Simplicial interpretation of bigroupoid principal 2-bundles

[gor Bakovié¢
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Abstract

We describe bigroupoid principal 2-bundles, and we give a complete classification
of these objects in terms of newly defined nonabelian cohomology. We also show that
bigroupoid principal 2-bundles gives Glenn’s simplicial 2-torsors after the application
of the Duskin nerve functor for bicategories.
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1 Bicategories

Bicategories were defined by Benabou [Be], and from the modern perspective, we could call
them weak 2-categories. Instead of stating their original definition we will use Batanin’s
approach to weak n-categories given in [Bt]. In this approach a bicategory B, given by the
reflexive 2-graph

di dy
I —_—
B=(By<— By =— By)
d dg

is a 1-skeletal monoidal globular category, given by the diagram of categories and functors

Dy
N
By =——DBp

Dy

where the category By is the category of morphisms of the bicategory B and the category By
is the image D(By) of the discrete functor D: Set — Cat which just turns an object of £ into
a discrete internal category in £. Source functor Dy is defined by Dy :=d{: By — By and
Dy = d(l)d% = d(l)d(l): Bs — By, and a target functor Dy is defined by Dg := d(l): B; — Bpand
Dy = dgd% = dgd% : Bo — By, where we used the same notation for objects and morphisms
parts of the functor. Also, the unit functor I: By — Bj is defined by I := sg: By — By on
the level of objects, and I := s1: By — Bs on the level of morphisms, where sg: By — B;
and s1: By — By are section morphisms in the above 2-graph from left to right, which we
didn’t label to avoid too much indices.

In the lower definition of a bicategory we will denote the vertex B x,B; of the following

pullback of functors

Pro
Bl XBO Bl _— Bl

P?“1 DO

By o Bo

by By := By xp, B1 and likewise B3 := By xp, B1 X, B1, and so on. Thus we will adopt
the following convention: for any functor P: £ — By, the first of the symbols

& XBO Bl and Bl XBO &

will denote the pullback of P and Dy, and the second one that of D; and P.



Definition 1.1. A weak 2-category (or a bicategory) B consists of:

e two categories, a discrete category By of objects, and a category By of morphisms of
the weak 2-category B,

e functors Dy, D1: By — By, called target and source functors, respectively, a functor
1: By — By, called unit functor, and a functor H: Bo — By, called the horizontal
composition functor,

e natural isomorphism

HxIdg

Bs ' B

Idg, xH Z, H
By m By
e natural isomorphisms
By
51 H SO
4 2,
By By By

where the functor Sy: By — Bs is defined by the composition

(Do,[dgl) I><[d51

B1 X, Bi,

1 Bi xg, Bo
and the functor Sy: By — Bsy is defined by the composition

(Idgs, ,D1) Idg, xI

Bl X Bo Bl7

1 By x5, B1

or more explicitly for any 1-morphism f:x — y in B (i.e. object in B1) we have

So(f) = (f,ix) and S1(f) = (iy, ),

such that following axioms are satisfied:



e associativity 3-cocycle

HxlIdg,
By Bs
ldp,xH > Ids,
/ IdBIXH
Itigl X v
(0%
HXIdBl
82 H
2,
Idlg1 xH
H
ldg, xH
%
B, - B,

which for any object (k,h, g, f) in By becomes the commutative pentagon

koh )og)
(ko(hog)) (koh)o
Ok hog, f Qk,h,gof
hog koahjf ho go

of components of natural transformations



e the commutative pyramid

\/

which for any object (g, f) in Bz becomes the triangle diagram

Ba I

Qg iy, f

Remark 1.1. Note that in the above definition of the horizontal composition functor
H: By — By, for any diagram of 2-arrows (i.e. a morphism in a category Ba Xp, Ba)

(goiy) o

f1 fo
xmy/,@bz\
W W

h1 h2

z

by functoriality we immediately have a Godement interchange law

(2 09h1) (P2 0 ¢1) = (Y2th1) o (P201).



Example 1.1. (Strict 2-categories) A weak 2-category in which associativity and left and
right identity natural isomorphisms are identities is called (strict) 2-category.

Example 1.2. (Monoidal categories) Monoidal category is precisely a weak 2-category B

in which By = 1 is terminal discrete category (or one point set). Strict monoidal category
is a one object 2-category.

Example 1.3. (Weak 2-category of spans) Let C be a cartesian category (that is a category
with pullbacks). First we make a choice of the pullback

q
UXy'U—>
p

h

N<——-—"—"-2C

U ——

9

for any such diagram x EA z & y in a category C. We construct the weak 2-category
Span(C) of spans in the category C. The objects of Span(C) are the same as objects of C.
For any two objects x,y in Span(C), a 1-morphism u: x - y is a span

a

and a 2-morphism a: z # w is given by the commutative diagram

u
/ X\
X a Yy

w

from which we easily see that vertical composition of 2-morphisms is given by the compo-
sition in C. Horizontal composition of composable 1-morphisms

NN



is given by the pullback

and from here we have obvious horizontal identity i,: x - x

X

idy idy

T X

Example 1.4. (Bimodules) Let Bim denote the weak 2-category whose objects are rings
with identity. For any two rings A and B, Bim(A, B) will be a category of A— B bimodules
and their homomorphisms. Horizontal composition is given by the tensor product, and
associativity and identity constraints are the usual ones for the tensor product.

Example 1.5. (Weak 2-categories of 1-morphisms) Let B be a weak 2-category. The weak
2-category B~ of 1-morphisms, associated to B has 1-morphisms of B for objects, thus
By = Bi. A I-morphism from f:x — y to g: z — w is a triple (a,¢,b) consisting of
1-morphisms a: x — z, b: y — w and a 2-morphism ¢: goa = bo f as in the diagram

a
T z

and a 2-morphism from (a,$,b) to (¢c,v,d) is a pair (0,9) of 2-morphisms o: a = ¢ and



¥: b= d such that the diagram

(in which we omitted ¢) commutes. Associativity and identity constraints for B~ are
naturally induced from those of B.

Definition 1.2. A weak 2-functor F: B — B’ between weak 2-categories consists of the

following data:
e a (discrete) functor Fy: By — Bj), and a functor Fy: By — B,

e natural transformations

Fo Fo
By B, By B,
! !
H 4, H I 8 I
Bl /1 Bl Bll
F1 Fl

given by components pig r: F(g)oF(f) — F(gof) andns: z"F(m) — F(iy), respectively
(in which we omitted the subscripts on functor signs in order to avoid too much

indices),

such that following axioms are satisfied:



e commutative cube

3
Bs By
HxIdg, e H' x1dgy
Idg, xH B, - 3/2
2
Idy xH'
# “
1X MU
Z
(6%
2,
P
Bo B, H'
Z,
H
Hl
H
4,
B B
1 7 1

which when evaluated at the object (h, g, f) in Bs becomes a commutative diagram

(F(h) o F(g)) o F(f) 2D B(hog)o F(f) — ~ F((hog)o f)
U (h),F(g),F(f) F(an,g,1)
F(h)o (F(g) 0 F()) —poF(h) o Flgo f) — = Fho (go )



e a commutative diagram

B

Py

Bo
So H
(%
3
IdBl n §,LL
/
B,
S5 H
7

B

Fy

B

which when evaluated at the object f in By becomes a commutative diagram

. F(f)ona
F(f)oz%(x) !

/
pF(f)J/

F(f) o F(iz)

Hfig

E(f)

e a commutative diagram

Fy

Bo
S1 H
()
2
nxIdg, Nz
B,
5 H'
1Y

10

F(foiy)
iF(Pf)
F(f)
B
I
B



which when evaluated at the object f in By becomes a commutative diagram

Up(y) © F(f) e, F(iy) o F(f) Mt F(iyo f)
A%ml lmf)
F(f) F(f)

Remark 1.2. If both B and B’ are strict 2-categories then the coherence for composition

becomes

l"h,goF(f)F(

F(h)o F(g) o F(f) hog)o F(f)

F(h)opg, Hhog, f

F(h)o F(ge f) F(hogof)

and the coherence for identities become two commutative triangles

Mh,gof

F(f) o F(iz) Fiy)o F

(f)
F(f)ons [4f i nyoF(f) iy, f
/ \ E(f) / \ F(f)

F(f) E(f)

Definition 1.3. A (left) lax natural transformation o: F —= G is defined by the fol-
lowing data:

o a natural transformation og: Foy — G between (discrete) functors (which just amounts
to the family of morphisms o,: F(x) — G(x)),

e natural transformation
G1

B B,
F1 %1 0'8

/ /

B 500 By

11



whose component at the object f: x — y in By is given by the square

F(x) . G(x)
F(f) %, G(f)
F(y) o G(y)

which is a 2-morphism o¢: G(f) o0, == 0,0 F(f),
such that the following axioms are satisfied:

e the following cube of functors and natural transformations

BQ BQ

|
|
|
| G
| F1><G1
|
IF2
|
|

Bo |
|
|
|

H |

|
|
|
N

B

I3
e
7
L/
/ / /
82 Bl Bl

commutes, which becomes a commutative diagram of natural transformations

12



/
YG(9),G(f)00 G(g)ooy

(G(g) 0 G(f)) 0 00 ———>G(g) o (G(f) 0 0z)

G(g) o (ay o F(f))

K o0 G0y,

G(go f)oos (G(g) 00y) o F()
Tgof agoF (f)

oz 0F(gof) .0 (F(g)o F(f)) (020 F(g)) o F(f)

T=OHg f Yoz, F(9),F(f)

when it is evaluated at the object (g, f) in Ba,

e a commutative diagram

/ y—1
Aoe oy

v v
iG(z) © Oa Oy Oz 0 Uy
nfooz o-monf
G(iy) 00y o oz 0 F(iy)

13



Remark 1.3. If both B and B’ are strict 2-categories then the above coherence becomes

F(y)
F(f) F(9)
Yug s
Flx) F(gof)
Ty
9f, gg
G(y) .
G(f) G(9)
Ung's
G G
(=) Glgof) =)
which is equivalent to the commutative diagram
G(g)oo
G(g) 0 G(f) 00 : G(g) ooy 0 F(f)
Hg §O0z
G(go f)oos o040 (f)
Tgof
7.0 Flgo ) — 7.0 Flg) o (/)
0,0 a.f

The second coherence becomes the commutative diagram

Og

WZGOU:E Jzonf

G(iz) 0 0y 0z 0 F(ig)

Tig

14



Definition 1.4. A modification T': 0 — o’
e a 2-morphism Uy o, — ol for each object x in B

such that the following diagram

consists of the following data:

A

Fz) I G

\—/

F(f) G(f)
Yo

Fy)  4n Gl

which becomes a diagram

of

commutes.

15



2 The second nonabelian cohomology

For any 3-truncated cosimplicial bicategory

o1 02 L)
By B B B3
o 9o % >

we define a bicategory Desco(B) of 2-descent data in the following way. The objects are
triples (z, f, ¢) consisting of an object x in By, a 1-morphism f: 91(z) — 9y(z) in By, and
a 2-morphism

02(90$ = 8081.1‘

N

82(911’ = 8161.1‘ 4> 6180$ = 80(90.%

in By such that the diagram

x3

0101 f=0201 f 0100 f=0000 f

19] 10,
20| Qo
0200 f=0001 f
Zo Z2
0301 2=01 0.

{020 030

0202 f=0302 f 0300 f=0002 f

z1

commutes, where the vertices xz; are defined by zg = 0302012, x1 = 93020y, and so on
(just by omitting the i-th coface operator from the string).

The 1-morphism (u,pu): (z, f,¢) — (y,9,%) in Desca(B) consists of a l-morphism
u: x — y in By, together with the 2-morphism

oz

oy

8033 T 80y

16



in By, such that the diagram

8280.7} = 80(91.%‘

Oaf A f
@

8281:6' = 31811‘ el 81801’ = 80(9033
0200u=0001u

o)) Mﬂ &8011‘

D201u=0101u 0100u=0pu
0200y = 9oy

N

0201y = 0101y ———— 0100y = DpOoy

commutes. The 2-morphism 3: (u, u) = (v, 1/) in Desca(B) is a 2-morphism §: u = v in
By, such that the diagram

commutes.
Proposition 2.1. The descent bicategory Desca(B) is a bicategory.

Proof. For any two composable 1-morphisms in Desca(B)

(o)

@ £,0) L (5, 9,9) 2 (w, h,€)

17



we define the composition by (v,v) o (u, ) = (v o u,v0Op) where vOp is a 2-morphism
obtained by the pasting of the diagram

0 0
81 T L 81y L 8111}
f 2y g Z, h
80% Bou a()y o0 80w

in the bicategory B;. The horizontal and vertical compositions of 2-morphisms in Desca(B)
are inherited from the bicategory By. So the associativity and left and right identity coher-
ence are also inherited from the bicategory By, and we see that for any three composable
1-morphisms in Desca(B)

(2, £,6) L (y, g,0) 2% (w, 1, €) 22 (2,5, €)

the component oy [(t,60) o (v,v)] o (u, ) = (t,0) o [(v,v) o (u, )] of the associativity
isomorphism satisfy
01 ((tov)ou)

TN

81517 »U/alat,v,u 812

~_ 7

01 (to(vou))

i}&lj(u[lu)

- Ao ((tov)ou) ~

N\
aOIL’ »U/aoat,v,u 802

~_ 7

0o (to(vou))

directly from the definition of the composition in Descy(B). O

18



The second Cech nonabelian cohomology is defined with respect to the covering U =
{Ui}ier of the topological space X. The epimorphism e = (e;)ier: U = [[;c; Ui — X,
induced by the family of embeddings e;: U; — X, gives a 3-truncation of the simplicial
resolution U,

do do do

Us Ur
ds d2 di

where UO = HiEI Ui, U1 = Hi,je] Uij, U2 = Hi,j,ke] Uijk and U3 = Hi,j,k,le[ Uz'jk'l (Where
Ui; denotes the double intersection U;; = U; N U; and so on).

This is just the 3-truncation of the nerve of the Cech groupoid associated to the covering
e: U — X, whose objects are given by the elements (7, z) of U, and for which there exists a
unique morphism (7, j,z): (j,z) — (4,2) for any element x € U;;. Thus, target and source
morphisms defines face operators dj,d}: Uy — Uy which are given by the first and the
second projection, respectively. The 2-simplex (i, j, k, ) in Us may be seen as the diagram

U; Uy = X

(k)

k

from which we see that the face operators d%, d?,d3: Uy — Uy are defined by
dg(i, g, k, x) = (4, 4, )
d2(i, 4, k,x) = (i, k, x)
d3(i, 3, k,x) = (4, k, x)

and they are just three possible inclusions of triple intersections into double intersections.

The degeneracy operators s2,s2: U; — Us are given by

sp(i, 7, x) = (i, 4, J, )
5%(Z’7j7x) = (i,i,j,x)

and these two degenerate 2-simplices may be seen as the two diagrams

(7.3,%) . . (i,4,@)
J

respectively.

19



The 3-truncation of the simplicial resolution of the covering U = {U;};cr defines a
cosimplicial bicategory

o 02 L
By By B Bs
do 3o % >

where each bicategory B,, has objects given by the discrete category (B;)o defined by the
set Homg(Up, By), and whose category of 1-morphisms and 2-morphisms is given by the
fiber of the small fibration FgU, over the object U, in £. On the level of objects, coface
operators are defined by the precomposition 0]*(f) = fd for any object f: U,—1 — By
of the bicategory B,_1, from where we see that these are the strict homomorphisms of
bicategories.

Thus the 2-cocycle in the second Cech nonabelian cohomology is given by the triple
(x,f,¢), where x = (x;);er is the family of morphisms z;: U; — By together with the
family £ = (fij)i jer of morphisms f;;: U;; — Bi such that sof;; = x; and to f;; = x;. The
family ¢ = (dijk )i jker is given by morphisms ¢ : Usjr, — Bo which satisfy s1¢ix = fir
and t1¢;x = fij o fjx and we can view it as the 2-simplex

T,
commutes, which means that we have the identity
(fij © Pjw)Piji = iji(Piji © fri)Piki

for the nonabelian 2-cocycle (x4, fij, ¢ijx) with values in the bicategory B.

20



3 Actions of bicategories

Let B be a bicategory. There is a weak 2-monad 7 on a comma 2-category Cat | By
naturally induced by B as following. It is a weak 2-functor 7 : Cat | By — Cat | By, whose
image for each object A: C — By of Cat | By, is defined by 7 (A) :=C xp, Bi.

Definition 3.1. A right action of a bicategory B on a category C is given by by the following
data:

e a functor A: C — By from the category C to the discrete category of objects By of the
weak 2-category B, called the momentum functor,

e a functor ®: C xp,B1 — C, called the action functor, and we usually write ®(p, f) =
p < f, for any object (p, f) in C xp, B1, and ®(a,¢) = a < ¢ for any morphism
(a7¢): (pa f) - (Q>g) in C X By Bl?

e a natural isomorphism

CPXIdB
C X Bo 81 X By Bl ‘>t X By Bl

IdexH V4 P

CXBU B C

whose component for any object (p, f,g) in C xp, B1 xp, B1 is written as
Fp.fg: (P9f)ag —=p<(fog),

e a natural isomorphism

IdexI
CXBO BO <

C X By Bl

(Idc 7A) y

(——""7—C

where we write for each object p in C

Lp: PLip(p) = P

such that following axioms are satisfied:

21



e cquivariance of the action

B ——p =By

which means that for any object (p, f) in C xp, B1, we have A(p< f) = Di(f), and
for any morphism (a,¢): (p, f) — (q,9) in C xp, Bi, we have Al(a<¢) = Di(¢),

o for any object (p, f,g,h) in C xp, B1 xp, B1 x5, Bi the following diagram

(paf)ag)<

(paf)<

(goh)
“pfog\ /goh
o(goh))

fo g o h ]2
commutes,

o for any object (p, f) in C xp, B1 following diagrams

P ag(p)f Bpifrisg (£)
P<”Ao *>p<1 ZAO(p (paf) <1zSO )y —=Dpd fozs0

N %f Lpdfdzsx %

22

commute.



Remark 3.1. Note the fact that ®: C xg, B — C is a functor, immediately implies an
interchange law

(bay)(a<d) = (ba) <(¥9)

Definition 3.2. Let w: C — M be a bundle of categories over an object M in £. A
(fiberwise) right action of a bicategory B on a bundle of categories w: C — M is given by
the action of the bicategory B on a category C for which the diagram

Cxp, B —2 ¢
Prq ™
B _ M

commute. We call a bundle m: C — M, a B-2-bundle over M.

Definition 3.3. Let (C,A, ®,a,t) and (D,V,Q, (3, k) be two B-categories. A B-equivariant
functor from (C, A, ®,a,¢) to (D, ¥,Q, 3,k) is a pair (F,0) consisting of

e a functor F': C — D

e a natural transformation 0: F o ¥ — ® o (F x Idg,)

F><Idlg1
C X By Bl D X By Bl
o 2 v
C = D
such that following conditions are satisfied
e Qo F=A
C a D
N
By

23



e the diagram of natural transformations

DxIdg,

CXBO 81 XBOBI CXBOBl
Ide xH P
(43}
C X By B, C FxIdg,
FXIdBIXBOBl
F
U Idd,
FxIdg, DXBO B, X By B —|—D X By B
IchH
v
v
D X By Bl D

commutes, which means that two natural transformations
(0o (Ide x H))(Vo (0 xIdg))(Bo(F x Id31><5051))

and
(o (0 xIdg,))(@o(PxIdg))a

obtained by pasting, are equal.
e the diagram of natural transformations, which fill the faces

FxIdg,
C X By Bl D X Bo Bl

VARV
/D//

commutes, meaning that we have an equation

C

(Usidp) - (0x®) - (k*xF)=idp*t

where L: C — D xpg, By is a functor given by the equality of functors (F x Idp,) o
(Ide x IN) = IQ o F, which, in turn follows from the equality QF = A.

24



Definition 3.4. A B-equivariant natural transformation between B-covariant functors
(F,0),(G,(): (C,A,®,a,1) — (D,¥,0Q,5,K) is a natural transformation 7: F — G such
that following equality

FXIdBl GX[dBl
CXB()Bl U/TxBl'DXB()Bl CXBOBI DXBOBI
GX[dBl U/C
(<] 4 [ 4
\Z - F
G G

of natural transformations is satisfied.

The above construction gives rise to the 2-category in an obvious way, so we have a
following theorem.

Theorem 3.1. The class of B-categories, B equivariant functors and their natural trans-
formations form a 2-category.

Proof. The vertical and horizontal composition in a 2-category is induced from the com-
position in Cat. O

25



4 Bigroupoid principal 2-bundles

Definition 4.1. A right action of a bigroupoid B on a groupoid P is given by the action
of the underlying bicategory B on a category P given as previously by (P, B, A, ®,a,1).

Definition 4.2. Let B be an internal bigroupoid in £, and 7: P — X a right B-2-bundle
of groupoids over X in E. We say that (P,m,A, A, X) is a right B-principal-2-bundle (or
a right B-torsor) over X if the following conditions are satisfied:

e two canonical terminal morphisms wy: Py — X and m1: Pi — X are epimorphisms,
e two canonical action morphisms \g: Py — By and A\1: P, — By are epimorphisms,

e the induced internal functor

(PT1,¢)ZPX30614>77 XXp

is a (strong) equivalence of internal groupoids over P (where both groupoids are seen
as objects over P by the first projection functor).

Example 4.1. (The unit principal 2-bundle) The unit B-bundle is given by the triple
(By,T,S, H, By) where the momentum is given by the source functor S: By — By, and the
action is given by the horizontal composition H: By xg, B1 — Bi.

Example 4.2. (The pullback principal 2-bundle) For any principal B-bundle (P, 7, A, ®, X)
over X, and any morphism f: M — By, we have a pullback B-principal bundle over M,
defined as the quadruple (f*(P), Pri, Ao Pro, f*(®), M).

26



5 Cocyclic description of principal 2-bundles

Since we assumed that the functor (Pry,®): P xp, Bi — P xx P is an equivalence, we
choose its weak inverse

(PI‘l,D)I P Xx P—P X Bo 81,
together with natural isomorphisms

(Pr1,p): Idpx y B, == (Pr1,D) o (Pr1,®), (Pri,v): (Pri,®)o (Pr1,D) == Idpxp,

The second component of the above weak inverse is a functor D: P xx P——= By,
which we we call a division functor, for reasons that we will soon explain. The com-
ponent of the natural isomorphism v: (Pry,®) o (Pr;, D) —=> Idpxp, indexed by the
object (p,q) € P xx P, is an isomorphism v, ,: p <4p*q — ¢, where we use an abbrevia-
tion p*q := D(p,q): Ao(q) — Mo(p), for the 1-morphism in B;. The natural isomorphism
p: Idpx g B, == (Pr1, D) o (Pry,®), is indexed by the object (p, f) € P xp, B, by an
isomorphism i, £: p — p*(p < f).

Let’s now give a cocyclic description of the principal B-2-bundle P. Since the map
m: Py — M is a surjective submersion, we can find an open cover M = | JU; of the base
manifold M together with local sections o;: U; — Py of the map w. The corresponding
statement in the topos &£ is that epimorphism 7: Py — M in £ locally splits, since the
diagonal morphism A: Py — Py xp Py is a splitting in £/Py of the pullback bundle
m*(m): Py X Py — Py which is given by pri: Py Xy Py — P.

We use the division functor to define g;; = D(0;,0;): Uj; — Bi, and a local sections

U — P of ms = mt over some covering U of Uj; such that

fij: 05 — 03 <gij.

The following diagram

log % Tt 05 49k
Jij<495k
fir (0: <ij) < gk
Rijk
0; 4 Gik oraBn i <4 (gij © gjk)

27



defines a morphism in ¢ € Hompx p(0; < gik, 03 < (945 © gjx)) by the composition

—1
0i < gik in, o LN 0j < gijk A (03 < gi5) QAGjk S i (9ij © gjk)
and since the set Hompy p(0; < gik, 0 < (gij © gjx)) is an image of the induced functor
(Prq, ®) which defines a bijective correspondence with the set Hompyx s 8, ((0i, gir), (73, gij©
gjk)) the inverse image of ¢ defines sections 3;ji.: gir — 9ijog;i in Be, such that the diagram
becomes the identity
(0i < Biji) fir = K (fij < gjk) ik

Theorem 5.1. Any B-2-torsor m: P — X gives rise to the class H*(X, B).
Proof. Consider the following cube

frl
oy Ok <0kl

(05 < gjk) < gr

Kj ik, kl
fil / (fij<9;k)<gk1 fik<gr1
) ) ;9851
05 Agji 0 <(gjr o gr) ((0:<9ij) <Qgjk) < gri
fi53(gjk09k1)
: 1i3<995%) <9k
Kiijk, k19Kl
o (0i<gij) <(gikogr) | (05 <9 Gik) A Grt
| (0i<Bik1)<g
I / Ki,ik,kl
) 0i<Bik1
fiigijn 0i Agil — — + = = = —(032(gi5 © gji)) A gr1— 03 < (Gik < Gr1)
- - Ri,i5,5kl Hiv”Wklogkl)
o PBiji ~
- i 1 ((ij © gjk) © grt)

-
-
~
- - /VNOé/z'j,jk,kl

o; <(gi; < gj1) i <(gij © (gjk © k1))

7:4(9i59845k)

in which all faces except the bottom and right faces are diagrams which define nonabelian
cocycles. The right face consists of one such diagram acted by gg;, two are instances of
naturality of the action, and one is coherence for action. Since these five faces of the cube

28



in which all arrows are invertible commute, it follows that the sixth (bottom) face

03Bk

0 4 Gil i < (Gik © gi)
0i(Bijkogki)
019811 oi <4 ((gij © gjk) © gr1)
10t ekl
;< (gij © gj1) oI ell (935 © (gjk © gr1))

also commutes. Since the functor (Pri, ®): P xp,B1 — P xx P is fully faithful, the inverse
image of the diagonal 2-morphism from o;<g; to 0;<(gij 0 (gjr © gri)) in the above diagram,
consists of the single 2-morphism between g;; and (gi; o (g;i © gri)) which gives the identity

(9i5 © Bjr) Bijt = ij ji ki (Bijk © gr1) Bkt
for the nonabelian 2-cocycle (g;, Bi;x) with values in the bigroupoid B. O

Theorem 5.2. The above correspondence gives a biequivalence
2Tors(X, B) ~y; H*(X, B)

Proof. We take a class in H?(M, B) represented by the 2-cocycle (7;, gij, Bijx), with respect
to some covering U = {U, };cr of M, and a 2-truncation of the simplicial resolution U,

do do
UXMU

d2 dl

UXMUXMU

U

M

of the epimorphism e = (e;)icr: U = [[;c; Ui — M, induced by a family of embeddings
e;: Uy — M. This is just the nerve of the Cech groupoid associated to the covering
e: U — M, whose objects are given by the elements (i,x) of U, and unique morphisms
(1,7,z): (j,x) — (i,z) between any two elements in the same fiber. Thus, target and
source morphisms dg,d;: U xp; U — U are given by the first and the second projection,
respectively.
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The construction of the 2-torsor P is given by the pseudocolimit of the pseudosimplicial
category over the simplicial resolution U, of the covering e: U — M

Do DO n
Ra R1 Ro P
D2 Dl
| 2 | i
d() dO e
Us Uy Uo M
d2 dl

where Uy = U, Uy =U xp U, Uy =U X3 U X U, and so on.

Each category R, is obtained as the pullback R, = (7d")*(B;) where the morphism
d": U, — Uy is defined by d" = d,,d,,_1...d; for n > 1, and d° = idy.

Explicitly, on the level of objects, the category Ry is given by the pullback 7*(Bp) of
the trivial B-2-torsor T': By — By. Object of the category Ry are triples (i,z, f) where
oi(z) = to(f), and any morphism is given by a triple (i,z,¢): (i,z, f) — (i,x, f’) where
¢: f = f'is a 2-morphism in By, such that o;(z) = T(¢). The composition in Rg is
inherited from the vertical composition of 2-morphisms in B, and the functor pg: Ro — U
is given by the projection on the first two factors.

The category p1: R1 — U xpU over U x 3, U is defined by the pullback R = (7d1)*(By).
Objects of the category Ry are quadruples (i, j,x,g) where oj(x) = to(g), and any mor-
phism is given by a quadruple (4, j, x,¢): (i,7,2,9) — (4,,x,g") where 1): g = ¢ is again
a 2-morphism in Bo, such that o;(x) = T'(1).

The category pa: Ro — U X U x3; U over U Xy U Xy U is defined by the pullback
R = (7dady)*(B1), so its objects and morphisms are given by quintuples as above.

Two functors Do, Di: R1 — Ro are defined by Dy(i,j,2,9) = (4,,¢:(x)g) and
Dy (i,j,2,9) = (J,x,g) on the level of objects and similarly on the level of morphisms.

Three functors Dy, D1, Da: Re — Ry are defined by Dy(i,j,k,x, h) = (4,4, 2, gjr(x)h),
Dy (i,j,k,x,h) = (i,k,x,h) and Dy(i,7,k,x,h) = (j,k,z,h) on the level of objects and
similarly on the level of morphisms.

The following simplicial identities of functors hold on the nose

DlDl(i7j7k7x7h) = Dl(i’kvxvh) = (k‘,.’E,h) = Dl(j,k,$,h) = DlDQ(i,j,kﬁ,I‘,h)
DODQ(i7j7k7$7h) = DO(j7 ]f,.’E,h) = (jvxagjk(x)h) = DO(/Lv]vxag]k(x)h) = DIDO(i7j7k7x7h)

The nontrivial simplicial identity is given by a natural isomorphism 3: DyoDg = DgD1,
whose component indexed by an object (4, j, k, x, h) of R is given by a morphism (i, x, l;,i)
from the object DoDy(%, j, k,x, h) = Do(i, j, %, gjr(x)h) = (i, 2, gij(x)gjr(x)h) to the object
DyD1(i,j,k,x,h) = Do(i, k,z,h) = (i, x, gix(x)h).

We construct the category P as a pseudocolimit of the pseudosimplicial category Re.
It is given by a version of the Grothendieck construction, and it goes as follows.

The objects of P are given by the union of objects of R,. We describe morphisms

in P by means of a particular example. A morphism (m,¢): (i,z, f) — (4,4, k, x,g) from
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an object (i,z, f) in Rp to an object (4,7, k,xz,g) in Ro is given by a pair of morphisms,
where m: [0] — [2] is a monotonic map in A, whose canonical factorization in A is given
by m = 610¢ (so that we have U(m)(i, j, k,z) = (i,2z) in Uy). Then the second component
of the above pair is given by a morphism ¢: (i,z, f) — R(m)(i,j, k,z,9) = (i,x, gir(x)g)
in Ry. For another morphism (n,v): (i,7,k,x,9) — (i,4,k,l,x,h), where n = 61 : [2] — [3]
and ¢: (i,7,k,xz,9) — R(n)(i, 4, k,l,x,h) = (i, 7, k, x, gri(z)h), the composition is defined
by a pair (nm,v o ¢): (i,x, f) — (i,7,k,l,x,h), where the morphism ) o ¢: (i,z, f) —
(i,k,l,z, h) is defined by the composition
(i, 2, f) == R(m) (i, j, by 7, ) 2R ()R () (7, 5, ey 1, 2, B) —m R(nm) (i, , ks 1, a2, )

where the last isomorphism is obtained from the component of the natural isomorphism
ﬂ: D()D() = D()Dl.

Obviously, pe: Re — U, is a simplicial functor to a discrete simplicial category U,, so
that we have simplicial identities of functors d;p, = pn—1D;: Ry — Up—1, forall 0 <i < n.
It follows that the functor epg: Ro — M provides a cocone of the pseudosimplicial category
Re, and from the universal property of the pseudocolimit P, we obtain a unique functor
m: P — M, providing P with the structure of a bundle of groupoids over M.

The projection 7: P — M is explicitly described by (4, j, k, 1,2, h) = x on the level
of objects. Also we have a momentum functor A\: P — By, defined by my (1, j, k,l,z,h) =
so(h), and the action functor is naturally defined by the horizontal composition,

(Z.7j7k7l?x7h) <]g = (i’j’k7l,$7hog)

where we have so(h) = to(g). We still need to check that 7: P — M is a principal B-2-
bundle over M, which means that the induced functor (Prq,®): P xp,Bi — P xx P is an
equivalence. We will prove that by explicitly defining the corresponding division functor.
For any two elements (7,7, k,x, h) and ([, z, g) in the same fiber (over x € Usjiy € M), it is
defined by O

Theorem 5.3. There exist a biequivalence
2Tors(X, B) ~p; Bun(B)

Proof. Let’s again choose local sections o;: U; — Py of a surjective submersion 7w: Py — M,

and we consider the morphism 7: U — By, defined by 7 = (7;);es, where U = [[;.; U; and
T; := Aoo;: U; — By. Than the induced morphism

¢: 7(B1) —=Plu
defined by ¢(z;,g9) = oi(z;)g is an equivalence since it is an equivariant morphism of
B-2-torsors, and the 2-category 2Tors(X, B) is a bigroupoid. O
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6 Simplicial interpretation of bigroupoid principal 2-bundles

For an action of the bicategory B on the category P, we define the action bicategory
AgP. Objects are given by objects Py of the category P. For any two objects ¢ and p, a
1-morphism is a pair (¢, h) which we draw as an arrow

(1,h)

q——Dp

where h: A\p(q) — Ao(p) is a l-morphism in the bicategory B, and ¥: g — p<h is a
morphism in the category P, thus it is an element of P;. A 2-morphism ~: (¢, h) = (&,1)

(¥,h)
q (% p

(&)
is a 2-morphism v: h = [ in Bs, such that the diagram of morphisms in P

q——p<h
pary

p<l
commutes. We define the composition for any two composable 1-morphisms

, h
(¢9) (@ )p

r—>q ——

by (¢, h) o (¢,9) = (Yop,hog): r — p, where pop: r — p<(hog)is a morphism in P,
defined by the composition

T ¢ q<g vy (pqh)qg;p’h’gpq(hog)

and we will show that this composition is a coherently associative. For any three compos-
able 1-morphisms
(.f)  (99)  (¥,h)
S r q

p
first we have a morphism ((¢) o ¢) o ¢, (h o g) o f), where the first term is a composite of

D pa(hog))af s pa((hog)of)

S raf
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Also we have the composition (¢ o (¢ o p),h o (go f)), and the first term is given by a
composite

s 2% ga(go LD pan)a(go £ pa(ho (go f))

and the component of the associativity a g r: (hog)o f — ho(go f), defines a 2-morphism

((od)og,(hog)of)
S {Jon.g.5 P

(Yo(gop),ho(gof))

which we see from the commutativity of the diagram

s raf Y pa(hog)af — s pa((hog)o f)
id’qf T’{p,h,gqf
(qag)af —"2Y _((pah)ag)af PSQhg,f
i”p,h,g J{“pdh,g,f
Squ(gof)W(th)q(gof)qu(ho(gof))

that follows from the definition of the horizontal composition, the naturality and the co-
herence for quasiassociativity of the action. The horizontal composition of 2-morphisms

(¢.9) (¥,h)

(6,k) (&0
is given by the horizontal composition in By

(Yod,hog)
r {jpom D

(£00,10k)
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since we have a commutative diagram

r ’ g<g 2o (pah)ag—"""—pa(hog)
x % k\ (pap)ag
q<k (p < l) <g (pp)<m p<(porr)
\ W (pal)<m
&k
(p<al)<k (pal)<k o~ pa(lok)

which follows from the interchange law and the naturality of the coherence for the quasi-
associativity of the action. The vertical composition of 2-morphisms in AgP is similarly
induced from the one in B. Thus we have a following result.

Proposition 6.1. Let A: P xp, By — P be an action of the bicategory B on the category
P. The above construction defines a bicategory AgP, which we call the action bicategory
(associated to an action of the bicategory B on the category P).

Proof. The coherence of the horizontal composition in AgP is immediately given by the
coherence of the horizontal composition in B. O

Let we describe the simplicial set P, arising by an application of the Duskin nerve
functor
Ny : Bicat — SSet

to the action bicategory AgP. The set of O-simplices is given by FPy. Any 1-simplex is
given by an arrow

pj (mig.fiz) i
and face operators are defined by d§(;, fij) = pi and d} (m;j, fij) = p;, while the degeneracy
is defined by s}(p;) = (tp;,1p;) and it is given by the arrow

(tp; vip;)
where the morphism vy, : p; — p;<ip(p,) is an identity coherence of the action. A 2-simplex

in P, is of the form

Dh (mij,fiz) pj

/ﬁijk

(k> Fik)

(k> fir)

Dbi
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where the diagram
Tij 07l'jk

Pk —>p;i < (fij © fix)
P<Bijk

Pi < fik

of morphisms in P commutes, and the morphism 7;; o mji: pr — i < (fij o fjx) is the
composite of

Tik i< ik Ki,j,k
Pk —>p; < i —= (pi < fij) < fir —2>pi < (fij o fi)

of morphisms in P. Face operators are defined by

g (Bijk) = (7. fik)
di(Bijk) = (mi, fir)
dB(Bijk) = (73, fis)
and the degeneracy operators are given by
Sg)(ﬂ'ija fij) = py,;
s1(mij, fig) = Mg

which are the two 2-simplices

(”Pj 7ipj)

Dj

pj

(35, fi5)
(mij,fiz) i

bi

respectively, where the 1-morphisms py,.: fij 0 ip; — fij and Ay, ip,

; © fij - f’ij are the
components of the right and left identity natural isomorphisms in B.
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The general 3-simplex is of the form

bi

(farmar) (fij mij)
/Biﬁ %jk

» (f51,m50) pj

(fiksTik)
%kl /33'5

(frt,mri)

(firsmjn)

Pk
where we have an identity
Bkt (Bijk © fr) = i Bii(Bjki © fij)
which is just a nonabelian 2-cocycle condition.
Proposition 6.2. There exists a canonical homomorphism of bicategories A: AgP — B.

Proof. A homomorphism A: AgP — B is defined by (the component of) the momentum
functor Ag(p) = Ao(p), for any object p € AgP. For any 1-morphism (¢, h) it is defined by
A1(,h) = h, and for any 2-morphism v: (¢, h) = (£,1) in AgP — B, it is given simply
by Az(y) = 7. Since we have A((1),h) o (¢, 9)) = Ao d,ho g) = hog = A, h) o A6, g),
this homomorphism is strict (it preserves a composition strictly). O

In order to compare our 2-torsors with Glenn’s simplicial 2-torsors we will recall some
basic definitions from [?].

Definition 6.1. A simplicial map Ae: E¢ — B, is said to be an exact fibration in dimension
n, if for all 0 < k < n, the diagrams

FE, B,
AL(E) — NE(B.)

are pullbacks. It is called an exact fibration if it is an exact fibration in all dimensions n.

36



Using the language of simplicial algebra, Glenn defined actions and n-torsors over n-
dimensional hypergroupoids. This objects morally play the role of the n-nerve of weak
n-groupoids, and we give their formal definition.

Definition 6.2. An n-dimensional hypergroupoid is a Kan simplicial object G4 in € such
that the canonical map G, — /\fn(G.) is an isomorphism for allm >mn and 0 < k < m.

Remark 6.1. The term n-dimensional hypergroupoid was introduced by Duskin [?], for any
simplicial object satisfying the above condition without being Kan simplicial object. One
of his motivational examples was the standard simplicial model for an Filenberg-MacLane
space K(A,n), for any abelian group object A in E. In [Be], Beke used the term an exact
n-type to emphasize the meaning of these objects as algebraic models for homotopy n-types.

Definition 6.3. An action of the n-dimensional hypergroupoid is an internal simplicial
map Ne: Pe — Be in £ which is an exact fibration for all m > n.

In the case of the bigroupoid B, the Duskin nerve functor is a 2-dimensional hyper-
groupoid Bes = N3 (B) and let Py = No(AgP) be the Duskin nerve of an action bigroupoid
associated to the action of the bigroupoid B on the groupoid P. We have a following result.

Theorem 6.1. Let the bigroupoid B acts on a groupoid P. Then the simplicial map
Ae = No(A): Pe — Be is a (simplicial) action of the bigroupoid B on the groupoid P, i.e.
it is an exact fibration for all n > 2.

Proof. We need to show that for any n > 2 and for any k£ such that 0 < k < n, the diagram

p,—2 B,
Pk Pk
N (Po) ——= N (B2)

iS a pullback. A k-horn ((fij7 7rz'j)7 ceey (ijkfl, Wj’kfl), (fk,k+17 7Tk,k+1)a ceey (fn—l,na Wn—l,n)) n
/\fl(P.) is given by the n-tuple of 1-morphisms in AgP, and its image by A5: /\12“(73.) —
A5(P.) is a k-horn in A¥(B.), given by the n-tuple (fij, .., fj—1, frkits - fo1m) Of 1-
morphisms in B. For example, in the case n = 2, any filler of a 1-horn (fi;, —, fjx) in
N5 (Ba), is the 2-simplex

Lk

37



in By. A 2-simplex in P, is a lifting of the previous 2-simplex if it is of the form

(k> fik)

Pk ————Pj

(mik> fir)

bi

where the diagram
T35OT jk
Pk —=p; < (fij o fir)

P<Bijk

pi < fik
of morphisms in P commutes, and the morphism 7;; o 7i: pr — p; < (fij o fjx) is the
composite of
Tk mi5<fjk Ki gk
Pk —=pj < fir —= (pi < fij) < fie —==pi < (fij © fik)
so we see that a pair ((fij, 7ij); — (Fik Tik)s Bije) in Ay (Pe) X AL (5,) B2 uniquely determines

above 2-simplex in Po. Since P is a groupoid, any pair consisting of a k-horn in /\]2’C (B.,), for
k = 0,2, and a 2-simplex in By which covers the k-horn, uniquely determines a 2-simplex
in Ps, and thus provides a canonical isomorphism P» ~ /\15(77.) X Nk(Ba) Bs. Since both
simplicial objects are 2-coskeletal, the assertion follows for all n > 2. O

Observe that even in the case when we just have an action of the bicategory B on
the category P, the above condition for an exact fibration is still satisfied for inner horns
0 < k < n. Thus it is sensible to introduce weakened concept of an exact fibration.

Definition 6.4. A simplicial map Ae: E« — Be is said to be a weak exact fibration in
dimension n, if for all 0 < k < n, the diagrams

E,— 2 .B
Ab(Ee) — Ni(Bs)
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are pullbacks. It is called a weak exact fibration if it is a weak exact fibration in all dimen-
510MS M.

With respect to this definition we generalize the simplicial actions of n-dimensional
hypergroupoids to the case of weak n-dimensional Kan complexes. First we give their
formal definition.

Definition 6.5. A weak n-dimensional Kan complex Go in £ is a weak Kan complex such
that the canonical map Gy, — /\ﬁI(G’.) is an isomorphism for allm >n and 0 < k < m.

Now we generalize actions with respect to this simplicial objects.

Definition 6.6. An action of the n-dimensional Kan complex is an internal simplicial
map Ne: Pe — Be in £ which is a weak exact fibration for all m > n.

This concept provides a following simplicial characterization of an action of the bicat-
egory B on the category P.

Theorem 6.2. Let the bicategory B acts on a category P. Then the simplicial map Ay =
Nao(A): Py — Be is a (simplicial) action of the bicategory B on the category P, i.e. it is a
weak exact fibration for all n > 2.

Also, Glenn introduced a simplicial definition of the n-dimensional hypergroupoid n-
torsor in &.

Definition 6.7. An action Ae: Py — B, is the n-dimensional hypergroupoid n-torsor over
X in & if Py is augmented over X, aspherical and n-1-coskeletal (Py ~ Cosk™ (P,)).

In the case of the bigroupoid B, the above definition reduces to the following definition.

Definition 6.8. A bigroupoid Be 2-torsor over an object X in & is an internal simplicial
map Ne: Po — Be in S(E), which is an ezxact fibration for all n > 2, and where P, is
augmented over X, aspherical and 1-coskeletal (Py ~ Cosk'(P,)).

Thus in the case when an action of B on P is principal, we have the following result.

Theorem 6.3. Let P be a principal B-2-bundle over X. Then simplicial map Ay =
No(A): Py — Be is a Glenn’s 2-torsor.

Proof. The simplicial complex P, is augmented over X because the action of B is fiberwise,
since for any 1-simplex (f;;,mi;): pj — p;i in Py, where m;;: p; — p; < f;; we have

modo(fij, mij) = mo(pi) = mo(pi < fij) = mi(miz) = mo(p;) = modi(fij, mij)-
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The simplicial complex P, is obviously aspherical and we prove now that it is also 1-
coskeletal. A general 2-simplex in Cosk!(P.)2 is a triple ((fij, mij), (fiks Tik)s (ks Tjk))
which we see as the triangle

(k> Fik)

Pk ————DPj

(7ik> fike) (i, fi5)

bi

from which we have morphisms 7;; o w1 : pr — p;i < (fij © fjx) and T2 pr — pi < fir in P.
Now we use the fact that the induced functor

(PT‘l,.A)i’PX30814>P XXp

is a (strong) equivalence of internal groupoids over P, and therefore fully faithful. Specially,
for the two objects (ps, fijo fjx) and (ps, fir.) of P x g, B, this equivalence induces a bijection

Hompy g 8,((pis fij © fi), (pis fik)) = Homps «p((pi, pi < (fij © fir)): (Pi, pi < fir))

and therefore for a morphism (idp,, 7 o (5 © wjk)_l): (pispi < (fij © fik)) — (Pispi < fik))

(mijom;,) ™t

k<——pi < (fij o fik)

pi < fik
there exists a unique 2-morphism 3;;;: fij o fjx — fir in B, such that the diagram
T;50T Kk
Pk ——>p; <A (fij © fir)

P<Bijk

pi < fik
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commutes, and this uniquely determines a 2-simplex

(k> fik)

Pk ————Pj

(mik> fir)

pi
in Py, which proves that we have a bijection Py ~ Cosk!(P,)2. From here it follows

immediately that Py ~ Cosk!(P,). ]
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