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ABSTRACT. We consider the surface quasi-geostrophic equation in two spatial dimensions,
with subcritical diffusion (i.e. with fractional diffusion of order 2o for a > 1.) We
establish existence of solutions without assuming either decay at spatial infinity or spatial
periodicity. One obstacle is that for L>° data, the constitutive law may not be applicable,
as Riesz transforms are unbounded. However, for L™ initial data for which the constitutive
law does converge, we demonstrate that there exists a unique solution locally in time, and
that the constitutive law continues to hold at positive times. In the case that o € (3,1]
and that the initial data has some smoothness (specifically, if the data is in C?), we
demonstrate a maximum principle and show that this unique solution is actually classical
and global in time. Then, a density argument allows us to show that mild solutions with
only L data are also global in time, and also possess this maximum principle. Finally,
we introduce a related problem in which we replace the usual constitutive law for the
surface quasi-geostrophic equation with a generalization of Sertfati type, and prove the
same results for this relaxed model.
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1. INTRODUCTION

The two-dimensional dissipative surface quasi-geostrophic equations (SQG) can be writ-
ten, for v > 0, a > 0, and A = (—A)1/2, in strong form as,

o0 +u-VO+vA20 =0 in[0,T] x R?,
u=—-VIA~lH in [0, 7] x R, (SQG)
9|t:0 = 90 in RQ.

Without dissipation, this system was introduced by Constantin, Majda, and Tabak to model
atmospheric fluid flows and as a two-dimensional analogy for the three-dimensional Euler
equations [8]. In the non-dissipative case, the existence of a smooth global solution (or
singularity formation) remains an open question in general. We consider the question of
local and global existence of solutions to the dissipative system (SQG), in the case that
the data is non-decaying. (We mention that authors differ on the choice of sign in the
constitutive law, using £V-+A0, but our choice agrees with that of [8].)

The dissipative SQG system can be subcritical, critical, or supercritical depending on the
value of . We consider the subcritical case, in which o > % Other results for the subcritical
case are [9], [19], [20], [28], in which various local and global existence theorems are proved
on the torus or for decaying solutions in R?. Without attempting to provide an exhaustive
list of references, we mention that local and global existence results have also been proved
in the critical (o = 3) case [1], [13], and in the supercritical case (0 < a < 3) [6], [7], [11].
None of these works focused on the question considered here, which is existence theory in
non-decaying function spaces such as L.

We can write the constitutive law, (SQG)2, as (see Section 2.3 for more details)

u(t,z) =p.v.K %60 := lim K(x —y)0(t,y) dy, (1.1)
}%j)go e<|z—y|<R
where
1 2t 1
K [ —— 1 = — . 12
(0) = —g g = VA0, 0 =5 (1.2

(For ease of notation, we will often abbreviate the principle value integral in (1.1), writing
K % 60, only writing out the principal value integral when it is necessary to consider it
carefully.) We will be studying solutions § € L*(R?), whereas SQG is more commonly
studied in L?(R?) or similar function spaces. A space such as L?(R?) has the advantage
that w is then clearly defined; that is, the Riesz transforms in (1.1) are well-defined for
6 € L*(R?), and return u € (L?(R?))2. A fundamental difficulty to overcome in our setting
is that Riesz transforms are unbounded on L*°, as is well-known.

The closest works in the literature to the present are the papers [15], [16]. In these
works, Lazar studied dissipative SQG in the critical case o = 1/2, proving existence of local
and global weak solutions. The Lazar solutions start from data in the space L*(R?) N
A®(H3,(R?)), ie., the data is in L™ but is also the s derivative of a function with s
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derivatives in the uniformly local L? space. This additional assumption on the data is made
to induce oscillations, which allow the Riesz transforms to converge.

We take two alternative approaches to make sense of the constitutive law for non-decaying
solutions. First, while convolution with K does not converge for many elements of L, we
proceed for those elements of L for which the convolution does make sense. That is, in
our first approach, we take initial data g € L>(R?) for which convolution with K yields a
result that is also in L°°(R?). (We in fact need slightly more than this, in that we also ask
that the convolution converge uniformly, in a sense to be made precise in Section 2 below.)
We give several examples of such 6y in Section 2. Our second approach will be to introduce
a relaxation of the constitutive law.

We define a new notion of mild solution for (SQG) which allows us to solve for 6 and
u simultaneously, and in a sense, no longer requires us to reconstruct u from 6 at every
instant. Our starting point in making this mild formulation is the work of Marchand [17]
and Marchand and Lemarié-Rieusset [18], who write a mild formulation of (SQG) with a
single integral equation,

0(t,x) = (Gul(t) bo)(z) — /0 VGa(t—s) - (0 (K *0))(s,z) ds,

where G, (t) is the fractional heat semigroup defined in (2.5). We replace K * 6 with v and
couple this equation to a second integral relation for u, as in the next definition.

Definition 1.1. Let T € (0,00) and let (6p,ug) € (L°°(R?))3. A pair
(0,u) € L=([0,T) x R?) x (L=([0,T] x R?))”
is called a mild solution to (SQG) on [0,T] if for each ¢t € (0,7 one has

0(t,x) = (Gu(t) bo)(z) — /0 VGq(t —s) - (0u) (s, z) ds,
(1.3)

u(t,x) = (Ga(t) uo)(z) — /0 (K VGqo(t —s)) - (6u)(s,z) ds.

Through Definition 1.1 we have circumvented the question of whether we can convolve
the kernel K with an L°° function. Given bounded 6y and ug, we will show that there exists
T > 0 and 6 and u such that (1.3) holds. This definition does not enforce any relationship
between 0y and ug, allowing us to utilize both of our approaches to this question without
changing the definition of a mild solution. As we have said, our first approach is to consider
0o for which there is a ug such that ug = K * 6y, with an additional assumption of uniform
convergence. For the resulting solutions (0, u), we can then show that u = K * 6 at positive
times, as one would desire. The following is this local existence theorem.

Theorem 1.2. Let 6y € L®(R?), ug € (L*(R?))?, and fixr « > 3. For some T > 0
there exists a unique mild solution (6,u) € (C((0,T]; L>(R?))? of (SQG) with ];—¢ = 6y
and uli—p = ug. Moreover, if ug = p.v. K x 6y with the principal value integral converging

uniformly in the sense of (2.8), the solution (6,u) satisfies (SQG)s.
Proof. See Section 4. O

We also study solutions with higher regularity. For notational clarity, we introduce three
classical spaces. Let k& € N and denote by C* the space of k times differentiable func-
tions. Let C’f(RQ) denote the Banach space of k-times continuously differentiable bounded
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functions with norm

Ifleg = > ID°fllz= < .

BeN?,|8|<k

For k = 0, CY(R?) denotes the space of bounded continuous functions. For 0 < v < 1, we
denote the «-Holder continuous functions C7(R?) as the subspace of L>°(R?) bounded by

the norm
@)~ 1wl

Fllow = 1z + sup
Ifllor = Il +sup g

We are able to show that if the initial data is in the C’f spaces for k > 1, then the mild
solutions preserve this regularity.

Theorem 1.3. Let a > 3 and k > 1. Select 6y € CF(R?), ug € CF(R?))? satisfying
ug = K % 6y. Let (0,u) be the mild solution given by Theorem 1.2 which exists up to time
T. For allt < T, we have DPO(t) € L°(R?) and DPu(t) € (L>®(R?))? for any multi-index
B € N2 such that |8| < k.

Proof. See Section 5. O

Our main results, however, are the following two global existence theorems. The first of
these theorems states that if the initial data is at least twice continuously differentiable,
the solution can be extended for all time. We now restrict to o € (%, 1] so that we can use
maximum principles.

Theorem 1.4. Let o € (1,1] be given. Suppose k > 2 and (6p,uo) € (CF(R%))3. If one
has uy = p.v. K 6y, then for all T > 0, there exists a classical solution (i.e., pointwise
solution) to (SQG) on [0,T] with (0(t),u(t)) € (CZ(R?))? for all t € [0,T). Further, 0 is
uniformly bounded by its initial data, i.e. ||0|[Lge < [|6o]|Lge-

Proof. See Section 6.2. O

Exploiting the Cf solutions of Theorem 1.4 and a density argument, we then obtain our
second main result, the extension of the solutions with L*° data to an arbitrary time.
Theorem 1.5. Let o € (1

5.1 be given. Suppose that (6, uo) € (L°(R?))3. If one has
ug = p.v.K * 0y, then for arbitrary time T > 0, there exists a mild solution (6,u) €
(L*°([0,T] x R?))3 to (SQG) on [0,T]. Further, 0 is uniformly bounded by its initial data,
ie. [|0]lLge, < [|6oll g

Proof. See Section 6.2. O

Finally, we describe our second approach to making sense of the constitutive law for non-
decaying solutions, which is to introduce a version of (SQG) in which the constitutive law
is relaxed; we call this a Serfati-type constitutive law. For the two-dimensional Euler equa-
tions, Serfati proved the existence and uniqueness of solutions with velocity and vorticity
in L>(IR?) [24] (see also [3] for further exposition on Serfati’s work). With vorticity in L,
the constitutive law (which, for the Euler equations, is the Biot-Savart law) cannot be used
to obtain the velocity from vorticity; in its place, Serfati used an integral identity relating
the velocity and vorticity for a solution to the FEuler equations that applies in the case of
bounded vorticity. Three of the present authors and Erickson have used an analogue of the
Serfati identity for inviscid SQG [2] to prove local existence of solutions of SQG in uniformly
local Sobolev spaces and Holder spaces. In addition to this analogue of the Serfati integral
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identity for SQG, the work [2] also uses a related relaxation of the constitutive law involving
the Littlewood-Paley operators Aj (see Section 2 below for details on the Littlewood-Paley
blocks). In the present work, we use the Littlewood-Paley relaxation of the constitutive
law. In the dissipative case, the new system is

00 +u-VO+vA*9 =0 in[0,7] x R%

Aju=(AjK) %6 in [0,7] x R?, Vj € Z,

O]i=0 = 0o in R?, (SSQG)
Ajug = (AjK) * 6y VjEzZ,

divug =0 in R2.

If the initial data (6o, up) satisfies (SSQG)4, then a pair (6, u) satisfying (1.3) is called a
mild solution to the Serfati-type surface quasi-geostrophic system (SSQG). Of course, this
relaxation allows additional data 6y € L>(R?) to be treated. That is, if 6y € L°>°(R?) is
such that there exists ug € (L°°(R?))? for which (SSQG)y holds, then we can prove the
same results as for (SQG). This is the content of the next theorem, which is treated only
briefly in the remaining text, as the proof follows immediately from the proofs of the above
theorems.

Theorem 1.6. Let 0y € L®°(R?) and up € (L®(R?))? satisfy the initial data condition
Ajug = (AjK) 0y for all j € Z. Then the conclusions of Theorem 1.2, Theorem 1.3,
Theorem 1.4, and Theorem 1.5 hold true for (SSQG).

Proof. See Section 6.2. O

The organization of the paper is as follows. In Section 2, we give various definitions and
estimates related to the fractional Laplacian A?®, the fractional heat kernel, and the kernel
K. In Section 3, we establish various a priori continuity and differentiability properties of
mild solutions of (SQG) and (SSQG). In Section 4, we prove the existence of a finite-in-
time mild solution with L*° data; this is the proof of Theorem 1.2. In Section 5, we prove
that C*-regularity of the initial data is propagated in time by the mild solution; this is
the proof of Theorem 1.3. In Section 6, we prove that given C? initial data, the solution
can be shown to exist for all time and corresponds to a classical solution; this is the proof
of Theorem 1.4. After proving the existence of global-in-time solutions with regular data,
we conclude the section by extending solutions with L initial data to be global in time,
proving Theorem 1.5. Finally, in Appendix A, we prove a technical property of the fractional
Laplacian.

2. L'(R?) ESTIMATES FOR VARIOUS OPERATORS

2.1. Littlewood-Paley operators. We begin with an overview of the Littlewood-Paley
operators and some of their properties. There exist two functions x, ¢ € S(RY) with supp
YC{¢eR ¢ <1} andsupp § C {€ € R : § < [¢] < 3}, such that, setting
pj(z) = 274p(27x) for all j € Z,

X+D_Gi=x+Y_ 827)=1

j=0 j=0
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For n € Z, define x, € S(R?) in terms of its Fourier transform ¥,,, where ¥X,, satisfies
n
() =X+ D39
j=0

for all ¢ € R%. For f € §'(RY), define the operator S,, by

Snf = Xn * f.
Finally, for f € S'(R%) and j € Z, define the inhomogeneous Littlewood-Paley operators
Aj by

0, j< -1
eixf, 720,

and, for all j € Z, define the homogeneous Littlewood-Paley operators Aj by

Ajf = (pj * f
Note that A;f = A; f when j > 0.

2.2. Kernels for the fractional heat equation. We first introduce the fractional Lapla-
cian, A?%, defined in &’(R?) via its Fourier transform as follows:

F(A*f)(€) = —[¢|*FF(£)- (2.1)
In most of this work, we will use the operator A?® with the above representation. In Section
6, however, we apply an alternative definition of the fractional Laplacian. Specifically, we
let A29f(z) denote the singular integral operator defined formally by

f(x) = fy)

A2 f(z) == cq lim e W

e—0t lz—y|>e |xf (2'2)
where ¢, > 0 is a normalization constant,
4°T'(1 + o)
Co = ——=—7-
mI(=a)
We define the domain Dom(A2*, L°°) to be the set of functions f € L>°(R?) for which the
above limit exists and is finite for almost every x € R?. As a consequence of Lemma A.1,
the definitions of A%* and A%* coincide on C?(R?).
We now recall that the fractional heat kernel g, (%, x) is the solution to

(9 + vA?Y) gy = 0 (2.3)

on R? subject to the initial condition g,(0,7) = &(z). It is easily seen that the Fourier
transform of g, (¢, x) is given by

~ —ié-x —v|g|?e
ga(t,ﬁ)—/Ran(t,x)e &2 dg = e~ VI, (2.4)

Often in what follows, we omit the spatial argument for notational convenience and write
9a(t) :== ga(t,-). We denote the fractional heat semigroup acting on f € L (R?) by

Ga(t)f = ga(t) * f- (2.5)
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While it is known that g,(¢,2) cannot be written in terms of an elementary function, for
a € [0,1] and ¢t > 0, go(t, ) is a nonnegative and non-increasing radially-symmetric smooth
function which satisfies the dilation relation

Jalt, ) = (Vt) 5 ga (1,x(ms)—i) . (2.6)

2.3. The constitutive law. For § € L>®(R?), K * 6 is not well-defined as a convolution.
Hence, we cannot obtain a constitutive law in the form v = K % 6. To evade this restriction,
we consider two modifications of the constitutive law, which we now describe.

For the first modification, we let A; r(0) denote the annulus centered at the origin with
inner radius € and outer radius R.

Given 6§ € L°°(R?), by (1.1) we mean, more precisely,

p.v. K x0(x) := (E,R)lgr(lo,oo)(ﬂAva(O)K) * 0(x)
(2.7)
- (aR)h—?zO,oo) /€<|x—y|<R Ko ~u)fly) dy
for any = € R2.
Definition 2.1. We say that p.v. K % 8(x) converges uniformly over annuli if
sup (14, p(0)K) * fHLOO < o0. (2.8)

(r,R)€(0,00)?

To motivate the well-definedness of the above constitutive law, we provide a few classes
of initial data as examples.

Remark 2.2. Define the homogeneous Besov space B;’,q(R2) as in Definition 2.15 of [4].

One has Bgojl(RQ) C L>(R?) (see Proposition 2.39 of [4]). Moreover, as a consequence of

the proof of Theorem 1.3 of [22] applied to Bgoyl(RQ), one can show that HRiQOHBgoJ(RQ) <

160 HBSO,l(Rz) for 6y € 32071 (R?). A simple application of Lemma 2.18 below to the Littlewood

Paley expansion of § reveals that the convergence is uniform over annuli. Hence, defining
ug = p.v. K * 6, the pair (0p, ug) satisfies the constitutive law.

Remark 2.3. If f(z) € C2°(R?) is any bump function, then the function

oo o
Oo(z) =D Y flar -2, 20— )
j=1i=1
has a bounded Riesz transform which converges uniformly over annuli. Hence, setting
up = p.v.K x 0y, the pair (0y,ug) satisfies the constitutive law. Any variation of this
function involving a sufficiently sparse sum of uniformly bounded compactly supported
functions also suffices.

Remark 2.4. For r > 0 a non-integer, let 1) € CSH(RZ) (that is, the space of functions
with 7 4+ 1 bounded derivatives vanishing at infinity) and set uy = V+1 and 6y = Av. Then
(0, u) will be a pair satisfying the constitutive law.

In Lemma 2.5, we show that K and g, commute, but only if we assume a kind of uniform
convergence over annuli of the principal value integral.
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Lemma 2.5. Let f € L™°(R?) and suppose that p.v. K  f exists, converges uniformly over
annuli (see Definition 2.1), and lies in L>°(R?). Then

9go(t) * (p.v. K * f)(x) = p.v. K % (g (t) * f)(x). (2.9)
Proof. Fix € R? and write lim, g for the limit in (2.7). Then,

a(t)+(p.v. K * f)(z) :/

[ Joatte =t o) < 5600 |

_/ lim [ga(t,:r—y)((ﬂAr,R(O)K)*f)(y)} ay
R

2 R

=tim [ oaltr =)L, oK) * )] dy

= hI]?%l (ga(t) * ((ﬂAnR(o)K) * f))(x)

_ 13}3 (L, w0 K) * (gt) % 1) (@)
=p.v. K x (go(t) x f).

Above, we used (2.8) with g,(t) € L'(R?) to take the limit outside of the integral via
the Dominated Convergence Theorem. We were able to commute the order of convolution
before taking the limit, using that g, (¢) and 1, g(0)K are in L' while f € L. O

In Theorem 1.6, we take a different approach to the constitutive law that avoids using
the principal value integral of K. We consider, instead, a constitutive law in the form
Aju = (A;K) x 0, taking advantage of the following simple lemma:

Lemma 2.6. For all j € Z, A;K € S(R?).

Proof. Taking the Fourier transform,

: N 1

F(AK)(E) = Flpj x K)(&) = ¢ (K (&) = —i%‘(f)m-
Because 3, is in C*(R?) and supported in an annulus, F(A;K) belongs to S(R?), and
hence so does AjK . O

2.4. Convolution bounds. We will use Lemma 2.9 below to bound the integrands ap-
pearing in our formulation of the mild solution to (SQG). The proof of Lemma 2.9 relies
on the following lemma from [26]:

Lemma 2.7 ([26]). Fiz e € [0,1) and an integer N > 1, and assume f is a differentiable
function on R which satisfies

(1) If(@)] < O+ |z)= Ve,
(2) |DPf(z)| < C(L+ |z[)~N=1F¢ for all |B] = 1,
(3) [P f(x)dx =0 for all |B| < N.
Then for each i, 1 <1i <d,
v [ K= 7)o < OO ol
R2

for every & satisfying 0 < 6 < 1—e. If, in addition, f € S(R?) then the same bound applies
to K x f.
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Proof. This follows from Theorem 3.2 of [26]. O

We will utilize estimates on the fractional heat kernel to bound the mild solution to
(SQG). In order to derive estimates on VG, as in (1.3), we first examine the derivatives
of go at t = 1.

Lemma 2.8. Let a > 0 then the k*-order derivatives of the fractional heat kernel are in
LL(R?) for all k € N. Specifically,

IViga(L2)llrs < oo and |- Vga(l,2)l| 11 < oc.

Proof. Using the Bochner’s Relation (see Corollary on page 72 of [25]), we have

d _ Ty dv2sq -

—q. (1 = —— 1 2.10
where g2 (¢, ) is the heat kernel in d dimensions and & = (1, 22, ..., 74,0,0). We also take
note of the well-known estimate (see [5]),

g(1,) S min{1, |z]~4-2}. (2.11)

It then follows,
jl*
< —
- 27
which is clearly integrable. By the same argument, the second estimate follows easily. [

[V*ga(1,2)| < 5 g1, 2) < Jof min{1, o] 4220} = mindJa ¥, Jo| 4420}, (2.12)

We are now in a position to show that the Ll-norms of spatial derivatives of g, decay in
time, and that convolution with K preserves this decay.

Lemma 2.9. For o > 0 and 8 a multi-index with k := |B| and j = 1,2, we have
HDﬁga(t)HL1 < C(k,v, a)t=H/() for all 3,
HKj * Dﬁga(t)HL1 < C(k,v,)t™%/ ) for all k odd.

Proof. We will use the dilation relation (2.6) to manipulate the norm of D?g,(t) and apply
the chain rule (see also Lemma 6 of [23] for an alternate proof). We write

[Poauto],, = [L[Poantn]ar = [ 07 (174000 (1.0175) ) as
— [ |G @) e )
R

Finally, the substitution u = ot 2 yields
|Pogat)]| | = 17D g0 () 1.

dx.

Invoking Lemma 2.8, we have D%g,(1) € LL(R?). To prove the second bound in Lemma
2.9, we use the dilation relation (2.6) to write

K7« DPgy(t,z) = K/ « D® (til/o‘ga(l,:ct*i»

1

—+—(G+35) p.v. /R K9 (2)(DPga(1)) (ri(gg - z)) dz (2.13)

= t‘(%*‘%)(K]‘ x DPga(1)) (:ct_i) .
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To get the last equality, we used the scaling property K(z) = b’°K (bz) for any b > 0 and
the integral substitution u = ¢~ 50z, Applying the substitution v =t~ e again then gives

‘KJ * Dﬁga(t)‘ L= (Kﬂ x Dﬁga(l)’ p (2.14)

By symmetry of g, and the fact that symmetry is preserved under the Fourier transform,
when k = |3 is odd, we see that DPg,(1) satisfies the hypotheses of Lemma 2.7, including
the critical moment condition in (3) for N =1, i.e,,

g DPgq(1)dz = 0. (2.15)

The bound for K7 x DBg,(t) follows. O
Remark 2.10. Notice that for Ag,(t,x), the above argument holds to produce the bound
1Aga(t,2)]l 1 < C(v, )t~ 2.

Remark 2.11. In fact, the estimate (2.9) holds for K7 x DBg,(t) for even k := |f] as a

result of Corollary 3.6.

When invoking the fractional heat equation property (2.3), it will also be necessary to
have estimates available for the fractional Laplacian applied to g4.

Lemma 2.12. For a > 0, there exists a constant C(v,a) > 0 such that

1AV go(8)] 11 < Clv,a)t~ (),
1K % A%V ga(t)] 11 < Cv,a)t~(0F3),

Proof. First, we devise a dilation law for the tensor of k''-derivatives. Observe for k € N,

V*ga(t, z) = V* [t’l/aga(l,xt*i)] = 7Y/ g (1,0t 26)

" N (2.16)

=t 20 (VFgo) (1,2t 2a).

We evaluate the norm of A2*V g, (t) using the fractional heat property (2.3) and the dilation
relation (2.16) for k = 1. We write

10 19
A2ana(t,x) = _77v9a(t’x) = T [ 7Qi(vga)(17xtii)
v ot v Ot
17 3 (s 1 s 1 (2.17)
= [at T G (P
We use (2.17) to compute the Ll-norm of A2¥Vg,(t), giving
[ 18 Vgat,2)] da
R2
1 3¢t~ (5a+1) L —(H+m+1) ) 1
T v 20 I A e i 2.1
I//RQ 20 VoalliatrEe) 5% (V7ga)(L,2t72e) dz (2.18)

- (V2ga)(1, 2t %)

IN

dx.

1
2 1 = (a+aatl)
2al/ / IV ga(t,z)|dx + 5 t 2072 /]R?
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We apply the integral substitution u = 2t~3a to the second term of (2.18), which yields
]. 3 1 1
= (eataatl) / (V2%9,) (1, 2t 2a

_ m%f(iﬂ) /R - (V2ga)(1,2)]| da.

dx

(2.19)

The integral in (2.19) is bounded by Lemma 2.8. Using Lemma 2.9, we can further simplify
the first term of (2.17). Indeed,

St 1/ IVgal(t,z)| dz < 2—(}7& (2at1). (2.20)
One can then combine (2 19) and (2.20) to conclude that
/ |A2°‘Vga(t,x)‘ dr < C(v, a)t*(”i).
R2

We now prove the second inequality of Lemma 2.12. For j = 1,2, we expand K7 % A?*V g, (t)
using (2.6). We write

K7 % A*Vgo(t, ) = —— K7 {— ;t*(%H)Vga(l,xt—i)

v e}

1 q
gt Bt (Va1 xt—m]

Therefore,

. 3
IK7 % A2V go(t, )| < ——t~ (za+D)
z 2av

(1,2t %)

Ly

2.21
Lt—(%ﬁ-i—kl) ( )
2av

’ K7 x (:c : (V2ga)(1,$t_i)>

L

=:[I1]
For the first integral of (2.21), using K (x) = b*>K (bx) for b > 0 and the integral substitution

_1
u = zt™ 2a, we have

[I] =p.v. - K9 (2)Vga (1, (x — z)t_ﬁ> dz

=ty [ K@) Vg, (1, (0 - 2)t % ) da
R2

. 1
= p.v./ K (2)Vgq (1,3:7&_% - z) dz
R2

= (K7 % Vga(1)) (at3)

Using the integral substitution u = :ctfi, we arrive at

3 (341 3 (2 ; _L
2ot 5 Iy = ot G (8 V() (e 720) (2.22)
3 (1 '
< 5=t G |K x Vga(1,2) | 1

By Lemma 2.9, [[[I](z)||; is bounded.
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For [I1], as in the proof of Lemma 2.9, we use the scaling property K(z) = b?K (bz) for
b=t"3 and the integral substitution v = 2t"3a to write
Il =pv. | Ki(2) [(x —2) - (V2gy) (1, (z — Z)t—i)} dz
R2
_L I BN I 2 _1
—tp.v. | Ki(t ) [t 2 - (V2ga) (1, (z — 2)t 2)} dz
RQ
—tampov. | KI(2) [(xt—% —2) - (V2ga) (1, (zt~ 20 — z))} dz
R2
— t3a K « (37 . V29a(1)) (t*i:r).
Observe that x - (V2g,) is an odd function via a standard symmetric argument involving
the Fourier transform, and thus satisfies the conditions of Lemma 2.7. Hence,

IIT]||1 = t2e || K7 % (2 - V2ga(1)) (t—ix)‘

Ly

e (2.23)
=t2a || K7« (z- V2ga(1)) (:L‘)HL; < 0.

In the final line above, we use the L, boundedness of K7 (z - V2gq(1)) (z) from Lemma 2.7.
Thus, we can substitute the terms (2.23) and (2.22) into (2.21). We conclude

| K7 % A2V ga(t, @)1y < Claw)t™HH2a) (1]l + 1[1]lIzy) < oo
as desired. O
Having proven that the expression K * VG, is well-defined, we are now in a position to

clarify the interpretation of the mild formulation of a solution. Recalling (1.3), we defined
a mild solution as a pair of functions (0, u) which satisfy the coupled equations:

O(t,2) = G ()00 () — /O VGt —5) - (0u)(s, ) ds,
(2.24)

u(t,x) = Go(t)up(z) — /Ot(K * VGo(t — 5)) - (u)(s, z) ds.

Definition 2.13. We interpret the integrand in (2.24), as follows. For any ¢ > 0 and vector
function p : R? — R2, define
(K %« VGqa(t)) - p:= (K * Vga(t)) x p,
where K x Vg, (t) is the 2-tensor, or 2 x 2 matrix,
K'%0p,90(t) K2 %0;,9a(t) (2.25)
K' % 00,00(t) K2 %05,00(t)]"
and the - product is given by
K % 0y, 9a(t) % p1 + K2 % 0y, ga(t) * p2
K %« Vgq(t)) * = LI 1o .
(K < V() w:p(s) = [ 160 1) T o H 7 Ol b
Each component of the matrix in (2.25), by Lemma 2.9, lies in L!(R?). For any ¢ €

(L*°(R?))%, we then define (K * Vgq(t)) % o(z) as the convolution of an L' matrix-field

with an L*®-vector field, resulting in an L*®-vector field, whose i*" component, i = 1,2, is

given by Zj:m(Kj * 0iga(t)) * ¢j.
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It will be necessary to compute the time derivative of K * VG, (t) to prove properties
about the time-regularity of solutions to (SQG), as we do in Lemma 2.14.

Lemma 2.14. Let a > 0. K and 0; commute, in the sense that, for allt > 0,

0
5 (K % Vga(t)) = —vK % A**Vg,(t) € L*(R?).

First, we prove a lemma, which we will use in the proof of Lemma 2.14.
Lemma 2.15. Let f,Vf € C®(R?) N L' (R?) N L>®(R?). Then, with 1 as in (1.2),
pv.Kx f=19xV:f,
~ (2.26)
Fp.v.Kxf)=Kf.

Proof. First observe that 1 is locally integrable. By the assumption on f, we have v x 0; f
exists, 7 = 1,2, because

b x 05 f = (Lpy o)) * 9;f + (Lp,0)c®) * 95 1, (2.27)

and the first term is an L' function convolved with an L function, while the second part
is an L™ function convolved with an L' function. Hence,

Y 0jf(2) = lim Ie(z), Ie(x) := / Y(x —y)0; f(y) dy.
E—r Bg(x)c

Integrating by parts, using that d,,¢(xr —y) = —0;9(z —y), and considering the orientation
of the boundary,

L= [ owe s [ fe i) = 1) + b
On the boundary, ¥(x —y) = —(1/27)e~ !, so

! @—ﬂm%%@+lf@ém;@ﬂw

- Tm aBs(m) 2me

The second term integrates to zero, so

Ir(z)

1
|12(z)] §2—27TE sup |f(x) — f(y)| > 0ase—0,
e y€OBe ()

because f is continuous. Hence, I. — p.v.0;4 * f as € — 0, giving (2.26);.
From (2.26); with (2.27), K = (=02, 019) = V11, and using the linearity of the Fourier
transform,

Fpv. K« f) =0V = igt)f = VL) = RF,
giving (2.26)a. O

Remark 2.16. We can also write the first conclusion of Lemma 2.15 as p.v. Kixf =
(=1)74p x Og_jp = f.

Proof of Lemma 2.14. Write (-,-) for the pairing between D’((0,T') x R?) and D((0, T') x
R2?). Then

0 0
<(.%(K*Vga),90> = - <K*v9a78t90>'
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By Lemma 2.9, K * Vg, € L'(R?). Also, ga, Vga € C®(R?) N LY(R?) N L*>(R?), since the
Fourier transform of g, has spatial exponential decay (see (2.4)). Thus the pairing above
is an actual integral of continuous functions, and we have, using (2.3) and Lemma 2.15,

<§t(K*Vga > //RQK*V‘%‘ t;,;)g o(t, z) dt dz
:_/0 <K*Vg°"?9t>dt /T<f(K*Vga)f<gt>> dt

——/OT<I?@,;¢ ) /R/ R()Vg0(t,€) 2 31, €) di de
T

-1/ Tff(a)f <vgtga) (1, )31, €) di de

T
_ / R(6)F (A*Vg,) (t,€)@(t,€) dt de
:_V/RQ /OT}"(K*AQO‘Vga) (t,6)P(t, &) dt d¢

T
=—v /0 (K * A**Vga(t,€), ¢(t,€)) dt = (~vEK * A**Vga, ).

Above, we applied the Fubini-Tonelli theorem to interchange the order of integration. [

When showing that the constitutive law holds for the mild formulation, we will use the
limited form of commutativity of p.v. K and Vg, given in Lemma 2.5. We will also need
a form of associativity, as we will see in the proof of Proposition 3.9; for this, we rely on a
lemma similar to Lemma 2.7 to provide a dominating Ll bound.

Lemma 2.17 ([26]). For any function f satisfying the conditions of Lemma 2.7 there exists
a nonnegative function F € L'(R?) such that for all x € R?,

(La, n0) K7 * f(2)| < F(a), 1<j<d,
holds uniformly over 0 < r < R < oo.

Proof. This follows from a straightforward adaptation of the proof of Theorem 3.2 of [26],
which gives the result (as an explicit decay bound) for K. O

Lemma 2.18. Let a > 0. There exists a constant C = C(v,«) such that for all 0 < r <
R < oo,

| ni0 K9 < Biga0)]| | < CE71C.
Proof. The proof is a simple adaptation of Lemma 2.9, using the equality 14 ,)(az) =

14,05 /a(o)(z) for any ¢ > 0, and using the uniform bound in Lemma 2.17 in place of
Lemma 2.7. U
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3. PROPERTIES OF MILD SOLUTIONS TO (SQG) AND (SSQG)

In this section, we establish some properties of mild solutions to (SQG) and (SSQG) as in
Definition 1.1.

Our formulation of a mild solution does not fully incorporate a form of the constitutive
law; however, in Proposition 3.8, we show that if the constitutive law holds initially, then it
will hold for all time. In Proposition 3.10, we motivate Definition 1.1 more fully by showing
that a sufficiently regular mild solution is, in fact, a classical solution. When proving the
pointwise regularity of the solution, we must establish that the divergence-free condition on
u holds for all time if divug = 0. To that end, we need the following technical result.

Lemma 3.1. Suppose that f € (L'([0,T] x R?))? with div f(t) = 0 in S'(R?) for all
t €10, T). Then for all b € L>([0,T] x R?) and t € [0, 7],
t
div/ (f ) (s,z)ds =0 in S'(R?).
0

Proof. For fixed t € [0,T], let I(x fo x1)(s,x) ds. Note that I is in (L°°(R?))2. Then
for any ¢ € S(R?) we can apply the Tonelli-Fubini theorem to give,

div [l IV * -V drd
(divI,p) = ©) //R2 ¥)(s,z) - V() drds
—_ / / F(s2 — y)(s,y) - Viple) dy dz ds

0 R2 JR2

t
__ / / f(s,2 —y) - Veol@) (s, ) de dy ds
0 R2 JR2

t
:/ / / (div f)(s,z — y)p(x)(s,y)dz dy ds
0 JR2Z JR2
t
— [ v s+ 5.0 ds =0, O

0
Here, ¢ and ¢ are reflected versions of ¢ and 1, namely &(z) = ¢(—z) and @(y) = P(—y).

3.1. Continuity in space. We turn now, in Proposition 3.2, to showing that mild solutions
gain some Holder regularity immediately after time zero.

Proposition 3.2. Suppose that (6,u) is a mild solution to (SQG) on [0,T]. If a > 1/2
then for all t € (0,T] and 0 <y < 2a —1, (0(t,-),u(t,")) € (C7(R?))3.

We first establish a series of lemmas.
Lemma 3.3. Let f € L'(R?) N C?(R?) for some v € (0,1) and g € L>®(R?). Then
1f*9gllcr < 1 fllgy llgll oo s

Il = sup [ =D L=Ilg,

lz —y[?

where

Proof. Let z,y € R%. Then
[f x9(x) = f*g(y)l _

lz —y[”

fle—2) = fly—2)

R2 |$—y|w

9(2) dz| < || fllz- 19l os - D
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Applying Lemma 3.3 to obtain Proposition 3.2 comes down to showing that g,(¢) and
p.v. K % Vg, (t) have a C7 seminorm that scales sufficiently well in time.

Lemma 3.4. Let F € C7, v € (0,1), and for any r > 0 define Fp(-) = r22F(r®) for some

fired a > 0. Then F, € C7 with
[Erllgy <7 1 Flle, -

Proof. For any distinct z,y € R?,

a2 B2 g, e [ 02D = P = 2D,
N P ke rew = oy

_ rgaﬂwrga/ |F(roz — w) — F(ij =) gy <y 1|5, - O
R2 ’ram - Tay|

IN

Lemma 3.5. If f € WYY(R2) then for all v € (0,1), we have f € C7 with £l 5+
2| fllwa-

Proof. Assume first that |z — y| <1 with = # y, and let h = (y — z)/ | — y|. Then
o= 1=, [ W= =T,
R2

R2 jz —y[” |z —y]
1 |lz—yl
:\x I / Vf(x+sh—z)-hds| dz
— Yl Jr2|Jo
1 |lz—yl
< / |V f(x+ sh—z)| dzds
lz =yl Jo R?2
1 |z—yl
— = [ IVl ds =19,

where we used the translation invariance of the L! norm. If |z — y| > 1 then

r—2z)— —z
[ =220 [ -2 - -2 dz <20l
R2 |z —y| R2
which completes the proof. ]
Corollary 3.6. Each of go(1), Vga(1), and p.v. K x Vgo(1) have finite C" norm.

Proof. For go(1), Vga(1), apply Lemma 3.5 to Lemma 2.8.

We know that p.v. K * Vgu(1) € L' by Lemma 2.9. To bound its derivatives, let ¢ €
C(R?) take values in [0, 1] with ¢ = 1 on B;(0) and supported on By(0). Then, much as
in (2.27) of Lemma 2.15 (and see Remark 2.16), for j = 1,2 setting k = 3 — 7,

9j(p-v. K * Vga(1)) = [¢ % OV ga(1)| = [(¢) * Ok Vga(1) + (1 = 9)¥) * HVga(1)]
= () * Ok Vga(l) + (Ok(1 — @)1h) * Vga(1)],

SO
105(p-v. K % Vga (D)l 1 < el 21 106 Vga (Wl 2r + 0k((1 = @)) 1 [VgalD)l 1,

which is finite by Lemma 2.8. Hence, we can apply Lemma 3.5 again to give that p.v. K *
Vga(1) has a finite C7 norm. O



NON-DECAYING SOLUTIONS TO DISSIPATIVE SQG 17

Lemma 3.7. For anyt > 0,
90 (8|5, < Ct2a,
IVga(t)llg, < Ct 5,
Ip-v. K * Vga(t)]| 5y < Ct™ 2,

Proof. The bounds on [|ga(t)| 5, and [[Vga(t)]| 5, follow from applying Lemma 3.4 and Corol-
lary 3.6 with the scaling given by (2.6). The bound on ||p.v. K * Vga(t)||5, follows from
applying Lemma 3.4 and Corollary 3.6 with the scaling given by (2.13), noting the additional

factor in that equation of t 3 O

Proof of Proposition 3.2. Applying Lemmas 3.3 and 3.7 to (1.3), we have

t
. _ 14y
16@)llcr < O™ 2 [[Bo]] oo +C/O (t =) 20 [[(6u)(s)[| oo ds,
which is finite since v € (0,2« — 1). The bound on u(t) is obtained the same way. O

3.2. Continuity in time. With the above result, we can now establish the regularity in
time of the mild solution.

Proposition 3.8. Suppose that (0,u) is a mild solution to (SQG) on [0,T]. Then we have
the following:
(1) If Ajug = (A;K) % 0y for all j € Z, then Aju(t) = (A;K) % O(t) for all t € [0,T]
and all j € Z.
(2) Let a > 1/2, then (6,u) belongs to (C((0,T]; L>°(R?)))3.
(3) We have, 0(t,x) — 0o(x) and u(t,x) = ug(x) a.e. v € R? ast — 0.
(4) If divug = 0 then divu = 0 on [0, T] x R2.

Proof. (1): Suppose that Ajug = (A;K) % 6. Applying (A;K)# to both sides of the
expression for 0(t,z) in (1.3), we have

(A K) % 0(t,x) = (A K) x (Go(t)00) () — (AjK) * /0 (VGa(t —s) - (Bu)(s))(x)ds
= (ga(t) *-(A; K) * 6p) () — /0 (AjK) * (Vgal(t — 5) %(0u)(s))(z) ds
= Ga(t)(Ajuo)(x) - /0 Aj((K # Vga(t — s)) (0u)(s))(x) ds

t
= Aj(Galtyuo)(x) - Aj/ (I * Vga(t — 5)) +(0u)(5) ds
0
= Aju(t,z).
Here, we used that A;K € S(R?) by Lemma 2.6 to move A;K inside the integral and to

commute AjK with the convolution at time zero. We brought Aj = @;* outside the integral
similarly. Finally, we used that

(AjK) * Vga(t — 8) % (0u)(s) = Aj (K * Vga(t — 8)) +(0u)(s)),

as the Fourier transforms of the two expressions coincide.
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(2): We first aim to bound the size of u(b, x) — u(a, z) uniformly in x for a,b > 0. We can
write

[u(b, 2) — u(a, 2)|| L < [(Ga(b) — Gala)) uoll 1

b a
—1—‘/0 K*VGa(b—s)-(Hu)(s,x)ds—/O K xVGy(a—s)-(0u)(s,x)ds

Lge
(3.1)

b
< Ga(0) = Gaa) wa(o)lz + | [ B VG0 =9 (00) 5,0

Lge

+ ‘ /Oa(K * VGo(b—5) — K xVGq(a—s)) - (6u)(s,z)ds

Lge
For the second term on the right hand side of (3.1), applying Young’s inequality and
Lemma 2.9 for k = 1 gives the bound,

/bK * VGqo(b—s) - (Qu)(s,x)ds

b
<c / (b— 8)7 % | (Bu) (5, 2)|| o= ds
Lge a

20 _ 1
Cll0l g, llullge, (b — a)'~2a.

(3.2)

<
2 —1

Moreover, applying Young’s inequality to the third term on the right hand side of (3.1), we
have

For the above integral term, by the Fundamental Theorem of Calculus and Lemma 2.14,
we can write

/Oa(K S VGa(b—5)— K+ VGala—s)) - (0u)(s,7) ds

. L& (3.3)
< 116125 e /0 IK % Vga(b— 5) — K * Vga(a — 5)||1 ds.

b—s
a a 8
J U V06— 5) = K s Vaala=s)lyas = [ || [ K «Vaalp)dg| s
0 0 a—s Ll
a prb—s o a prb—s (34>
< [ 5K Vel dpds<v [F e AV, dpds,
0 Ja—s 8p 1 0 Ja—s x
Subsequently, by Lemma 2.12, one has
1K * A2V ga p)l|y < Cp~(+2a). (3.5)
Substituting (3.5) into (3.4) and integrating, one finds that,
e 4042 1—-L 1—L 1—L
|K *Vga(b—s) = K * Vga(a—s) | pds S 5 [(b—a) 2@ 4 b3 —ql3 | . (3.6)
0 : _

To estimate the first term on the right hand side of (3.1), we note that by Lemmas 3.3
and 3.7, Go(a)up belongs to C7 for all v > 0 and is therefore uniformly continuous. We
can then apply an approximation to the identity argument to conclude that, as b —a — 0,

|Ga(b)ug — Ga(a)uol|re = ||Gal(b — a)Go(a)ug — Gala)ug|lLe — 0. (3.7)

Gathering (3.1),(5.16), (3.3), (3.6), and (3.7) and taking the limit of (3.1) as a — b, the
continuity of u is proved.
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For 0, we proceed with a series of estimates analogous to those of u to obtain the following:
16(b, ) — 8(a, z)| e < [[(Ga(b) — Gala)) bol| Lo

_ 1 _ 1 1
+C)16]l 252 |lull e, [(b—a)' 72 + b1 72 — a! ga],

Taking the limit as a — b, the desired continuity of 6 is achieved.
(3): The proof is similar to that of (2), but with b6 = 0. Indeed, the proofs of (2) and (3)
differ only in that the first term on the right side of (3.1), given by

[uo — Gala)uoll oo = lluo — gala) * uol| Lo ,

need not vanish as a — 0, since ug is not necessarily uniformly continuous. Rather, in
this case, we use that (g(t,-)i>0) is an approximation to the identity to conclude that
gala) x ug(x) — up(x) at every Lebesgue point of ug (see Theorem 8.15 of [12]) and hence
a.e.. From this, (3) follows.

(4): We apply Lemma 3.1 on [0, 7] with f = K*Vg, and ¢ = (fu). The choice of f satisfies
the hypotheses of the lemma, as for all ¢ € [0, 7], div f(t) = 0 in S’(R?) and f(t) € L}(R?)
by Lemma 2.9. Thus,

divu(t, z) = div(ga(t) * up(x)) — div/0 (K % Vgo(t —s)) *(0u)(s))(x) ds

= go(t) * divug(x).
Therefore, divu(t) =0 for all ¢ € [0,T] if divug = 0. O
3.3. Preservation of the constitutive law. Having shown the time and spatial regularity
of (A,u), we are now in a position to prove that (1) If (6p,up) satisfy the constitutive law
(6.3)2 in the form ug = p.v. K * 0y uniformly then u(t) = p.v. K % 0(t) for t > 0; (2) With

sufficient regularity of the initial conditions, a solution to the mild formulation satisfies
(SQG) pointwise. We prove (1) in this subsection, (2) in the next.

Proposition 3.9. Suppose that (0,u) is a mild solution to (SQG) on [0,T] for which
(0,u) € L*([0,T] x R?))3. If ug = p.v. K * 0y, converging uniformly over annuli, as in
(2.8), then (SQG )2 holds.

Proof. We show that (SQG)Q is satisfied componentwise. Pick j = 1,2, and convolve the
solution 6 with p.v. K7,

(p.v. K7 % 0)(t, ) = <p.V.KJ* <Ga(t)0(0,-)— /0 ttVGa(t—s)-(Hu)(s, -)ds))(x) s
= (p.v. K7 % (Go(£)0(0,))) () — <p.V.Kj*/O VGalt — ) - (Bu)(s, -)ds> ().
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As for the second term, because K(x —y) € L*(A, r(z)) and VG, (t — s) - (Bu)(s,-) €
L'(R?), we can invoke the Fubini-Tonelli theorem to give

<p.v. K*/Ot VGt —3) - (0u)(s, ) ds >(ac)

~ lim /A » /O K@ —y) (VGalt — ) - (6u)(s,y)) ds dy

= lim t T — —8) - (Ou)(s S 3.9
—lnR/O/AanK( y) (VGalt—5)- (Bu)(s.y) dyds  (39)

= 1#5? ; (La, r(5) * [Vga(t — s) x (0u)] (s,7) ds
= 13’%1/0 [(]lAr,R(O)K) * Vo (t — s)} x (Qu)(s,z)ds.

Because the integrand was the convolution of two L! functions and an L function, we
were able to use the associativity of the convolutions. By Lemma 2.18,

‘ [(]IAT,R(O)K) * Vg (t — s)} * (Ou)(s, x)}

< ‘(HAT,Rm)K) * Vgal(t — 8)’

L w2) [1(0w) (8) Loo (m2)
< CN0ull poo 0,7y xmey (8 — )7,

which is in L!((0,t)). Hence, we can apply the dominated convergence theorem to give,

<p. v. K*/Ot VGalt —s) - (0u)(s, ) ds ) (@)

Ty

t
= [t (s )+ Vit = 9)] (B0 )

t
= / (K %« VGqu(t —s)) - (6u)(s,z).
0
Similarly, with the equality K % (0, x) = u(0,x), by applying Lemma 2.5, we have
p.-v. K % (Go()0(0,2)) = Go(t)(p.v. K %6(0,2)) = Guo(t)u(0, x). (3.10)
Using (3.10) in (3.8), we obtain

t
p.v. (K *0)(t,z) = Go(t)u(0,2) — / K« VGu(t—s)-(0u)(s,x)ds = u(t, x).
0
From this, we conclude that (SQG)2 holds for all ¢ € [0,7]; that is, v = p.v.K %6 in

[0, T] x R2.
O

3.4. Classical (SQG) for smooth initial data. Having shown that (SQG)2 holds for
mild solutions, we now show that sufficiently smooth mild solutions also satisfy (SQG);.
In the following proposition f(z) = [z] denotes the ceiling function.
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Proposition 3.10. Suppose that (0,u) is a mild solution to (SQG) on [0,T] for which
(0,u) € (L>=([0,T7; beQOJ (R%)))? and ug = p.v. K*60y. Then 6 and u are once differentiable
in time and (SQG )1 holds in the classical sense for a.e x € R2.

Proof. To avoid the singularity at G,(0) and VG,(0), we first use the Dominated Conver-
gence Theorem to rewrite the mild formulation as

0t ) = Ga(£)0(0, ) — /0 VGt — s) - (ub)(s, ) ds

t—e

= Go(1)0(0, ) — lim VGu(t—s)- (ud)(s,z)ds.

e—0 0

Taking a time derivative of our expression for 6 above, we make use of ¢,(t) as the funda-
mental solution of the fractional heat equation given by (2.3) and write

t—e
g@(t,aj) = —vA%G,(1)0(0, z) — 9 lim VGu(t —s)- (ud)(s,z)ds. (3.11)

We wish to show that the derivative and limit can be swapped. Equivalently (see Theorem
7.17 of [21]), fix ¢, let (£,,)22, be any sequence such that £, — 0 as n — oo, and define the
functions

fu(t,z) == /U o VG, (t —s) - (Qu)(s, ) ds,
and .
Ft ) = /O VGalt - 5)- (Bu)(s,2)ds = Tim_fu(t,).

We will show that for each = € R2,
(1) fn(t,x) converges uniformly to f in time and
(2) O¢fn(t,z) converges uniformly in time.
From this, we will conclude that 0, f exists and
0 0
lim — fp(t,x) = — f(¢t,x).
im 2 fult,) = o 7(t,2)

For (1): Uniform convergence in time follows by invoking Lemma 2.9 and Young’s inequality.
For each = € R?, write

If(t,2) = fult,2)| 1 = ‘

t 1
C(t —s)7 2 [[(Bu)(s,z)| o ds

t—en

VGu(t—s)- (0u)(s,z)ds

t—en

Lge
200

L§°_2O‘_1

<

1—-L
Ol gz, 161556 en 2

For (2): We note that for each n, 9, f, exists using the Leibniz integral rule,

9w = a/t_gn VGa(t —5) - (Bu)(s, z) ds
625 n Y _at 0 (6% 9
t—en a

= (VGa(en) - (0u))(t —en, ) —|—/0 8tVGa(t —5) - (Ou)(s,z)ds.

(3.12)
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To justify the use of Leibniz rule above, we note that ||%Vga(t — 8,7)[|p1 is continuous
in s on [0, — &,], and ||fu(s,z)| s is bounded on [0, — &,] by assumption. Thus, an
application of Young’s inequality implies that the expression

0
O [VGalt —5) - (ub)(s,)
exists and is absolutely integrable in s on [0,t — &,].
Now we show that (0;f,)02 is Cauchy in L°. First note that by integration by parts

and an application of (2.3),

gt [VGu(t — s) - (ub)(s,z)] = ;Ga(t — 5)div(ub)(s, ) = AGo(t — s)A** 1 div(ub)(s, x).
Substituting this equality into (3.12) gives

t—en
G n(t.0) = 5 [ VGt =) (0u)(s.0) ds

0 e (3.13)

= (VGa(en) - (Ou)(t —ep,x) + / AG(t — s)A** 1 div(ub)(s, z) ds.
0
Thus, we have for n > m > 0 and for each = € R?,
10cfn(2) = Oefm (%) Lge < [[(VGalen) = VGalem)) - (Qu)(t — en, @)l oo
+ |IVGal(em)((Ou)(t —en,x) — (Bu)(t — epm, o
IVGa(em)((Ou)( ) — (Bu)( DL (3.14)

tv / T Gt — $)AZ div((ub) (s, 7)) ds

—Em

Ly
For the first term of (3.14), we use the Fundamental Theorem of Calculus and the fractional
heat kernel property (2.3) to write

\wamw—wamm«ww—%www:\

/:m ;)VGa(p) (Ou)(t — en, ) dp

n

Ly

<v

em
/ VGuo(p) - A2 (ub)(t — e, x) dp
en L

<v

Em
[t oo 4
En

Ly
Applying Young’s inequality and Lemma 2.9, and integrating with respect to p, yields

/ Hvaa(p)-AQa(u0>(t—8mw>HLgodﬂ‘
e L

2ae
<
~ 2a-—1

(3.15)

C HAza(utg)HL?o (5,1712111 — 57112a> .
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We expand the second term of (3.14) by using integration by parts, Young’s convolution
inequality, and the divergence-free condition on u = V1A#, which follows from Proposi-
tion 3.9. We write

sup |VGalen) - ((0u)(t — £v) — (Bu) (t = £y )|

te[0,7
= sup |Gq(en)div((Qu)(t —ep, ) — (Bu)(t — em, x))|
t€[0,T] (3 16)
< sup |ga(en, z)|lprl|u- VOt —en, ) —u-VO(t — em, 7)| L2 '
t€[0,T]
= sup |[(u-VO)(t—ep,x)— (u-VO)(t— 6m,l‘)||Lgo.
t€[0,T]

The above term vanishes as a consequence of the continuity in time of u from Proposi-
tion 3.8(2) and the continuity in time of V6 from Lemma 5.1 below. Turning to the third

term in (3.14), we apply Lemma 2.9 and invoke the Cb[zcﬂ regularity of (6,u), to write

/ o AGo(t — s)A2 1 div((ub) (s, z)) ds

—Em

L
t—en 1
< / Ot — 5)7 3% || A2 div((ub)(s, )], . ds (3.17)

t—em *

2a 2—1 1: 1-5- 1-5-
< 90— 1CHA a le(UG)HL;oz (gm 20 _ g 2 > .

Combined, (3.15), (3.16), and (3.17) imply that 9;f, is Cauchy in Lg°. In addition, 0, f
exists and Oy f, — O.f as n — oco. We utilize this convergence and (3.13) to rewrite (3.11)
as

g&(t,x) =

ot [Ga(t)*e(or)] (z) — lim gfn(t, )

n—oo Ot

Flo Flo

[Ga(t) +0(0, .)] (z) — lim

n—oo

VGa(en) - (Ou)(t —ep, ) (3.18)

t—en
— 1// AG o (t — 8)A**" L div(ub) (s, z) ds] .
0

For the first term on the right-hand side of (3.18), we apply (2.3), and for the second term, we
use integration by parts. Finally, for the third term, we apply the Dominated Convergence
Theorem, noting that by a calculation similar to that in (3.17), AGq(t—-)A2*~t div(uf)(-, x)
belongs to L!([0,%]) for each x. We conclude that

%0 = —vA*Go()0(0,-) — lim [Gale,) div(Ou)(t — ep, )]

8 n—o0

¢ (3.19)
e / A2V Gt — s) - (Bu)(s, ) ds.
0
For the second term of (3.19), write it as
Gol(en) div(Ou)(t — ey, -
(en) div(Ou)( ) (3.20)

= Go(2n)(div(0u) (t — e, ) — div(u)(t, ) + Galen) div(0u)(t, )
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Applying the divergence free condition on wu, the first term of (3.20) vanishes as a conse-
quence of the continuity in time of VO from Lemma 5.1 and the continuity in time of u
from Proposition 3.8(2).

For the second term of (3.20), we apply Theorem 8.15 of [12] to assert the a.e. convergence
of Gyo(ep) div(Ou)(t, ) to div(ub)(t,x). Hence,

lim G, (g,)div(fu) = div(fu) = u - V0, (3.21)
n—o0
where we used the divergence free condition on u to get the second equality above. Notice

that for the third term of (3.19), we can interchange the order of time integration and A2
as a consequence of the Leibniz integral rule, as both

VGo(t —5) - (fu) and A**VGy(t — s) - (uh)
are integrable in time by Lemma 2.9 and Lemma 2.12, respectively. Indeed, for A2V G, (t —

s) - (uf), we apply A%* to the product fu and use the boundedness of the derivatives of fu
to reach the conclusion. Thus, we have

V/t A**VGy(t — s) - (ub)(s, x) ds = vA*® /t VGo(t —5) - (ub)(s,z)ds. (3.22)
0 0

Collecting terms (3.21) and (3.22), we can rewrite (3.19) using the definition of 6 in (1.3);
and deduce

%H(t,x) = —vA%G()0(0,z) — (u - VO)(t,z) + I/AQO‘/O VGu(t—s) - (ud)(s,x)ds

= —vA*0(t,x) — (u- VO)(t, ).

Hence, we see that (SQG); is satisfied. From here, we can estimate the size of %0 by
0
Haﬁ < V||A2a9HLgo + |lull e [ VO L < o0. (3.23)
t || oo
Thereby, we conclude that (0, u) is a classical solution. O

3.5. Solutions to (SSQG). Reusing the first parts of the argument of Proposition 3.10,
by modifying the assumption on the initial data, we can show mild solutions of (SSQG)
also satisfy the equation pointwise.

Proposition 3.11. Suppose that (0,u) € L>([0,T]; CZ(R?)) x (L>([0,T]; CZ(R?))? and
satisfy (1.1) with Ajug = (A;K) % 0y for all j € Z and divug = 0. Then (0,u) are once
differentiable in time and satisfy (SSQG ).

Proof. By Proposition 3.8 (4) one has div u = 0, Therefore, the argument in Proposition 3.10
proceeds identically up to line (3.19). More specifically, we have that 6 is differentiable in
time. For any sequence (£,,)2%; with €, — 0, the time derivative of 6 is given by:

0 g NG (1)0(0,7) — lim Ga(=y) div(Bu)

ot n—00

, (3.24)
+ u/ AV G, (t —s) - (uf) ds.
0

For the first term of (3.24), we can successively apply part (4) and Theorem 8.15 of [12],
li_>m Gal(en)div(fu) = li_)rn Galen)(u-VO) =u- V6. (3.25)
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Substituting (3.22) and (3.25) into (3.24) yields the desired result for 6,

0
—0 =—vA**0 —u- V0.
ot
We invoke the same estimate as in the previous proposition for %0,
0
—0 < V‘|A2a0HLgo -+ HUHLgOHVQHLgO < 00, (326)
Ot |1
by the hypotheses. The constitutive law (S SQG)s is recovered directly from Proposition 3.8
(1). O

4. EXISTENCE OF A FINITE TIME MILD SOLUTION

In this section, we prove Theorem 1.2. We let 7 > 0, choosing a precise value of 7 later.
For p € L>([0,7] x R?) and w € (L>([0, 7] x R?))2, we define the two maps,

Tup(t, ) == Ga(t)by — /Ot VG, (t —s) - (pw)(s) ds,

. (4.1)
Upw(t,-) == Galt)up — / (K %« VGqa(t —9)) - (pw) ds.
0
Our proof of existence will follow an iterative scheme, setting
0L(t,x) := Oy(x), ul(t,z) := up(z) for all t > 0, (4.2)
while for n > 1,
t
0L (1, ) = Ty (1, 2) = G (1) — / VGt — s) - (W) (s) ds,
0
(4.3)

u Tt ) == Upnru”(t, ) = Go(t)ug — /Ot(K % VGo(t —5)) - (u"0" 1) (s) ds.

We iterate over n = 0,1,... as follows:

(1) Setting w = u", we use the Banach contraction mapping theorem to obtain §"*1 as
the fixed point of the operator T,,. This fixed point exists on a time interval 7 > 0
that depends on the initial data, but is independent of n.

(2) For a fixed p = 0", we set vt = U,u™.
We then prove the convergence of the sequences (0™) and (u™) to 6 and u, respectively, and
we show that (0, u) is a mild solution as in Definition 1.1 up to time 7.
We begin with estimates on the integrals appearing in 7" and U.
From the definition of G,(t) and Lemma 2.9 for k =1,

/"vc (t—s)- (pu)d /HV&x ,9) % -(pw)ll - ds

SC/@—@2%mmg®§0/@—$2wmwMM$®
0 0
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Integrating the above in time and applying the L° = L°°(]0,7]) norm to both sides of the
resulting inequality gives
t
2
/ VGu(t—s) - (pw)ds < a
0

[0 200 — 1

t,x

_ 1
Cr' 720 pllzge wll L, - (4.4)

Again, using Lemma 2.9 for k = 1,

/0 K «VGq(t—s) - (pw)(s)ds

< [ I+ VGt = 5)) - (i) (5) | d
Ly 0

t
_ 1
< [ ett=975 Iply ol ds.

As before, integrating in time and applying the L norm to both sides gives

t 2c 1
/ K+« VGy(t —s) - (pw)ds <3 1071 2 [Pl zge, lwll g, - (4.5)
0 Ly, -
Now, we choose 7 > 0 to satisfy the following size condition,
20 -4 1
2 Or 5 (B0l + luollzze) < 3. (46)

Convergence of Approximating Sequence. We begin the iterative process by re-
alizing 62 as the fixed point of T, using the Banach contraction mapping theorem (Step
1). From there we can quickly obtain u? and then for illustrative purposes, we proceed
by generating 62 with a similar argument, as the fixed point of T}, (Step 2). Finally, we
consider the general case of §"! as the fixed point of Ty (Step 3).

Step 1 (Fixed point of T,:1): Set R = 2||6||ze and define Bg as the ball of radius R
centered at the origin in L>°(]0, 7] x R?). Let p and p be two elements of Bg. Then, using
estimate (4.4) and the equality |[u'||zpe = [Juol|zee from (4.2), we have

![vam—$ww@—mm3

2a 2a
<
T 2a-1 200 —1
Invoking the size condition on 7 in (4.6), we conclude that

[ Torp — TnPllgs, =
L

_L _
O34 |uol| e llp — pllge, -

_L _
O zal|ull|zgs, lIp — pllzgs, =

_ 1 _
[ Turp — TurPl e, < 2llp — Dllrgs, - (4.7)

To see that T,i maps Bg into Bp, select p € Bgr. Applying the estimate (4.7) and
Young’s inequality, we write

1
[ TurpllLse, < | Turp — TurOllge, + [ T0a Ol e, < gHP = 0llzge, + [[Ga(t)bollLse,
1 1 5 (4.8)
< glpllzgs, + sup flga(®)lcslbollzee < Z 16l rge + l6ollze = Zlbollzee < R.
’ te(0,7]

It follows that T,: is a strict contraction from Bp into Br. Thus, there exists a fixed
point of T)1, call it 91! = 2.
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To proceed, we establish the existence of u? := Ugu' by proving the boundedness of Ups.
By (4.3)2 and (4.5),

”UQ(t)HL,?j; = HGa(t)uo(:v) - / (K * VGq(t — 5)) - (0%u)(s) ds
0

=)
Lt,z

< GOl + | [ (£ TGalt = ) @050

L,
2a
200 -1
We then substitute in the estimate ||6* Lo, < 21160]| oo from (4.8) and apply our condition

_ L
O 72|07 e, lu' | s,

< uollzee +

on 7 in (4.6). This gives

5 2«
2

too< oo —
(0 lnze, < ollage + 55—

1
C7' 725 |0o| Lo, [|uol Lo
: (4.9)
< lluollzee + 55 lluollzge < 2lluollze = R
With the boundedness of u? € (L>°([0, 7] x R?))2, we continue by showing the existence
of the fixed point of 7.

Step 2 (Fixed point of T)): For p € L*([0, 7] x R?), consider

¢
To2p(t,x) = Go(t)bo — / VGt —5) - (pu®)(s)ds. (4.10)
0
Using an argument similar to the work in Step 1, we find that for p and p in Bp,
B 2c _1 _
| Tuzp — T2l e, < Cr'72alp — pll e, |0 e - (4.11)

e T 20— 1
Substituting (4.9) into (4.11) yields

_ 20
||Tu2p - Tu2p||L?f’z < 220& —

Again, applying the size condition on 7 in (4.6), we conclude that

_ 1 _
1071 20 [|p = Pllge, luoll g

_ 1 _
[ T2p — T2Plizge, < llp — pllLge, - (4.12)

As before, we now show T,2 maps Bp into Bg. Let f € Br and utilize (4.12) and Young’s
inequality to write

[Tuz fllge, < T2 f — Tu20llLge, + [[Tu20llLge, < S 1f = Ollige, + [Ga(t)bol|Lse,

B |

1
< I llzge, + sup Jlga(®)llzellfol[ree < R
te

077—]
Thus 7,2 has a fixed point, call it §2! = 63,

Step 3 (General case): For the inductive step, fix n € N and suppose [|0™([ee < 2|60 £

for every m < n. We compute #"*! by showing the existence of a fixed point of the map
defined on Bpg given by

Tunp = Go(t)00 — /Ot VG4 (t —s) - (pu™)(s) ds. (4.13)



28 DAVID M. AMBROSE, RYAN ASCHOFF, ELAINE COZZI, AND JAMES P. KELLIHER

The dependence of Ty,» on v prompts us to first estimate the size of u™. To that effect,
observe that for m < n,

Go(t)ip — /0 (K % VGal(t — 5)) - (0™um1)(s) ds

i loz, =
Lto,oz

< 1 Ga (ol ze, + H [ — o) - 0mn s

L,
2a
200 —1
where we have used our estimate on the integral of K = VG from (4.5) in the second
inequality. We can then apply the induction hypothesis [|6™ [z < 2|60/ g coupled with

the size condition on 7 in (4.6) to conclude that

_ 1 _
< luo|lzee + Cr'72a 0™ pge lu™ Lo

20 1- 51 -1
lu™[|zge, < lluollzge + Sor — O 1607 [ Lo [[u™ I ge,
2a 1 _
< uo||£oe +22a — 1(171 2 ||0o | Lo [|u™ 1HL;>§; (4.14)

1 _
< lluollrge + 7 llu™ Hlzge,-
Thus, for each m < n,

Looe
lu™llrge, < lluollzge + 7 llu™ Hlzge,

1 1 _9
< ol + 5 (ol + G120z, )

1 1 1 _3
< ol + 1 (uolise + (ol + 12l ) )

1 (1) 1Y s
_ <1+4+<4> >||u0uLgo+<4) ez

Continuing in this way, we find that for every m < n,
m—2 1 k 1 m—1
1
iz < 3 (5) W0l + (5) el
k=0

m—1 k
1 4 4
= Z <4) Hulﬂ% < *HulﬂLg’,‘; = gHUOHLi" < 2[|uol| zge-
k=0

We now show that T),» is a contraction map. Suppose p,p € Bgr. Invoking the integral
estimate in (4.4), the estimate on u™ in (4.15), and the condition on 7 in (4.6) successively,

/0 VGalt — 5) - ((p — p)u")ds

(4.15)

[Tunp — TurpllLge, =

L,
2

<

~ 2a—1

2
200 —

_ 1 _ _ 1 _
Cr' 72 |Ip = plloge lu(|zpe, < 2 1071 2 |lp = Pllgs, luollLge

1 _
< ZHP — PllLgs,-
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Moreover, observe that Tynp € Br whenever p € By, as
[Turpllzge, < (| Tunp — TunOl| g, + [|Tun 0l Lg<,

1 (4.16)
< ~lIpllzgs, + [1folloo < 2[160l23e = R
Thus, T,» has a fixed point #”*! and we conclude by induction that
16" M| ge, < 2/160l| e (4.17)
and
[u"lzge, < 2[[uollLge (4.18)
for all n > 1.

Passing to the limit. We show that the sequences {6"} and {u"} are Cauchy. Indeed,
we have

t
ot — g = / VGt —s) - (0"u™ 1 — 0" ") ds
0
t t
= / VGt —s)-0"(u"' —u")ds + / VGt —s)- (0" — 0"y ds,
0 0
t
"ty = / (K % VGa(t —s)) - (0"u™ 1 — " ™) ds
0
¢
= / (K % VGqa(t —s))- 0™ (u" ' —u")ds
0

t * —38)) - (0™ = ")y ds.
+/0(K VGu(t—3s))- (0" —60")u"d

Using the integral bounds in (4.4) and (4.5), one has the estimate,

[ 9”“fo + [|umtt - “nHng;

20 1 +1 -1
< 2 (Juoll o+ [0ll ) O35 ([0 — 07+ . ).
By invoking the size condition on 7 in (4.6), we can write

1 _
o+t — enHij; +fJumtt - unHL% < <H9n+1 _ gnHL??x + |u = u” 1HL?’O) . (4.19)
Thus

1 _
[Jun+t — “n”Lgom <7 [u” =" IHL;; ’

from which it follows that {u"} is Cauchy and converges to u in L>®((0,7) x R?).
It also follows from (4.19) that
3 gt 1 -1
1 [ 9”“sz <7 [ u” =" HLff’z '

so {6™} is Cauchy and converges to 6 in L>=((0,7) x R?).
Finally, the above observations imply that
101l =, < 2[|0]| Lo (4.20)

and
[ullLge, < 2[juollzge- (4.21)
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The limit (u,#) is a mild solution. We have

u(t, ) —Go(t)uo(z) + /0 (K« VGo(t —s)) - (ud)(s,z)ds

= u(t,z) — " (t,z) + /0 (K * VGa(t — 3)) - (uf)(s) — (w0 1)(s, z) ds.

Because u, — u and 6, — 6 in L>°((0,7) x R?) and are bounded in that same space, we
have,

[(b)(s) = (6™ ) (5,)] < C (Jlu ="l e +][|0 = 6" ) = 0 25 m = 0.
It follows that
u(t, ) —Go(t)uo(z) + /0 (K *VGq(t —s)) - (ub)(s,z)ds = 0.

With the parallel argument for 6, we see that (u,#) is a mild solution to (SQG) as in
Definition 1.1. y

Uniqueness. For uniqueness, suppose (0, u) and (6, 4) are two mild solutions as in (1.1).
We can then write

10 = Oll e, + llu — @l ge,

/t VGa(t —s) - (fu — Ou)ds
0

t ~
/ K «VGu(t—s)- (fu—0u)ds
0

+
LS, Ly,

4 i 4 Ju + Gu — 6

< 5073 u = Gt s, = 5 O35 |0u — fu+ Gu— Gy,
4oy 1—-L n ) U

S a1 " (a6 = Bz, + 18135, lu = @l g, )

(4.22)

We apply the uniform bounds on # in (4.20) and w in (4.21), and the constraint on 7 in
(4.6). We conclude that
160 = Ol g, + llu — @l Lge,
Ba
T 20—-1

1 ~ -
5 (10=0lleg, +llu—alleg,)

Thus, § = 6 and u = @&. We conclude that (8, u) is the unique mild solution on [0, 7]. With a
simple application of Proposition 3.9, for all ¢ € [0, 7], we have u(t) = p.v. K *6(t). Lastly,
the stated continuity properties are a consequence of Proposition 3.8.

_ 1 ~ ~
Cr35 (Juollogs 10 = Bl + W0ollogs lu = @l ) (4.23)

IN

5. SPATIAL REGULARITY OF THE SOLUTION

In this section we establish the spatial regularity of short-time solutions as is stated in
Theorem 1.3. Going forward, we set D7 = %% for v € N2, and we let D denote the
partial derivative with respect to either x1 or xs.
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Proof of Theorem 1.3. The argument is similar to that in [28]. We will manipulate (1.3)
formally by taking spatial derivatives to obtain a map in terms of the derivatives of u and
0. We can then apply a Banach fixed point argument to produce a solution. Our argument
will use induction on the number of derivatives of v and 6.

5.1. Existence of first derivatives of § and u. We start by noting that if D8 and Du
exist, then they must satisfy

D6 = G,(t) Dby — /t VGu(t—s)- ((DO)u+ 60Du)ds,
° (5.1)

Du = G4(t)Dug — / (K« VGa(t —s)) - ((DO)u+ 0Du)ds.
0

Our strategy is to show that the operator defined by the right hand side of (5.1) has a fixed
point. By uniqueness, the fixed point will correspond to our derivatives D and Du. To
show that (5.1) has a fixed point, we apply an argument similar to that used to show (1.3)
has a fixed point.

Let 6y € CL(R?) and ug € (C}(R?))2. We will show that the sequence (67, u”) generated

by T
0, (t,x) = Do (=),
ul(t,z) = Dug(z), (5:2)
and
07T (t, 2) = Go(t) Do (x) — /t VGo(t —s) - (Bul + 67 u)(s) ds,
0 (5.3)

u Tt 2) = Go(t)Dug(x) — /t K «VGy(t—s)-(Qul + QZHU)(S) ds
0

converges to the desired fixed point (D6, Du). (That is, we will find that the sequence 67
converges to a limit as n — oo. We have previously shown that 6 exists, and we will call
this limit 6,. However, that will leave a step still to establish, which is to show that this
0, is actually the derivative of our 6 with respect to z. And, of course, we establish the
corresponding results for u as well.) We first construct solutions 6, and u, on [0, 7] with
initial data (6o, ug), where 7 is the same as in (4.6), satisfying

2
20 —1
Set R = 2max{ |0, lluolles} and Br = {f € L®(0,7] x B?) : [|flzz= < R}. We will

use an inductive argument to posit the existence and boundedness of the sequence (67, ul).

For the base case, it is obvious that [|63]|z < R and |Jul||zee < R. For the inductive step,
suppose that for all 0 < ¢ < 7, 87 and u} satisfy (5.3) with the bounds

1021 zge, < R and [lugl|zz, < R. (5.5)

1
O 72 ([luollzge + 1bollzse) < 1/8. (5.4)

n+1

We aim to show the existence of 677! and u?

argument, assign the maps

satisfying (5.3). Using a Banach fixed point

t
T p = DG () — / VGt — s) - (0w + pu) ds,
0
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and .
Upw = DGy (t)ug — / K xVGy(t—s)- (0w + pu) ds,
0

and let p,p € Br. We apply our uniform bound on « in (4.21) and the size condition on 7
in (5.4) to yield

/0 VGalt - 5) - (ulp — p)) ds

1o - P, = ‘
L% (5.6)
20{ 17L _ ]- _
< 25— O = fluollzgeIp = pllrgs, < Jlip = Plizzs,-

To see that TI’L;L maps Bp into Br, we use (5.6), the integral estimate (4.4), and the bound-
edness of 6y in C'g to write

1T Fllzgs, < T f = ThyOllzzs, + 17000 e

1 t
< 7lpllzgs, + ‘Ga(t)Deo - /0 VGo(t — 5)(u6)ds

[eS]
Lt,z

/t VG, (t — s)(ulf)ds
0

IN

1
{19z, + 162 D80l +

o0
Lt,x

1 2«
< glpllzgs, +10ollcy + 5—

The uniform bound on 6 in (4.20) and (5.4) gives

_ 1
O35 [l e, 6] oo -

1 _1
1T fllzgs, < 1 lege, + 0olles +2 Cr'72a |lug | g2, 160 e,

(6%
20 — 1
< 11 lzs, + 160l + gl
= g I Cp g eI
By our induction hypothesis (5.5),

1 1
ITiy iz < ;R +0ollcy + R < R (5.7

We therefore have shown the existence of #2711 satisfying (5.3); and (5.5). We apply a
similar argument on Uégﬂ to yield the existence of u?*! satisfying (5.3)2. Note also that,
thanks to the integral estimate in (4.5), the condition on 7 given by (5.4), the uniform

bounds on § and u given by (4.20) and (4.21) respectively, and our induction hypothesis in
(5.5), we derive the following inequalities.

t
Hu;“rlHL% = HGa(t)Duo(x) - / K VGq(t —s) - (u™0 4 0u 1) (s) ds
0

oo
Lt,x

t
<NGa(t)Duo(2)]|Lge, + H/ K % VGo(t — s) - (u0 + 0u™1)(s) ds
’ 0

Ly, (5.8)
2c
20— 1

1
< luolley + 5 C 73 (i luzs 100 g5, + lulloge 102 12ss)

1 1
< uolloy + gllwz ez, + 1165 ln, < R
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Hence, we can generate the sequences {67} and {u”}, which by construction possess weak-x
limits 6, and uy, respectively, in Lg5.

To finalize the proof of the existence of D and Du, we show that 6, and u, satisfy (5.1).
To this end, note that by an argument identical to that leading to (4.19), we have

1
1 1 1 -1
1627 = O3 llegs, + lluz™ —wzlleg, < (1627 = 62llegs, + llug — uz™ iz, ), (5.9)

from which we conclude, as in Section 4, that

1
I

Thus, {u?} is Cauchy and converges to u, in L>((0,7) x R?).
It also follows from (5.9) that

3 1 _
Dot o] < = w2

so {67} is Cauchy and converges to 6, in L>=((0,7) x R?).
Let Du satisfy Du = Uy Du, and let D0 satisfy Tp,, D = Df. We omit the proof of the
existence of Du and D@, but their existence and the bounds

HD@”Lto’ox < R and HDUHLE‘; < R, (510)

are readily checked with an analogous argument given by the previous considerations in
(5.6), (5.7) and (5.8).
To see that 0, = DO, we show that 6, also satisfies Tbuﬂx = 0,. We write

t
0. — DG(t)0y + / VGu(t —8) - (0pu+ Ouy)ds
0

=0, — 0y + /Ot VGo(t — ) - ((0xu + Oug) — (07w + Oul~1)) ds.
As u? = u, and 07 — 0, in L>((0,7) x R?) and are bounded in that same space, we have,
|(0u + Oug) — (Bhu+Oul )| < C (H(% — GZHij;, + ||ua — u;‘—1||%> — 0 asn — 0.
It follows that
0 (t,v)—DGq(t)0p(z) + /Ot(K * VGo(t —5)) - (Opu + Oug)(s,z)ds =0,

and we have T7},,0, = 0,.

A similar argument shows that Upyus = ug.

We conclude by the uniqueness of the fixed point in the Banach contraction mapping
theorem that 6, = D and u, = Du. Thus the first order derivatives of u and 0 exist and
satisfy (5.1).

5.2. Existence of higher derivatives of § and u. To establish existence of higher deriva-
tives, we once more use induction. Fix k € N and set R = QmaX{HGOHCZ;f, ||u0HC§}. The

base case is shown in the previous section. For the inductive step, suppose that D?6 and
DBy exist for all B € N? satisfying |3| < k with the bound

0]l -1 < R and Jullgpr < R
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Our objective is to show the existence of D70 and DYu for v € N? with |y| = k. First
note that if such derivatives were to exist, then, by the Leibniz rule, they would satisfy

t _ -
DY = G, (t) D70y — / VGa(t—s)- | Y (V>D59m—ﬁu ds, (5.11)
0 [0<B<~ ]
and
t
DYy = Gu(t)DVug — / (K« VGu(t —s)) - Z <7> DPODYPu| ds. (5.12)
0 | 0<B<y |

As in the previous subsection, we construct sequences {u} and {#}} via an iterative
scheme and show that the sequences converge to D7u and D76, respectively. First let

Q,IY(t,:c) = D70p(z) and u#(t,x) = D7uy,

and, using a similar iterative scheme as in (5.3), set

¢

07 = Go(t) D76y — / VGa(t—s)- |02 u+ 0ul + Z <7> DD Pu| ds,
0 0<B<y

and

t
wlth = Go(t)DVug — / (K« VGa(t—s))- |00 ut ull + > (7) DD Pu| ds.
0 0<B<y
(5.13)

The argument that {67} converges uniformly to D76 and that {u} converges uniformly to
D7y is virtually identical to the analogous argument for the first derivatives of 6 and u as
given in Subsection 5.1, so we omit the details. Remarkably, the higher derivatives satisfy
that following bounds.

HDVGHL% < R and HD”UHL?I < R. (5.14)
This completes the proof of Theorem 1.3. 0

We can also show that the first spatial derivatives of § are continuous in time. The proof
follows as a direct variation of Proposition 3.8.

Lemma 5.1. Let o > 1 and select 0y € CL(R?), ug € CL(R?))? satisfying uo = p.v. K *6p.
Let (0,u) be the mild solution given by Theorem 1.2 which ezists up to time T. For all
t < T, we have 0,,0(t, ) is continuous in t for allt >0 fori=1,2.
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Proof. We first aim to bound the size of 9,,0(b, z) — 0,0(a, x) uniformly in z for a,b > 0.
We can write
102:0(b, ) = 02,0(a, )| L3 < [(Ga(b) = Gala)) Oz,b0]| Lo

b a
+ / VGu(b—5) - (0z,0u+ 005,u)(s,z)ds — / VGa(a—$) - (0,0u+ 00,,u))(s,z)ds
0 0

Lge

b
< ||(Ga(b)—Ga(a))axﬁo(x)HLgo+‘/ VGo(b— ) - (8, 0u + 00,,u)(s, ) ds

Lge

il

/a(VGa(b —5) = VGq(a —s)) - (Oy,0u + 005,u) ds
0

Lo

’ (5.15)
For the second term on the right hand side of (5.15), applying Young’s inequality and
Lemma 2.9 for k = 1 gives the bound,

b
/ VGa(b—5) - (0z,0u+ 005,u)(s,z)ds

b 1
< C’/ (b—5)" 2 ([(Op,0u + 00,,u)(5)| 1o ds
Ly a

2cy

<
~ 2a—1

C|0,0u + 00y, ull 35, (b — a)'~3a.

(5.16)

Observe that [|0y,0u + 00,,ul[ L is bounded as a consequence of Theorem 1.3. Moreover,
applying Young’s inequality to the third term on the right hand side of (5.15), we have

/a(VGa(b —5) = VGq(a—5s)) - (0g,0u+ 005,u)(s,x)ds
0

Lge
< ||8xi9u+98xiu||];?oz/ IVga(b — 8) — Vga(a — )|l ds.
% ). k

The argument then follows similarly to that after line (3.3). O

Lastly, we conclude with a proof of Theorem 1.6.

6. EXTENDING THE SOLUTION

6.1. Improved bounds on (0, u). Having established the short time existence and regu-
larity of (6, u), we now extend the solution to all ¢ € [0, 00). In order to achieve an extension,
we must establish the appropriate L bounds for (0, u); in particular, the current bounds
101l Lge, < 2[|60]|Lge and [Ju|[zge, < 2[[uo|[zge only allow us to extend the solution up to some
finite time.

To begin, we restate a convolution-type Gronwall inequality from [27].

Lemma 6.1 (Volterra-Gronwall Inequality (Theorem 3.2 of [27])). Suppose v(t) € L*([0,T])
with v(t) > 0 for all t € [0,T], and let a > 0,b > 0, and 0 < v < 1 be constants. If v(t)
satisfies the inequality

v(t) <a-+ b/t(t —8) Tv(s)ds for a.et €[0,T],
0
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then

5
b 15
v(t) < 1ivexp<1_7<b;0> Alt) for a.et €[0,T].
Here By = B(1 —~,1) where B(x,y) is the Beta function.

From here, we are able to improve the L* bound on u.

Proposition 6.2. Let T > 0. Suppose (0,u) is a mild solution to (SQG) on [0,T] with
initial data (0g,ug) € L°(R?). Then u satisfies the bound:

lullzze < plluollzze exp (CallO@®)lfxt)

where

2« 2a
C2a-1’ 20 — 1
Proof. Applying the L norm to (1.3)s and using the fact that G, is a probability measure,
we obtain,

" Bo=B(u Y1), and C,= C(2aBy)z-1. (6.1)

lu(t)||roe < |luollzee + H/o K «VGy(t—s)-(0u)(s,x)ds (6.2)

Lge
Next, bringing the L® norm inside the integral, invoking Young’s convolution inequality,
and applying the bound on K % VG, (t) in Lemma 2.9 yields

t
_ L
lu(®)llzee < lluollzee +/ C(t —s)" 2 [|0u] g ds
0

t
_1
< Juollzee + ||9||L°°([O,t];R2)/O C(t — )2 |[ul g ds.
To reach the conclusion, we employ Lemma 6.1 with

1
a = Jluollzge, b= Cll0llLoe(po,:r2), and v = o~
to produce the desired inequality,
2a

200 — 1

[u()]| e <

1
T 201 C61l oo to.12) (20 Bol6]l Lov(o,0:52)) ™ t> '

luoll g exp (
]

We now establish a maximum principle for a solution 0 of (SQG) with sufficient regularity.

Proposition 6.3. Let o € (3,1]. Suppose that (6,u) € (L>([0,T]; CZ(R?)))3 is a mild
solution to (SQG) on [0, T] for some T with initial data (0y,ug). Then 6 obeys the maximum
principle

101 oo (0,71 2) < [|00]] oo

Proof. With the hypotheses of the proposition, by Proposition 3.10, (8, u) is a C?-solution
to
00 +u- VO =—vA%0 (6.3)
on [0,T] x R2.
Let ¢ be a smooth, compactly supported bump function, with ¢ identically one on B;(0)
and supp ¢ contained in By(0). For each R > 0 and x € R?, set ¢r(z) = ¢(z/R).
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We multiply (6.3) by ¢r, which gives

gt(gz)Re) + ¢pru - VO = —vprA20. (6.4)
Using the product rule, we have
u-V(¢ro) =0u-Veor+ ¢ru- V.
Making the above substitution and adding and subtracting vA2*(¢g6) , one has
%(¢R9) +u-V(¢rl) = u - Vor — vprA**0 + vA**(¢r0) — vA**(¢Rr0)
= —vA*(¢p0) + I + 11,

(6.5)

where
I=ub -Vogr
and
IT = v[A*™, $R]h.
Now, for p > 2, multiply (6.5) by p|¢rf|P 2¢r0 and integrate over R%. This gives

[ plondP 26505 (0nt) s =~ [ plondondu- V(6r0) da
R2 R2

= [ vplondP26n0a" (6r0) o+ [ plondlP 2ont (I + 11)
R R
Using a weak derivative formulation, we apply the identity %]z(tﬂp = p|z(t) ]pfzz(t)% and
the Liebniz integral rule to conclude that

9 9 d
p—2 — . P _ P
/RngbRe\ Ord (onf)da /R ~lonopds = = /R (6RO d.

Therefore, we have

d

Gilondll = b [ lonoP~ondu- V(or0) do

- (6.6)

- l/p/ |02 pRON* (P R0) dm+p/ |ROIP > $RO(I + 11) da.
R2 R2

With the divergence free condition on wug, by Lemma 3.1, u is divergence free for all time,
so we can recast the first term on the right hand side of (6.6) as

p/ y¢Re|P—2¢R9u-V(¢Re)dx:/ u-V(pro)P dx
R R (6.7)

= _/ (prO)P divudx = 0.
R2
Moreover, by Lemma 2.5 of [10],
o [ lordP(on8)A* (0n8) dz <.
R

Thus,
1 d _
oty 5160l <o [ 10ndl 26001 + I7)da. (63)
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We divide both sides of (6.8) by p||¢RH||’£;1. We conclude that
p1> / |6ROPP 2 GRO(I + I1) dx
RQ

_
PlordIl,
‘ p—1 p—1

PRl 5
19RO 2 '

Re” p—1
Ly
% o = I+ |
lorflt
We now bound the second term in the product. By the generalized Holder inequality and
the compactness of the support of ¢,

1
16ROl 1p-1 = 1627080l -1 < D2rll o0 PRI L2 < (27 R%)?@~D || GR)| 1.

This implies
—1
lorOIl o1\ " 1
<H¢Re||; < @rR)>.

Substituting the above bound into (6.9), we find that for any p € [1,00) and any fixed
R < o0,

d

— p <
dtHﬁéRHHLZ <p <
(6.9)
<[+

d 1
—lérbllry < (2rR%)?[[1(s) + I1(5)] rz=-
Integrating the above expression over time, we get
t
2
I0rO®) |22 < [|dRb0ll Lz + (27TR2)P/ 11(s) + 11(s)| g ds.
0

We take the limit as p — oo to produce the bound

t
J620) 12 < léntolluz + [ 1105)+ 1)1z . (610
0
We claim that [|1(t) + I1(t)||zec < oo for all ¢ and moreover,
lim [[I(t) 4+ II(t)|r = 0.
R—o0
Clearly we have
1
1Hllzee < 2 1(0u) (s, 2)l| oo [Vl (6.11)

We now estimate the commutator term /7. We consider two cases separately: o € (1/2,1)
and o = 1. First assume v € (1/2,1). We expand the fractional Laplacian using the singular
integral definition (2.2), since 6 € CZ(R?). We then simplify the commutator as follows:

o O(x)—6 or(x)d(x) — ¢ 0
A2, 0ra) = on(o) [ P gy - [ OnZ Bri)

_ [ 2rW)OW) = or(@)W)
R? |z — y|2+2e '
We now split up the above integral into two parts,

[A%* ¢R|0(x) = IIT + 1V,

Y
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where

Or(y)0(y) — Sr(2)0(y) ,

|1‘ _ y|2+2a ’

1= [ (1 o)fa -y RO =m0 g,

We estimate 111 and IV separately. Starting with 111, write
Pr(y)0(y) — dr(z)6(y) dy

Hr= [ ¢z —y)
R2

1= [ 6—y)

|l‘ |2+2a
/ bz (y) — ¢r(2))(0(y )|—$9_($)‘)2:r233(y)9(33)—ch(x)@(l‘) dy
:/Rgﬁf)(l‘y) PRy )_ﬁR_(x;Rz(fz(a) @) 4y 4 0( /qb ) |2¢f§i ) 4y

We invoke the Lipschitz bounds on ¢ and 6, as well as the singular 1ntegral definition of
A% and find that

¢z — ) or(z))
II7 AV oo || VO] 00 d
< IVonlluz 1981 [ 250 1 loto) [ oo i
< C|IVerlLe VOl + [0(x)A**Pr(z))|
(6n(y) — or(2)) (612
+|o@) [ 0= oe—p L2 gy
< C|IVerlLeVOllzee + 10]l 25 1A** @Rl e + Cll0l Lo [ Vor 2o -
Moving on to IV, we use the Lipschitz bound of ¢r to write
1< [ a-oe—p = 2n g a,
R (6.13)

1—9¢)(x
< 10l IVomloze [ =0T dy < ClOlu | Tl iz

Combining (6.12) and (6.13), we conclude that
I[A%, 6R]0(@) Lz = ITII + IV ||rge < Cllbllcy, (IVoRlze + [1A** GrllLs)-

It remains to show that as R — oo, the above quantities vanish in the limit. Clearly we
have

IVonliz < £ [(v6) (5)] .. = FIVolis- (6.14

Lastly, we have to prove ||[A?*¢pg|[zc — 0 as R approaches infinity. To see why this is
the case, write

ooy oy [ Onl) —on(@) 1 Sy/ ) — 6/ )
¢R( ) R? ‘.T . y’2+2a Y R2+2a /]RQ ‘(JI/R) o (y/R)‘QJr?a (615)
1 z)—o(x/R 1
= RQa /]R? |?£/)R) iz)(z‘ngZL dz = R2a (AQO‘qﬁ)(x/R)_
Therefore,

1
1A% G rll1ge = 535 (A**0) (-/ B) 1o = Rga 12| e (6.16)
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Gathering (6.14) and (6.16), we obtain the following commutator estimate:

« ~ 1 «
142, 61z < Clolcy, V0l + pali®olliz ). (67

Substituting (6.17) and the estimate for I in (6.11) into the L> bound for the cutoff of 6
n (6.10), we conclude that

tlf1
16Rr0(t) |l < l[¢Rb0lLs +/0 (RH(UQ)(S)||L20HV¢||L20

+ ool (9l +R2a]A2a¢HLoo)>d5,

Thus, given our hypotheses, which imply 6 € Cgt,:c, we can rewrite the above expression as

1
16ROl Lee < lldrb0Lee +t<R||9U||L??I||V¢HLg°
(6.18)

~ 1 o
+ Cloley,.. ( FIVollis+ 7l asnm)).

Taking the limit R — oo and invoking the weak-x convergence of ¢prf — 6 and the uniform
boundedness principle yields the desired conclusion,

10(t)]| 2o < [|60]l oo, (6.19)

for all t € [0,7), when a € (1/2,1).
Now suppose that & = 1. We again fix R > 0 and multiply (6.3) by the radial function
¢Rr, which gives

%(QZ)RH) + oru - VO = voprAd.
We expand the Laplacian term as
drAO = A(pRb) — 0AdRr — 2VO - Vorg.
Proceeding as before, we multiply by p |¢prO” 2 $rb and integrate over R?, leading to

Gondl, <p [ 162072 ont(1 + 11 do.
where
II' = —vOApRr — 20V - Vp.
For the new term, we have
11| oo < VIIAGRI L 0]l L + 20 [V R] L VO] 1o

C«IV OIV (6.20)
< §2 0] o + R VO oo s

Repeating the argument up to (6.10), we get

t
6700z < lontollz + [ 1769 +17(3) e s
0
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By repeating an analogous argument as above, we arrive at the same conclusion. That is,
for a =1,

108)]1zs= <[]l (6.21)
for all t € [0,T7]. O

6.2. Extending the Solution. In this section we prove Theorems 1.4 and 1.5.

Proof of Theorem 1./. By Theorem 1.2, we can produce a short time solution (6, u)
on [0,7] for some 7 > 0. By Theorem 1.3, (6(t),u(t)) € (CZ(R?))? for all t € [0,7].
This implies that (6,u) is a classical solution to (SQG) on [0,7] by Proposition 3.9 and
Proposition 3.10. Moreover, from the construction of the solution, we have [|0(t)|re <
2[|0o| e and [|u(t)||zee < 2||uo||zee. In fact, we have better bounds for the solution:

(i) By Proposition 6.3, [|0(t)|/z < [|6ollree, VYt € [0,7].
2a
a—1

(6.22)

(ii) By Proposition 6.2, |lu(t)|ze < 5 |uol| oo exp(Callbo|ft), WVt € [0,7],

where

2a
200 — 1

Let 71 = 7. Inductively, we will create a sequence {7,,}22; of finite times for which we
can extend the solution. To do so, for each additional extension time 7,, we verify that the
conditions (6.22) hold.

For each integer k > 1, define

= nd C *27040(2043 )ﬁ
K= a a—2a_1 0 :

k
Sk = ZT]’.
j=1

Suppose that we have constructed the solution up to time S,,_; and that (6.22) holds for
all t € [0,S,-1]. Then, define 7,, as in (4.6) by

20 -4 2a¢ .
200 — 107—” ’ (‘GOHL? + 2 — 1 HUOHL%’ exXp (Ca||90||ZgoSn—l)> < 3" (623)
For this 7,, setting S,, := S,,_1+7,, we use Theorem 1.2 to generate a mild solution to (SQG)

on [Sp_1, Sy] whose initial data is given by (6(S,—1, ), u(Sp—1,x)). With Theorem 1.3, the
extended solution satisfies (6, u) € (L>([0, S,]; CZ(R?)))3. Moreover, on the interval [0, S,,),
we have the a priori bounds on 6 and u given by

HHHLOO([O,SH}X]W) < maX{”HHLOO([S,I,LSH}XRQ)v |’6HL°°([O,S,1,1]><R2)}
< max {2[|0(Sn-1, )| e 160l e } < 2[160]| e,

and similarly,

[[ull oo (0, 50] xR2) < max {||ull Loo (s, 1,5, xR2)s |1l Lo0 ([0,5,_1]xR2) }

< max {201,z 5o ol sl
4o
20 — 1
Thus, we improve these estimates to match our induction hypothesis.

2
20— 1

<

luollzge exp(Callfoll7oct)-

(1) We now have that a classical solution exists on [0,.S,]. Thus, with Proposition 6.3,
we deduce [|0(t)|[zee < [|0o]|zee for all t € [0, 5]
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(2) By Proposition 6.2, [|u(t)||re < [luol|zze exp(Callbo]|ft) for some exponent p > 0
and all t € [0, 5,].
Lastly, we verify that this extension process will cover all time ¢ € [0,00). Rearranging

(6.23) and solving for 7, gives

2
2a—1

12a—-11 1
|18 2a C
s ol exp(Calfoll S )
For large S,,—1 the exponential term dominates so that
Tn 2 exp(—ASp—1),
for some A > 0. It is clear that S,, satisfies the discrete recurrence,

Sp=Spn-1+7 with 7, 2 exp(—\S,-1).

Tn

160l £ge +

For that reason, consider the continuous ODE analogue:

ds
= exp(—AS), S(0)=5Sp.

Hence,
1
S(n) = 5 m(m + exp()\So)>.

Since In(An + exp(ASy)) — oo as n — oo, we conclude that S(n) — co. By a discrete-
continuous comparison argument, it follows that

oo
Z’Tn = lim S,, = co.
n—oo
n=1
Therefore, we conclude that the solution can be extended for arbitrary time. Moreover,
for any T" > 0, we have the bounds,

(1) 1101l Lo (fo,7)xr2) < 1100l oo (r2) and
(2) Nl o) < lwolle exp (CallfolliT).
We conclude from Theorem 1.3 that if (fg,up) € CF(R?), then the higher derivatives of

(0,u) also exist on the interval [0, 7;,] for n arbitrarily large. Moreover, we have the simple
estimate ”VkQHLOO([O,Tn}X]RZ) < QRHV]CG()HLG%O and HVkuHLoo([DM}XRz) < 2nHVUO||Lgo O

Having extended the C* solution for k > 2 to be global in time, we now use this result
to extend solutions whose initial data is in L°°(R?). We present the proof of Theorem 1.5

Proof of Theorem 1.5. For the mild solutions (6, u), if (6p, uo) are not C7 continuous for
some 7, set (0o, up) := (0(t),u(t)) for some arbitrarily small ¢ € [0,7]. As a consequence
of Proposition 3.2, we can assume that there exists v > 0 such that ug and 6y belong to
C7(R?). Let ¢ : R? — R be a smooth bump function and consider ¢, (z) := n?p (nz).
Consider the sequence 0 := ,, * . Clearly, 67 € L>(R?) and moreover uf} := p.v. K x 0}
exists and is an element of L>°(R?) as

[P v K (o % 0)[loo < llnl[pr [ p- v K 6] oo



NON-DECAYING SOLUTIONS TO DISSIPATIVE SQG 43

Because of the convolution, we have that (6(,uq) is sufficiently regular that Theorem 1.4
applies. We can therefore let (6™, u™) be the classical solution on [0, 7] with initial data
(05, ug). We show that {(6",u")}52; is Cauchy in Lg5,. For n >m >0,

n=1
t
16" = 0™ || ee < [|Galt)(6 — 05") || Lo +/0 IVGa(t —s)- ((0"u" —0™u™)(s,x)) 0 ds
and similarly for w,
t
[ = u™ || Lge < [|Ga(t)(ug — ug)| oo +/0 (K VGa(t —s)) - ((0"u" = 0™u™)(s, 7)) oo ds.

Adding the above lines together we invoke the boundedness of G, (t),

16" — 6™ || oo+ [u” — u™[|Lee < 165 — 05"l 25, + llug — ug'llLge,
t
+/ IVGa(t —s) - ((0"u™ —0™u™)(s,x))||Le ds
0

+/ | K * VGo(t —s) - ((0"u" — 0™u™)(s,2))| Lo ds.
0

Now apply the kernel estimates of Lemma 2.9,
10" = 0™ || oo +l[u" — u™ || Lge < |6 — 05"l ge, + llug — ug'[lLge,

t
+ 20/ (t— 5) % [[67u" — ™™ | e ds.
0

Further, by adding and subtracting 6"u"™, one can derive the bound
167" = 6™ l|ge + llu"™ — u™|[Lee < 105 — 05" |l Lge, + llug — ug'llLgs,
t 1 (6.24)
+2C (16" l1gs, + lu™luge,) /0 (t =) 2 (0" = 0" |1 + lu" = u™|1x) ds.
Thus, by Volterra-Gronwall inequality as in Lemma 6.1, one has
16" = 0™ || o+ llu™ — w™ | Lee

i
< 1o (1105 = 08" lgs, + g — willage, ) exp (Ca (2C (107 ez, + ™ lle ) ) 2)

where p and C,, are given by (6.1). Next, invoking the C7 continuity of the initial data, by
an approximation to the identity argument (see Lemma 8.14 of [12]) we have,

05 — 0o and ug — ug as € — 0.

For fixed T', one can conclude {(6",u")}° ; forms a Cauchy sequence.

Since the sequence converges uniformly and each element of the sequence satisfies a mild
formulation, it is clear that the limit (6,u) will also satisfy the mild solution definition.
Therefore, for arbitrary 7' > 0, there exists a mild solution (0,u) to (SQG) on [0,T] with
initial data (6, uo) € (L>°(R?))3, and with 101l Lgs, < [|6ol| g O

Finally, we show Theorem 1.6.

Proof of Theorem 1.6. The first conclusion holds from Theorem 1.2. The second conclu-
sion follows from Theorem 1.3. The global existence of solutions follows from Theorem 1.4.
The fact that C? solutions to (SSQG) satisfy the equation in a classical sense follows from
Proposition 3.11. ]
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APPENDIX A.
We conclude by showing the equivalence of the definitions of A and Aj on C’g(RQ).

Lemma A.l. Suppose that f € CZ(R?), then for a € (1/2,1),
A% f = A2 f,
Proof. As a consequence of Lemma 3.10 of [14] or Lemma 1 Section V' of [25], it suffices to

show that A2*f is well defined as Dom(A%%; L>°(R?)) C Dom(A2%; L>(R?)). To that end,
we first break the integral into two pieces,

A2F T Hoth) fe) gy, [ st o1y,

r=0% Jre|hl<1 | |22 h|>1 |h|2+2e

~~

=:(x) =:11(x)
We first work with I(x) by using the differentiability of f. Rewrite I(z) as
/ x+h)—2f(:v)+f(:n—h)dh
<|h|<1

|h’2+2a

= lim
r—0+ 2

Since f € C’g(RZ), by the Mean Value Theorem there exists some £ on the line segment
from z to x + h such that

fle+h) = flx) =Vfx+h)-h
Similarly, there exists some ¢ on the segment from x — h to x such that
flx) = fle=h) =V f(x—Ch)-h
Subtracting the second equality from the first, we obtain
fl@+h)=2f(x)+ fle —h) =V f(x+&h)-h—=Vf(z—Ch)-h
Now, we apply the Mean Value Theorem once more to the difference V f(z+£&h)—V f(z—Ch).

Since f € CZ(R?) implies that V f is Lipschitz, there exists some point 7 (lying on the line
segment connecting x + £h and & — Ch) such that

Vf(z+&h) = Vf(z —Ch) = D*f(n)[(x + &h) — (z — Ch) =] = D*F(n)[(€ + C)h].
Noting that &, ¢ € [0,1] so that £ + ¢ < 2, we deduce
[f(x+h) = 2f(x) + f(x = h)| < | D*fllre (€ + Q) [h]> < 2| D[l [B]*.
Thus, for every z € R? and h # 0 we have
[f(x+h)—2f(z)+ f(z

|h’2+2a

Thus, since o € (1/2,1),

L -
|h[2+2a L= Thp2a

h
I <o p2f)

dh
1) <200l [ < o6,
inj<1 |h]

Turning to estimate II, we have

£+ ) — f(a) £+ ) — f(a)
mels [ S e

1
§||f”Loo/ ————dh < oo.
n|>1 |h[FT2e
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Hence, the principal-value integral

@)= g [ SN2 ek

= dh
2 r—o+ |h|>r

converges absolutely for each € R?, and so the singular integral definition of the fractional
Laplacian is well defined for f € CZ(R?).
O
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