 2z € Lied.

Here we see that H is in the kernel of Ad|,r. So it is easy to see by the
example in Preliminaries 7. that in our case ® is abelian and p(Ad(h)(t1 +
x), Ad(h)(ta+vy)) = p(t1+z, ta+y), i.e., by Proposition 7 we see that ®/H
is also a compact homogeneous space with an invariant symplectic structure.
Now by @ abelian we see that it is a torus. So we get:

Theorem 2. Fvery solvable compact homogeneous space with an invari-
ant symplectic structure is a torus.

Remark 2. The actually symplectic torus structure was obtained in
[Gu6] by completely integrable system. See also [ZB] for a very interesting
version of the proof of Theorem 2.

Conbining Theorem 1 and 2 we obtain Proposition 2.

3.4 Examples of Nonstandard Symplectic Torus

In last section we get some nonstandard symplectic torus in the case A9 # 0
and Ho # 0. Although they have standard torus as their modification,
themselves are not standard. The dimension of H can be as big as possible.

So can be the dimension of G. In this section we will give some simple
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examples which show that this situation does occur.

Let C" be a complex vector space generated by vectors eq, - -, e, with
S1 = {e"|pep,2m } action € : e — "¢y,

Regarding S7 as a subgroup of the automorphism group of the abelian

group C" we get a Lie group G = S1 ox C" as a semiproduct.

Now we let Z = (Z + iZ)"™ be the standard lattice in C",

HO — {(217 e 7Zn) c Cn‘Re(zl+"'+Z”):0}7

and H = Z + H°.

Then G/H is a nonstandard torus occured in last section with sym-
plectic structure introduced by p in the Proposition 7 such that p(s,x) =
1, p(s,h) =0, p(x,h) =0 for all h € H, where s is a generator of the Lie
algebra of S1, x € C" is an element such that Re(zq + -+ + x,) = 1.

See also [ZB] for similar examples.

It is very surprising fact to me that we can get a classification for compact
homogeneous space with an invariant symplectic structure since the auto-
morphism group of a compact symplectic manifold has infinite dimension.
From any smooth function we can construct a one parameter group which
keep the symplectic structure invariant. So we can see that the base man-
ifold is always “homogeneous” under the symplectic automorphism group.
But we see from our classification that a compact symplectc manifold is
homogeneous under a finite dimensional Lie subgroup of the symplectic au-
tomorphism group is so different. Moreover, we are seemly be able to classify
compact homogeneous space with a symplectic structure which is nonneces-
sary invariant under the group action.

Using the nonstandard torus we can construct new examples of simply

connected compact symplectic manifolds as in [Gu4] and [Bo].
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