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Abstract

We describe bigroupoid principal 2-bundles, and we give a complete classification
of these objects in terms of newly defined nonabelian cohomology. We also show that
bigroupoid principal 2-bundles gives Glenn’s simplicial 2-torsors after the application
of the Duskin nerve functor for bicategories.
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1 Bicategories

Bicategories were defined by Benabou [Be], and from the modern perspective, we could call
them weak 2-categories. Instead of stating their original definition we will use Batanin’s
approach to weak n-categories given in [Bt]. In this approach a bicategory B, given by the
reflexive 2-graph

B ≡ (B2

d1
1 //

d1
0

// B1
oo

d0
1 //

d0
0

// B0)oo

is a 1-skeletal monoidal globular category, given by the diagram of categories and functors

B1

D1 //

D0

// B0
oo

where the category B1 is the category of morphisms of the bicategory B and the category B0

is the image D(B0) of the discrete functor D : Set → Cat which just turns an object of E into
a discrete internal category in E . Source functor D1 is defined by D1 := d0

1 : B1 → B0 and
D1 := d0

1d
1
1 = d0

1d
1
0 : B2 → B0, and a target functor D0 is defined by D0 := d0

1 : B1 → B0 and
D1 := d0

0d
1
1 = d0

0d
1
1 : B2 → B0, where we used the same notation for objects and morphisms

parts of the functor. Also, the unit functor I : B0 → B1 is defined by I := s0 : B0 → B1 on
the level of objects, and I := s1 : B1 → B2 on the level of morphisms, where s0 : B0 → B1

and s1 : B1 → B2 are section morphisms in the above 2-graph from left to right, which we
didn’t label to avoid too much indices.

In the lower definition of a bicategory we will denote the vertex B1×B0B1 of the following
pullback of functors

B1 ×B0 B1
Pr2 //

Pr1

²²

B1

D0

²²
B1 D1

// B0

by B2 := B1 ×B0 B1 and likewise B3 := B1 ×B0 B1 ×B0 B1, and so on. Thus we will adopt
the following convention: for any functor P : E → B0, the first of the symbols

E ×B0 B1 and B1 ×B0 E

will denote the pullback of P and D0, and the second one that of D1 and P .
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Definition 1.1. A weak 2-category (or a bicategory) B consists of:

• two categories, a discrete category B0 of objects, and a category B1 of morphisms of
the weak 2-category B,

• functors D0, D1 : B1 → B0, called target and source functors, respectively, a functor
I : B0 → B1, called unit functor, and a functor H : B2 → B1, called the horizontal
composition functor,

• natural isomorphism

B3

H×IdB1 //

IdB1
×H

²²

ÄÄÄÄ{¤ α

B2

H

²²
B2 H

// B1

• natural isomorphisms

B2

H

²²

ÄÄÄÄ{¤ ρ

B1

???? ¾#λ

S1

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
B1 B1

S0

__???????????????????????

where the functor S0 : B1 → B2 is defined by the composition

B1

(D0,IdB1
)

// B1 ×B0 B0

I×IdB1 // B1 ×B0 B1,

and the functor S1 : B1 → B2 is defined by the composition

B1

(IdB1
,D1)

// B0 ×B0 B1

IdB1
×I

// B1 ×B0 B1,

or more explicitly for any 1-morphism f : x → y in B (i.e. object in B1) we have
S0(f) = (f, ix) and S1(f) = (iy, f),

such that following axioms are satisfied:
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• associativity 3-cocycle

B4

ÄÄÄÄ{¤IdB1
×α

ÄÄÄÄ{¤α×IdB1

H×IdB2 //

IdB1
×H×IdB1

ÂÂ?
??

??
??

??
??

??
??

??
??

?

IdB2
×H

²²

B3

H×IdB1

ÂÂ?
??

??
??

??
??

??
??

??
??

?

IdB1
×H

²²

B3

ÄÄÄÄ{¤ '

H×IdB1

//

IdB1
×H

²²

ÄÄÄÄ{¤ α

B2

H

²²

B3

IdB1
×H

ÂÂ?
??

??
??

??
??

??
??

??
??

?

H×IdB1 // B2

H

ÂÂ?
??

??
??

??
??

??
??

??
??

?
ÄÄÄÄ{¤ α

ÄÄÄÄ{¤ α

B2 H
// B1

which for any object (k, h, g, f) in B4 becomes the commutative pentagon

((k ◦ h) ◦ g) ◦ f

αk,h,g◦f

wwoooooooooooooooooooo

αk◦h,g,f

''OOOOOOOOOOOOOOOOOOOO

(k ◦ (h ◦ g)) ◦ f

αk,h◦g,f

ºº/
//

//
//

//
//

//
//

//
//

//
//

/
(k ◦ h) ◦ (g ◦ f)

αk,h,g◦f

¨¨²²
²²
²²
²²
²²
²²
²²
²²
²²
²²
²²
²²

k ◦ ((h ◦ g) ◦ f))
k◦αh,g,f

// k ◦ (h ◦ (g ◦ f))

of components of natural transformations
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• the commutative pyramid

B2

OOOOck
IdB1

×ρ

S1

²²

··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
·

··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
·

H

··*
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

B3

ÄÄÄÄ{¤ α

IdB1
×H

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

H×IdB1 //

oooo
3;λ×IdB1

B2

H

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

B2 H
// B1

which for any object (g, f) in B2 becomes the triangle diagram

(g ◦ iy) ◦ f

ρg◦f

ÁÁ=
==

==
==

==
==

==
==

αg,iy,f // g ◦ (iy ◦ f)

g◦λf

¡¡¢¢
¢¢

¢¢
¢¢

¢¢
¢¢

¢¢
¢

g ◦ f

Remark 1.1. Note that in the above definition of the horizontal composition functor
H : B2 → B1, for any diagram of 2-arrows (i.e. a morphism in a category B2 ×B1 B2)

x

f1

$$
ÂÂ ÂÂ
®¶ φ1

::

h1

ÂÂ ÂÂ
®¶ψ1

// y

f2

$$
ÂÂ ÂÂ
®¶ φ2

;;

h2

ÂÂ ÂÂ
®¶ψ2

// z

by functoriality we immediately have a Godement interchange law

(ψ2 ◦ ψ1)(φ2 ◦ φ1) = (ψ2ψ1) ◦ (φ2φ1).
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Example 1.1. (Strict 2-categories) A weak 2-category in which associativity and left and
right identity natural isomorphisms are identities is called (strict) 2-category.

Example 1.2. (Monoidal categories) Monoidal category is precisely a weak 2-category B
in which B0 = 1 is terminal discrete category (or one point set). Strict monoidal category
is a one object 2-category.

Example 1.3. (Weak 2-category of spans) Let C be a cartesian category (that is a category
with pullbacks). First we make a choice of the pullback

u×y v

p

²²

q // v

h

²²
u

g
// z

for any such diagram x
f→ z

g← y in a category C. We construct the weak 2-category
Span(C) of spans in the category C. The objects of Span(C) are the same as objects of C.
For any two objects x, y in Span(C), a 1-morphism u : x 9 y is a span

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

x y

and a 2-morphism a : z ; w is given by the commutative diagram

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

a

²²

x y

w

l

__???????????
m

??ÄÄÄÄÄÄÄÄÄÄÄ

from which we easily see that vertical composition of 2-morphisms is given by the compo-
sition in C. Horizontal composition of composable 1-morphisms

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

v

h

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

k

ÂÂ?
??

??
??

??
??

x y z
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is given by the pullback

u×y v

p

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
q

ÂÂ?
??

??
??

??
?

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

v

h

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

k

ÂÂ?
??

??
??

??
??

x y z

and from here we have obvious horizontal identity ix : x 9 x

x

idx

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

idx

ÂÂ?
??

??
??

??
??

x x

Example 1.4. (Bimodules) Let Bim denote the weak 2-category whose objects are rings
with identity. For any two rings A and B, Bim(A,B) will be a category of A−B bimodules
and their homomorphisms. Horizontal composition is given by the tensor product, and
associativity and identity constraints are the usual ones for the tensor product.

Example 1.5. (Weak 2-categories of 1-morphisms) Let B be a weak 2-category. The weak
2-category B→ of 1-morphisms, associated to B has 1-morphisms of B for objects, thus
B→0 = B1. A 1-morphism from f : x → y to g : z → w is a triple (a, φ, b) consisting of
1-morphisms a : x → z, b : y → w and a 2-morphism φ : g ◦ a ⇒ b ◦ f as in the diagram

x

ÄÄÄÄ{¤ φ
f

²²

a // z

g

²²
y

b
// w

and a 2-morphism from (a, φ, b) to (c, ψ, d) is a pair (%, ϑ) of 2-morphisms % : a ⇒ c and
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ϑ : b ⇒ d such that the diagram

x

c

==

a

!!

f

²²

ÂÂ ÂÂ
®¶ % z

g

²²

ÂÂ ÂÂ
®¶ ψ

y

b

!!w
o g _ W O

G

d

==
ÂÂ ÂÂ
®¶ ϑ w

(in which we omitted φ) commutes. Associativity and identity constraints for B→ are
naturally induced from those of B.

Definition 1.2. A weak 2-functor F : B → B′ between weak 2-categories consists of the
following data:

• a (discrete) functor F0 : B0 → B′0, and a functor F1 : B1 → B′1,
• natural transformations

B2

ÄÄÄÄ{¤ µH

²²

F2 // B′2

H′

²²
B1 F1

// B′1

B0

ÄÄÄÄ{¤ ηI

²²

F0 // B′0

I′

²²
B1 F1

// B′1

given by components µg,f : F (g)◦F (f) → F (g◦f) and ηx : i′F (x) → F (ix), respectively
(in which we omitted the subscripts on functor signs in order to avoid too much
indices),

such that following axioms are satisfied:
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• commutative cube

B3

ÄÄÄÄ{¤ α

ÄÄÄÄ{¤µ×F1

F3 //

H×IdB1

ÂÂ?
??

??
??

??
??

??
??

??
??

?

IdB1
×H

²²

B′3

H′×IdB′1

ÂÂ?
??

??
??

??
??

??
??

??
??

IdB′1
×H′

²²

B2

ÄÄÄÄ{¤F1×µ

F2

//

H

²²

ÄÄÄÄ{¤ µ

B′2

H′

²²

B2

H

ÂÂ?
??

??
??

??
??

??
??

??
??

?
F2 // B′2

H′

ÂÂ?
??

??
??

??
??

??
??

??
??

ÄÄÄÄ{¤ α′

ÄÄÄÄ{¤ µ

B1 F1

// B′1

which when evaluated at the object (h, g, f) in B3 becomes a commutative diagram

(F (h) ◦ F (g)) ◦ F (f)

a′
F (h),F (g),F (f)

²²

µh,g◦F (f)
// F (h ◦ g) ◦ F (f)

µh◦g,f // F ((h ◦ g) ◦ f)

F (ah,g,f )

²²
F (h) ◦ (F (g) ◦ F (f))

F (h)◦µg,f

// F (h) ◦ F (g ◦ f) µh,g◦f

// F (h ◦ (g ◦ f))
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• a commutative diagram

B2

F2

²²

H

ÂÂ?
??

??
??

??
??

??

B1

S0

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

F1

²²

ÂÂ ÂÂ
®¶ ρ B1

F1

²²

B′2

???? ¾#
µ

ÄÄÄÄ
;CIdB1
×η

H′

ÂÂ?
??

??
??

??
??

??

B′1

ÂÂ ÂÂ
®¶ ρ
′

S′0

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ
B′1

which when evaluated at the object f in B1 becomes a commutative diagram

F (f) ◦ i′F (x)

ρ′
F (f)

²²

F (f)◦ηx // F (f) ◦ F (ix)
µf,ix // F (f ◦ ix)

F (ρf )

²²
F (f) F (f)

• a commutative diagram

B2

F2

²²

H

ÂÂ?
??

??
??

??
??

??

B1

S1

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

F1

²²

ÂÂ ÂÂ
®¶ λ B1

F1

²²

B′2

???? ¾#
µ

ÄÄÄÄ
;Cη×IdB1

H′

ÂÂ?
??

??
??

??
??

??

B′1

ÂÂ ÂÂ
®¶ λ′

S′1

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ
B′1
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which when evaluated at the object f in B1 becomes a commutative diagram

i′F (y) ◦ F (f)

λ′
F (f)

²²

ηy◦F (f) // F (iy) ◦ F (f)
µiy,f // F (iy ◦ f)

F (λf )

²²
F (f) F (f)

Remark 1.2. If both B and B′ are strict 2-categories then the coherence for composition
becomes

F (h) ◦ F (g) ◦ F (f)

F (h)◦µg,f

²²

µh,g◦F (f)
// F (h ◦ g) ◦ F (f)

µh◦g,f

²²
F (h) ◦ F (g ◦ f) µh,g◦f

// F (h ◦ g ◦ f)

and the coherence for identities become two commutative triangles

F (f) ◦ F (ix)
µf,ix

&&MMMMMMMMMM

F (f)

F (f)◦ηx

88qqqqqqqqqq
F (f)

F (iy) ◦ F (f)
µiy,f

&&MMMMMMMMMM

F (f)

ηy◦F (f)
88qqqqqqqqqq

F (f)

Definition 1.3. A (left) lax natural transformation σ : F +3 G is defined by the fol-
lowing data:

• a natural transformation σ0 : F0 → G0 between (discrete) functors (which just amounts
to the family of morphisms σx : F (x) → G(x)),

• natural transformation

B1

F1

²²

G1 //

ÄÄÄÄ{¤ σ1

B′1

σ∗0

²²
B′1 σ0∗

// B′1
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whose component at the object f : x → y in B1 is given by the square

F (x)

F (f)

²²

σx //

ÄÄÄÄ{¤ σf

G(x)

G(f)

²²
F (y) σy

// G(y)

which is a 2-morphism σf : G(f) ◦ σx
+3 σy ◦ F (f) ,

such that the following axioms are satisfied:

• the following cube of functors and natural transformations

B2

F2

²²Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â

ttttttttttttttttttttttttttttttt

ttttttttttttttttttttttttttttttt B2

G2

zzttttttttttttttttttttttttttttttt

F1×G1

²²
B2

ÄÄÄÄ{¤ µG

G2 //

H

²²

B′2

H′

²²

B′2

σ∗0×IdB′1

²²

B′2

σ0∗×IdB′1

zzttttttttttttttttttttttttttttttt

IdB′1
×σ∗0

²²
B1

ÄÄÄÄ{¤ σ1

G1 //

F1

²²

B′1

σ∗0

²²

B′2 ____

H′

zzt
t

t
t

t
t

t
t

t
t

t
t

t
t

t
t

B′2

H′

²²

IdB′1
×σ∗0

//_____________ B′2

H′

zzttttttttttttttttttttttttttttttt

B′2 σ0∗
// B′1 B′1

commutes, which becomes a commutative diagram of natural transformations
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(G(g) ◦G(f)) ◦ σx

µG
g,f◦σx

²²

α′
G(g),G(f),σx // G(g) ◦ (G(f) ◦ σx)

G(g)◦σf // G(g) ◦ (σy ◦ F (f))

α′−1
G(g),σy,F (f)

²²
G(g ◦ f) ◦ σx

σg◦f

²²

(G(g) ◦ σy) ◦ F (f)

σg◦F (f)

²²
σz ◦ F (g ◦ f) σz ◦ (F (g) ◦ F (f))

σz◦µF
g,f

oo (σz ◦ F (g)) ◦ F (f)
α′

σz,F (g),F (f)

oo

when it is evaluated at the object (g, f) in B2,

• a commutative diagram

i′G(x) ◦ σx

ηG
x ◦σx

²²

λ′σx // σx
ρ′−1

σx // σx ◦ i′F (x)

σx◦ηF
x

²²
G(ix) ◦ σx σix

// σx ◦ F (ix)
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Remark 1.3. If both B and B′ are strict 2-categories then the above coherence becomes

F (y)

σy

²²

F (g)

ÂÂ?
??

??
??

??
??

??

F (x)
F (g◦f)

//

F (f)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

σx

²²

ÂÂ ÂÂ
®¶ µ

F
g,f

F (z)

σz

²²

G(y)

???? ¾#
σg

ÄÄÄÄ
;Cσf

G(g)

ÂÂ?
??

??
??

??
??

??

G(x)

ÂÂ ÂÂ
®¶ µ

G
g,f

G(f)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

G(g◦f)
// G(z)

which is equivalent to the commutative diagram

G(g) ◦G(f) ◦ σx

µG
g,f◦σx

²²

G(g)◦σf // G(g) ◦ σy ◦ F (f)

σg◦F (f)

²²

G(g ◦ f) ◦ σx

σg◦f

²²
σz ◦ F (g ◦ f) σz ◦ F (g) ◦ F (f)

σz◦µF
g,f

oo

The second coherence becomes the commutative diagram

σx

ηG
x ◦σx

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

σx◦ηF
x

ÂÂ?
??

??
??

??
??

??
??

??
??

?

G(ix) ◦ σx σix

// σx ◦ F (ix)
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Definition 1.4. A modification Γ: σ → σ′

B

¡¡ÁÁ

F

σ

ÁÁ

σ′

@@
ÂÂ ÂÂ
®¶ Γ G

B′
consists of the following data:

• a 2-morphism Γx : σx → σ′x for each object x in B
such that the following diagram

F (x)

σ′x

::

σx

$$

F (f)

²²

ÂÂ ÂÂ
®¶ Γx G(x)

G(f)

²²

ÂÂ ÂÂ
®¶ σf

F (y)

σy

$$s
m f _ X Q

K

σ′y

::
ÂÂ ÂÂ
®¶ Γy G(y)

which becomes a diagram

G(f) ◦ σx

σf

²²

G(f)◦Γx // G(f) ◦ σ′x

σ′f

²²
σy ◦ F (f)

Γy◦F (f)
// σ′y ◦ F (f)

commutes.
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2 The second nonabelian cohomology

For any 3-truncated cosimplicial bicategory

B0
∂0

//
∂1 // B1

oo
∂0

//
∂2 //// B2 ////

∂0

//

∂3 //oooo B3
oooooo

we define a bicategory Desc2(B) of 2-descent data in the following way. The objects are
triples (x, f, φ) consisting of an object x in B0, a 1-morphism f : ∂1(x) → ∂0(x) in B1, and
a 2-morphism

∂2∂0x = ∂0∂1x

∂0f

ÂÂ?
??

??
??

??
??

??

∂2∂1x = ∂1∂1x ∂1f
//

∂2f

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ
∂1∂0x = ∂0∂0x

Â ÂÂ ÂKS φ

in B2 such that the diagram

x3

x0

∂1∂1f=∂2∂1f

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

∂3∂1x=∂1∂2x
//

∂2∂2f=∂3∂2f

ÂÂ?
??

??
??

??
??

??
??

??
ÂÂ ÂÂ
®¶ ∂2φ

ÂÂ ÂÂ
®¶ ∂3φ

____ +3∂0φ____ +3∂1φ

x2

∂1∂0f=∂0∂0f

__?????????????????

x1

∂2∂0f=∂0∂1f

OO

∂3∂0f=∂0∂2f

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

commutes, where the vertices xi are defined by x0 = ∂3∂2∂1x, x1 = ∂3∂2∂0x, and so on
(just by omitting the i-th coface operator from the string).

The 1-morphism (u, µ) : (x, f, φ) → (y, g, ψ) in Desc2(B) consists of a 1-morphism
u : x → y in B0, together with the 2-morphism

∂1x
∂1u //

f

²²

ÄÄÄÄ{¤ µ

∂1y

g

²²
∂0x ∂0u

// ∂0y
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in B1, such that the diagram

∂2∂0x = ∂0∂1x

∂2∂0u=∂0∂1u

²²

∂0f

ÂÂ?
??

??
??

??
??

??

∂2∂1x = ∂1∂1x //

∂2f

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

∂2∂1u=∂1∂1u

²²

∂1∂0x = ∂0∂0x

∂1∂0u=∂0∂0u

²²

Â ÂÂ ÂKS φ

∂2∂0y = ∂0∂1y

???? ¾#
∂0µÄÄÄÄ

;C∂2µ

∂0g

ÂÂ?
??

??
??

??
??

??

∂2∂1y = ∂1∂1y

∂2g

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

∂1g
// ∂1∂0y = ∂0∂0y

Â ÂÂ ÂKS ψ

commutes. The 2-morphism β : (u, µ) ⇒ (v, ν) in Desc2(B) is a 2-morphism β : u ⇒ v in
B0, such that the diagram

∂1x

∂1v

;;

∂1u

##

f

²²

ÂÂ ÂÂ
®¶ ∂1β ∂1y

g

²²

ÂÂ ÂÂ
®¶ ν

∂0x

∂0u
##u

m f _ X Q
I

∂0v

;;
ÂÂ ÂÂ
®¶ ∂0β ∂0y

commutes.

Proposition 2.1. The descent bicategory Desc2(B) is a bicategory.

Proof. For any two composable 1-morphisms in Desc2(B)

(x, f, φ)
(u,µ) // (y, g, ψ)

(v,ν) // (w, h, ξ)

17



we define the composition by (v, ν) ◦ (u, µ) = (v ◦ u, ν¤µ) where ν¤µ is a 2-morphism
obtained by the pasting of the diagram

∂1x
∂1u //

f

²²

ÄÄÄÄ{¤ µ

∂1y

g

²²

∂1v //

ÄÄÄÄ{¤ ν

∂1w

h

²²
∂0x ∂0u

// ∂0y
∂0v

// ∂0w

in the bicategory B1. The horizontal and vertical compositions of 2-morphisms in Desc2(B)
are inherited from the bicategory B0. So the associativity and left and right identity coher-
ence are also inherited from the bicategory B0, and we see that for any three composable
1-morphisms in Desc2(B)

(x, f, φ)
(u,µ) // (y, g, ψ)

(v,ν) // (w, h, ξ)
(t,θ) // (z, k, ζ)

the component αt,v,u : [(t, θ) ◦ (v, ν)] ◦ (u, µ) ⇒ (t, θ) ◦ [(v, ν) ◦ (u, µ)] of the associativity
isomorphism satisfy

∂1x

∂1(t◦(v◦u))

;;

∂1((t◦v)◦u)

##

f

²²

ÂÂ ÂÂ
®¶ ∂1αt,v,u ∂1z

k

²²

ÂÂ ÂÂ
®¶ θ¤(ν¤µ)

∂0x

∂0((t◦v)◦u)
##u

m f _ X Q
I

∂0(t◦(v◦u))

;;
ÂÂ ÂÂ
®¶ ∂0αt,v,u ∂0z

directly from the definition of the composition in Desc2(B).
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The second Čech nonabelian cohomology is defined with respect to the covering U =
{Ui}i∈I of the topological space X. The epimorphism e = (ei)i∈I : U =

∐
i∈I Ui → X,

induced by the family of embeddings ei : Ui → X, gives a 3-truncation of the simplicial
resolution U•

U3
////

d3

//

d0 //
U2

//
d2

//
d0 //

U1
d1

//
d0 // U0

e // X

where U0 =
∐

i∈I Ui, U1 =
∐

i,j∈I Uij , U2 =
∐

i,j,k∈I Uijk and U3 =
∐

i,j,k,l∈I Uijkl (where
Uij denotes the double intersection Uij = Ui ∩ Uj and so on).

This is just the 3-truncation of the nerve of the Čech groupoid associated to the covering
e : U → X, whose objects are given by the elements (i, x) of U , and for which there exists a
unique morphism (i, j, x) : (j, x) → (i, x) for any element x ∈ Uij . Thus, target and source
morphisms defines face operators d1

0, d
1
1 : U1 → U0 which are given by the first and the

second projection, respectively. The 2-simplex (i, j, k, x) in U2 may be seen as the diagram

k

ÄÄÄÄ{¤(i,j,k,x)

(j,k,x) //

(i,k,x)

ÂÂ?
??

??
??

??
??

??
??

??
? j

(i,j,x)

²²
i

from which we see that the face operators d2
0, d

2
1, d

2
2 : U2 → U1 are defined by

d2
0(i, j, k, x) = (i, j, x)

d2
1(i, j, k, x) = (i, k, x)

d2
2(i, j, k, x) = (j, k, x)

and they are just three possible inclusions of triple intersections into double intersections.
The degeneracy operators s2

0, s
2
1 : U1 → U2 are given by

s2
0(i, j, x) = (i, j, j, x)

s2
1(i, j, x) = (i, i, j, x)

and these two degenerate 2-simplices may be seen as the two diagrams

j

ÄÄÄÄ{¤(i,j,j,x)

(j,j,x) //

(i,j,x)

ÂÂ?
??

??
??

??
??

??
??

??
? j

(i,j,x)

²²
i

j

ÄÄÄÄ{¤(i,i,j,x)

(i,j,x) //

(i,j,x)

ÂÂ?
??

??
??

??
??

??
??

??
? i

(i,i,x)

²²
i

respectively.
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The 3-truncation of the simplicial resolution of the covering U = {Ui}i∈I defines a
cosimplicial bicategory

B0
∂0

//
∂1 // B1

oo
∂0

//
∂2 //// B2 ////

∂0

//

∂3 //oooo B3
oooooo

where each bicategory Bn has objects given by the discrete category (Bi)0 defined by the
set HomE(Un, B0), and whose category of 1-morphisms and 2-morphisms is given by the
fiber of the small fibration FBUn over the object Un in E . On the level of objects, coface
operators are defined by the precomposition ∂n

i (f) = fdn
i for any object f : Un−1 → B0

of the bicategory Bn−1, from where we see that these are the strict homomorphisms of
bicategories.

Thus the 2-cocycle in the second Čech nonabelian cohomology is given by the triple
(x, f , φ), where x = (xi)i∈I is the family of morphisms xi : Ui → B0 together with the
family f = (fij)i,j∈I of morphisms fij : Uij → B1 such that s0fij = xj and t0fij = xi. The
family φ = (φijk)i,j,k∈I is given by morphisms φijk : Uijk → B2 which satisfy s1φijk = fik

and t1φijk = fij ◦ fjk and we can view it as the 2-simplex

xi

xl

fil

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

fjl

//

fkl

ÂÂ?
??

??
??

??
??

??
??

??
ÂÂ ÂÂ
®¶ φikl

ÂÂ ÂÂ
®¶ φjkl

____ +3φijk____ +3φijl

xj

fij

__?????????????????

xk

fik

OO

fjk

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

commutes, which means that we have the identity

(fij ◦ φjkl)φijl = αijkl(φijk ◦ fkl)φikl

for the nonabelian 2-cocycle (xi, fij , φijk) with values in the bicategory B.
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3 Actions of bicategories

Let B be a bicategory. There is a weak 2-monad T on a comma 2-category Cat ↓ B0

naturally induced by B as following. It is a weak 2-functor T : Cat ↓ B0 → Cat ↓ B0, whose
image for each object Λ: C → B0 of Cat ↓ B0, is defined by T (Λ) := C ×B0 B1.

Definition 3.1. A right action of a bicategory B on a category C is given by by the following
data:

• a functor Λ: C → B0 from the category C to the discrete category of objects B0 of the
weak 2-category B, called the momentum functor,

• a functor Φ: C×B0 B1 → C, called the action functor, and we usually write Φ(p, f) :=
p / f , for any object (p, f) in C ×B0 B1, and Φ(a, φ) := a / φ for any morphism
(a, φ) : (p, f) → (q, g) in C ×B0 B1,

• a natural isomorphism

C ×B0 B1 ×B0 B1

IdC×H

²²

Φ×IdB1//

ÄÄÄÄ{¤ κ

C ×B0 B1

Φ

²²C ×B0 B1
Φ

// C

whose component for any object (p, f, g) in C ×B0 B1 ×B0 B1 is written as

κp,f,g : (p / f) / g → p / (f ◦ g),

• a natural isomorphism

C ×B0 B0
IdC×I //

ÄÄÄÄ{¤ ι

C ×B0 B1

Φ

²²
C

(IdC ,Λ)

OO

C
where we write for each object p in C

ιp : p / iΛ(p) → p

such that following axioms are satisfied:
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• equivariance of the action

C ×B0 B1
Φ //

Pr2

²²

C

Λ

²²
B1 D1

// B0

which means that for any object (p, f) in C ×B0 B1, we have Λ(p / f) = D1(f), and
for any morphism (a, φ) : (p, f) → (q, g) in C ×B0 B1, we have Λ(a / φ) = D1(φ),

• for any object (p, f, g, h) in C ×B0 B1 ×B0 B1 ×B0 B1 the following diagram

((p / f) / g) / h

κp,f,g/h

wwoooooooooooooo
κp/f,g,h

''OOOOOOOOOOOOOO

(p / (f ◦ g)) / h

κp,f◦g,h

ºº/
//

//
//

//
//

//
//

//
/

(p / f) / (g ◦ h)

κp,f,g◦h

¨¨²²
²²
²²
²²
²²
²²
²²
²²
²²

p / ((f ◦ g) ◦ h))p/αf,g,h

// p / (f ◦ (g ◦ h))

commutes,

• for any object (p, f) in C ×B0 B1 following diagrams

(p / iΛ0(p)) / f

ιp/f

ºº/
//

//
//

//
//

//
//

//
/

κp,iΛ0(p),f
// p / (iΛ0(p) ◦ f)

p/λf

¨¨²²
²²
²²
²²
²²
²²
²²
²²
²²

p / f

(p / f) / is0(f)

ιp/f /is0(f)

ºº/
//

//
//

//
//

//
//

//
/

κp,f,is0(f)// p / (f ◦ is0(f))

p/ρf

¨¨²²
²²
²²
²²
²²
²²
²²
²²
²²

p / f

commute.
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Remark 3.1. Note the fact that Φ: C ×B0 B1 → C is a functor, immediately implies an
interchange law

(b / ψ)(a / φ) = (ba) / (ψφ)

Definition 3.2. Let π : C → M be a bundle of categories over an object M in E. A
(fiberwise) right action of a bicategory B on a bundle of categories π : C → M is given by
the action of the bicategory B on a category C for which the diagram

C ×B0 B1
Φ //

Pr1

²²

C

π

²²
B1 π

// M

commute. We call a bundle π : C → M , a B-2-bundle over M .

Definition 3.3. Let (C, Λ, Φ, α, ι) and (D, Ψ, Ω, β, κ) be two B-categories. A B-equivariant
functor from (C, Λ, Φ, α, ι) to (D, Ψ, Ω, β, κ) is a pair (F, θ) consisting of

• a functor F : C → D
• a natural transformation θ : F ◦Ψ → Φ ◦ (F × IdB1)

C ×B0 B1

ÄÄÄÄ{¤ φ

F×IdB1 //

Φ

²²

D ×B0 B1

Ψ

²²
C

F
// D

such that following conditions are satisfied

• Ω ◦ F = Λ
C

Λ ÂÂ@
@@

@@
@@

@
F // D

Ω~~}}
}}

}}
}

B0
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• the diagram of natural transformations

C ×B0 B1 ×B0 B1

IdC×H

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

Φ×IdB1 //

F×IdB1×B0
B1

²²

C ×B0 B1

Φ

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

F×IdB1

²²

C ×B0 B1
Φ //

F×IdB1

²²

C

F

²²

D ×B0 B1 ×B0 B1

IdC×H

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

Ψ×IdB1 // D ×B0 B1

Ψ

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

D ×B0 B1
Ψ // D

commutes, which means that two natural transformations

(θ ◦ (IdC ×H))(Ψ ◦ (θ × IdB1))(β ◦ (F × IdB1×B0
B1))

and
(Ψ ◦ (θ × IdB1))(θ ◦ (Φ× IdB1))α

obtained by pasting, are equal.

• the diagram of natural transformations, which fill the faces

C ×B0 B1

Φ

¥¥©©
©©

©©
©©

©©
©©

©©
©©

F×IdB1 // D ×B0 B1

Ψ

¤¤¨̈
¨̈

¨̈
¨̈

¨̈
¨̈

¨̈
¨̈

C

IdC×IΛ
ddIIIIIIIIII

F //

jjjjjjjjjjjjjjjjjjjjj

jjjjjjjjjjjjjjjjjjjjj D

IdC×IΩ
ddIIIIIIIIII

jjjjjjjjjjjjjjjjjjjjj

jjjjjjjjjjjjjjjjjjjjj

C F // D
commutes, meaning that we have an equation

(Ψ ∗ idL) · (θ ∗ Φ) · (κ ∗ F ) = idF ∗ ι

where L : C → D ×B0 B1 is a functor given by the equality of functors (F × IdB1) ◦
(IdC × IΛ) = IΩ ◦ F , which, in turn follows from the equality ΩF = Λ.
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Definition 3.4. A B-equivariant natural transformation between B-covariant functors
(F, θ), (G, ζ) : (C,Λ,Φ, α, ι) → (D, Ψ, Ω, β, κ) is a natural transformation τ : F → G such
that following equality

C ×B0 B1
ÂÂ ÂÂ
®¶ τ×B1

G×IdB1

;;

F×IdB1

##

Φ

²²

D ×B0 B1

Ψ

²²

ÂÂ ÂÂ
®¶ θ

C

G

<< D

=

C ×B0 B1

ÂÂ ÂÂ
®¶ ζ

G×IdB1

##

Φ

²²

D ×B0 B1

Ψ

²²
C

F

""ÂÂ ÂÂ
®¶ τ

G

<< D

of natural transformations is satisfied.

The above construction gives rise to the 2-category in an obvious way, so we have a
following theorem.

Theorem 3.1. The class of B-categories, B equivariant functors and their natural trans-
formations form a 2-category.

Proof. The vertical and horizontal composition in a 2-category is induced from the com-
position in Cat.
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4 Bigroupoid principal 2-bundles

Definition 4.1. A right action of a bigroupoid B on a groupoid P is given by the action
of the underlying bicategory B on a category P given as previously by (P,B, Λ, Φ, α, ι).

Definition 4.2. Let B be an internal bigroupoid in E, and π : P → X a right B-2-bundle
of groupoids over X in E. We say that (P, π,Λ,A, X) is a right B-principal-2-bundle (or
a right B-torsor) over X if the following conditions are satisfied:

• two canonical terminal morphisms π0 : P0 → X and π1 : P1 → X are epimorphisms,

• two canonical action morphisms λ0 : P0 → B0 and λ1 : P1 → B0 are epimorphisms,

• the induced internal functor

(Pr1, Φ): P ×B0 B1
// P ×X P

is a (strong) equivalence of internal groupoids over P (where both groupoids are seen
as objects over P by the first projection functor).

Example 4.1. (The unit principal 2-bundle) The unit B-bundle is given by the triple
(B1, T, S,H, B0) where the momentum is given by the source functor S : B1 → B0, and the
action is given by the horizontal composition H : B1 ×B0 B1 → B1.

Example 4.2. (The pullback principal 2-bundle) For any principal B-bundle (P, π, Λ, Φ, X)
over X, and any morphism f : M → B0, we have a pullback B-principal bundle over M ,
defined as the quadruple (f∗(P), P r1, Λ ◦ Pr2, f

∗(Φ),M).
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5 Cocyclic description of principal 2-bundles

Since we assumed that the functor (Pr1,Φ): P ×B0 B1 → P ×X P is an equivalence, we
choose its weak inverse

(Pr1,D) : P ×X P // P ×B0 B1,

together with natural isomorphisms

(Pr1, µ) : IdP×B0
B1

+3 (Pr1,D) ◦ (Pr1, Φ), (Pr1, ν) : (Pr1,Φ) ◦ (Pr1,D) +3 IdP×XP ,

The second component of the above weak inverse is a functor D : P ×X P // B1 ,
which we we call a division functor, for reasons that we will soon explain. The com-
ponent of the natural isomorphism ν : (Pr1,Φ) ◦ (Pr1,D) +3 IdP×XP , indexed by the
object (p, q) ∈ P ×X P, is an isomorphism νp,q : p / p∗q → q, where we use an abbrevia-
tion p∗q := D(p, q) : λ0(q) → λ0(p), for the 1-morphism in B1. The natural isomorphism
µ : IdP×B0

B1
+3 (Pr1,D) ◦ (Pr1, Φ), is indexed by the object (p, f) ∈ P ×B0 B1, by an

isomorphism µp,f : p → p∗(p / f).
Let’s now give a cocyclic description of the principal B-2-bundle P. Since the map

π : P0 → M is a surjective submersion, we can find an open cover M =
⋃

Ui of the base
manifold M together with local sections σi : Ui → P0 of the map π. The corresponding
statement in the topos E is that epimorphism π : P0 → M in E locally splits, since the
diagonal morphism ∆: P0 → P0 ×M P0 is a splitting in E/P0 of the pullback bundle
π∗(π) : P0 ×M P0 → P0 which is given by pr1 : P0 ×M P0 → P0.

We use the division functor to define gij = D(σi, σj) : Uij → B1, and a local sections
fα

ij : Uα
ij → P1 of πs = πt over some covering Uα

ij of Uij such that

fij : σj → σi / gij .

The following diagram

σk

fik

²²

fjk // σj / gjk

fij/gjk

²²
(σi / gij) / gjk

κijk

²²
σi / gik

σi/βijk

// σi / (gij ◦ gjk)
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defines a morphism in ψ ∈ HomP×XP(σi / gik, σi / (gij ◦ gjk)) by the composition

σi / gik
f−1

ik // σk
fjk // σj / gjk

fij/gjk// (σi / gij) / gjk
κijk // σi / (gij ◦ gjk)

and since the set HomP×XP(σi / gik, σi / (gij ◦ gjk)) is an image of the induced functor
(Pr1, Φ) which defines a bijective correspondence with the set HomP×B0

B1((σi, gik), (σi, gij◦
gjk)) the inverse image of ψ defines sections βijk : gik → gij◦gjk in B2, such that the diagram
becomes the identity

(σi / βijk)fik = κijk(fij / gjk)fjk

Theorem 5.1. Any B-2-torsor π : P → X gives rise to the class H2(X,B).

Proof. Consider the following cube

σl
fkl //

fil

²²Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â

fjl

wwooooooooooooooooooooooooooooooooo σk / gkl

fjk/gkl

wwoooooooooooo

fik/gkl

²²

(σj / gjk) / gkl

(fij/gjk)/gkl

²²

κj,jk,kl

wwooooooooooo

σj / gjl
σj/βjkl //

fij/gjk

²²

σj / (gjk ◦ gkl)

fij/(gjk◦gkl)

²²

((σi / gij) / gjk) / gkl

κi,ijk,kl/gkl

²²

(fij/gjk)/gklwwooooooooooo

(σi / gij) / (gjk ◦ gkl)

κi,ij,jkl

²²

(σi / gik) / gkl
(σi/βikl)/gkl

wwoooooooooooo
κi,ik,kl

²²
σi / gil

σi/βikl _______

σi/βijl

wwo o o o o o o o o o o o o o o o
(σi / (gij ◦ gjk)) / gkl−

κi,ij,kl

²²

σi / (gik / gkl)

σi/(βikl◦gkl)
wwoooooooooooo

σi / ((gij ◦ gjk) ◦ gkl)

σi/αij,jk,klwwooooooooooo

σi / (gij / gjl)
σi/(gij◦βijk)

// σi / (gij ◦ (gjk ◦ gkl))

in which all faces except the bottom and right faces are diagrams which define nonabelian
cocycles. The right face consists of one such diagram acted by gkl, two are instances of
naturality of the action, and one is coherence for action. Since these five faces of the cube
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in which all arrows are invertible commute, it follows that the sixth (bottom) face

σi / gil

σi/βijl

²²

σi/βikl // σi / (gik ◦ gkl)

σi/(βijk◦gkl)

²²
σi / ((gij ◦ gjk) ◦ gkl)

σi/αij,jk,kl

²²
σi / (gij ◦ gjl)

σi/(gij◦βijk)
// σi / (gij ◦ (gjk ◦ gkl))

also commutes. Since the functor (Pr1, Φ): P×B0B1 → P×XP is fully faithful, the inverse
image of the diagonal 2-morphism from σi /gil to σi /(gij ◦(gjk ◦gkl)) in the above diagram,
consists of the single 2-morphism between gil and (gij ◦ (gjk ◦ gkl)) which gives the identity

(gij ◦ βjkl)βijl = αij,jk,kl(βijk ◦ gkl)βikl

for the nonabelian 2-cocycle (gij , βijk) with values in the bigroupoid B.

Theorem 5.2. The above correspondence gives a biequivalence

2Tors(X,B) ∼bi H2(X,B)

Proof. We take a class in H2(M,B) represented by the 2-cocycle (τi, gij , βijk), with respect
to some covering U = {Ui}i∈I of M , and a 2-truncation of the simplicial resolution U•

U ×M U ×M U //
d2

//
d0 //

U ×M U
d1

//
d0 //

U
e // M

of the epimorphism e = (ei)i∈I : U =
∐

i∈I Ui → M , induced by a family of embeddings
ei : Ui → M . This is just the nerve of the Čech groupoid associated to the covering
e : U → M , whose objects are given by the elements (i, x) of U , and unique morphisms
(i, j, x) : (j, x) → (i, x) between any two elements in the same fiber. Thus, target and
source morphisms d0, d1 : U ×M U → U are given by the first and the second projection,
respectively.
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The construction of the 2-torsor P is given by the pseudocolimit of the pseudosimplicial
category over the simplicial resolution U• of the covering e : U → M

R2

ρ2

²²

//
D2

//
D0 // R1

ρ1

²²

D1

//
D0 // R0

η //

ρ0

²²

P
π

²²
U2

//
d2

//
d0 //

U1
d1

//
d0 //

U0
e // M

where U0 = U , U1 = U ×M U , U2 = U ×M U ×M U , and so on.
Each category Rn is obtained as the pullback Rn = (τdn)∗(B1) where the morphism

dn : Un → U0 is defined by dn = dndn−1...d1 for n ≥ 1, and d0 = idU .
Explicitly, on the level of objects, the category R0 is given by the pullback τ∗(B1) of

the trivial B-2-torsor T : B1 → B0. Object of the category R0 are triples (i, x, f) where
σi(x) = t0(f), and any morphism is given by a triple (i, x, φ) : (i, x, f) → (i, x, f ′) where
φ : f ⇒ f ′ is a 2-morphism in B2, such that σi(x) = T (φ). The composition in R0 is
inherited from the vertical composition of 2-morphisms in B, and the functor ρ0 : R0 → U
is given by the projection on the first two factors.

The category ρ1 : R1 → U×M U over U×M U is defined by the pullbackR = (τd1)∗(B1).
Objects of the category R1 are quadruples (i, j, x, g) where σj(x) = t0(g), and any mor-
phism is given by a quadruple (i, j, x, ψ) : (i, j, x, g) → (i, j, x, g′) where ψ : g ⇒ g′ is again
a 2-morphism in B2, such that σj(x) = T (ψ).

The category ρ2 : R2 → U ×M U ×M U over U ×M U ×M U is defined by the pullback
R = (τd2d1)∗(B1), so its objects and morphisms are given by quintuples as above.

Two functors D0, D1 : R1 → R0 are defined by D0(i, j, x, g) = (i, x, gij(x)g) and
D1(i, j, x, g) = (j, x, g) on the level of objects and similarly on the level of morphisms.

Three functors D0, D1, D2 : R2 → R1 are defined by D0(i, j, k, x, h) = (i, j, x, gjk(x)h),
D1(i, j, k, x, h) = (i, k, x, h) and D2(i, j, k, x, h) = (j, k, x, h) on the level of objects and
similarly on the level of morphisms.

The following simplicial identities of functors hold on the nose

D1D1(i, j, k, x, h) = D1(i, k, x, h) = (k, x, h) = D1(j, k, x, h) = D1D2(i, j, k, x, h)
D0D2(i, j, k, x, h) = D0(j, k, x, h) = (j, x, gjk(x)h) = D0(i, j, x, gjk(x)h) = D1D0(i, j, k, x, h)

The nontrivial simplicial identity is given by a natural isomorphism β : D0D0 ⇒ D0D1,
whose component indexed by an object (i, j, k, x, h) ofR2 is given by a morphism (i, x, β−1

ijk)
from the object D0D0(i, j, k, x, h) = D0(i, j, x, gjk(x)h) = (i, x, gij(x)gjk(x)h) to the object
D0D1(i, j, k, x, h) = D0(i, k, x, h) = (i, x, gik(x)h).

We construct the category P as a pseudocolimit of the pseudosimplicial category R•.
It is given by a version of the Grothendieck construction, and it goes as follows.

The objects of P are given by the union of objects of Rn. We describe morphisms
in P by means of a particular example. A morphism (m,φ) : (i, x, f) → (i, j, k, x, g) from
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an object (i, x, f) in R0 to an object (i, j, k, x, g) in R2 is given by a pair of morphisms,
where m : [0] → [2] is a monotonic map in ∆, whose canonical factorization in ∆ is given
by m = δ1δ0 (so that we have U(m)(i, j, k, x) = (i, x) in U1). Then the second component
of the above pair is given by a morphism φ : (i, x, f) → R(m)(i, j, k, x, g) = (i, x, gik(x)g)
in R0. For another morphism (n, ψ) : (i, j, k, x, g) → (i, j, k, l, x, h), where n = δ1 : [2] → [3]
and ψ : (i, j, k, x, g) → R(n)(i, j, k, l, x, h) = (i, j, k, x, gkl(x)h), the composition is defined
by a pair (nm,ψ ◦ φ) : (i, x, f) → (i, j, k, l, x, h), where the morphism ψ ◦ φ : (i, x, f) →
(i, k, l, x, h) is defined by the composition

(i, x, f)
φ // R(m)(i, j, k, x, g)

R(m)(ψ)// R(m)R(n)(i, j, k, l, x, h) ∼ // R(nm)(i, j, k, l, x, h)

where the last isomorphism is obtained from the component of the natural isomorphism
β : D0D0 ⇒ D0D1.

Obviously, ρ• : R• → U• is a simplicial functor to a discrete simplicial category U•, so
that we have simplicial identities of functors diρn = ρn−1Di : Rn → Un−1, for all 0 ≤ i ≤ n.
It follows that the functor eρ0 : R0 → M provides a cocone of the pseudosimplicial category
R•, and from the universal property of the pseudocolimit P, we obtain a unique functor
π : P → M , providing P with the structure of a bundle of groupoids over M .

The projection π : P → M is explicitly described by π0(i, j, k, l, x, h) = x on the level
of objects. Also we have a momentum functor λ : P → B0, defined by π0(i, j, k, l, x, h) =
s0(h), and the action functor is naturally defined by the horizontal composition,

(i, j, k, l, x, h) / g = (i, j, k, l, x, h ◦ g)

where we have s0(h) = t0(g). We still need to check that π : P → M is a principal B-2-
bundle over M , which means that the induced functor (Pr1, Φ): P ×B0 B1 → P×X P is an
equivalence. We will prove that by explicitly defining the corresponding division functor.
For any two elements (i, j, k, x, h) and (l, x, g) in the same fiber (over x ∈ Uijkl ⊆ M), it is
defined by

Theorem 5.3. There exist a biequivalence

2Tors(X,B) ∼bi Bun(B)

Proof. Let’s again choose local sections σi : Ui → P0 of a surjective submersion π : P0 → M ,
and we consider the morphism τ : U → B0, defined by τ = (τi)i∈I , where U =

∐
i∈I Ui and

τi := λ0σi : Ui → B0. Than the induced morphism

φ : τ∗(B1) // P|U
defined by φ(xi, g) = σi(xi)g is an equivalence since it is an equivariant morphism of
B-2-torsors, and the 2-category 2Tors(X,B) is a bigroupoid.
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6 Simplicial interpretation of bigroupoid principal 2-bundles

For an action of the bicategory B on the category P, we define the action bicategory
ABP. Objects are given by objects P0 of the category P. For any two objects q and p, a
1-morphism is a pair (ψ, h) which we draw as an arrow

q
(ψ,h) // p

where h : λ0(q) → λ0(p) is a 1-morphism in the bicategory B, and ψ : q → p / h is a
morphism in the category P, thus it is an element of P1. A 2-morphism γ : (ψ, h) ⇒ (ξ, l)

q

(ψ,h)

ÃÃ

(ξ,l)

>>
ÂÂ ÂÂ
®¶ γ p

is a 2-morphism γ : h ⇒ l in B2, such that the diagram of morphisms in P

q
ψ //

ξ

ÂÂ?
??

??
??

??
??

??
??

??
p / h

p/γ

²²
p / l

commutes. We define the composition for any two composable 1-morphisms

r
(φ,g) // q

(ψ,h) // p

by (ψ, h) ◦ (φ, g) = (ψ ◦ φ, h ◦ g) : r → p, where ψ ◦ φ : r → p / (h ◦ g) is a morphism in P,
defined by the composition

r
φ // q / g

ψ/g // (p / h) / g
κp,h,g // p / (h ◦ g)

and we will show that this composition is a coherently associative. For any three compos-
able 1-morphisms

s
(ϕ,f) // r

(φ,g) // q
(ψ,h) // p

first we have a morphism ((ψ ◦ φ) ◦ ϕ, (h ◦ g) ◦ f), where the first term is a composite of

s
ϕ // r / f

(ψ◦φ)/f// (p / (h ◦ g)) / f
κp,h◦g,f// p / ((h ◦ g) ◦ f)
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Also we have the composition (ψ ◦ (φ ◦ ϕ), h ◦ (g ◦ f)), and the first term is given by a
composite

s
φ◦ϕ // q / (g ◦ f)

ψ/(g◦f)// (p / h) / (g ◦ f)
κp,h,g◦f// p / (h ◦ (g ◦ f))

and the component of the associativity αh,g,f : (h◦g)◦f → h◦(g◦f), defines a 2-morphism

s

((ψ◦φ)◦ϕ,(h◦g)◦f)

ÃÃ

(ψ◦(φ◦ϕ),h◦(g◦f))

>>
ÂÂ ÂÂ
®¶ αh,g,f p

which we see from the commutativity of the diagram

s
ϕ // r / f

(ψ◦φ)/f //

φ/f

²²

(p / (h ◦ g)) / f
κp,h◦g,f // p / ((h ◦ g) ◦ f)

p/αh,g,f

²²

(q / g) / f
(ψ/g)/f //

κp,h,g

²²

((p / h) / g) / f

κp,h,g/f

OO

κp/h,g,f

²²
s

φ◦ϕ
// q / (g ◦ f)

ψ/(g◦f)
// (p / h) / (g ◦ f) κp,h,g◦f

// p / (h ◦ (g ◦ f))

that follows from the definition of the horizontal composition, the naturality and the co-
herence for quasiassociativity of the action. The horizontal composition of 2-morphisms

r

(φ,g)

ÃÃ

(θ,k)

>>
ÂÂ ÂÂ
®¶ π q

(ψ,h)

ÃÃ

(ξ,l)

>>
ÂÂ ÂÂ
®¶ ρ p

is given by the horizontal composition in B2

r

(ψ◦φ,h◦g)

ÃÃ

(ξ◦θ,l◦k)

>>
ÂÂ ÂÂ
®¶ ρ◦π p
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since we have a commutative diagram

r

θ ÃÃA
AA

AA
AA

AA
φ // q / g

ψ/g //

ξ/g &&MMMMMMMMMMM

q/π
yytttttttttt

(p / h) / g

(p/ρ)/π

²²

(p/ρ)/gxxpppppppppp

κp,h,g // p / (h ◦ g)

p/(ρ◦π)

²²

q / k

ξ/k %%JJJ
JJJ

JJJ
J (p / l) / g

(p/l)/π

&&NNNNNNNNNN
(p/l)/π

xxqqqqqqqqqq

(p / l) / k (p / l) / k κp,l,k

// p / (l ◦ k)

which follows from the interchange law and the naturality of the coherence for the quasi-
associativity of the action. The vertical composition of 2-morphisms in ABP is similarly
induced from the one in B. Thus we have a following result.

Proposition 6.1. Let A : P ×B0 B1 → P be an action of the bicategory B on the category
P. The above construction defines a bicategory ABP, which we call the action bicategory
(associated to an action of the bicategory B on the category P).

Proof. The coherence of the horizontal composition in ABP is immediately given by the
coherence of the horizontal composition in B.

Let we describe the simplicial set P• arising by an application of the Duskin nerve
functor

N2 : Bicat → SSet

to the action bicategory ABP. The set of 0-simplices is given by P0. Any 1-simplex is
given by an arrow

pj
(πij ,fij) // pi

and face operators are defined by d1
0(πij , fij) = pi and d1

1(πij , fij) = pj , while the degeneracy
is defined by s1

0(pi) = (ιpi , ipi) and it is given by the arrow

pi
(ιpi ,ipi ) // pi

where the morphism ιpi : pi → pi/iΛ0(pi) is an identity coherence of the action. A 2-simplex
in P• is of the form

pk

ÄÄÄÄ{¤ βijk

(πij ,fij) //

(πik,fik)

ÂÂ?
??

??
??

??
??

??
??

??
pj

(πjk,fjk)

²²
pi
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where the diagram
pk

πij◦πjk //

πik

ÂÂ?
??

??
??

??
??

??
??

??
pi / (fij ◦ fjk)

p/βijk

²²
pi / fik

of morphisms in P commutes, and the morphism πij ◦ πjk : pk → pi / (fij ◦ fjk) is the
composite of

pk
πjk // pj / fjk

πij/fjk// (pi / fij) / fjk
κi,j,k // pi / (fij ◦ fjk)

of morphisms in P. Face operators are defined by

d2
0(βijk) = (πjk, fjk)

d2
1(βijk) = (πik, fik)

d2
2(βijk) = (πij , fij)

and the degeneracy operators are given by

s2
0(πij , fij) = ρfij

s2
1(πij , fij) = λfij

which are the two 2-simplices

pj

ÄÄÄÄ{¤ ρfij

(ιpj ,ipj )
//

(πij ,fij)

ÂÂ?
??

??
??

??
??

??
??

??
pj

(πij ,fij)

²²
pi

pj

ÄÄÄÄ{¤ λfij

(πij ,fij) //

(πij ,fij)

ÂÂ?
??

??
??

??
??

??
??

??
pi

(ιpi ,ipi)

²²
pi

respectively, where the 1-morphisms ρfij
: fij ◦ ipj → fij and λfij

: ipi ◦ fij → fij are the
components of the right and left identity natural isomorphisms in B.
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The general 3-simplex is of the form

pi

ÄÄÄÄ{¤βijk
????[c

βijl

pl

ÄÄÄÄ{¤βikl

(fil,πil)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ (fjl,πjl) //

(fkl,πkl)

ÂÂ?
??

??
??

??
??

??
??

??
pj

????[c
βjkl

(fij ,πij)

__?????????????????

pk

(fik,πik)

OO

(fjk,πjk)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

where we have an identity

βikl(βijk ◦ fkl) = αijklβijl(βjkl ◦ fij)

which is just a nonabelian 2-cocycle condition.

Proposition 6.2. There exists a canonical homomorphism of bicategories Λ: ABP → B.

Proof. A homomorphism Λ: ABP → B is defined by (the component of) the momentum
functor Λ0(p) = λ0(p), for any object p ∈ ABP. For any 1-morphism (ψ, h) it is defined by
Λ1(ψ, h) = h, and for any 2-morphism γ : (ψ, h) ⇒ (ξ, l) in ABP → B, it is given simply
by Λ2(γ) = γ. Since we have Λ((ψ, h) ◦ (φ, g)) = Λ(ψ ◦ φ, h ◦ g) = h ◦ g = Λ(ψ, h) ◦Λ(φ, g),
this homomorphism is strict (it preserves a composition strictly).

In order to compare our 2-torsors with Glenn’s simplicial 2-torsors we will recall some
basic definitions from [?].

Definition 6.1. A simplicial map Λ• : E• → B• is said to be an exact fibration in dimension
n, if for all 0 ≤ k ≤ n, the diagrams

En

pk̄

²²

λn // Bn

pk̄

²²∧k
n(E•) // ∧k

n(B•)

are pullbacks. It is called an exact fibration if it is an exact fibration in all dimensions n.
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Using the language of simplicial algebra, Glenn defined actions and n-torsors over n-
dimensional hypergroupoids. This objects morally play the role of the n-nerve of weak
n-groupoids, and we give their formal definition.

Definition 6.2. An n-dimensional hypergroupoid is a Kan simplicial object G• in E such
that the canonical map Gm → ∧k

m(G•) is an isomorphism for all m > n and 0 < k < m.

Remark 6.1. The term n-dimensional hypergroupoid was introduced by Duskin [?], for any
simplicial object satisfying the above condition without being Kan simplicial object. One
of his motivational examples was the standard simplicial model for an Eilenberg-MacLane
space K(A,n), for any abelian group object A in E. In [Be], Beke used the term an exact
n-type to emphasize the meaning of these objects as algebraic models for homotopy n-types.

Definition 6.3. An action of the n-dimensional hypergroupoid is an internal simplicial
map Λ• : P• → B• in E which is an exact fibration for all m ≥ n.

In the case of the bigroupoid B, the Duskin nerve functor is a 2-dimensional hyper-
groupoid B• = N2(B) and let P• = N2(ABP) be the Duskin nerve of an action bigroupoid
associated to the action of the bigroupoid B on the groupoid P. We have a following result.

Theorem 6.1. Let the bigroupoid B acts on a groupoid P. Then the simplicial map
Λ• = N2(Λ): P• → B• is a (simplicial) action of the bigroupoid B on the groupoid P, i.e.
it is an exact fibration for all n ≥ 2.

Proof. We need to show that for any n ≥ 2 and for any k such that 0 ≤ k ≤ n, the diagram

Pn

pk̄

²²

λn // Bn

pk̄

²²∧k
n(P•)

λk
n

// ∧k
n(B•)

is a pullback. A k-horn ((fij , πij), ..., (fj,k−1, πj,k−1), (fk,k+1, πk,k+1), ..., (fn−1,n, πn−1,n)) in∧k
n(P•) is given by the n-tuple of 1-morphisms in ABP, and its image by λk

2 :
∧k

2(P•) →∧k
2(P•) is a k-horn in

∧k
n(B•), given by the n-tuple (fij , ..., fj,k−1, fk,k+1, ..., fn−1,n) of 1-

morphisms in B. For example, in the case n = 2, any filler of a 1-horn (fij ,−, fjk) in∧1
2(B•), is the 2-simplex

xk

ÄÄÄÄ{¤ βijk

fjk //

fik

ÂÂ?
??

??
??

??
??

??
??

??
xj

fij

²²
xi
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in B2. A 2-simplex in P• is a lifting of the previous 2-simplex if it is of the form

pk

ÄÄÄÄ{¤ βijk

(πjk,fjk)
//

(πik,fik)

ÂÂ?
??

??
??

??
??

??
??

??
pj

(πij ,fij)

²²
pi

where the diagram
pk

πij◦πjk //

πik

ÂÂ?
??

??
??

??
??

??
??

??
pi / (fij ◦ fjk)

p/βijk

²²
pi / fik

of morphisms in P commutes, and the morphism πij ◦ πjk : pk → pi / (fij ◦ fjk) is the
composite of

pk
πjk // pj / fjk

πij/fjk// (pi / fij) / fjk
κi,j,k // pi / (fij ◦ fjk)

so we see that a pair ((fij , πij),−, (fjk, πjk), βijk) in
∧1

2(P•)×V1
2(B•)B2 uniquely determines

above 2-simplex in P2. Since P is a groupoid, any pair consisting of a k-horn in
∧k

2(B•), for
k = 0, 2, and a 2-simplex in B2 which covers the k-horn, uniquely determines a 2-simplex
in P2, and thus provides a canonical isomorphism P2 '

∧k
2(P•) ×Vk

2(B•) B2. Since both
simplicial objects are 2-coskeletal, the assertion follows for all n ≥ 2.

Observe that even in the case when we just have an action of the bicategory B on
the category P, the above condition for an exact fibration is still satisfied for inner horns
0 < k < n. Thus it is sensible to introduce weakened concept of an exact fibration.

Definition 6.4. A simplicial map Λ• : E• → B• is said to be a weak exact fibration in
dimension n, if for all 0 < k < n, the diagrams

En

pk̄

²²

λn // Bn

pk̄

²²∧k
n(E•) // ∧k

n(B•)
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are pullbacks. It is called a weak exact fibration if it is a weak exact fibration in all dimen-
sions n.

With respect to this definition we generalize the simplicial actions of n-dimensional
hypergroupoids to the case of weak n-dimensional Kan complexes. First we give their
formal definition.

Definition 6.5. A weak n-dimensional Kan complex G• in E is a weak Kan complex such
that the canonical map Gm → ∧k

m(G•) is an isomorphism for all m > n and 0 < k < m.

Now we generalize actions with respect to this simplicial objects.

Definition 6.6. An action of the n-dimensional Kan complex is an internal simplicial
map Λ• : P• → B• in E which is a weak exact fibration for all m ≥ n.

This concept provides a following simplicial characterization of an action of the bicat-
egory B on the category P.

Theorem 6.2. Let the bicategory B acts on a category P. Then the simplicial map Λ• =
N2(Λ): P• → B• is a (simplicial) action of the bicategory B on the category P, i.e. it is a
weak exact fibration for all n ≥ 2.

Also, Glenn introduced a simplicial definition of the n-dimensional hypergroupoid n-
torsor in E .

Definition 6.7. An action Λ• : P• → B• is the n-dimensional hypergroupoid n-torsor over
X in E if P• is augmented over X, aspherical and n-1-coskeletal (P• ' Coskn−1(P•)).

In the case of the bigroupoid B, the above definition reduces to the following definition.

Definition 6.8. A bigroupoid B• 2-torsor over an object X in E is an internal simplicial
map Λ• : P• → B• in S(E), which is an exact fibration for all n ≥ 2, and where P• is
augmented over X, aspherical and 1-coskeletal (P• ' Cosk1(P•)).

Thus in the case when an action of B on P is principal, we have the following result.

Theorem 6.3. Let P be a principal B-2-bundle over X. Then simplicial map Λ• =
N2(Λ): P• → B• is a Glenn’s 2-torsor.

Proof. The simplicial complex P• is augmented over X because the action of B is fiberwise,
since for any 1-simplex (fij , πij) : pj → pi in P0, where πij : pj → pi / fij we have

π0d0(fij , πij) = π0(pi) = π0(pi / fij) = π1(πij) = π0(pj) = π0d1(fij , πij).
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The simplicial complex P• is obviously aspherical and we prove now that it is also 1-
coskeletal. A general 2-simplex in Cosk1(P•)2 is a triple ((fij , πij), (fik, πik), (fjk, πjk))
which we see as the triangle

pk
(πjk,fjk)

//

(πik,fik)

ÂÂ?
??

??
??

??
??

??
??

??
pj

(πij ,fij)

²²
pi

from which we have morphisms πij ◦ πjk : pk → pi / (fij ◦ fjk) and πik : pk → pi / fik in P.
Now we use the fact that the induced functor

(Pr1,A) : P ×B0 B1
// P ×X P

is a (strong) equivalence of internal groupoids over P, and therefore fully faithful. Specially,
for the two objects (pi, fij◦fjk) and (pi, fik) of P×B0B1, this equivalence induces a bijection

HomP×B0
B1((pi, fij ◦ fjk), (pi, fik)) ' HomP×XP((pi, pi / (fij ◦ fjk)), (pi, pi / fik))

and therefore for a morphism (idpi , πik ◦ (πij ◦ πjk)−1) : (pi, pi / (fij ◦ fjk)) → (pi, pi / fik))

pk

πik

ÂÂ?
??

??
??

??
??

??
??

??
pi / (fij ◦ fjk)

(πij◦πjk)−1

oo

pi / fik

there exists a unique 2-morphism βijk : fij ◦ fjk → fik in B, such that the diagram

pk
πij◦πjk //

πik

ÂÂ?
??

??
??

??
??

??
??

??
pi / (fij ◦ fjk)

p/βijk

²²
pi / fik
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commutes, and this uniquely determines a 2-simplex

pk

ÄÄÄÄ{¤ βijk

(πjk,fjk)
//

(πik,fik)

ÂÂ?
??

??
??

??
??

??
??

??
pj

(πij ,fij)

²²
pi

in P2, which proves that we have a bijection P2 ' Cosk1(P•)2. From here it follows
immediately that P• ' Cosk1(P•).
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[B3] L. Breen, On the classification of 2-gerbes and 2-stacks, Astérisque 225 (1994).
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