ON VANISHING VISCOSITY WITH INFLOW, OUTFLOW

MICHAEL A. GULAS AND JAMES P. KELLIHER

ABSTRACT. We establish convergence as the viscosity vanishes of solutions of the Navier-
Stokes equations to a solution of the Euler equations for inflow, outflow boundary conditions.
We extend the approach of Temam and Wang 2002, allowing the tangential component on
outflow to be nonzero.
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We humbly dedicate this work to Roger Temam, from whom so many of us
have learned so much, in celebration of his 85" birthday.

1. BACKGROUND

In [9], Roger Temam and Xiaoming Wang obtain a boundary layer expansion for the solution
to the Navier-Stokes equations in a 3D channel periodic in the horizontal directions, with
constant vertical inflow on the upper and constant vertical outflow on the lower boundary.
In [3], this result was extended to a three-dimensional curved domain with more general values
for inflow, outflow.

In both of these references, the tangential component of the outflow velocity was required
to vanish. In this paper, we remove this restriction.

First, let us define the problem we address more fully. We consider the Euler equations
(E) and the Navier-Stokes equations (N.S) with inflow, outflow boundary conditions in a
domain © in R? for d = 2 or 3, either a bounded domain with boundary I' = 92 or a periodic
channel, to which we will ultimately restrict our attention. Inflow will occur on a portion of
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the boundary, I';, and outflow on another portion of the boundary, I'_ (we discuss restrictions
on the portions below).
Letting @ := (0,7T) x Q, we write these systems of equations as

ou+u-Vu+Vp=vAu+ f in Q,
(NS) divu =0 in Q,
u(0) = ug on (Q,
u=U on [0,7] x T,
(O +7u-Vi+Vp=f in Q,
diva =0 in Q,
(E) u(0) = wo on €2,
w-n=U" on [0,T] x T,
u=U on [0,7] x I';.

The initial velocities ug, W, and external forces f, f, are given and we will assume to be
the same for both systems of equations. The vector field U is also given, and enters into the
equations only through its values on the boundary. The vector field n is the outward unit
normal vector and for any vector field v on I', v™ := v - n and v7 = [V]tan, the tangential
component of v. We will also write v™ for the outward normal component of v and, when
working in 2D, we define the unit tangential vector field 7 so that (n,7) is in the standard
orientation of (er, e2).

For (NS), the full velocity on the boundary is set equal to U on the boundary. For (E),
only the normal component of the velocity is set equal to U™ = U - n on the full boundary,
though on the inflow boundary, I';, the full velocity is prescribed.

There are requirements on U. To explain these, we partition the (sufficiently smooth)
boundary I' = 99 into three portions, 'y, I'_, and T'g, corresponding to inflow, outflow, and
impermeability, respectively. Each portion consists of a finite number of components. We fix
the vector field U on [0,7] x I" and assume that

UM <0onTy, U >0onT_, U™ =0onTy. (1.1)

We require div U = 0, which imposes on U the constraint that fF+ un=—[. U™

To obtain well-posedness of solutions to (E), I'g can be nonempty (in the classical case it
is the full boundary), but to obtain the vanishing viscosity limit ((V'V'), defined below), we
require it to be empty.

To streamline the presentation and highlight the essential elements, we make three simpli-
fying assumptions:

(1) We work in a 2D rather than 3D channel, setting
Q:=[0,L] x (0,h), periodic in x;. (1.2)

(2) We assume that the inflow and outflow velocities are the same and time-independent,
which allows us to use a constant background flow,
U = (a,—U) for some a € R,U > 0. (1.3)
(3) We restrict ourselves to only showing that the vanishing viscosity limit holds, leaving
a more complete boundary layer expansion to future work.

The essential points of our proofs, we note, apply in the settings of both [9] and [3], as well
as to time-varying inflow, outflow velocities.
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Let
H:= {u e (L*(Q)?*: divu=0,u-n =0},
V= {u e (H}(Q)?: divu=0}.

The global-in-time well-posedness of (NN.S) follows from a perturbation of the classical well-
posedness for no-slip boundary conditions, leading to the following (cf., Theorem II1.3.2 of
[10]):

Proposition 1.1. Let ug € H + U. In 2D, there exists a unique weak solution to (NS) in
C(0,T; H+U)NL*0,T;V + U).

The well-posedness for the Euler equations, however, is a far more complicated issue. It
requires compatibility conditions on the initial data to obtain unique short-time classical
solutions with u(t) having C*%(Q)-regularity, k¥ > 1. Such a need was alluded to in [9
and [3|, and were obtained for kK = 1 in [1| (English translation in [2]). As in [3,9], however,
we will require k > 1. The required compatibility conditions for higher regularity solutions
were only recently obtained in [4,5].

The basic question we explore is whether or not the (classical) vanishing viscosity limit
(VV) holds; that is, whether

(VV) w — 7 in L°°([0,T]; L*(Q)) as v — 0,

meaning

sup /\u(t,a:) —a(t,x)[*dr — 0 as v — 0.
t€[0,T] JQ

When U =0 (so I'g =T'), we obtain impermeable boundary conditions for the Euler equa-
tions and no-slip boundary conditions for the Navier-Stokes equations. This is the classical
situation, and whether or not (V'V') holds in the general case has been a wide open problem
for many decades. It was first shown in [9], however, that (VV') holds for nontrivial U (with
'y = 0), and was shown in [3] with U satisfying no further conditions than we have imposed—
with the critical exception, as also applies to [9], that [Ule, = 0 on I'_. (In fact, [3,9] show
a fair bit more than just that (VV') holds, giving a more in-depth characterization of the
behavior of u near the boundary as the viscosity vanishes.)

Well-posedness of Euler. In [4, 5|, existence for finite time of solutions to (E) along
with uniqueness is proven for a multiply connected bounded domain in 3D. To state the
assumptions, fix an integer N > 0. We say that the data has regularity N for an integer
N > 0if

I' = 0Q is ON*+29 regular;

F € ON+1a((0,00) x ©) N C([0, 00); H):

U e CY%((0,00) x Q), divU = 0, and (1.1) holds;

Umin = min{|U™(¢,x)|: (t,x) € [0,00) x '} } > 0;

Ty € CY (), ud =UJ on Ty,

where

CcN+tLaQ) = {me CVNTH(Q): divi=0,7-n = U™(0) on T'},

CcNtLe(Q) = {m e CNYQ): curla € CNNQ), N Ta e L™([0, T]; CY()),
divu=0,u-n=U"on [0,T] x T}, (14)

[@ll gasra gy 2= lullona(g) + lleurl@lonag) + 10,Y 1| Lo (0. 77,0 (02)) -
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We have the following result from [5]:

Proposition 1.2. [ [2,5]] Letty € CYT%(Q) and assume that the data has reqularity N and
the compatibility conditions described in Appendiz A are satisfied. There is a T > 0 such that
there exists a solution (,p) to (E) withw € CYT*(Q) and Vp in L>([0, T]); CN-(Q)), which
is unique up to an additive constant for the pressure. If N > 1, Vp is also in CN~12(Q).

Remark 1.3. In particular, the compatibility conditions described in Appendiz A along with
the definition of the space Cox TH*(Q) require that Ty = U(0) on Ty and Ty -n = U(0) - n on
all of T'. We will impose the stronger condition that g = U(0) on T'— as well.

It is shown in 8| that rather than assuming compatibility conditions, one can instead
assume that the initial data is analytic, and obtain well-posedness.
Our main result is the following:

Theorem 1.4. Let Q) be a 2D channel as in (1.2) and U be as in (1.3). Make the assumptions

as in Proposition 1.2 with N > 1 and, further, assume that f = f on Q, ug = Uy on 2, and
uglr = U(0)|p. Let w be the solution to (E) given by Proposition 1.2. Let u = u” be the
solution to (NS) given by Proposition 1.1. There exists Ty € (0,T) such that for all t € [0, Tp]
and v < 1,

Ct

lu(t) = a(6)] 20y < Cwt)2e + Cv

N|=

t. (1.5)
The constant C' depends upon ug, Ulr, and f.

Theorem 1.4 improves (for a 2D channel) the results in [3,9] by allowing a = [Uln # 0 on
the outflow boundary, I"_.

The remainder of this paper is organized as follows: In Section 2 we give the proof of
Theorem 1.4 in the special case in which the tangential component on outflow vanishes (so
a = 0). This argument is that of [9] when specialized to 2D and to only obtaining the
vanishing viscosity limit. We extend the result to allow a nonzero tangential component on
outflow in Section 3—this is the main novelty of this paper. In the appendix, we describe the
compatibility conditions from [5| required to obtain well-posedness of solutions to the Euler
equations with inflow, outflow boundary conditions in the special case of (1.2).

2. ZERO TANGENTIAL COMPONENT ON OUTFLOW

In this section, we assume that the tangential component of the outflow velocity vanishes.
Since, for simplicity, we are assuming that U is constant on €2, this means that
a=0.

Thus, there is also no tangential component on inflow, but we note that the value on inflow
plays no significant role in the analysis.
To start, we “homogenize” the equations by setting

v:=u—Uandv:=u—U
in (NS) and (E), yielding (using that ug = %y and f = f)

ov+v-Vo+ov-VU+U-Vou+Vp
=vAv+vAU+ f—-9,U—-U-VU in Q,
(NSp) diveo =0 in Q,
v(0) = up — U(0) on €2,
(v=0 on [0,T] x T,
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O +7-Vo+1-VU+U Vo +Vp
=f-6,U-U-VU in Q,

divo = in Q,

(En) - “
9(0) = up — U(0) on €2,
v-n=0 on [0,7] x T,
(=0 on [0, 7] x I';.

Letting
w=v-—7, (2.1)

the difference of (N.Sy) and (E}), gives
ow~+U-Vu+w-VU+V(p—p) =vAw + vAv +vAU — (v- Vv —7 - V0). (2.2)

2.1. The corrector. Although w-n =0 on I', w # 0 on the outflow boundary. This makes
an energy argument based directly on (2.2) infeasible, because difficult-to-control boundary
terms would appear when integrating by parts. To get around this difficulty, we introduce a
corrector z, a vector field on [0,7] x € which must, at a minimum, equal —v on the outflow
boundary, be divergence-free, compactly supported in a fixed layer near the outflow boundary,
and satisfy z = —v on I'. We use z to form the corrected difference,

w=w -z, (2.3)

which therefore vanishes on I'.
We use essentially the same corrector as in [9], specialized to 2D. We let

—Uzy

Y(t,x1,x2) ::El(t,xl,O)%(l—e v,

(2.4)

—Uxo v —Uxo

L S(— e ot @, 0))
noting that divz = 0, while on the outflow boundary, ¥ = 0 so
Z = (=090, 019) = (=7 (21,0),0) = —7.

Thus, z satisfies the minimal required properties of z, except that it is not supported near the
outflow boundary; indeed, it does not vanish even on the inflow boundary. To rectify this, we
cutoff ¢ with a C*° function ¢ that depends only upon x3, with ¢ =1 on [0,h/4], » =0 on
[h/2,h]. We then let

7:=Viy = ( — 7t (x1,0)e

1
2=V (¢v),
which now satisfies all the minimal properties of a corrector.

It remains, however, to obtain various estimates on our corrector.
Since

2= VI + Vg = 92+ V¢ = 2 — (¢, 0) = (¢2' — ¢, ¢Z7), (2.5)
for any p € [1, o], using also that |¢| < Cv,
124 < N2, + Cv < ClIE 1220, < 1225
Moreover,
Ozt = 01(¢Z" — ¢ ) = p0hZ' — ¢On = pO1Z' — ¢'Z,
Oo2' = 0(¢Z' — ¢/ ) = $0aZ' + ¢'Z' — ¢/ Oot) — ¢
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= ¢0pz' +2¢'7" — ¢,
022 = p0122, 0227 = phZ? + ¢

or,

va= |05 5] ovse ) 4T] - [H) 2]

0122 0p2? 0 ¢'z? 0 0
_yus [0 #E) [0 g0+ ue
B ¢V~+ 0 ¢/g1 B QS/%Q _(p/gl 4 ¢¢/l :
IR VI 0 0
I 2 ¥ i 1"
A direct calculation gives,
Uz —Ux
vie | 0@ 0 @ 0)Fem | (2.7)
L(1—e v )00 (21,0) e v v (x1,0)

The expressions in (2.4) through (2.7) lead to the following estimates (identical estimates
hold for 2):

1 1 1
[2t|2 < Crz, 1 |2%]|l2 < Cu, 1 [zl < Cv2,  [|0z]2 < Cvz,
[012 ]2 < Cvz, 922 |2 < Cv72, 01222 < Cv, 82272 < Cvz, (2.8)
1
|z-Vz|l2 < Cr2.

Moreover, because |r_ = 0 at t = 0 so also A v|r_ = 0, and ¥ € L>=([0, T]; C%(Q)),
‘ﬁl (tv 1, 0)

| < 10:0" (1, 0) || Lo 0,151yt < Ct,
017 (¢, 21,0)]

!
10:015" (21, 0)|| oo (0,71 ¢yt < Ct.

As a consequence, all the bounds in (2.8) can be improved by a factor of ¢t. Only in one
instance, however, will this factor improve (up to a constant factor) the rate of convergence
n (VV), where we will use that

<
<

2|2 < Cvat. (2.9)

Lemma 2.1. There exists a constant C depending only upon U, such that for all v <1

1
123022 |oo < CUIT (Bl oeqr_ )y, llw2022tll2 < Cv2[[Tt (t)l| oo .
Proof. From (2.4) and (2.6),

U —Uzy —Uxgy

Dozt = q%l(aﬁl,O);e v = 20T (21,0)e v —apg”.

Along with the simple bound, [¢| < C[[o" (t)]| oo (r )1/ we have

123022 |0 < [0 ()| oo () [sz(U/V) = oo + Clle ™ oo + Cw
<Cw+v)[e Ollpeqr.)-

We used that ||22ce || o = 4e72/c, 50 also ||z2e™||o = de™2/c2.
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This gives the first bound. For the second bound,

2Uzo

B U2 00 a 00  2Uay
2202213 < B[ (8) | Zoo [,,2/0 whe v +C/O 2de v + OV

U2 3
=10)(12
ok RO A [( + C) AU3 +Cv ]

< C”ﬁl(t)”%oo(rf)(l/-f-v +v ) ]

In applying the corrector estimates, we will employ the following form of Hardy’s inequality
(see, for instance, Lemma I1.1.10 [10]):

f

21lL2(0)

Lemma 2.2. For any f € H}(Q),

< CullV il

2.2. Energy argument. Written in terms of w, (2.2) becomes
Ow+U - Vw +w - VU + V(p — p)
=VvAW+vAT+vAU — (v-Vo—7-V0) =0z —U-Vz—2z-VU.
Multiplying by w and integrating over €2 yields
1d

) dt”wH2 =v(Aw,w) + v(Av,w) + v(AU,w) — (U - Vw,w) — (w - VU, w)

—(v-Vv—1-Vo,w) — (0sz,w) — (U-Vz,w) — (- VU, w).
Integrating by parts gave (V(p —p), w) = 0. Using that w = w + z, integrating by parts gives
v(Aw,w) = —v(Vw, Vw) = —v(Vw, Vw) — v(Vz, Vw)
= —v||Vu|3 — v(Vz, Vw),
since w = 0 on I'. Bringing —v||Vw||3 to the left hand side to set up an energy argument,

1d

5 dtHwHQ +v||[Vuw|)3 = —v(Vz, Vw) + v(AT,w) + v(AU,w) — (U - Vw, w)

—(w-VU,w) = (v-Vo -1 -Vi,w) — (Oz,w) — (U -Vz,w) — (- VU, w).
In what follows, we bound the nine terms on the right hand side of (2.10).

(2.10)

2.3. The easier terms. First, integrating by parts then applying the Cauchy-Schwarz and
Young’s inequalities,

v
V(AT, w) = —v(VT, Vw) < v||Vo|2|| Vs < Cv|| VD5 + EHVU’H% (2.11)

Since we must assume that U € C?((2), we just estimate,

(AU, w) < v[|AU|J2[[wlls < Cv? + Cllwlf3. (2.12)
For —(0yz,w), we have [|0;z]]2 < Cvz by (2.8), s
(02, w) < [|8iz]|2 w]la < Cv2 [wlla < Cv + Cllw]3. (2.13)
Using that Vw - w = %V\wP, integrating by parts, we find
(U -V, w) = —;/QU Vw2 = & / div Uluw? — * /FU”|w|2 0, (2.14)

since w = 0 on I' and U is divergence-free.
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For (w - VU, w) we simply apply Holder’s inequality,
(w-VU,w) <||VU]o 0]l < Cllwll3. (2.15)

The final easier term, —(z - VU,w) = (z - Vw, U), we split into several terms to bound
individually:

(z~Vw,U):/

zlalwlUl + /
Q

2181w2U2 + /
Q

2232w1U1+/ 220,02 U>.
Q

Q
Since U' = 0, the first and third integral vanish, and using the product rule, we obtain

(z-Vw,U):/zlal(w2U2)—/zlal(UQ)w2+/2262(w2U2)—/2282(U2)w2.

Q Q Q Q
From here we can integrate the first and third integrals by parts, noticing the boundary term
vanishes since w? = 0 on I':

(z-Vw,U) = —/ 3121(w2U2)—/z181(U2)w2—/82z2(w2U2)—/2282(U2)w2.
Q Q Q Q
We finish, using Holder’s and Young’s inequalities,
1
(z- Vw,U) < 01212 |[wl2][Ullos + Cv2 [|wllz + [[822°||2 [[w]|2[|Ulloo + C¥llw]l2,

Cua||w]a]|Ullso + Co3 []]2 + Cv® [[]|2][ Ullae + C|Jw]ls (2.16)

<
< Cv+ Cv? 4 Cllwlj3.

2.4. The nonlinear term. For the nonlinear term, (v- Vv — v - Vo, w), we use that v =
w~+ v+ z, SO

v-Vo—1u-Vo=(w+v+2) - Vw+v+2)—v- V7,
=(w+v+2) - Vuo+(w+v+2) - Vo+ (w+7+ 2 )Vz -7 - V7,
=v-Vw+w-Vo+v-Vo+2-Vo+w-Vz4+0-Vz+2-Vz -7V,
=v-Vw+w -Vo+2-Vo+w -Vz+0-Vz+2z-Vz.

(2.17)

We must bound each of the six terms on the right hand side of (2.17) when paired with w.
The first of the six terms from (2.17) we integrate by parts, giving

- V) = [ (0-Vu)w=3 [ oVl

1 ! (2.18)
= —/ divo|w|* + = /(v -n)wl? =0,
2 Ja 2 Jr
since v - = 0 on the boundary and v is divergence-free.
For the second term from (2.17), the (generalized) Holder’s inequality gives
(- VT, w) < ||Vl [lwll2 w]l2 < Cllwlf3. (2.19)
For the third term from (2.17), Holder’s inequality, (2.8), and Young’s inequality give

(z- V,w) < [Vl [12]2 [lw]l2 < Cv + Cllw]3. (2.20)

For the sixth term from (2.17), we use the Cauchy-Schwarz inequality, (2.8), and Young’s
inequality, giving

(z-Vz,w) < ||z Vzl2 |Jw|2 < C’I/%Hng <Cv+ CHwH% (2.21)
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The remaining two terms, the fourth and fifth, from (2.17) are more delicate. We will
expand each of these terms using indices and we will find that terms involving 022! are the

most delicate because, as (2.8) indicates, ds2! introduces a factor of Vo3,
The fourth term we write in terms of indices and treat each term individually:

(w-Vz,w) = / W' w’ = / (w18121w1 + w'd 22w? + w0y w! + w282z2w2) . (2.22)
Q Q
Three of these terms are easy: using Holder’s and (2.8), we find
(w'orz!, wh) < Jlw'll2]|012 ool lw' (|2 < Cllwlf3,
(w'dr12?, w?) < [|w!|2]|012% oo lw?]|2 < Cvlw]3,
(w?32®, w?) < [|w?[|2]|022% o [w? |2 < Cllw]l3.

Remark 2.3. The final term in (2.22) to bound, (w28221, wl), 1s problematic, and will restrict
us to obtaining (1.5) for a time Ty possibly less than the existence time of the solution to the
Euler equations.

To bound (w28221, wl), we use Lemma 2.2 followed by Lemma 2.1,

2 1
w w
(w28221, wl) = ((az%@gzl), >
X9 x2 2 2

< l23022 | CHlIVwll3 < CHCVIT (1) oo () | Va0 13.

w2

T2

wl

N

2202 1o \

Now, o' =0 on I' at t = 0 (see Remark 1.3) or ¥'(0,1,0) = 0, and v is continuous on
[0, T] x Q. Therefore, given any Cy > 0 there exists a time Ty > 0 so that for all ¢ € [0, Tp],

1
1
[0 ()L < o (2.23)

Hence, for v < 1

249 .1 1 01%1 2 -V 2
(WD, w') < ZLCV||Vwllz < < [|[Vw|3
Co 6

by choosing Cy and hence Ty sufficiently small. This gives
v v
(w- Vz,w) < Cllwll + Cvllw]3 + gIIVwH% < Ollwl3 + gIIVwH%- (2.24)
Finally, the fifth term from (2.17) we also write in terms of indices and treat each term
individually:
(T-Vz,w) = / 7027w = (T 012t wh) + (T 0122, w?) + (T2, wh) + (T2 0222, w?).
Q
The first, second, and fourth terms are easily bounded:
1
@02t wh) < [0 loo 012 |12 w2 < Cv2 [lwlls < Cv + Cllw]3,
(#0122, w?) < [0l 1012212 [[w?l2 < Cv wll2 < CV* + Cllw]3,
1
(0%022%, w?) < [[0%[loc 922712 |[w?|l2 < Cv2 [Jwll2 < Cv + Cllw]3.
For the third term, we use the mean value theorem in zo followed by Lemma 2.1, giving

52 2

(5232,21,11)1) = <$2(x28221),w1> < ||—

< Cv+ Cllwl3,

1
22022 |2]|w]l2 < CC 0207 || 0o 2 [|w]]2
o0
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by Young’s inequality. Thus, we have
(T-Vz,w) < Cv+ Cv* + C|lwl|3. (2.25)
Collecting the estimates in (2.18) through (2.21), (2.24), and (2.25),
(v Vo5 V5,0) <0+ Cllull} + (Cv + w]) + (Cv + Clluw|3)
+ (Clhwl + SIVwld) + (v + 02 4 Cluld)  (2.00)

v
<Cv+ C’HwH% + EHVwH%

2.5. The heart of the matter. From (2.10), using eqgs. (2.11) to (2.16) and (2.26), we have

Ld
2dt

< —v(Vz, V) + (Cv* + Clwl3) + (Cv + Cllwll3) + 0+ Cllwll3
+ (Cv+ OV + Cllwll3) + (Co + Cv? + Cllull} + 5[ Vull) = (U- Vz,w)

[wl3 + vI[Vwll3
(2.27)

< Ov+Cv2 + Ol + guwug —v(Vz, Vw) — (U - Vz,w).

Two terms in (2.10), —v(Vz, Vw) and —(U- Vz,w), remain to be bounded. The first of these
arises from the diffusive term in (N.Sy), while the second originates in the nonlinear terms of
(E) and (NS), from which it was separated as a consequence of treating (Ejp,) and (NS},) as
perturbations of (E) and (INV.S). Rather than bound these terms separately, we will bound
their sum: in doing that, we will see the central reason, at the heart of the innovation in [9],
that the vanishing viscosity limit can be obtained for inflow, outflow boundary conditions.

To better appreciate this innovation, let us let us briefly consider how the energy argument
we are making differs from the analogous argument in the classical case in which one enforces
no-slip conditions (v = 0 on I') on (NS) and impermeable conditions (w-m = 0 on I') on
(E). (The situation regarding the classical vanishing viscosity limit is perhaps most clearly
expressed in Tosio Kato’s [6].)

The classical analog of all the terms in (2.10) that we have so far bounded can still be
bounded—or they do not appear because, in effect, U = 0. (In particular, (w28221,w1) of
Remark 2.3 can be controlled when uyp = 0 on I', much as was done here, for short time.)
The diffusive term, —v(Vz, Vw), however, cannot be controlled—neither in the classical nor
in our setting.

The additional term, —(U - Vz,w), absent in the classical case, also cannot be controlled.
This seeming disadvantage turns out to be an advantage, for we will find that the combined
terms,

I:=—v(Vz,Vw) - (U-Vz,w),

can, in fact, be controlled, as long as U - n never vanishes on the outflow boundary.
The first step in bounding I is to observe that —(U - Vz,w) = (U - Vw, z2) = (2 ® U, Vw),
after integrating by parts, so

I=wVz—-2U,Vuw).
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2.6. Bounding the inertial plus diffusive terms. From (2.7),

AT Y2 —1 —Uzy 251
VST U= p vo vt (a;l,()) U le2 VU (a;l,O) e U;Q
U(ls—e v )8 Yz1,0) = U122 ve — ot (x1,0) = U*z (2.28)
O(vz) 0 | . ;2
= L= (Q
068 o] m @
where we used that U! = 0 and that U # 0
~ ~ U —vz —Ux
Vo — U = v (21,0) e T (LU~ (1,0 ) = 0. (2.29)
Hence,

|vVzZ —Z® Ul < Cv

—Ux
Remark 2.4. The term 02z' = ﬂl(xl,O)%e v~ cannot be controlled on its own; it is the
cancellation by U%Z' that allows control. This was a virtue of the corrector chosen in [9].

Then, from (2.5) and (2.6),
132 />1 /!
vwWz—2U=¢pwVz-2eU)+v ¢ 202 qble) + (¢, 0) @ U.
Other than the first and last terms above, the largest magnitude term derives from z!,

which is, however, multiplied by v. Hence, all the terms beyond the first have L? norm no
larger than C'v, and we conclude that

|vVz —2®@ Ul < Cv
Therefore, applying Holder’s and Young’s inequality,
1] < [[¥V2 = 2@ Ullo| Volla < Ov + 2| Va3, (2.30)

2.7. Completing the energy argument. From (2.27) and (2.30), we have
1d

14
S oellwlld + vIVwl} < Cv+ Cv + Cllwl + 2 Vw3

SO
Hsz +v[|Vwllf < Cv + Cllw|l3 + Cv|[ Vw3,

since we have assumed that v < 1. Then, integrating over time,

lw(®)3 + v / IVw(s)|3 ds < w(0)3 + Cot + / Cllw(s)|13 ds.

Because ug = g, w(0) = 0, and Gronwall’s inequality yields
t
|lw(t)||3 + 1// IVw(s)||2 ds < Cuvte.
0

Thus,
11 C
lw(t)]|2 < Cvitzes
By virtue of (2.9), then,
Ct

1 1
[u(t) —a(t)]l2 = [wll2 = [lw+ 2|2 < lwll2 + [|z]ls < C(vt)2e= + Crat
for all ¢ € [0, Tp).
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This completes the proof of Theorem 1.4 when the tangential component of the outflow
velocity vanishes (a = 0).

3. NONZERO TANGENTIAL COMPONENT ON OUTFLOW

In this section we allow a nonzero tangential component U = (a,—U) for some U > 0 and
a € R in the proof of Theorem 1.4.

Remark 3.1. Key to our argument is that we use exactly the same form for the corrector
that we used when a = 0. This is because the corrector corrects for the value of © on the
boundary, which, even for a = 0, has a nonzero value on the outflow boundary. Hence, while
o' incorporates in it the value of a, via ¥ =u— U =u — (a, —U), the only properties of U that

we used in Section 2 were its reqularity on [0,T] x Q, and that does not change.

We proceed by examining each of the terms in (2.10) and reporting on any differences. We
start with the easier terms bounded in Section 2.3.

There is no change in (2.11), (2.12), (2.14), and (2.15), but the last of these easier pieces
will be slightly different now. For —(z - VU, w) = (2 - Vw, U) we integrate by parts and find,
now allowing U'! = a, that

(z.vw,U):/

Q
There is no change to the second and fourth integrals. For the first term,

2181w1a+/2181w2U2+/2282w1a+/22(92w2U2.
Q Q Q

1
/ Aojwla = —a/ o 2tw' < al |01z |2 [[w]]2 < Cv2|lwl|y < Cv + Cllwl|3.
Q Q

This followed from integration by parts and the Cauchy-Schwarz and Young’s inequalities.
In a similar manner we find

1
/ 220wta = —a/ 22w < |l H@222||2 lw]2 < Crz||w|2 < Cv+ ||w\|§
Q Q

Thus with nonzero tangential component we find:
—(2-VU,w) < Cv+ CV? + C||w|j3 + (Cv + Cllw|j3) + (Cv + C||w|3). (3.1)

There are no changes in the terms arising from the nonlinear term of Section 2.4.
Finally for I, akin to notation in (2.28) we find

3 —Uzxoy
2

) — avt(z1,0)e v 0 | 5y 72
Oow?) + é(u) O(v) @

Wi-zeoU=|0W

Ux

_Zr2 . .
le==v", which appears in

We just have to handle the new exponentially decaying piece, —av
the energy argument as

Uz
(—aﬁlefTQ,ﬁlwl) = (aZ',01w') = (—adh Z', wh).
Here, we integrated by parts in x1, there being no boundary term because the functions are
periodic in z1. Applying Holder’s then Young’s inequality and using (2.8),
_q U= ~ 1
(@drv'e” v w') < lal[|iZ 2wl < CvE|lwll2 < Cv + Cljw|f3. (3.2)

We note that in obtaining this bound, the detailed structure of the corrector was not required,
only the bounds in (2.8). Other than the values of constants, our bounds are the same as in
Section 2, so we obtain Theorem 1.4 for a # 0.
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4. CONCLUDING REMARKS

In this paper, we have assumed, as in 9], that the background flow U is constant throughout
Q. This derives from the assumption that the boundary conditions themselves are constant
along each boundary, and hence, via the requirement in (1.1), U"|r, = —U"|r_ and both are
constant along their respective boundary components. Because of the simple geometry, this
allows for a background flow constant throughout the domain.

This requirement is dropped in [3], where the boundary conditions are allowed to vary along
the (curved) boundary, and leads to a background flow U which varies over the domain. This
requires an adaptation to the corrector, which nonetheless retains the same key bounds that
allow the convergence in Theorem 1.4.

We can gain an appreciation of why the adaptations in the [3] work by considering what
would happen if we allowed U to vary in our case of a 2D channel. First, observe that of
all the estimates we made, it is only in I = (vVz — z ® U, Vw) that we used the detailed
structure of the corrector z, and that, only for the first row second column of ¥Vz — z @ U
and Vw. For all other terms, we needed only the bounds in (2.8).

So let us reexamine the key term in I, (v92z' — U?Z!, dpw'). As in (2.29), vzt — U?Z!
vanishes identically. This is a very special property that uses not only the special structure
of our corrector, but requires that U? = —U be constant throughout the domain. (Because
U is divergence-free, 9oU? = —9;U", which means that both U' and U? must be constant,
at least along the boundary.)

Consider what happens to this key term if U? varies over Q. Proceeding as in (2.30), this
key term becomes, integrating by parts,

(vDZ' —U?Z!, Dpw') = (v03Z' — Do (U?ZY), w)
= (w037 — U?0p7, w') + (.U, wh) = I + L.
Applying Hélder’s and Youngs inequalities,

1 . - 1
I < 5083t — U0s2 1 + w3,

102U ][z 1212 2
5 2+ flwll2] -

Both I; and I vanish for constant U. For a varying U, I, can be easily controlled, since it
only requires that ||Z}||o vanish with v, which is required of any corrector. To control the first,
the authors of [3] choose their corrector so it solves the elliptic equation (see (4.4) of [3]),

92zt 08
57~ V= (4.1)

which gives I = 0. Applied to constant U? = —U, this leads to the expression for z! in (2.4).

The authors of [3] are led to (4.1) in a different manner, more in sympathy with [9]. They
suppose a scaling of the variables like Prandtl, though with a layer of width v rather than /v,
identifying in the resulting Prandtl-like expansion the key terms that control the expansion.

Finally, we note that the corrector as used by Kato in [6] or see |7]—structureless in that
it simply involves cutting off the stream function for the solution @ to the Euler equations—
satisfies all of the bounds in (2.8), and so requires one fewer derivative of regularity of @, and
hence less involved compatibility conditions to obtain well-posedness of the Euler equations.
Indeed, the well-posedness result of [1,2] would suffice to obtain the vanishing visocity limit
using this simple corrector, except that the corrector’s lack of structure makes it incapable of
being used to bound the key term, (v9pz! — U?Z', dow?).

|I>] <

14
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APPENDIX A. COMPATIBILITY CONDITIONS

We summarize in this appendix the compatibility conditions required to obtain a solution
to (E) as in Proposition 1.2. A more complete account is given in Section 4 of [5]. The
compatibility conditions are derived in [5] for a 3D bounded domain, but are of the same
form for a 2D bounded domain or periodic channel.

Recall that we use the notation u7 to be the tangential component of the velocity field
u along the boundary and we define the tangential vector field 7 so that (n,7T) is in the
standard orientation of (e, es). For our 2D channel, then, 7 = (—1,0) and v7 = —u! along
the inflow boundary, while 7 = (1,0) and «” = u! along the outflow boundary.

Given u with data regularity N for some N > 0, we define the N** compatibility condition,

cond_q : uf =UJ on T,

~ Al
condy : condy_1 and BtNHUThZO = ('*)gvﬂﬁg onTy. (A1)

For integers n > 0, we define @”ﬂo inductively by setting 5?@0 = g, while for n > 1, we take
the time derivative of 5f_1u at time zero and replace each instance of dyu in the resulting
expression by —g - Vg — Vp° + f(0). Here, p° is the value the pressure would have at time
zero if u actually solved (E); that is, p¥ is the solution to

Ap® = —div(Tg - Vig) in

A2
Vpo n = —atU"(O) —ug-Vug onl. ( )

In other words, 5th0 is the value that 0j'u would have at time zero if u were a sufficiently
regular solution to the Euler equations.
For N =0, (A.1) is the compatibility condition in (1.10), (1.11) of Chapter 4 of [2]:

condo : 8tUT’t:0 = [—ﬂo . Vﬂo — Vpo + ?(0)]7- on F+.
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