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Why Monoidal Categories?

Networks of some particular kind, with specified inputs and
outputs, can be seen as morphisms in some particular monoidal
category:

X Y

Such networks let us describe open systems, meaning systems
where:

▶ stuff can flow in or out;

▶ we can combine systems to form larger systems by
composition (sticking together networks in series) and
tensoring (sticking them together in parallel).
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Definition of a Category

A category C consists of:

1. a set Ob(C) of objects.

2. for any pair of objects x , y ∈ Ob(C), a set C(x , y) whose
elements are called morphisms f : x → y .

We can draw a morphism f : x → y like this:
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Furthermore, in a category

3. we can compose a morphism f : x → y and a morphism
g : y → z to get a morphism g ◦ f : x → z .
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4. Composition is associative:

h ◦ (g ◦ f ) = (h ◦ g) ◦ f

so the two ways of reading this diagram agree:
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5. For any object x ∈ Ob(C), there is a so-called identity
morphism 1x : x → x such that for any f : x → y we have

1y ◦ f = f = f ◦ 1x
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The most important category for traditional math is Set. Here the
objects are sets and the morphisms are functions.

Another very important category is Vect. Here the objects are
vector spaces and the morphisms are linear maps.

There are thousands more, but the categories we’re interested in
are all ‘monoidal’.



In a category, we can do processes ‘in series’. This is just
composition of morphisms:

f

x
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z

In a monoidal category, we can also do processes ‘in parallel’:

x

f

y

x ′

g

y ′

We say we are tensoring f : x → y and g : x ′ → y ′ to get a
morphism f ⊗ g : x ⊗ x ′ → y ⊗ y ′.



Definition of a Monoidal Category

A (strict) monoidal category (C,⊗) is a category C where:

1. for any pair of objects x , y ∈ Ob(C) there is an object x ⊗ y
called their tensor product;

2. for any pair of morphisms f : x → y and g : x ′ → y ′ there is a
morphism f ⊗ g : x ⊗ x ′ → y ⊗ y ′ called their tensor product.
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4. the tensor product of objects is associative:

(x ⊗ y)⊗ z = x ⊗ (y ⊗ z)

and the tensor product of morphisms is associative:

(f ⊗ g)⊗ h = f ⊗ (g ⊗ h)

so the two ways of reading this diagram agree:
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4. there is a unit object I ∈ Ob(C) such that

I ⊗ x = x = x ⊗ I

for all x ∈ Ob(C) and

1I ⊗ f = f = f ⊗ 1I

for every morphism f : x → y ;



5. finally, the interchange law holds for all f : x → y , g : y → z ,
f ′ : x ′ → y ′, g ′ : y ′ → z ′:

(g ◦ f )⊗ (g ′ ◦ f ′) = (g ⊗ g ′) ◦ (f ⊗ f ′)

This says that the two ways of reading this diagram agree:
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There is a monoidal category (Set,×) where × is the cartesian
product of sets and the unit object is a fixed 1-element set.

There is also a monoidal category (Vect,⊗) where ⊗ is the usual
tensor product of vector spaces and the unit object is a fixed
1-dimensional vector space.

But the monoidal categories we’re interested in now have
‘networks’ as morphisms — different categories for different kinds
of networks.



For example:

Define a graph (or quiver) to be a set N of nodes, a set E of
edges and maps s, t : E → N.

There’s a category OpenGraph where an object is a finite set and
a morphism f : x → y is an open graph from x to y : a graph
together with maps from the sets x , y to its set of nodes:

x y



We can compose open graphs f : x → y

x y

and g : y → z

y z

by gluing them together along y , obtaining an open graph
g ◦ f : x → z

x z



The category OpenGraph is monoidal: we can tensor open
graphs f : x → y

x y

and g : x ′ → y ′

x ′ y ′

by setting them side by side, obtaining f ⊗ g : x ⊗ x ′ → y ⊗ y ′

x ⊗ x ′ y ⊗ y ′



To use sets well, we need functions between sets. To use vector
spaces well, we need linear maps. Similarly, to use categories we
need “functors”, which are maps between categories.

I gave lots of examples last time, without details.

Petri

Dynam

Rel

MarkovResCirc

Circ

SigFlow LinRel(C(z))

steady states

steady states



Definition of a Functor

Given categories C and D, a functor F : C → D consists of:

1. a map sending objects of C to objects of D, called
F : Ob(C) → Ob(D),

2. a map from morphisms of C to morphisms of D, also called F ,
sending any morphism g : x → y in C to a morphism
F (g) : F (x) → F (y),

such that:

3. F preserves composition: F (g ◦ f ) = F (g) ◦ F (f ) for any
composable morphisms f , g in C;

4. F preserves identities: F (1x) = 1F (x) for every x ∈ Ob(C).



F preserves composition, in pictures:
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Definition of a Monoidal Functor

Given monoidal categories (C,⊗) and (D,⊗), a functor F : C → D
is (strict) monoidal if:

1. F preserves the tensor product of objects: for all x , y ∈ Ob(C )
we have

F (x ⊗ y) = F (x)⊗ F (y)

2. F preserves the tensor product of morphisms: for all f : x → y
and g : x ′ → y ′ in C we have

F (f ⊗ g) = F (f )⊗ F (g)



F preserves tensor products, in pictures:

F
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3. F preserves the unit object:

F (I ) = I

where at left I the unit object of C, and at right it’s the unit
object of D.



An easy example of a monoidal functor:

Let F : (Set,×) → (Vect,⊗) send any set S to the vector space
F (S) of formal linear combinations of elements of S : this has S as
basis.

Given f : S → T in Set, let F (f ) : F (S) → F (T ) be the linear
map that sends basis vectors to basis vectors, and equals f on
basis vectors.

This has
F (g ◦ f ) = F (g) ◦ F (f )

and
F (f ⊗ g) = F (f )⊗ F (g)



Researchers have defined and studied monoidal categories where
morphisms are open networks of many kinds, and monoidal
functors between these:

▶ electrical circuits [5, 7, 9]

▶ Markov processes [2, 3, 6, 10]

▶ signal flow diagrams [8, 13, 16, 17]

▶ stock and flow diagrams [11, 12]

▶ bond graphs [15, 16]

▶ gene regulatory networks [1, 4, 12]

▶ classical mechanical systems [14, 18]

and more.

There are systematic ways to handle many of these examples:
“structured and decorated cospans”.

However, these is much left to understand!

https://arxiv.org/abs/2101.09363


Next time I’ll explain the monoidal category of open stock-flow
diagrams, and some category-based software that handles
stock-flow diagrams and Petri nets — both of which are used in
epidemiology.

But first, an overview of the project to develop this math and
software.



Some Institutions and Software

▶ The Topos Institute (in Berkeley) and Topos Research UK (in
Oxford)

▶ AlgebraicJulia, a category-based software platform in Julia,
developed by researchers at Topos, Georgia Tech, etc.

▶ StockFlow, a tool for creating, composing and running stock
and flow models, based on AlgebraicJulia.

▶ ModelCollab, a web-based tool for creating and composing
stock and flow diagrams, relying on StockFlow.jl.

▶ CatColab, a new category-based software platform in Rust,
developed at Topos and Topos UK.

▶ ARIA’s £59m Safeguarded AI program, which funded Topos
UK and many UK category theorists.

▶ A general framework for open systems, developed for the
Safeguarded AI program: “the thesis”.

https://topos.institute/
https://toposresearch.org.uk/
https://github.com/AlgebraicJulia/
https://github.com/AlgebraicJulia/StockFlow.jl#algebraicstockflow
https://modelcollab.usask.ca/
https://topos.institute/work/catcolab/
https://aria.org.uk/opportunity-spaces/trust-everything-everywhere/safeguarded-ai
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