Classical Mechanics Homework
January 29, 2008
John Baez homework by C. Pro

Conservation of Energy in the n-body Problem

Suppose we have n particles ¢;: R — R? with the force on ¢; due to g; written as F;;. Newton’s 3rd
law says:
Fij = 7Fj1

Suppose further our forces are central, that is, only dependent on the distance from ¢; to ¢;. Then
F;j (i # j) can be written as

Fy(t) = fis(laslt) — g3 (1))~ 24D =4 (0)

q;
|lqi(t) — q; (@)

for some f;;:(0,00) — R. For convenience, set F;; = 0. We can define potentials V;;: (0,00) — R

such that p
@sz(ﬂf) = —fij(z)

and then the total potential for ¢; is defined as
Vi(t) = > Vis(llas(t) — a;(D)]))-
j=1

Again for convenience, set V;; = 0. Since V;; = V};, we are lead to the definition of the total potential
as

Similarly, the total kinetic is defined as
T() = 23" mat)
2 = 141

and thus, the total energy is defined as

Show that if Newton’s 2" law (F;(t) = m;;(t)) holds, then energy is conserved:

d
—FE =0.
dt



Solution: First note from the chain rule and our definition of V;;, we have

dy o _ d d||$()||
FValleOl) = Vil
= e TS t§||d:<t>.

Therefore, from the above and Newton’s 3" law, we have

SVl = ;; “Visllla(t) - a;0))

lzfmnqi(t)f S OIS — 0, )

5 Z (la:(t) — 4O (@) — (1)

5Zfﬂj<uqi<t>f £)]1)ds (t) ZF”H% — ¢;(1)[)d; (¢)
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= —F;(t)di(t).
i=1
Therefore, by Newton’s 2" law
Ty = 3 -midsi)
dt - L=1 qu ql
d
= ——T(t
dt ( )7
and thus
dp_o
at—



Conservation of Angular Momentum in the n-body Problem

Let p;(t) = miq(t) be the momentum of the i*" particle. We’ve shown that Newton’s 2°¢ law gives

us conservation of momentum. The angular momentum of the i** particle is

Ji(t) = qi(t) x pi(t).

The total angular momentum is:
t)=>_Ji(t)
i=1

Show that Newton’s 2"¢ gives us conservation of angular momentum:

dtJ()

Solution: We have
L. _zn;jtqmt)xmt)
= qu x pi(t) + ¢i(t) x pi(t)
= ;qi(t)sz‘(t)
. iqﬂ g i(lastt) — a1
=SS w0 x Eylla) - )

=1 j=1

B Asla®-a O o fulla® - g0l
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i=1 j=1 |q1(t) q](t)‘
_ Jullla® — w0l
) ZZ B O
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where the last equality follows from the identity:

fij(lgi(t) = ¢; D]
[lgi(t) — q; (1)l

fii(llgi(t) = ¢; (D)
llgi(t) — q]( il

—qi(t) x qj(t) = q;(t) x i (t).



