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INTRODUCTION

The theory of Jordan algebras, compared to that of associative algebras,
presents some unusual features. Recall that a unital quadratic Jordan algebra
(in the sense of McCrimmon) is a triple (J,U,1) consisting of a module J over
some commutative associative ring k of scalars, a quadratic map U from J in-
to the endomorphism ring Endk(J) of J , and an element 1 € J (the unit element)

such that the following identities hold in all scalar extensions.

(1) Ul =1d ,
(2) {x,y,sz} = Ux{yxz} ,
(3) U y) = UXUyUx .

Here {xyz} = Ux+zy -Uy-Uy is the linearization of ny . The standard exam-
ple is an associative algebra with ny = xyx . Thus for one thing, Jordan alge-~
bras are not- algebras in the usual sense since they are not based on a bilinear
multiplication but rather on the composition ny which is quadratic in x and
linear in y . More serious is the important role played by the notion of isotope.

-1 o)

Let v € J be invertible with inverse v_l = Uv .v , and set Uuv , for

XV
all x € J . Then (J,U(v),vhl) is a unital quadratic Jordan algebra, called the
v-isotope of J , and denoted by J(v) . If v 1is not invertible then one can

J(V)

still define a non-unital Jordan algebra the v-homotope of J . We will
call two Jordan algebras J and J' isotopic if there exists an isotopism be-
tween them, i.e., an isomorphism from J onto some isotope of J' . Several im-

portant theorems in the theory of Jordan algebras hold only up to isotopy; i.e.,

they are of the form " J may not have property (P) but there exists an isotope
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of J which does". Closely related to this is the fact that the autotopism group
of J , usually called the structure group and denoted by Str(J) , plays a more
important role than the automorphism group. For example, there is no natural con-
cept of inner automorphism for Jordan algebras (which would be comparable to the
inner automorphisms x & axa_1 in gan associative algebra) but every invertible
element a € J defines an inner autotopism, namely Ua . All this suggests that
there ought to be some algebraic object associated with J which somehow incor-
porates all homotopes of J and whose automorphism group is just the structure

group of J . This object is the Jordan pair (J,J) associated with J .

+ -
Let us now describe this concept. A Jordan pair is a pair V = (V',V ) of
k-modules together with quadratic maps Q+: V+ - Homk(V-,V+) and Q_: Vo

+ -
Homk(V ,V') which satisfy the following identities in all scalar extensions.

Jrl {x,y,Qc(x)z} = Qc(x){yxz} ,
JP3 Q,(Q;x)y) = Q (x)Q_ (¥)Q (x) .

Here {xyz} = Qc(x+z)y - Qo(x)y - Qo(z)y is, similarly as before, the lineariza-
tion of Qo(x)y , and the index o takes the values + and - . A standard
example is V+ = Mp,q(R) , V= Mq,p(R) , rectangular matrices with coefficients
in an associative algebra R , with Qc(x)y = XyXx . By a homomorphism h: V > W
between Jordan pairs we mean a pair h = (h+,h_) of linear maps, hG: v ,
such that hG(QU(x)y) = Qo(ho(x))h—c(y) . From the well-known identity
{ny,y,z} = {x,ny,z} which holds in any Jordan algebra it is clear that we ob-
tain a Jordan pair from a Jordan algebra J by setting V+ =V =7 and Q+ =
Q_ =1U . This Jordan pair will be denoted by (J,J) . Also, if g € Str(J) and

g# € Str(J) is defined by g# =g L then (g,(g#)-l) is an automorphism of

il
g(1)
the Jordan pair (J,J) , and it turns out that the map g ® (g,(g#)_l) is an iso-



morphism between Str{J) and the automorphism group of (J,J) . Theorems which
for Jordan algebras only hold up to isotopy will then hold for the associated Jor-

dan pairs without this restriction.

In an arbitrary Jordan pair U = (V+,V_) we still have the concept of
homotope as follows. For every v & V¥ the module V+ becomes a {in general non-
unital) Jordan algebra, denoted by V: , with quadratic operators Ux = Q+(x)Q_(v)
and squaring operation x2 = Q+(x)v . Thus the space which parametrizes the homo-
topes (namely v ) is different from the space in which the homotope lives (name-
ly V+ ). By interchanging the roles of V+ and U~ we can also define a homo-
tope V; for every u € vt . The condition that a Jordan pair UV be of the form
(J,J) » where J 1s a unital Jordan algebra,is now that U  contains an inverti-
ble element; i.e., an element v such that Q_(v) 1is invertible. In this case,

J = V: is a unital Jordan algebra with unit element Q_(v)_lv', and UV is iso-
morphic as a Jordan pair with (J,J) . Roughly speaking, therefore, Jordan pairs
containing invertible elements are the same as unital Jordan algebras '"up to iso-

topy".

In general, however, a Jordan pair will not contain any invertible ele-
ments. To see what is happening im this case, let us first make some remarks on
Jordan algebras without unit element. There are two approaches to this: either a
non-unital Jordan algebra J is defined in terms of quadratic operators Ux and
a squaring operation x2 (as for example V: above), or one dispenses with the
squaring altogether and retains only the quadratic operators. The first approach
leads right back to unital Jordan algebras since J can be imbedded into a unital
Jordan algebra k.1 + J by adjoining a unit element 1 . The second approach

leads to the concept of Jordan triple system, defined as a k-module T together

with a quadratic map U: T - Endk(T) satisfying the following identities in all

scalar extensions.
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JT1 {x,y,UXz} = Ux{yxz} ,
JT2 {ny,y,z} = {x,UyX,Z} s
JT3 U(ny) = UXUyUX .

(The terminology 'triple system" is due to the fact that in case 2 is invertible
in k the theory can be based on the trilinear composition {xyz} = Ux+zy - ny

- Uzy ). If w? compare these identities with those for a Jordan pair then it is
obvious that T gives rise to a Jordan pair (T,T) by setting vF =V =T and
Q+ =Q_= U . Not every Jordan pair is of this form, however, since it is easy to
construct examples of Jordan pairs for which V+ and U~ are not iscmorphic as
k-modules. To obtain a Jordan triple system from a Jordan pair, we must have some
way of identifying V+ and VY~ . More precisely, we define an involution of a
Jordan pair to be a module isomorphism a3 V+ + V7 such that Q_(u(x)) = aQ+(x)u

for all x € V+

. Then a Jordan pair with involution gives rise to a Jordan triple
system by setting T = vt and ny = Q+(x)a(y) , and this establishes a one-~to-

one correspondence between Jordan triple systems and Jordan pairs with involution.

So far we have shown that Jordan pairs provide a unifying framework for
both the theory of Jordan algebras and Jordan triple systems. Let us now point out
some of the advantages which the the Jordan pair concept offers over both these

theories.

In contrast to the case of Jordan algebras and triple systems, there is a
natural way of defining inner automorphisms of Jordan pairs. Let V = (V+,V_) be
a Jordan pair, and consider a pair (x,y) where x € V+ and y € V™ (for which
we simply write (x,y) € V ). We say that (x,y) is quasi-invertible if x is
quasi-invertible in the Jordan algebra V; ; i.e,, if ‘l - x is invertible in the
Jordan algebra obtained from V; by adjoining a unit element. In this case, (x,y)

defines an inner automorphism B(x,y) (cf. 3.9). Thus the quasi-invertible pairs
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are analogous to the invertible elements in an associative algebra. It is irrele-
vant for this whether V contains invertible elements or not; in fact, for most

of the theory of Jordan pairs there is no difference between the two cases. These
inner automorphisms play an important role and can be used to give a computation-

free treatment of the Peirce decomposition (§5).

Another reason why Jordan pairs are preferable to Jordan algebras or trip-
le systems is that they always contain sufficiently many idempotents. It may hap-
pen even in a finite-dimensional simple Jordan algebra that the unit element can-
not be written as the sum of orthogonal division idempotents (the algebra need not
have "capacity'"). The situation is even worse for Jordan triple systems. Here an
idempotent is an element x such that Uxx = x . In general, there are no such
elements except zero; e.g., consider the real numbers with ny = —x2y . If Vs
a Jordan pair we define an idempotent to be a pair (x,y) € V' such that Q+(x)y
=x and Q (y)x =y . Then it turns out that a Jordan pair with dcc on principal
inner ideals which is not radical always contains non-zero idempotents (§10). Of
course, pairs (x,y) with ny = x and ny =y have been considered before in
the theory of Jordan algebras but their natural place seems to be in the context
of Jordan pairs. The scarcity of idempotents in the Jordan triple case is also ex—
plained. Indeed, under the correspondence between Jordan triple systems and Jordan
pairs with involution, idempotents of the Jordan triple system correspond to idem-—
potents (x,y) of the Jordan pair which are invariant under the involution in the

sense that y = a(x) , and there may be none of these.

Finally, let us mention that Jordan pairs arise naturally in the Koecher-
Tits construction of Lie algebras and the associated algebraic groups, a topic not
touched upon in these notes. Indeed, it was in this context that they were first

introduced by K. Meyberg. For details, we refer to a forthcoming paper (Loos(7]).
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We give now a more detailed description of the contents of these notes.
There are 17 sections whose logical interdependence is summarized in the follow-

ing diagram.

1 6
2— 3 —4 5 7I 8
9
|
10 11 12
13 14 15 16 17

Here j depends on i if it stands below and/or to the right of i .

Chapter I (§51 - 5) contains the general theory of Jordan pairs, beginning
with their relationship to Jordan algebras and triple systems as discussed above.
Just as in case of Jordan algebras, a long list of identities is required, and
this is derived in §2. After the quasi-inverse (§3) various radicals are dis~
cussed in §4, The Jacobson radical of a Jordan pair V is directly based on the
quasi-inverse, being defined by Rad V = (Rad V+,Rad V") where Rad v? is the
set of all properly quasi-invertible elements of ye (cf. 4.1). In §5, we intro-

duce the Peirce decomposition
V="V,(e)® Y (e) ®V,(e)

of a Jordan pair with respect to an idempotent e = (e+,e_) (5.4). Note that we
use the indices 2,1,0 instead of the traditiomal 1,1/2,0 to label the Peirce
spaces. Each Peirce space Vi(e) = (V;,V;) is a subpair of V , and we have

Rad Vi(e) = Vi(e)fﬁ Rad V (5.8). There is also a Peirce decomposition with re-

spect to an orthogonal system of idempotents (5.14).
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Chapter II-(§§6 - 9) is devoted to alternative pairs. An alternative pair

is a pair A = (A+,A_) of k-modules together with trilinear maps AT x AT x AT

AT and AT x AT x AT s AT , written (x,y,z) P <xyz> , which satisfy the iden-

tities
1
APLl <uv<xyz>> + <xy<uvz>> = <<uvx>yz> + <x<vuy>z> ,
AP2 <UV<XYyX>> = <<uvx>yx> ,
AP3 <XY<XYZ>> = <<XyX>yz>

In analogy with the Jordan case, alternative pairs containing invertible elements
correspond to isotopism classes of unital alternative algebras, and alternative
pairs with involution correspond to alternative triple systems. In contrast to
the situation for alternative algebras, there exist simple properly alternative
pairs of arbitrary (even infinite) dimension over their centroids. They can be
constructed from alternating bilinear forms (6.6). Just as an alternative algebra
gives rise to a Jordan algebra by setting ny = Xyx so we obtain a Jordan pair
AJ from an alternative pair A by setting Qi(x)y = <xyx> . This relation is
exploited in 87 to prove results about alternative pairs by passing to the asso-
ciated Jordan pair. In §9, we study the Peirce decomposition of alternative pairs
which is the tool for their classification in §11.

The main reason why alternative pairs are of interest to us, however, is
that they arise naturally in the study of Jordan pairs without invertible elements.
To explain this connection, let e be an idempotent of a Jordan pair V with the
property that Vo(e) = 0 ., Then Vl(e) becomes an alternative pair by setting
<xyz> = {{xyeq}e_cz} (8.2). Conversely, every alternative pair can be obtained in
this way by means of the standard imbedding (8.12). Consider now a simple and
semisimple Jordan pair with acc and decc on principal inner ideals. Then we can
always find an idempotent e with Vo(e) =0, If Vl(e) is also zero then V =

Vz(e) contains invertible elements and is therefore essentially a unital Jordan



algebra up to isotopy. In view of the work of N. Jacobson and K. McCrimmon, this
case may be considered as well known. If, on the other hand, Vl(e) # 0 then V
is isomorphic with the standard imbedding of Vl(e) (12.5).

In Chapter III (§810 - 12) we present the structure theory of altermative
and Jordan pairs with chain conditions on principal inner ideals. Inner ideals
are introduced in §10. The theory follows the one for Jordan algebras but is
actually simpler since the minimal inner ideals of type II have no analogue for
Jordan pairs (10.5). In §11, we classify simple alternative pairs A containing
an idempotent e with Aoo(e) = 0 (11.11), and also under various chain condi-
tions (11.16, 11.18). Finally, §12 contains the classification of semisimple
Jordan pairs with dcc and acc on principal inner ideals (12.12), based on the
connection with alternative pairs as explained above.

In Chapter IV (5§13 - 17) we consider finite-dimensional Jordan pairs over
a field. After introducing universal enveloping algebras in 513 (which properly
belongs to §2 ) the main result of §14 is that the radical of a finite~dimensional
Jordan pair is nilpotent (14.,11). It is an outstanding problem to extend this re-
sult to Jordan pairs with chain conditions on inner ideals. Unfortunately, there
seems to be little hope to generalize the present proof since it uses the finite-
dimensionality of the universal envelope and Engel's theorem (14.9). In §15, we
study Cartan subpairs of Jordan pairs. They are defined as associator nilpotent
subpairs which are equal to their own normalizers. Using techniques similar to
those in the theory of Cartan subgroups of algebraic groups, we show that any
finite-dimensional Jordan pair contains Cartan subpairs (15.20), and that any two
Cartan subpairs are conjugate by an inner automorphism, provided the base field
is algebraically closed (15.17). The proofs depend on the fact that the orbit of
a Cartan subpair under the inner automorphism group is dense in the Zariski topo-
logy (15.15). This also allows us to compute the generic minimum polynomial of a

Jordan pair by its restriction to a Cartan subpair (16.15). The generic minimum
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polynomial is defined as the exact denominator of a suitable rational map (essen-
tially the quasi-inverse, cf. 16.2). In contrast to the case of Jordan algebras,
the degree of the generic minimum polynomial of a Jordan pair V does in general
not coincide with the degree of V . This is the case, however, if V contains
invertible elements or is separable. The generic trace of a separable Jordan pair
may be degenerate in characteristic two, a phenomenon familiar from the theory of
quadratic Jordan algebras. The generic norm, however, defined as the exact deno-
minator of the quasi-inverse, is always non-degenerate in a certain sense (16.13).
Finally, in 8§17, we work out the classification of simple finite-dimensional Jor-
dan pairs over algebraically closed fields, using the results of §12., It turns
out that such a Jordan pair is uniquely determined by three numerical invariants,
dimension, rank, and genus, and also that the classification is independent of

the characteristic of the base field (17.12).

In the Notes at the end of each chapter I have tried to make some histori-
cal comments, give credit where it is due, and also point out some open problems.
I apologize in advance for any omissions or inaccuracies. In order to keep the
text at a reasonable length, I have assumed as known the theory of quadratic
Jordan algebras, to the extent of N. Jacobson's Tata Lecture Notes. In particular,
the classification of semisimple unital Jordan algebras with dcc on principal

inner ideals is not reproduced here from the Jordan pair point of view.

Most of the material was presented in a seminar at the University of
British Columbia during the academic year 1973/74, and I wish to thank C.T. Ander-
son and M. Slater for their patience as my audience, and for many valuable re-
marks and suggestions. I am also indebted to E. Goodaire for proofreading the

manuscript,

Vancouver, Summer 1974

0. Loos
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NOTATIONS AND CONVENTIONS

0.1. Z 1is the ring of integers and N denotes the set of non-negative integers.
The unspecified term "ring'" or "algebra' always means an associative (but not ne-
cessarily unital or commutative) ring or algebra.The commutator of two elements

a and b of a ring is denoted by [a,b] = ab - ba . Fields are always commuta-
tive. Jordan algebras are always quadratic (but not necessarily unital) Jordan

algebras in the sense of McCrimmon.

0.2. Throughout, k denotes a commutative unital ring of scalars. By an exten-
sion of k we mean a commutative unital k-algebra. If K is an extension of k
then the natural homomorphism k-~ K , a+>a.l , need not be injective (e.g., k
=% and K = Z/pZ ). An extension field of k is an extension which is a field.
The category of commutative unital k-algebras is denoted by k-alg . The symbol
T wusually stands for an indeterminate. Thus k[T] is the polynomial algebra in
one variable over k . The truncated polynomial rings k[T]/(Tn) are denoted by

k(e), en =0 . For n=2 this is the algebra of dual numbers over k .

0.3. All k-modules are unital. The symbol @ stands for @i . If V is a k-

module and R 1is an extension of k then the R-module
VR = /®R

is called the module obtained from V by extending the scalars to R , or simply
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a scalar extension of V . The image of an element x of V under the map x
x®1 from V into VR is also denoted by xp Or even simply by x , although
this map is in general not injective.

Let k' > k be a homomorphism of commutative rings with unity. Then the
k-module V , considered as a module over k' , is called the module obtained
from V by restricting the scalars to k' , and is denoted by k,V . In particu-

lar, V is just the underlying abelian group of V .

2

If V and W are k-modules then Homk(V,W) or simply Hom(V,W) is
the k-module of k~linear maps from V to W . Also, End(V) = Hom(V,V) is the
k-algebra of k-linear endomorphisms of V , and GL(V) 1is the group of inverti-

ble elements of End(V)

0.4, A map Q: V> W between k-modules is called quadratic if Q(ix) = AZQ(X)

for all X € k , and if

Q(x,y) = Qxt+y) - Q) - Q(y)

is a bilinear map from V x V into W . For every extension R of k there is
a unique quadratic map QR: VR - WR such that QR(XR) = Q(x)R (see Jacobson][ 3]
for a proof). Usually, we simply write Q instead of QR . A quadratic map q
from V into k 1is called a quadratic form. We say q 1is non-degenerate if

q(x) = q(x,y) = 0 for all y implies x =0

0.5. Let R be a non-associative (i.e., not necessarily associative) k-algebra
We denote by R°P  the opposite algebra, having the same underlying k-module and
L as . _ . . op op ..
multiplication a*b = ba . The identity maps R -+ R and R ° - R are antiiso-

morphisms, usually written ab a .

The set of p x q matrices with entries in R 1is denoted by Mp q(R)
b



Instead of Mp p(R) we simply write Mp(R) . The transpose of a matrix x in
s )
t_
Mp q(R) is denoted by tx ; it belongs to Mq p(R) . We denote by x* = x the
s s

transpose with coefficients in R°P 5o that x* € Mq p(ROP) .- Then we have
s

(x)* = x and (xy)* = y*x*

t t t . . t
(Note that (xy) # y x unless R is commutative, and then x = ).

0.6. A matrix x = (Xij) € Mn(R) is called alternating if ty = x and X4

= 0 . The set of alternating matrices in Mn(R) is denoted by An(R)

Assume that R 1is alternative with unity, and that it has an involuti-
on; i.e., an antiautomorphism of period 2 . If RO is an ample subspace of R
(cf. Jacobson[3]) then we denote by Hn(R,RO) the set of hermitian matrices in
Mn(R) with diagonal entries in RO . If ng3 or R 1is associative this is a

unital Jordan algebra.

0.7. The notation a.b.c refers to formula (c) in section a.b



CHAPTER 1

JORDAN PAIRS

§1. Definitions and relations with Jordan algebras and triple systems

1.1. Let V+ and V~ be k-modules, and let
Q¢ V7 > Hom(V™°,v%)

be quadratic maps (here and in the sequel, the index ¢ always takes the values
+ and - ). We define trilinear maps vox 9 x v® > O , (x,v,z) » {xyz}, and

bilinear maps DG: Vo x 0 & End(Vo) , by the formulas
(1) {xyz} =D _(x,y)z = Q_(x,2)y

where Qc(x,z) = Qo(x+z) - Qo(x) - Qo(z) (cf. 0.4). Obviously, we have {xyz}

= {zyx} and

(2) {xyx} = ZQG(x)y .

1.2. DEFINITION. A Jordan pair over k is a pair V = (V+,V_) of k-modules to-
gether with a pair (Q+,Q_) of quadratic maps QO: T Hom(V—G,VO) such that,

with the notations introduced above, the following identities hold in all scalar



extensions VR of V :

JPl D_(x,y)Q,(x) = Q_(x)D_ (y,x)
JP2 D _(Q (x)y,y) = D_(x,Q_ (y)x)
JP3 Q, (Q (x)y) = Q (x)Q_ (y)Q (x) -

The validity of JP1 - JP3 in all scalar extensions is equivalent with the condition
that all linearizations of JP1 - JP3 hold in V . For an identity like JP2 which is
of degree at most two in each variable this is automatic. For JPl it suffices to

know the validity for R = k(g) = k[T]/(TZ), the dual numbers, and for JP3 similarly
R = k[T]/(T3) is sufficient. In any case, if JP1l ~ JP3 hold for all extensions R
of k which are finitely generated and free as k-modules then they hold in arbi-
trary scalar extensions. - From the definition it is obvious that VK is a Jordan

pair over K , for every extension K of k . Also, if k' > k is a ring homomor-

phism then V (cf. 0.3) is a Jordan pair over k' .

k'

1.3. A homomorphism h: V + W of Jordan pairs is a pair h = (h+,h_) of k-linear

maps hG: v’ + &% such that

1 h (Q (x)y) = Q (h (x))h__(¥) ,

for all x 6 Vc, y 6 V-c, 0 = *. By linearization, this implies

(2) hc({xyZ}) = {hc(x),h_o(}’),ho(z)} .

Isomorphisms and automorphisms are defined in the obvious way. Jordan pairs over k
form a category, denoted by ggk . A pair U= (U+,U_) of submodules of a Jordan
. . . . . Oyy—0 o g, ,~0
pair V is called a subpair (resp. an ideal) if QG(U w " u (resp. QG(U W
- — 4o -
+ QG(VG)U 4 o, % U ¢ t%. If U is an ideal then V/U = (VY/UT,VT/UT) is a

Jordan pair in the obvious way. We say V is simple if it has only the trivial
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ideals U and O and if Q+ and Q_ are not zero. An outer ideal is a subpair
U satisfying Qc(l/")u'c + 1,0 % % ec u® . 1f 1/2 6 k then an outer ideal is

an ideal, in view of 1.1.2.

1.4. Let Aut(V/) denote the group of automorphisms of a Jordan pair U . Clearly,
this is a subgroup of GL(V+) x GL(V) . Note that we have a homomorphism from the
group k* of invertible elements of k into the center of Aut(V) given by
te (t.1d ., t L.1d ) .
v v
+
Let k(e) be the algebra of dual numbers. A pair A = (A+,A_) 6 End(V') x

End (V") is called a derivation of UV if Id + €A is an automorphism of Vk(e) .

A simple computation shows that this is the case if and only if

@ 8,Q )y) = {agx),y,x} + Q_()b_ (¥)

for all x € VU, y 6 V™% . The derivations of U form a Lie subalgebra of End(V+)

x End(V—) , denoted by Der(V) .

1.5. The opposite V°P of a Jordan pair V is the Jordan pair (V_,V+) with

quadratic maps (Q_,Q+) . By an antihomomorphism from | to {§ we mean a homomor-

phism n: V a-VoP . Thus no: ve +(u-c satisfies
1 = .
@) n,Q 6 = Q__(n_GIn_g

An antiautomorphism n of U is called an involution if 1 _en 1is the identity
AR (el

on U° . The direet product of two Jordan pairs U and W is U x {§ = (V+ X w+,

VT x W) with componentwise operations. In U x V°P = (V+ x VT,V x V+) we

have the exchange involution given by (x,y) b (y,x) .
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1.6. The Jordan pair associated with a Jordan algebra. Let J be a quadratic Jordan

algebra over k ; i.e., J is a k-module with quadratic maps U: J - End(J) and

2: J +J (squaring) satisfying the following identities in all scalar extensions:

65
(2)
3)
(%)
(5)
(6)

2
Vx,xy = Xxoy ,

Ux(xoy) =xoUy ,
2 2.2
Uxx = (x7)" ,

2 2
Unyx = (ny) ,

2

2 2 .
Her = + - - = = - - .
ere Xeoy (x y) X y and V z U y Ux+zy ny Uzy (cf. McCrimmon

(6l.

x’y x’z

Then (J,J) 1is a Jordan pair over k with quadratic maps Qc(x) =U, -

Indeed, JP3 is (6), and it is well known that the identities

)
@)

n
(o]

hold in any quadratic Jordan algebra which proves JPl and JP2. We call (J,J) the

Jordan pair associated with the Jordan algebra J .

J,0

A homomorphism f: J » J' of Jordan algebras induces a homomorphism (f,f):

> (J',J') of Jordan pairs. Also note that (J,J) = (V+,V_) has a natural

involution n given by the identity maps Id: V> v %, If K is an ideal of J

then obviously (K,K) is an ideal of (J,J) . Conversely, if J is unital and

K"K

is an ideal of (J,J) then- k¥ = K is an ideal of J . Indeed,

K° = UlKUCZ K™® , and it follows easily that k¥ is an ideal of J . Therefore,

if J

is unital then J is simple if and omnly if (J,J) is simple.
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1.7. Let J be a Jordan algebra, and let v 6 J . Recall that the v-homotope of

J(V)

J is the Jordan algebra having the same underlying k-module as J , but

squaring and quadratic operators given by

) X(Z,v) = va .
() v Sy .
x X Vv
If J is unital and v is invertible then J(v) is called an isotope of J . Im

this case, vl the unit element of J(v) . An isotopy g: J »~ J' between
unital Jordan algebras is an isomorphism from J onto an isotope of J' . Since
g(l) must be the unit element of this isotope, this means that g is an iso-

J'(v) where v = g(l)_l. The set of autotopies of J

morphism from J onto
is a group, the structure group Str(J) of J . Clearly g 6 GL(J) belongs to

the structure group if and only if

- #
(3) Ug (X) - gng >

for all x 6 J , where g# = g—lUg(l) .

1.8. PROPOSITION. Let J and J' be unital Jordan algebras with associated Jordan

pairs V and V' . Then the map g h}(g,UgZi).g) is a bijection between the set

of isotopies from J to J' and the set of isomorphisms from V to V' . In par-

ticular, U is isomorphic with V' if and only if J is isotopic with J' , and

the structure group of J 1is isomorphic with the automorphism group of V .

Proof. Let h+ =g: J> J' be an isotopism, let v = g(l)_l , and let h_ = Uv.g:

J>J" , Then h = (h+,h_) : V—=> V' is an isomorphism: indeed, h+(Q+(x)y) =

)]

By (Uy) = Uginy 800 = Uy U8 = Qu(h, )b () , and h_(Q_(»)x) = h_(Ux)



= U800 = Ul )

(h+,h_) is an isomorphism between U and V' then h+(ny) = h+(UxUly)

U g(x) = U(U g(x)).g(x) = Q_(h_(y))h (x) . Conversely, if

- . . . . I .
Uh+(x)'Uh_(l) h+(y) , and hence h+ is an isotopism from J to It is

easily verified that the two constructions are inverses of each other.

1.9. The Jordan algebras V: . Let V be a Jordan pair, and let v & " . On the

k-module vt we define a squaring and quadratic operators by

W = x5V < q v,
O
@) u =0l = o o0 -

+
With these definitions, vt becomes a Jordan algebra which will be denoted by Vv

Indeed, by definition we have xe y = {xvy} , and hence

Ve, xd = {x,Q_(x,y} = {Q )v,v,y} = x%o y » by JP2. Also, U (xoy)
= Q, (x)Q_(v) {xvy} = Q (x){v,x,Q_(v)y} = {x,v,Q, (x)Q_(V)y} = xoUy by JPI, and
ux.x2 = Q,(0Q_(MQ, (v = Q,(Q, IV = (x%y? by JP3. similarly, (4) - (6) of 1.6

follow from JP3.

If h: V> W is a homomorphism of Jordan pairs themn it is readily checked

that

+ L+
3) h+: Vv - wh_(v)

is a homomorphism of Jordan algebras. Also, we have the formula

+, (u) +
=V
O) ) o
for all u € V+ . Finally, by passing to the opposite Jordan pair we can analogously

define Jordan algebras V; for every w 6 vt
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1.10. Invertible elements in Jordan pairs. Let V be a Jordan pair. An element

u 6 V¥ is called invertible if Qc(u): V% > V9 is invertible. In this case, we

define the inverse u_l g v ° by
-1 -1
@ W= @)

From JP3 it follows easily that

@) Q™ = h,
and also
3) @ht=u.

In general, a Jordan pair will contain no invertible elements.

We say V is a Jordan division pair if V # 0 and if every non-zero element

of V is invertible. More generally, V is called local if the non-invertible
elements of V form a proper ideal, say N . Then V/N is a division pair.

If J 1is a unital Jordan algebra then invertibility in J and in the
associated Jordan pair (J,J) are obviously equivalent. In particular, J is
local (resp. a division algebra) if and omnly if (J,J) is local (resp. a division

pair).

1.11. PROPOSITION. Let V be a Jordan pair, let v € UV~ be invertible, and let

u = v_l 6 vt . Then the Jordan algebras J = V: and J' = V; are unital with

unit elements u and v , respectively, and Q_(u): J » J' is an isomorphism with

inverse Q+(u): J'" » J . Moreover, the map
(15,0 + 3,0 » 500

is an isomorphism of Jordan pairs.




8 1.12

Proof. In J we have Uu = Q+(u)Q_(v) = Id and Ux(u) = Q+(X)Q_(V) = Q+(X)V
= x2 by 1.10, proving that u is the unit element of J . Similarly, one shows
that v is the unit element of J' . Now Q_(V)(ny) =.Q_(V)Q+(X)Q_(V)Y

= Q_(Q_(Mx)y = Q_(Q_()x)Q (WQ_(v)y = .(Q_(v)y) shows that Q_ (v) : J - J'

UQ_(V)x
is an isomorphism whose inverse is Q+(u) by 1.10. Finally, Id(ny) = Q+(x)Q_(v)y
and Q_(V)UXY = Q_(V)Q+(X)Q_(V)y = Q_(Q_(v)x)y , and hence (Id,Q_(v)) is an iso-

morphism.

1.12. COROLLARY. The map J + (J,J) induces a bijection between isotopism classes

of unital Jordan algebras and isomorphism classes of Jordan pairs containing

invertible elements. The inverse map is induced by V - Vv where v 1is any inver-

tible element of V .

This follows immediately from 1.8 and 1.1I1.

1.13. Jordan triple systems and Jordan pairs with involution. Let T be a Jordan

triple system over k , i.e., | is a k-module with a quadratic map P : T >

End(T) such that the following identities hold in all scalar extensions:

(1 L(x,y)P(x) = P(x)L(y,x) ,
(2) L(Px)y,y) = L{x,P(y)x) ,
3 P(P(x)y) = PE)P(y)P(x) ,

where L(x,y)z = P(x,z)y = P(x + z)y - P(x)y - P(z)y (cf. Meyberg[6]). A k-linear
map f between Jordan triple systems I and 7' is called a homomorphism if
f(P(x)y) = P(E())Ef(y) . Clearly, every Jordan algebra can be considered as a

Jordan triple system simply by "forgetting" the squaring operation and setting



P) = Ux . From the definitions it also obvious that every Jordan triple system T
gives rise to a Jordan pair (V+,V‘) = (T,T) with quadratic maps Qc(x) = P(x) ,

and that the identity map Id: U+ + U™ defines a canonical involution k of (7,T).
Conversely, let U be a Jordan pair with involution n , let T = vt as a k-

module, and define P: T » End(T) by
%) Px) = Q. (x)n _ .

Then one checks readily that T 1is a Jordan triple system, that the map (Id,n,):

,n+
T,7) » (V+,V—) is an isomorphism of Jordan pairs, and that the canonical invo-
lution k of (7,T) corresponds to the given imvolution n . If f:T+T' is a
homomorphism of Jordan triple systems then (f,f): (T,7) - (T',7') is a homomor-
phism of Jordanm pairs, commuting with the involutions k and k' . Conversely, if
h:(V,n) > (V',n') is a homomorphism of Jordan pairs with involutiom (i.e.,

a homomorphism commuting with the involutions) then h+: V+ > V'+ is a homomor-
phism of Jordan triple systems, where the Jordan triple structure is as in (4).

Thus we see that the category of Jordan triple systems is equivalent with the cate-

gory of Jordan pairs with involution.

1.14. Polarized Jordan triple systems. It is possible to imbed comversely the cate~

gory of Jordan pairs into the category of Jordan triple systems as follows. Let V
be a Jordan pair over k , and let n be the exchange involution in U x voP

(cf. 1.5). By 1.13, T = vf x V" is a Jordan triple system with

) PGy = (Q, (x)y_,Q_(x_)y,)

where x = (x+,x_) and y = (y+,y_) in T . Thus if we write the elements of T

as column vectors then we may identify P(x) with the 2 x 2-matrix
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0 Q+(x+) D+(x+,y_) 0
and L(x,y) with .
Q_(x_) 0 0 D_(x_,y)

Moreover, T = T++ T~ where T+ = V+ x 0 and T =0x V" , and by (1) we have

) paAHT° =0, pAHT T’ .

This leads to the following definition: a polarized Jordan triple system is a Jordan
triple system T with a direct sum decomposition into submodules T = T++ T

such that (2) holds. A homomorphism of polarized Jordanm triple systems T and U

is a homomorphism f respecting the "polarization", i.e., such that f(To)c: u® .
Then (T+,T_) is a Jordan pair with Qo(x) = P(x)] T° , and we have an equivalence
between the category of Jordan pairs and the category of polarized Jordan triple

systems.

1.15. The centroid Z(V) of a Jordan pair V over k is defined as the set of

all a = (a+,a_) [¢] End(V+) x End(V") such that

@) a Q (x) = Q (xa__,
(2) a D_(x,y) = D (x,y)a_,
®) Q (a () = aZq () ,

for all x,y € Vi . Clearly, if A 6 k then (AId ,AId ) belongs to Z(V) . We say
V is central if every element of Z(V) is of this form. If V = (J,J) is the
Jordan pair assoclated with a Jordan algebra J and if s 1is in the centroid of J
(cf. McCrimmon[3]) themn (s,s) is in the centroid of V , and the centroids of J
and (J,J) may be identified in case J is unital.

We consider End(V+) x End(V") as an algebra over k with componentwise

operations. In general, Z(V) will be neither commutative nor even a subalgebra. If



it is, however, then we can consider U as a Jordan pair over Z(V).

1.16. PROPOSITION. Let a,b 6 Z(V) . Then aba 6 Z(V) , and [ai,bc]Qc(x) =0, for

all x 6V, and the image 1 of [a,b] (i.e., I = ([a,,b,JV",[a_,b 1V7)) isa

trivial ideal of V . Moreover, a + b 6 Z(V) if and only if [ac,bg]Qg(x) =0, and

, , _ o
ab 6 Z(V) if and only if ac[ao,bo]chc(x) =0, for all x6 " .

Proof. To show that aba 6 Z(V) it suffices to verify 1.15.3 since (1) and (2)
of 1.15 are linear in a and hence are automatically satisfied. Now we have,dropping
subscripts o for easier notation:
(aba)zQ(x) = abazbaQ(x) = abaZQ(x)ba = abQ(ax)ba = asz(ax)a = aQ(bax)a
= aZQ(bax) = Q(abax).
Similarly, asz(x) = azQ(x)b = Q(ax)b = qQ(ax) = bazQ(x) , and hence
Q([a,b]x) = Q(abx) ~ Q(abx,bax) + Q(bax) = azQ(bx) - aQ(bx,ax) + bZQ(ax)
- a%2Q(x) - a?qQx,x)b? + b2a2Q(x) = (a’b® - 2a%b% + b2ad) (Q(x)
= la’loe = 0,
which proves QO(IO) =0 . From (1) and (2) of 1.15 it is clear that 1 is an outer
ideal, and hence it follows that ] is a trivial ideal of V . Finally, a + b
(resp. ab) belong to the centroid if and only if they satisfy 1.15.3, Now
Q((a + b)x) = Q(ax) + Q(ax,bx) + Q(bx) = aZQ(x) + abQ(x,x) + bZQ(x)
= (a2 + 2ab + bZ)Q(x) whereas (a + b)ZQ(x) = (a2 + ab + ba + bZ)Q(x)
Similarly, Q(abx) - (ab)2Q(x) = (a’b® - (ab)?)Q(x) = a[a,b]bQ(x) . This com-
pletes the proof.

In spite of the somewhat pathological character of the centroid (which is

due to the fact that we are dealing with a non-linear structure) we have
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1.17. PROPOSITION. (a) If V  contains no trivial ideals then Z(V) is a commutative

k-algebra.
(b) If V is simple then Z(V) is an extension field of k .

Proof. (a) This follows from 1.16.

(b) A simple Jordan pair contains no trivial ideals and hence Z(V) is a com-
mutative k-algebra by (a). From the defining properties of the centroid it is
immediate that the image al = (a+V+,a~V_) of every a 6 Z(V) is an ideal of V .
Therefore either all = 0 or all = I/ . Also, Ker(a) = (Ket(a+),Ket(a_)) is an
outer ideal of V , and if all = V then it is an ideal since aG(QG(x)V_G)

= aGQG(x)a_GV_G = ach(x)V_c = Qo(aox)V_c =0 for x 6 Ket(ac) . By simplicity

of V it follows that Z(V) is a field.

§2. Identities and representations

2.0. Notational convention. To simplify notation, the index #o in expressions

like Dc(x,y) , Qc(x) , Qc(x,z), etc. will be suppressed, and we simply write

D(x,y), Q(x), Q(x,2z), or even Dx - Qx, Qx 2 instead. This causes no confusion
t]

t]
as long as care is taken that the expressions make sense. Thus D(x,y)Q(x) is
admissible for x 6 V% and y 6 Vo but expressions like D(x,x), Q(x)x, Q(x)D(x,y)

are not permitted. In any case, the reader will find it easy to supply the missing

indices if necessary.
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2.1. Basic identities. The defining identities of a Jordan pair are (using the

convention introduced above)

JPl D(x,y)Q(x) = Q(x)D(y,x) or {x,y,Q(x)z} = Q(x){yxz} ,
Jp2 D(Q(x)y,y) = D(x,Q(y)}x) or {Q(x)y,y,z} = {x,Q(y)x,z} ,
Jp3 QQ(x)Y) = Q(x)Q(¥)Q(x) .

Since the right hand side of JPl is symmetric in y and z so must be the left

hand side. This implies

1) {x,y,Q(x)z} = {x,z,Q(x)y} = Q(x){yxz} ,

or, in operator form,

JP4 D(x,y)Q(x)} = Q(x,Q(x)y) = Q(x)D(y,x) .

Let k(e) be the ring of dual numbers. If we replace x by x + eu in (1),

expand, and compare the terms with € we obtain

) {xy{xzu}} + {u,y,Q(x)z} = {xz{xyu}}+ {u,z,Q(x)y}

{x{yxzu} + Q(x){yuz} .

(This procedure is justified since by definition the identities remain valid in
any scalar extension, and furthermore k(e) = k.1 @ k.e is free over k so

that =V ®cel ). After a change of notation, this can be written in operator

Vk(s)

form as follows:

JP5 Q(x,z)D(y,x) + Q(x)D(y,z) = Q(x,{xyz}) + Q(z,Q(x)y)
= D(x’Y)Q(x’Z) + D(Z,Y)Q(X) s
Jp6 D(x,{yxz}) + Q(x)Q(y,z) = D(x,z)D(x,y) + D(Q(x)y,z)

= D(x,y)D(x,2) + D(Q(x)z,y) .

Similarly we linearize JP2 and obtain
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(3) {{xyulyz} = {u,Q(y)x,2z} + {x,Q(y)u,z} ,
(4) {x{yxulz} = {Q(x)y,u,2} + {Q(x)u,y,2} ,

which in operator form becomes

JP7 D({xyz},y) = D(z,Q(y)x) + D(x,Q(y)z) ,
JP8 D(x,{yxz}) = D(Q(x)y,z) + D(Q(x)z,y) ,
JP9 D(x,y)D(z,y) = Q(x,2)Q(y) + D(x,Q(y)z) ,
JPl0 Q(x,2)D(y,x) = Q(Q(x)y,2z) + D(z,y)Q(x) .

Addition resp. gsubtraction of JP5 and JP10 gives

JP11l D(x,y)Q(x,2) = QQ(x)y,z) + Q(x)D(y,z) ,

JP12 D(x,y)Q(z) + Q(z)D(y,x) = Q(z,{xyz}) ,
and addition of JP6 and JP8 results in
JP13 D(x,y)D(x,2z) = D(Q(x)y,2) + Q(x)Q(y,2) .

.
We linearize JP12 and apply it to an element v 6 V7:
{x{yzviu} + {zy{xvu}} = {xv{uyz}} + {uv{xyz}} .

Changing x to 2z and conversely we have

JPl4 {xy{uvz}} - {uv{xyz}} {{xyu}vz} - {u{yxvlz} ,

or in operator form,

JP15 [D(x,y),D(u,v)] = D({xyu},v) - D(u,{yxv}) .

Note that all the identities derived so far are a consequence of JP1 and JP2.

2.

1
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2.2. PROPOSITION. (a) If V has no 2-torsion then JP3 follows from JPl and JP2.

(b) If V has no 6-torsion then JP1 - JP3 all follow from JPl4.

Proof. (a) Since the left hand side of JPl4 changes sign if we interchange (x,y)

and (u,v) so does the right hand side. This implies
JP16 {{xyulvz} - {u{yxv}z} = {x{vuyl}z} - {{uvx}yz} .

Now we have by JPl4 and 1.1.2:
8Q(Q(x)y)z = {{xyx}z{xyx}} = 2{{{xyx}zx}yx} - {x{z{xyx}y}x} .
By JP16 it follows that {z{xyx}y} = 2{yx{zxy}} - {y{xzx}y} . Hence
{{xyx}z{xyx}} = 2{{{xyx}zx}yx} - 2{x{yx{zxy}}x} + {x{y{xzx}ylx} =
= 8Q(x)Q(y)Q(x)z , since
{{{xyx}zx}yx} = 2D(x,y)D(x,2)Q(x)y = 2Q(x)D(y,x)D(z,x)y = {x{yx{zxyl}}x},
by JP1.
(b) Using JPl4 we have
2D(x,y)Q(x)z = {xy{xzx}} ={{xyx}zx} - {x{yxz}x} + {xz{xyx}} = 2{xz{xyx}}
- {x{yxz}x} = 2{{xzx}yx} - 2{x{zxy}x} + 2{xy{xzx}} - {x{yxz}x} = 4{xy{xzx}}
- 3{x{zxy}x} = 8D(x,y)Q(x)z - 6Qx)D(y,x)z .
This proves JPl, and JP2 follows from JP15 by setting u = x and v = y. Finally,

JP3 holds by (a).

2.3. Representations. Let A be an associative k-algebra with unit element 1 ,

and let e = e, be an idempotent of A . We set e =1- e, and AT = ecAe_r

(0,7 =t) so that A = A-H- [2) AH'— =) A_+€B A”" is the Peirce decomposition of A

with respect to e, and e . Let U be a Jordan pair over k . A representation

(d,q) of V in A consists of bilinear maps d: Ve x V% > A°® and quadratic

maps qc: v > 4979 guch that the following identities hold in all scalar

extensions.
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@ d_(x,y)q (x) = q (x)d_ (y,%x) = q_(x,Q(x)y)
(2) q,(x)d_ (y,2) +d_(z,y)q (x) = q_ (x,{xyz}),
(3) d (x,y)d_(x,2) = d Q(x)y,z) +q (Xq_ (v,2),
(4) d_(z,x)d fy,x) = d_(z,Q(x)y) + q (y,2)q_,(x),
) 9,Qx)y) = q_ (x)q__(y)q (x).

(here qc(x,z) = qc(x + z) - qc(x) - qc(z)). We will often apply the conventions
of 2.0 to representations as well and simply write q(x), d(x,y), etc., if there is
no danger of confusion.
Let M = (M+,M_) be a pair of k-modules, and let E = End(M+ x M) .
We write the elements of M' x M~ as column vectors and the elements of E as
IdM+ g Q 0

2 X 2-matrices, and set e, = and e_ = .

If (d,q) 1is a representation of V in E then we also say that M is a
V-module, or that (d,q) is a representation of V on M . With any represen-
tation (d,q) of UV in A we can associate a U-module M 1in a natural way by
setting W= att o At , M = At ® A, and combining the given representation

(d,q) with the left regular representation of A .

2.4, The regular representation of U on itself is defined by

D (x,y) O 0 0
d, (x,y) = , d_(y,x) = )
0 0 0 D_(y,x)
0 Q. 0 0
q,(x) = R a_(y) =

0 0 Q_(yy O



By the identities derived in 2.1, this is indeed a representation of V , and hence

V is a V-module. The subalgebra of End(V+ x V") generated by the dc(x,y)'s and

qc(x)'s and e, 1is called the multiplication algebra of V and denoted by M(V).

+- -+ —-— . .
I"I++ eM eOM oM where the M°" are the Peirce spaces with

Clearly, M(V)

respect to e, and e

2.5. The duality principle. Let (d,q) be a representation of V in A . If A

i i * * = * = * =
has an involution such that ek =e_, dc(x,y) d_c(y,x), and qc(x) qc(x)
then we say that (d,q) is a *-representation. From a given representation (d,q)
of ¥V in A we can always construct a *-representation (d,q) in A x AP (with

the exchange involution) by setting

ey = (egoe )y A Gy) = (4 Goy)d_(3,%),  q () = (q (x),q, ().

The proof consists in a straightforward verification and is omitted. As a con-
sequence, we get the following duality principle: If F is any identity in dc(x,y)
and qc(z) which is valid for every representation of a Jordan pair V then its
dual F* , obtained by replacing dg(x,y) by d_c(y,x) and reversing the order of
the factors, is also valid for every representation of V . 1Indeed, F holds in
particular for the *-representation of V in A x A°P | By applying the involution

of A x A°P ang projecting onto the first factor we see that F* holds in A .

2.6. LEMMA. For a representation (d,q) of a Jordan pair V the following iden-

tities hold (with o's omitted; cf. 2.0).

1 d(Q(X)y,Y) = d(x,Q(}’)X),

(2) q(x,z)d(y,x) = d(z,y) + ¢(Q(x)y,z),

3 dx,y)q(x,z)

q(x)d(y,2z) + q(Q(x)y,2z),

(4) dQEx)y,z)Ax) = qx)d(y,Q(x)z),
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(5) q(x)q(y)d(x,2) + d(x,Q(y)Q(x)z) = d(Q(x)y,z)d(x,y),
(6) q(Q(x)y,{xyz}) = q(x)q(y)q(x,2) + q(x,2z)q(y)q(x),

(M ql{xyz}) + ¢(Q(®)y,Q(z)y) = q(x)q(y)q(z) + q(2)q(y)q(x) + qx,2)q(y)q(x,2).

Proof. We set y =2z in 2.3.3 and 2.3.4 and subtract. This proves (1).
Linearize 2.3.1:

q(x)d(y,z) + q(x,2)d(y,x} = q(x,{xyz}) + q(z,Q(x)y)
and subtract 2.3.2 which proves (2). Now (3) follows from (2) by the duality prin-

ciple. By (2) and (1) of 2.3 and the linearization of (2) we have

q(x)d(y,Q(x)z) + d(Q(x)z,y)q(x) = q(x,{x,y,0x)z}) = q(x,Qx){yxz})
= dx,{yxz}q(x) = d(Qx)y,2)qx) + d(Q(x)z,y)q(x)
which proves (4). For (5) we use (3) and 2.3.4 and have

q(x)q(y)d(x,2) + d(x,Q(¥)Q(x)2z) = q(x)(d(y,x)q(y,z) - q(Q(¥y)x,2))

+

d(x,y)d(Q(x)z,y) - q(x)d(z,x)q(y) = d(x,y)d(x,z)d(x,y) - q(x)q(Q(y)x,2)

q(x)d(z,x)q(y) = d(Q(x)y,2)d(x,y) + q(x) (q(y,2)d(x,y) - q(Q(y)x,2z) - d(z,x)q(y))

d(Q(x®)y,z)d(x,2) .

To prove the remaining formulas, let R = k(eg) with 83 = 0 , and replace x by

X+ ez in 2.3.5, computing in the scalar extension VR of U . By equating the

coefficients of ¢ and sz in the resulting identity we obtain (6) and (7).

2.7. PROPOSITION. Let M = (M+,M—) be a module for the Jordan pair V . Then

+ - -
Ve M= (V+ &M,V &M ) becomes a Jordan pair by setting

Qc(x @& m)(y & n) = Qc(x)y =) (qc(x)n + dc(x,y)m)

for (x,9) 6 VW x V% (m,n) 6 M® x M7, called the split null extension of V

by M.

This follows from 2.6.1 - 2.6.7 by a straightforward verification, using

7
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the fact that any product containing more than one element from M is zero. The

details are left to the reader.

2.8. PROPOSITION. (Permanence principle) If F 1is any identity in Dc(x,y) and

Qc(z) which is valid for the regular representation of all Jordan pairs over k

then the identity obtained from F by replacing Dc’ Qc with dc’qc is valid

for all representations of Jordan pairs over k .

Indeed, let (d,q) be a representation of V in A, and let M =(A++ ® At

b
—+ - . : ; i

A7 @A ) be the associated V-module (cf. 2.3). By assumption, F is valid for
the regular representation of the split null extension V @& M . If we restrict to

M and apply F to the unit element of A the assertion follows.

Combining this with 2.5 we obtain the duality principle in the following

form:

2.9. PROPOSITION. If F is an identity in Dg(x,y) and Qg(z) valid for all

Jordan pairs over k then its dual F#* , obtained by replacing Dc(x,y) by D_c(y,x)

and reversing the order of the factors, is algo valid for all Jordan pairs over k .

2.10. More identities. By specializing 2.6.4 - 2.6.7 to the regular represen-

tation we get

J P17 D(Qxy,Z)Qx = %D(Y’sz)’
JP18 D(Qy,2)D(x,y) = Q,QD(x,2) +D(x,QQ,2),
JP19 Q(Qxy,{xyz}) = QnyQ(x,Z) + Q(x,Z)Qny,

JP20 Q{xyzl}) + Q(QX.V,QZY)

|

Q,Q,Q, *+ Q,Q.Q, + Q0x,2)Q G, 2) -

We will also need



20 2.11

Jp21 Qlxyz]) + QQ,Q2,2) = QQQ, +QQQ, + DG,¥)QD(y,%),
JP22 Q(Q,Q 2, xyz]) = Q,Q Q,D(ysx) + D(x,5)Q,QQ, -

Proof of JP2l: If we compare with JP20 we see that we have to show
D(x,y)Q,D(y,x) = Q(x,Z)QyQ(x,Z) + Q(Qnyz,Z) - Q(Qy,Q,¥)-
Using JP10, JP13 and again JP10 we have

D(x,y)QZD(y,X) = Q(z,x)D(y,2)D(y,x) = Q(Q,y,x)D(y,x)

Q(Zax)QyQ(Z,x) + Q(Z,x)D(QyZ,X) ~ Q(Q,y,x)D(y,x)
= Q(z,X)QyQ(z,X) + Q(Qnyz,Z) + D(z,Qyz)Qx - Q(Qxy,sz) - D(Q,y,¥)Q »

and the third and fifth term cancel by JP2.

Proof of JP22: We linearize JP19 with respect to y and get
QQu, {xyz}) + Q(Qy,{xuz}) = QQ(y,u)Q(x,2) + Q(x,2)Q(y,w)Q -

Next replace u by Qyz and use JP1 and JP2:
Q(QQuz, {xyz}) = QQD(z,7)Q(x,2) + Qx,2)D(y,2)QQ, ~ Q(Qy,{x,Qz,2})

(by using JP1l on the first term, JP10 on the second term and JP2 on the third term)
= Qny(QZD(y’x) + Q(sz’x)) + (D(X’Y)QZ + Q(sz’x)) - Q(Qxy,{x,y,sz}),

and this proves JP22 if we observe JP19 with 2z replaced by sz .

2.11. The transformations B(x,y) . For (x,y) 6 V¥ x V9 e define Bo(x,y) 6

End (V%) by
BU(X,)’) = Idvc - DC(X,)’) + QO(X)Q-’G(Y)’
or, in simplified notation (cf 2.0),
B(X,Y) = Idvc - D(X,Y) + Q.ny‘

The B(x,y) play a fundamental r6le in the theory of Jordan pairs. Obviously, we

have B(Ax,y) = B(x,Ay) for all A 6 k . Next we prove some identities for them.
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JP23 B(x,7)Q(x) = Q(x)B(y,x) = Qx - Qx)y),

JP24 B(Q(x)y,y) = B(x,Q(y)x) = B(x,y)B(x,-¥),
3P25 BGu,y)? = B(2x - Gy,y) = Blx,2y - Qp)x),
JP26 Q(B(x,y)z) = B(x,y)Q(2)B(y,x),

JP27 Q(B(x,y)z,x - Q(x)y) = B(x,y)(Q(x,2) - D(z,y)Q(x))

(Q(x,2z) - Q(x)D(y,2))B(y,x).

Identity JP23 is an immediate consequence of JP3 and JP4, and JP24 and JP25 follow
easily from JP2, JP3, and JP13 (observe that it suffices to prove one equality in
each of these cases; the other equality follows from the duality principle since
the dual of B(x,y) is B(y,x)). The proof of JP26 consists in expanding both
sides, comparing terms of equal degree and using JP3, JP12, JP2L and JP22 to see

that they are equal. For JP27 we have

Q(B(x,Y)Z,x - Qxy) = Q(X,Z) - Q({XYZ},X) + Q(QnyZ,X) - Q(Z,QXY)

+

Q({xyz},g(y) - Q(%Qyz,%y) = (by JP4, JP5, JP19 and JP3)

Q(x,z) - D(x,y)Q(x,z) - D(z,y)Q, + D(x,QYZ)Qx + QnyQ(x,Z)

+

Q(x,Z)Qny - QxQ(Qyz,y)Qx = B(x,y)Q(x,z) + (D(x,Qyz) - D(z,y)
+ Q(x’Z)Qy nt QxQ(QyZ’y))Qx = (by JP9 and JPA) B(X,Y)Q(x,z)
+ (D(x,y)D(z,y) - D(z,y) - QnyD(z,y))Qx = B(x,y)(Q(x,2) - D(z,y)Q) >

and the second equality follows from the duality principle.

2.12. Assume that V has invertible elements (cf. 1.10). Then for x (resp. y)

invertible we have

¢} B(x,y) = Q@)QE T - y) = Q(x - yHaw.

Indeed,

QAT - y) = e Q&Y - Q& LLy) + Q)
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= 1d - Q()Q(x T,y) + Q)Q(y)-
By JP13 we have

QA 1,y) = DGx,x H)D(x,y) - DQE)X T,y) = 2D(x,y) - D(x,y) = D(x,¥)
since  DGx,x 1) = D(x,x Q@A) = alx,Q@x HoE ™) = o1& )
= 20x)Q(x 1) = 2Id by JP1. Similarly one proves the second formula.

If V= (J,J) is the Jordan pair associated with a unital Jordan algebra J

then formula (1) reads

@ BGe,y) = UUG - y) = UG-y U

§3. The quasi-inverse

3.1. DEFINITION. Let U be a Jordan pair. Instead of x 6 vt and y 6 V™ we

simply write (x,y) 6 V . A pair (x,y) 6 V 1is called quasi-invertible if x is

quasi-invertible in the Jordan algebra V; (cf. 1.9); in other words, if 1 - x

A . . . . +

is invertible in the unital Jordan algebra k.1 &BV; obtained from Vy by ad-
; - +

joining a unit element. In this case, (1 - x) L. 1+ 2z where z 6V , and we

set z =x° and call it the quasi-inverse of (x,y) .

Recall that an element a of a unital Jordan algebra J is invertible if

and only if the following equivalent conditions hold (cf. Jacobson[3]).

(1) There exists b 6 J such that Uab = a and Uab2 = 1;
(ii) Ua is invertible;
(iidi) Ua is surjective;

(iv) 1 belongs to the image of Ua.



For the quasi-inverse in a Jordan pair, the analogous statement is

3.2. PROPOSITION. For (x,y) 6 V the following conditions are equivalent.

(i) (x,y) 1is quasi-invertible;

(ii) there exists z 6 Al such that

&9 B(x,y)z = x - Q(x)y and B(x,y)Q(2)y = Qx)y;
(iii) B(x,y) is invertible;

(iv) B(x,y) 1is surjective;

(v) 2x - Q(x)y belongs to the image of B(x,y).

If these conditions are satisfied then

(2) z =% = B,y Tx - QG)y)

is the quasi-inverse of (x,y)

1_x.l =1-2x +Q(x)y and Ul_x.w = B(x,y)w

for all w € V+ . From this and 3.1, (i) - (iv) it follows easily that (i) - (v)

Proof. In k.1 ® V; we have U

are equivalent, and (2) is a consequence of (1).

3.3. PROPOSITION. (Symmetry principle) Let (x,y) 6 V . Then (x,y) is gquasi-

invertible if and only if (y,x) is quasi-invertible in voP , and in this case,

x =x + Q(x)yx.

Proof. Let (y,x) be quasi-invertible in yopP , and set z =x + Q(X)Yx < We
show that 2z satisfies 3.2.1. By 3.2.2, JP23 and JP26 we have
x x
B(x,y)z = B(x,y) (x + Q(x)y") = B(x,y)x + QB(y,x)y

=x - Gyxl+QQx+QGy-Qx) =x-0Qy,
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and

- - -1
B(x,y)sz = Q(B(x,y)z)B(y,x) ly = Q(x - Q¥)B(y,x) ly = QXB(y,X)B(y,X) ¥y =Qy.

3.4, LEMMA. (a) Let (z,y) 6V . Then Q(y): V

+ -
>V is a homomorphism
Q(y)z z £

of Jordan algebras.

- +
(b) Let (u,v) 6V and y 6V . Then B(u,v): V Vy is a homomorphism

+ ->
B(v,u)y

of Jordan algebras.

This follows by a straightforward computation, using JP3 and JP26.

3.5. PROPOSITION. (Shifting principle) (a) Let x,z 6 V' and y 6 V™ . Then

(x,Q(y)z) 6 V is quasi-invertible if and only if (Q(y)x,z) 6 VP ig quasi-

invertible, and in this case

@ 0y 2% - Q.

(b) Let (x,y) and (u,v) bein V . Then (x,B(v,u)y) is quasi-invertible

if and only if (B(u,v)x,y) is quasi-invertible, and in this case

(2) B(u,v) > WYy = (B, vynY.

Proof. (a) Let (x,Q(y)z) be quasi-invertible. Since a homomorphism of Jordan
algebras maps quasi-invertible elements into quasi-invertible elements it follows
from 3.4 (a) that (Q(y)x,z) is quasi-invertible and that (1) holds. If conversely
(Q(y)x,z) is quasi-invertible then by the symmetry principle and what we just
proved it follows that (x,Q(y)z) is quasi-invertible.

(b) This follows similarly from 3.4 (b).
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3.6. Identities involving the quasi-inverse. Let (x,y) be quasi-invertible in V .

From (ii) of 3.2 it follows that (x,y) 1is still quasi-invertible in any Jordan
pair containing UV as a subpair. In particular, if (d,q) is a representation of

V in A and M is the associated U-module (cf. 2.3) then the quasi-invertibility
of (x,y) in the split null extension V@ M (cf. 2.7) implies that b+(x,y)

=e, - d+(x,y) + q+(x)q_(y) is invertible in A'' and b_(y,x) = e_ - d_(y,x)

+ q_(y)q+(x) is invertible in A . For this reason, the permanence and duality

principle (2.8, 2.9) may be applied to identities like the following whose proof

requires the cancelling of a factor B(x,y).

P28 B(x,7)Q(") = Q(x)B(y,x) = Q(x),

JP29 B(x,7)Q(x",2) + Q)D(y,z) = Q(x’,2)B(y,x) + D(z,y)Q(x) = Q(x,2),
JP30 B(x,y)D(x",2) = D(x,2) - Q(x)Q(y,2),

JP3L D(z,x")B(y,x) = D(z,x) - Q(y,2)Qx),

JP32 D(x",y - Q(y)x) = D(x - Qx)y,y") = D(x,y),

JP33 B(x,y)B(x’,z) = B(x,y + z),

JP34 B(z,x”)B(y,x) = B(y + z,x),

Jp35 B,y T = BT ,-y) = B(-x,y%).

Proof. By applying Q to 3.2.1 and observing JP23 and JP26 we get
B(x,5)Q(x))B(y,x) = B(x,5)Q(x) = Q(x)B(y,x),

and by the invertibility of B(x,y) and B(y,x) we have JP28. By JP26 and JP27
we have

B(x,y)Q(x”,2)B(y,x) = Q(B(x,y)x",B(x,y)2) = Q(x - Q(x)y, B(x,y)2)

= B(x,y) (Q(x,2z) - D(z,y)Q(x)) = (Q(x,2) - Q(x)D(y,2))B(y,x)
which implies JP29. Applying JP29 to an element u and reading the result as a
transformation in =z gives JP30, and JP31 follows by the duality principle. For

JP32, set z = y ~ Q(y)x 1in JP30 and use JPY9 and JP4 which yields
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B(x,y)D(x",y - Q(y)x) = -Q(x)Q(y,y) + Q(x)Q(y,Q(y)x) + D(x,y) - D(x,Q(y)x)
= DG,y - D,y + QEQEID,Y) = Blx,y)D(x,¥).
If we cancel B(x,y) we get the first identity, and the other one follows by the
duality principle. For JP33 we have by JP28 and JP30,

B(x,y)B(x”,z) = (B(x,y)(Id - D(x”,2) + Q(x')Q(z))

B(x,y) + Q(x)Q(y,z) - D(x,z) + Q(x)Q(z)

Id - D(x,y + z) + Q(x)Q(y + z) = B(x,y + z).

Now JP34 follows by duality and JP35 by setting z = -y in JP33 and JP34.

3.7. THEOREM. Let (x,y) 6 V be quasi-invertible.

(a) For all =z 6 V" we have (x,y + z) quasi-invertible if and only if (xy,z)

is quasi-invertible, and in this case,

) 2 o2,

(b) For all =z 6 V+ we have (x + z,y) quasi-invertible if and only if (z,yx)

is quasi-invertible, and in this case,

X
2) x+2)7 =% +Be,p 7t 20,

Proof. (a) The first statement follows immediately from JP33 and (iv) of 3.2, For

(1) we have by 3.2.2, JP33 and JP28

T LBy + 2 M - Q) (& + 2)

B(xY,2) 1B x,y) Tx - Q) (v + 2))
-1

BGxY,2) (7 - B(x,y) TQ)z)

il

B, ) Y - qedyz) = NP .

(b) The first statement follows from (a) and the symmetry principle. To prove (2)

we have by 3.2.2
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(x + z)y B(x + z,y)—l(x +z - Qx+ 2)y)
and

=1, ( X -1 x, -1 X
486N EY ) = e,y T - Qey + B2y T @ - 2@y)
= BGx,y) 1Bz, T (B(z,y) (x - Q)y) + z - Qz)y).
By JP34 it suffices therefore to show that
x+z - Qx)y - {xyz} - Q(z)y = B(z,yx)(x - Qx)y) + z - Q(z)yx.
The right hand side is
Xx+z - Q)y - D(z,y ) (x - Q®)y) - Q)" - QD) (x - A)Y)) .
By JP32 we have
D(z,y") (x - Q(x)y) = D(x - Q(x)y,y)z = D(x,y)z = {xyz},
and by JP28 and 3.3 we have

X

v - Q) (x - QY = ¥F - QBE, Tx - 0y

v - e = y.

This finishes the proof.

(n,y)

3.8. Powers and nilpotence. Let (x,y) 6 V . Then we denote by x the n-th

power of x din the Jordan algebra V; , and by y(n,x) the n-th power of y
in V; . We have the formula
W e [ B A

Indeed, for n = 1 this is the definition of x(z’Y) (cf. 1.9), and for =n = 2

we have x(3’y) = Uxx = Qx)Q(y)x = Q(x).y(z’x) . If we assume (1) to be true for =n
then we get LR Ux.x(n+1’y) = Q(X)Q(Y)Q(x).y(n'x) = Q(X).y(n+2’x) . Here we
use the fact that in a Jordan algebra the formula Ux.xn = xn+2 holds.

+
We say that a pair (x,y) 6 V is nilpotent if x 1is nilpotent in Vy .

From (1) it is clear that (x,y) is nilpotent if and only if (y,x) 6 VP  ig
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nilpotent. Also, if

(x,y) 1is nilpotent then it is

inverse is given by

) z X(H,Y)

n=1

For the proof, we use the fact that for a nilpotent

the operators Ux and VX (cf. 1.6) are nilpotent

VX = D(x,y) and UX = Q(x)Q(y) which implies that

is unipotent and hence in particular invertible. In

B(x,y) to the right hand side and have (setting x
- 2Xn+l)
<«
z (xn - 2xn+1 + xn+2) = x + x2 + aee -
n=1
=x-X =x-0Q

which proves (2) in view of 3.2.2.

3.9. Inner automorphisms. Let (x,y) 6 V be quasi

B(y,x) are invertible and it follows from JP26 tha
@

is an automorphism of V , called the inner automor

3.9

quasi-invertible, and the quasi-

element x of a Jordan algebra

and commute. In our case,

B(x,y) = Id - D(x,y) + Q(x)Q(y)
order to prove (2) we apply

n_ (n,y)

. n
and using xex

3

2(x2 + x3 + .0) F X O+ ...

&)y

-invertible. Then B(x,y) and

t

8(x,y) = (B(x,y),B(y,) 1)

phism defined by (x,y) .

From JP33 - JP35 we get the formulas
(2) B(x,y)8(x",z) = B(x,y + 2),
3) B(z,y)8(x,y) = B(x + z,y),
-1
0) Bx,y) " = 8G7,-y) = B(-x,5).
If h = (h+,h_) is an automorphism of V then we have



3.10 29

) BEGe, )b T = B(h, (x),h_(y)).

Thus we have proved

3.10. PROPOSITION. The group Inn(V) generated by all B(x,y), (x,y) 6 V quasi-

invertible, is a normal subgroup of Aut(V), called the inner automorphism group

of V.

3.11. Inner derivations. Let k(e) be the algebra of dual numbers over k . Then

(X,¢ey) 1is nilpotent and hence quasi-invertible in for all (x,y) 6 V ,

k(e)
and we have B(x,ey) = Id - D(x,y) and B(gy,x)—l = Id + D(y,x) . Thus B(x,ey)

= Id - e8(x,y) where
1) §(x,y) = (D(x,y), -D(y,x))

is a derivation of V (cf. 1.4), called the inner derivation defined by (x,y) .

(The fact that 6(x,y) is a derivation is also an immediate consequence of JP12).

From 3.8.5 it follows

@ heGx,y)h T = s(h, (0),h_(5)),

for h 6 Aut (V). Let 4 = (A+,A_) 6 Der(V) . Then Id + ¢A 6 Aut(V and from

k(e))

(2) we get by a simple computation
(3} [4,8G6,y)] = 6(a, (x),y) + 8(x,4_(¥))-

(Note that for A = §(u,v) this is just JP15). We have proved

3.12. PROPOSITION. The k-module Inder(V) spanned by all &(x,y) , (x,y) 6 V ,

is an ideal of Der(V) , stable under all automorphisms of V .
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We call Inder(V) the inner derivation algebra of V . It should be noted

that Inder (V) is contained in, but in general not equal to, the set of all

4 6 Der(V) such that 1d + cA € Inn(V , in contrast to the situation for the

k(e)’
derivation algebra Der (V) (cf. 1.4).

3.13. The case of a Jordan algebra. Let J be a unital Jordan algebra and let

V= (J,J) be the Jordan pair associated with J . Assume that (x,y) is quasi-

invertible in V and that x is invertible in J . Then we have B(x,y) = UXU 1
X

-y
by 2.12 and hence xn1 - y is invertible. We claim that
- -1
L A e
-1 -1 - -1, -1 -1 -1
Indeed, (x =~ -y) = U(x L y) (x T - y) = B(x,¥) UX(X -y
-1
=BeLY) Tx-Uy =¥ .

§ 4, Radicals

+
4.1. The Jacobson radical. Let V be a Jordan pair over k . An element x 6 V

is called properly quasi-invertible if (x,y) 1is quasi-invertible for all y € v,

Similarly y € V™ is called properly quasi-invertible if (x,y) is quasi-invertible

for all x 6 V+ . The Jacobson radical (or simply the radical) of V is Rad V

+ —
= (Rad V" ,Rad V7) where Rad V° 1is the set of properly quasi-invertible elements

o .
of V° . From the definitions, it is obvious that Rad V is invariant under all
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- +

automorphisms of V , and that Rad V°P = (Rad V ,Rad V). Also, if k' +k is a
ring homomorphism and k'V is the Jordan pair over k' obtained by restricting the
scalars to k' (cf. 1.2) then Rad V = Rad(k,V) .

We say UV 1is semisimple if Rad V = 0, and V is quasi-invertible or

radical if V = Rad V .

4.2. THEOREM. The radical of V 1is both the largest quasi-invertible ideal of V

and the smallest among all ideals I of V such that V/I 1is semisimple; in

particular, Rad V is an ideal of V . If 1 is any ideal of V then Rad I

= InRad V.

Proof. We first show that Rad V 1is an ideal of V . Let R = Rad v , and let
X,z 6 R+ s A6 k. By 3.7(b), (x + z,y) 1is quasi-invertible for all y , and
therefore x + z € R+ . Since B(Xx,y) = B(x,Ay) we also have Ax 6 R+ . Thus R+
is a submodule of V' . Now let x 6 R* ,y6 UV and z 6 V+. Then (x,Q(y)z)

is quasi-invertible, and by the shifting principle (3.5) we have (Q(y)x,z) quasi-
invertible. Since 2z was arbitrary this shows that Q(y)x 6 R s and therefore
Q(V_)0R+C: R™ . similarly, let (u,v) 6 vt kv ,y6V,and x6 R+. Then
(x,B(v,u)y) 1is quasi-invertible, and by 3.5, (B(u,v)x,y) is quasi-invertible
which proves B(u,v)x 6 R+. Now B(u,v)x = x - D(u,v)x + Q(u)Q(v)x and hence we
get  D(u,v)x = {uvx} 6 RT , i.e., (VU7 81 © R". et x 6 R and y 6 U

By 3.7(2), x° 6 R', and by 3.2.2, Q(x)y = x - B(x,y)x” 6 R* . Thus QRHV < R -

Since all this holds with + and - interchanged as well Rad V 1is an ideal.

+ - + -
Let I = (I',T) be a quasi-invertible ideal, let x 6 I and y & V .

Then B(x,y)B(x,-y) = B(x,Q(y)x) (JP24) is invertible since Q(y)x 6 I . By (iv)
+_ 4+
of 3.2, (x,y) is quasi-invertible. Hence I € R , and it follows that Rad V
is the largest quasi-invertible ideal of V . Finally, it is clear that a surjective

homomorphism h: V » ! of Jordan pairs maps Rad V into Rad W . It remains to be
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shown that V/Rad V is semisimple which is a consequence of the following

4,3. LEMMA. Let I be a quasi-invertible ideal of V and let x+w x denote the

canonical map V + V/I . If (x,y) is quasi-invertible in V/I then (x,y) is

quasi~invertible in V .

+ + -
Proof. T is a quasi-invertible ideal in the Jordan algebra Vy , and X¥ x is
a homomorphism V; > (V/I)t of Jordan algebras. Now the lemma follows from the

corresponding fact for Jordan algebras (Jacobson[3], III, Lemma 5).

To complete the proof of 4.2, let I be any ideal of V . Then I n Rad V
is a quasi-invertible ideal of I and therefore contained in Rad I . Conversely,
let x 6 Rad 17 and y 6 V" . Then Q(y)x 6 T and hence (%,Q(y)x) is gquasi-
invertible. Since quasi-invertibility in I and in V are equivalent it follows
from JP24 and (iv) of 3.2 that (x,y) is quasi-invertible. Thus x € Rad vt ,

and a similar proof shows that Rad I < Rad V~ .

4.4. PROPOSITION. (a) If V is a local Jordan pair (cf. 1.10) then Rad V is the

set_of non-invertible elements of V .

(b) Conversely, if U is a Jotdan pait containing invertible elements and such

that V/Rad V is a division pair then V is local.

Proof. (a) Let N be the set of non-invertible elements of V . By definitionm,
N = (N+,N_) is a proper ideal. Since V/N is a division pair we have Rad VC N .
Now let x 6 N* and let v e VU~ be invertible. Then x - v—1 is invertible since
otherwise x - (x - v-l) = v--1 e Nt . By 2.12, B(x,v) = Q(x - v—l)Q(v) is inver-

+
tible and therefore (x,v) is quasi-invertible. Also, x' 6 N since N is an

ideal. If y 6 N then y - v 1is invertible, and hence (xv,y - v) 1is quasi-
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invertible. By 3.7, ((xv)_v,y) = (x,y) 1is gquasi-invertible. Therefore N is a
quasi-invertible ideal, and by 4.2 it 1s contained in Rad V .

(b) We show that Rad V is the set N of non-invertible elements of V . Obvious~
ly Rad U+C: Nt . Conversely, let x not be in Rad U+ , and let v 6 V7 be in-
vertible. Since =x is invertible modulo the radical there exists y 6 V™ such

that v—l - Q(x)y = z 6 Rad U+ . By 2.12, B(z,v) = Q(z - v—l)Q(v) , and this is
invertible since z 6 Rad UV . Hence Q(z - v_l) = Q(Q(x)y) = Qx)Q(Y)Qx) is

invertible which proves x invertible. A similar proof applies to N .

+
4.5. The small radical. Let V be a Jordan pair. An element z € U~ 1s called

trivial (or an absolute zero divisor) if Q(z) = 0. We say V is non-degenerate
(or strongly semiprime) if it contains no non-zero trivial elements.

An ideal I of V is called a semiprime ideal if V/I is non-degenerate,
in other words, if Q(z)U_OAC: 1° implies z & 1° , for all z & 9. The inter-
section § = (S+,3_) of all semiprime ideals of I is itself a semiprime ideal.

For if Q(z)V °c $° then Q(z)V" % 1is contained in every semiprime ideal and

hence so is 2z which shows z 6 30 . Thus S 1is the smallest semiprime ideal of V,
called the small radical (or lower radical, strongly semiprime radical) and de-
noted by rad V . It is obviously invariant under Aut(V) . Note that the Jacobson
radical is a semiprime ideal and therefore contains rad V which justifies the
terminology. Indeed, if x is trivial then (x,y) is nilpotent for all y and

by 3.8 it is quasi~invertible which shows that x belongs to the radical.

A Jordan pair is called s—radical if it is its own small radical; in other
words, 1f every non-zero homomorphic image contains non-zero trivial elements. Before
we can prove that the small radical is the largest s-radical ideal we need the

following
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4.6. LEMMA. Let B and C be ideals of V , and let TG(B,C) be the set of all

- +
finite sums of elements z 6 V® such that Q(z)B UC,C0 . Then T(B,C) = (T (B,0),

T (B,C)) is an ideal of containing C . In particular, T(V) = T(V,0) is an

ideal of UV , contained in rad V .

Proof. Let T° = T9(B,C) . Clearly T° 4is a submodule of v° . From JP3 and JP26

'it follows that TY is invariant under all Q(y) and B(x,y) , and hence Q(VO)T—G

< 7% and {VO,V_G,TO} <T° . Nowlet z =12, + ... + z. 6 T° where Q(zi)B_c

1

< ¢° . Then Q(z)y = = Q(zi)y + iE {ziyzj} . By JP3, Q(Q(zi)y)8'0<: c?, and

&
{ziyzj} 6T ? by what we proved before. Hence Q(z)y 6 79 and (T+ ,I) is an

ideal. The last assertion follows from the following

4.7. PROPOSITION. Let TO(V) = 0, and define

L T,

B<a

@ T, ()

if o is a limit ordinal, and

@ T, () = T(V,T,_ (1))

otherwise. Then
3) rad V = l&m Ta(V) .

Proof. By 4.6, the Tu(V) form an increasing sequence of ideals of U . Assume
that TS(V)CZ rad  for all g <a . If o is a limit ordinal then by (1),
Ta(V)C rad V . If not then by (2),

TQ(V) = T(V,Tu_l(V)) < T(V,rad V) < rad V
since rad I/ is a semiprime ideal. Let  be the ordinal at which the sequence

T (V) stabilizes. Then T (V)= rad V , and T ,, (V) = T(V,T (V)) = T (V) which
o w wtl © w
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means that Tw(V) is a semiprime ideal. Since rad V is the smallest such

ideal the assertion follows.

4.8. PROPOSITION. If I is an ideal of V then I nNT(I,0)C TZ(I) .

Proof. Let x 6 I+-ﬂ T+(1,0) . Then x = I z; where Q(zi)I_ =0.For yé6

I” we then have Q(x)y = {ziyzj} , and from JP21 it follows that

z
i<j
Qzyz, DT” = 0, f.e., {zy2.) 6 TI(I) . Hence x 6 T;(I) )

4.9, LEMMA. If T 4is an ideal of UV and S is a semiprime ideal of I then

S is an ideal of |/ .

Proof. Let (x,y) 6 S . Then z = Q&x)y 6 I' and Q(z)I = QnyQXI_ <
QXQyI+C: QXI_ e S+ implies z 6 S+ since S is a semiprime ideal of I .
Thus we have Q(S+)V_C: S+
oo + -
Next we show that Q(V')S € S . Let x6 V , y6 S , and define

= Q(®)Y, z' = Q(z)u, z" = Q(z')v where u and v are arbitrary elements of

1~ . It suffices to show that Q(z"MI < S+ . Indeed, this implies =z" 6 S+

by semiprimeness of S in I , and since v and u are arbitrary in 17 it
follows for the same reason that z' 6 S+ and z 6 S+ . Now we have, using JP3
repeatedly,

Q(z" 1T = Qz")eMQz")1~ =,0,Q,Q (Q0Q.Q Q00 Q I < Q,(Q.Q, Q e, A2} I

X y X vx Ty xuz
and this is contained in Qz(QuQny)I . Since ] is an ideal of (! we have
+
z6 1 . Also, if s 6 S+ then by JP20, QuQnyS = Q({uxy})s + {qu,s,ny}

- QnyQuS - {U,QX{uSy},y} 6 S, using the fact that I dis an ideal of V

and S is an ideal of [ . It follows that Q(z")I_C: S+

Finally we prove that {V+,V—,S+} St Let x6 vt , x' 6V and
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y 6 S+ . In order to show that {xx'y} & S+ it suffices to show that

z = B(x,x")y € S+ . Let z' = Q(z)u, z" = Q(z')v where u,v 6 I . Argueing as
above we see that it suffices to prove Q(z”)I_c: S+ . By JP3 and JP26 we have
QT = 2@)AWAEDT = Q0 Blx,x")Q (Bx',x)Q Blx,x"))QBx',x)QQ "

- QZQUB(X,X')QyQ(B(X,X')V)5+<: QZQUB(x,x')QyS_ . By what we already proved
and the definition of B(x,x') it suffices to show that D(x,x')QyS_CZ S+ .
But for s 6 S we have by JP12, D(x,x')st = —Qy{x'xs} + {ys{xx'yl}} & 5+ .

Since all this holds as well with + and - 1nterchanged the Lemma follows.

4.10. COROLLARY. Let I be an ideal of V and let I' be an ideal of 1 such

that I is the ideal of V generated by I' . Then I/I' is s-radical.

Proof. Let S be the inverse image of rad(I/I') under the canonical map
I +1/1I" . Then S 1is a semiprime ideal of I containing I' . By 4.9, S

is an ideal of V , and hence S =1 .

4.11. THEOREM. The small radical rad V 1is the largest s-radical ideal of V .

Proof. Let I =rad V and let S =rad I . By 4.9, S is an ideal of V , and
Q(x)V_051 s’ implies x 6 8% since S is semiprime in 1 and I is semiprime
in V . Hence S 4is semiprime in V and this implies S = T . It follows that
rad V 1is s-radical. Now let N be any s-radical ideal of V . After dividing by
rad V we may assume that U 1is non-degenerate and have to show that N =0 .

If N # 0 there exists a non-zero trivial element of N , say x 6 N with
Q(x)N = 0 . Since N is an ideal we have for all y 6 V_  that Q(Qx)y)V~

= QnyQxV < QxN = 0 which implies Qxy = 0 and hence x = 0 , a contradiction.
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4.12. PROPOSITION. (a) Let k' + k be a ring homomorphism, and let k,V be

the Jordan pair over k' obtained by restriction of scalars. Then we have

rad k,V =rad V .

(b) Let K be an extension of k , and define ¢: V - VK by ¢(x) = x®1 .

Then ¢(rad V)< rad VK .

Proof. (a) Since every semiprime ideal of V 1is a semiprime ideal of k,V
we have rad k,V < rad V . Conversely, it suffices to show that S = rad k,V

is a k-submodule of V . If x 6 Sc and X 6 k then Q()\X)V-c = XZQ(X)V_G

< Q(x)V—UCZ s° and this implies Xx 6 7.

(b) By 4.9 we are reduced to proving that VK is s-radical provided V is.

Let m: VK > W +# 0 be a surjection. Then =($(V)) = U contains a trivial ele-
ment z # 0 of U, and since U spans W as a K-module z is a trivial ele-
ment of W .

We remark that (b) is false for the Jacobson radical.

4,13, THEOREM., If T is an ideal of V then rad T = INnrad V .

Proof. By 4.9, rad I is a s-radical ideal of V , and therefore 1s contained
in rad V by 4.11. For the converse it suffices to show that every ideal of a
s-radical Jordan pair is itself s-radical. Thus let V be s-radical, and let T
be an ideal of V . By 4.9, rad I is an ideal of V . After dividing by

rad I we may assume that rad T = 0 and have to show that I = O . Assume to
the contrary that I # 0 . By Zorn's Lemma there exists an ideal M of V which
is maximal with respect to the property that I M = 0 . After factoring M out
we may assume that I (VK =0 implies K= 0 , for all ideals K of V . Let

z 6 V+ be a trivial element of V and let x 6 I . Then Q(x)z 1is a trivial
element contained in I which implies Q(x)z = 0 . From this we conclude that

Q(X)T+ = 0 where T+ = T+(V) is as in 4.6, Now let z 6 T+(W T+ and x6 1 .
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Then we have Q(Q(z)x)I~ = Q(2)Q(x)Q(2)I~ € Q(z)Q)IT = 0 , using the fact that
T(V/) 1s an ideal (4.6). Since I does not contain trivial elements we get Q(z)x

= 0 and hence 2z = 0 . Therefore T+f\ 1+ = 0 and in the same way one proves

that T N I = 0 . This is a contradiction since V is s-radical and therefore

T#0.

4.14. The nil radical. A Jordan pair V is called nil if all (x,y) € V are

nilpotent (cf. 3.8), If T is an ideal of V then UV is nil if and only if
I and V/I are nil. Hence the union of all nil ideals of U is a nil ideal,
called the nil radical and denoted by Nil V . Clearly Nil V is the smallest
among all ideals I of V such that Nil(V//I) =0 .

Note that Nil V consists of properly nilpotent elements in the follo-

wing sense: if x 6 Nil V+ then (x,y) is nilpotent, for all y & v,
and if y € Nil V™ then (x,y) is nilpotent for all x 6 V+ . Indeed, Q(y)x
Q%)

belongs to Nil U~ and hence =0 for some n . By 3.4(a),

0 = Q). x™OOIT) gy @B o (23 y (X)X gy 38,1,

(2n,x) = x(2n+l,y) = 0 , It is not known whether Nil U coincides with the

Q(x)y

set of all properly nilpotent elements.

4,15, PROPOSITION. Nil V and Rad V! are semiprime ideals of UV and we have

rad V CNil V CRad V .

Proof. We have noted before (cf. 4.5) that Rad V is a semiprime ideal. To show
that Nil V is a semiprime ideal it suffices to show that T(V/) is a nil ideal

since we then have T(V/Nil V) = 0 , proving that Nil V is semiprime. If 2z € vt
is trivial then Q(z)y = Q(2)Q(y) = 0 for all y 6 V" and hence z is a trivial

element of all Jordan algebras k.l &)V; . It follows that T+(V) is contained
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in the ideal generated by the trivial elements of k.1 & V; . Since the latter
is a nil ideal (cf. Jacobson(3],III, Th. 5) it follows that T+(V) consists of
properly nilpotent elements. The same arguments apply to T (V) and therefore
T(V) 1is a nil ideal of V . To complete the proof, we have Nil V< Rad V
since Nil V consists of properly nilpotent and therefore properly quasi-inver-—

tible elements.

4.16. PROPOSITION., If I 4is an ideal of V then Nil I =1 NNil V.

Proof. By 4.15 and 4.9, Nil I is a nil ideal of V and therefore contained

in T ANil V . The converse is trivial.

4,17. Relations with radicals of Jordan algebras. Let J be a Jordan algebra

and let V = (J,J) be the associated Jordan pair. The Jacobson radicals Rad J ,
of J is the set of properly quasi-invertible elements of J (cf. McCrimmon{4])

which shows that
1) Rad V = (Rad J,Rad J).

The small radical (=lower radical, cf. McCrimmon[l]) rad J is the smallest
ideal of J such that J/rad J has no non-zero trivial elements. This implies
that (rad J,rad J) 1is a semiprime ideal of V and therefore contains rad V
= (S+,S—) . Conversely it is clear that (S_,S+) is a semiprime ideal of V
which implies S = S+ = S ., We claim that S is an ideal of J . Since U(S)J
+ U(I)S + {JJS}<= S by the fact that (S,S) 1is an ideal of V it remains to
be shown that 32 +SoJcCS . 1If x6Sand y 6 J then U(xz)J = U(x)ZJ S
implies x2 6 S, and from the identity U(xoy) = Uny + UyUx + Ui,y - U(Xz,yz)

it follows that U(xo y)J C S which implies xey 6 S . Thus we have
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(2) rad V = (rad J,rad J).

Because of (1) and (2), all the properties of the Jacobson and the small radical
which we proved for Jordan pairs carry over to Jordan algebras.

The situation is less satifying for the nil radical. Assume that J is
unital and let Nil J be the nil radical of J , i.e., the largest nil ideal
of J . Also let Nil V = (N+,N_) be the nil radical of V . It is easily seen
that N = N = N is a nil ideal of J and is therefore contained in Nil J .
In gemeral, we will not have equality. However, let us call an ideal K of J
properly nil if every x 6 K 1is nilpotent in all homotopes J(Y) of J . Then
it is easy to see that J contains a unique largest properly nil ideal PN J

and that Nil J = (PN J,PN J)

4.18. PROPOSITION. Let V be a Jordan pair. Then

1) Rad VT = {x 6 Al | V; is radical },
(2) Rad V;' = (xevt | Q(y)x & Rad V' } ,
(3 Rad Ut = m Rad U .

yev~ y
Proof. (1) is obvious from the symmetry principle (3.3) and the definition of
the Jacobson radical. For (2) we have X & Rad V; if and only if x 1is quasi-
invertible in all homotopes (V;)(z) By 1.9.4 this is equivalent with (X’Qyz)
quasi-invertible, and, by 3.5, with ny 6 Rad V™ . Finally, since Rad V is an
ideal it is clear that Rad V+ is contained in all Rad V; . Conversely, let

X & Rad V; for all y 6 V~ . Then by (2), B(x,Q(y)x) is invertible for all

y & a , and by JP24 it follows that x & Rad V+ .

4.19. PROPOSITION. For v & V= let J = V: , and define

K= {x67] | QW)x = Q(v)Qx)v = 0 }.
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Then K is an ideal of J such that UKK = 0 ; in particular, Kerad J .

Proof. We have to show that K> + KoJ + U(K)J + UK + v(J,J3K € K , where
x2 = Qv , xey = {xvy} , U = Q(x)Q() and V(x,y) = D(x,Q(v)y) (cf. 1.9).
First let K' = Ker Q(v) . Then K< K' , and U(DK' =0 and UK")J + v{J,DK'
C K' by JP3. Also Q(v)(JoK') = QW) {J,v,K'} < {v,],Q(v)K'} = 0 by JPl and
hence JoK'C K'

Clearly K is closed under scalar multiplication. Let x,y 6 K . Then
Q) (x +y) =0 and Q()Q( + yIv = QW) (Q(X)V + Q(x,y)v + Q(y)v) = Q(v) {xvy}
= 0 since {xvy} = xey 6 K' . This shows that K is a submodule of J . Also,
QW)x% = QE)Q()v = 0 and Q()Q(xD)v = Q,0,Q,Qv = 0 which implies Kk .
Now let x 6 K and y € J . Then by JP20 we have QVQ(x ey)v = QvaQvva
+ QvQvaQxV + QVQ(x,y)Qv(x oy) - Qv(xzo yz) . The first term vanishes since
QVQva = Q(va) = 0 , and the second term by definition of K . Also Q(v)(xey)
= Q(v)(xzo yz) =0 since K° CK and K'eJ CK' . Hence KoJ < K . From the
definition of K and JP3 it follows easily that U(K)J + U(J)K < K . Finally,
let x € K and y,z 6 J . Then by JP20, Q(v)Q(Vx,yz)v = Q(v)Q({x,Q(V)y,z})v
= Q,Q.Q(Q, Qv + QQ,Q(Q y)Q v + Q 2(x,2)Q(Qy) (xez) - Q(QyeQy) =0,
using JP3 and what we already proved. Thus we have shown that K is an ideal of
J . Obviously, U(K)K = Q(K)Q(v)K = 0. Therefore K is a s-radical ideal of J

and hence contained in rad J .

4,20, Remark., If 2 is invertible in k or if UV is non-degenerate then we

have K = K' = Ker Q(v) . Indeed, x 6 K if and only if v(2,x) = v(3’x) =0 .

If 2 is invertible in k then v(3’x) = (l/2)v<>v(2’x) in V; LIE

is

non-degenerate then Q(Qvav) = QvaQ QQ = Q(va)Qva and hence x 6 K'

VX'V

implies x 6 K .
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4,21, The extreme radical Extr(V) = (E+,E_) of a Jordan pair V is defined as

Lo}

9 ={xe V| o =0p&,V% =W %x) =0}

It is an easy exercise to verify that Extr(V) is an ideal of V , obviously
contained in rad V . If a and b are in the centroid of V then we can
sharpen 1.16 to say that the image of [a,b] is contained in the extreme radical.
The proof is straightforward and is therefore omitted. By 1.16, the centroid is
then a commutative k-algebra, provided the extreme radical is zero (cf. the

analogous situation for Jordan algebras in McCrimmon[3]).

§5. Peirce decomposition

5.1. Regular elements and idempotents. Let V be a Jordan pair over k . An

+ —
element x 6 V is called (von Neumann) regular if there exists y 6 V such

that x = Q(x)y . Since Q(x)y = x(z’Y)

in the Jordan algebra V; this means
that x 1is an idempotent of V; . Regular elements of V  are defined analogous-
ly. Note that a non-zero regular element does not belong to Rad V . Indeed, if
x = Q(x)y then JP23 implies B(x,y)Q(x) = 0 , and if (x,y) were quasi-inver-
tible then Q(x) = 0 and therefore x = 0 , a contradiction.

A pair (x,y) 6 V 1s called an idempotent if x = Q(x)y and y = Q(y)x ;
in other words, if x is an idempotent in V; and y 1is an idempotent in V; .
Clearly, if (x,y) 1s an idempotent of V then (y,x) is an idempotent of
VP . It is an elementary but important fact that every regular element can be

completed to an idempotent; more precisely:



5.2, LEMMA. If x {is regular, x = Qxy , then (x,ny) is an idempotent,

Indeed, by JP = = = = =
ndee y JP3 we have Q(QyX)x Qnyny QnyQnyy QyQ(Qxy)y Qnyy ny

and Qx(QyX) = Qny(Qxy) =QQy)y = Qy .

5.3, LEMMA. Let e = (e+,e-) be an idempotent of V . For any extension R of

k let R* be the group of invertible elements of R , and let t 6 R* . Then

+ - +
the pair (eR,(l—t)eR) 6 VR is quasi-invertible with quasi-inverse t e >

and the formula
$(t) = Blep, (A-t)ep)

defines a homomorphism ¢

n
Rl

o R* Inn(VR) from R* into the inner automor-

phism group of VR .

(Here e; = e+691 in V; - vt®r , cf. 0.3)

Proof. Clearly, ep = (e;,eg) is an idempotent of V . To simplify notation,

R
+

4
let us write e~ instead of e, . Then we have

_le+ = t_le+ - t_l(l—t){e+e_e+} + t_l(l-t)zQ(e-*—)Q(e—)e+

==

B(e+,(l—t)e_).t

-t - 20e0 + @ Bet = wet = e - qeehane
and

B(eT, (1-t)e7).q(t teTy (1-t)e” = (1-t)e™ = qeeT) (1-t)e™ .
This proves the first assertion in view of 3.2, By 3.9.2 we have

$()6(t) = BleT, (1-s)e)B(eT, (1-t)eT) = B(e’, (1-s)e)B(s e, s(1-t)e)

= gt (1 - s+ s@-t)e) = ple’, @-st)eT) = ¢(st) ,

and the Lemma 1is proved.
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5.4. THEOREM. (Peirce decomposition) Let e be an idempotent of V , and

. [} (¢
define Ei 6 End (V™) by

EU =Q(EO)Q(E-0), EO’ = D(EU,E—O) - ZEG’ EU = B(eo"e“U)
2 1 2 0
so that
@) B(e%, (1-t)e %) = Eg + tEf + tzEg

for all t 6 R, R an extension of k .

(a) The Eg are orthogonal projections whose sum is the identity, and hence

o _ 0 o 5
(2) v -V2®Vl€BVO

where V9 = g9V .
—_— 1 1

(b) We have

(3 vg = mm(Q(e?)), vi’ @ vg = Rer(Q(e” %)),
%) vf = Ker (Id - D(e%,e” %),

(5) Vg = Ker(Q(e %)) N Rer(d(e,e” ),
(6) VgC{x e Vo | {e9,e % x} = ix} .

(c) Set Vg =0 for 1i# 0,1,2 . Then the following composition rules hold.

T\~ 0 o
)] Q(Vi)Vj < V2i—j >
g (j—0 (O [0
(8) {Vi,vj Vb < Vi_j+£ >
0 4mG 404 _ g =0 Oy _
€] Vg, V7V = Vg, V7,073 = o,

Proof. (a) Let R be an extension of k and let

b5(0) = B(®, (-t)e™)

*

for all t & R* . Then 4(t) = (¢+(c),¢_(c)'1) , and by 5.3, ¢_: R > GL(Vg) is

a homomorphism. In particular, Id = ¢o(1) = Eg + E; + E; . Now let S and T
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be indeterminates, and let R = k[S,T,S_l,T—l] . Thus R is a free k-module

with basis §°T9 » (1,3) 6 2 x 2, which implies V; = gii s*1v°  and

1,]
End(V;) = i}j SlTjEnd(VU) . Hence we can compare coefficients at st . We
E]
have
2 i 2 1J.0L0
6 (sT) = T (smi? =¢ (8)¢ (1) = ¥ s*TIE7E°
g i o} [of i7j
i=0 i,j=0

and therefore E?Eq = 6..E? .
i7j ij’i

(b) We have Im(Q(e”))D Im(E)) = V5 D Im(E,q(e”)) = In(q(e”)) since EjQ(e”)

n

2™ R = Q% e ) = () . Similarly, Ker(Q(e °))C Ker(Eg)

= Vi 3 Vg C Ker(Q(e_a)Eg = Ker(Q(e_c)) . This proves (3). Now (5) follows from
(1) and (3). For (6) let R = k(e) be the algebra of dual numbers. If Xy 6 Vg
then we have

¢0(l—e).xi = B(ea,ee_c).xi =%y - {eoe_axi}

= (l-e)ixi = (1 - ie)xi R
which proves (6). Now let x = Xy + X + X 6 V9 where X € Vz . Then
{eae_cx} = 2x2 + Xy = ix implies (i—2)x2 + (i—l)xl + ix0 =0, For i =1 this
means X, = Xy = 0, o0or x= Xy and hence we have (4).

;O , 2 6 Vz. Since ¢{T)

= (,(D),4_(T™1)) 1s an automorphism of V, we have by (1)

(¢) Let R = k[T,T_l] , and let x 6 Vz sy 6 U

4, MAY = QG (P .o_ (T Hy = artardy

= 1300y = BJey) + Y @Gy + TR QG

o3
2i-j

i-3+2

Comparing the coefficients at powers of T we get Q(x)y 6 V . Similarly,

8, (D) {xyz} = {¢0(T)x,¢_0(T_l)y,¢0(T)z} = im0y, 1Ry = 1 {xyz} implies

o
1-3+8
Then by JP7, JP8, (3) and (5) we have

{xyz} 6 V . This proves (7) and (8). Now let x 6 v and y € Vao .

2
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D(y,e”) = D(y,q(e”)e™?) = D({e %%y},e%) - D(e™%,q(e%)y) = 0O

and hence D(x,y) = D(Q(e®)q(e Dx,y) = D(e%, {y,e”,ae™®)x}) - D(a(e”)y,ate” %)x)

= 0 . Similarly one proves D(y,x) =0 .

5.5. COROLLARY. Let V, = (v’lf,v;) for 1=0,1,2 . Then V, =V () isa sub-

+
pair of V , and Vz(e) contains invertible elements; indeed, e+ <] V2 is in-

vertible in Vz(e) with inverse e .

This follows immediately from 5.4. By abuse of notation, we will often

write
(1) vV = Vz(e) <) Vl(e) <] Vo(e)

instead of 5.4.2.

5.6. The case of a Jordan algebra. Let J be a Jordan algebra, and let c be

. . 2 . .
an idempotent of J in the usual sense; i.e., c¢” =c . Then (c,c) is an idem~

potent of the Jordan pair V = (J,J), and we have

Vi

i=Ji/2 s (i=05152)

if J = Jl<9 J1/2 &l]o denotes the usual Peirce decomposition of J with re-
spect to ¢ . Indeed, Ej = U(c)2 s Ei = V(c,c) - 2Uc’ and Eé = Id - V(c,c)

+ Uc are the familiar Peirce projections (cf. Jacobson[3]). In these notes,

Peirce spaces will always be indexed with 0,1,2 instead of 0,1/2,1 . Thus the
Peirce-2-space (resp. Peirce-l-space) in our sense is the Peirce-l-space (resp.

Peirce-1/2-space) in the usual sense.
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5.7. LEMMA. With the notations of 5.4, let x € VI , ¥ 6 V; , and assume that

i#3j. Then (x,y) is nilpotent; in fact, x(n’Y) =0 for all =n >3, and

even for n 22 if i =2 or i=0.

Indeed, x(n’Y) belongs to by 5.4(c).

+
V(a-1) (i-9)+i

5.8. PROPOSITION. Let Vi (i =0,1,2) be as in 5.5. Then the Jacobson radicals

of V and Vi are related by

(€D)] Rad Vi = Vi MNRad V ,

(2) Rad VY = Rad V2 & Rad Vl & Rad VO .

Proof. Clearly Vi N Rad V < Rad Vi . Conversely let X € Rad VI , and let

y € v, Decompose y = Yy + vy + Yo where yj 6 V} . Then (Xi’yi) is quasi-
. +

invertible in Vi and hence in V , and we have z; = (xi)yl 6 Rad Vi . For

i =2 it follows from 5.7, 3.7.1, and 3.8.2 that (zz,yl+y0) is quasi-inverti-

ble, and again by 3.7.1, (xz,y2+yl+y0) = (xz,y) is quasi-invertible. Similarly

one argues for 1 =0, In case i =1 note that Q(y2+y0)zl = {yzzlyo} 6 Vl

by 5.4(c). Since z; 6 Rad VI we have by JP24 that B(zl,Q(y2+y0))

= B(zl,y2+y0)B(zl,—y2—y0) is invertible and hence (zl,y2+y0) is quasi-inver-

tible. By 3.7.1, (xl,y2+yl+y0) = (x,y) 1is quasi-invertible. This proves

Rad V; = V; N Rad vt . Passing to VP we also get Rad V; = V;tﬁ Rad U~ ,

and therefore (1). Since every ideal of V 1is the sum of its intersections with

the Peirce spaces we have (2).

5.9. LEMMA. Let z € Vi and z = z, + zy + z0 . Then 2z is a trivial element

if and only if Q(ZZ) = Q(zo) = Q(zl’ZZ) = Q(zl,zo) = Q(zl) + Q(ZZ’ZO) =0 .

The proof is an application of 5.4(c) and is omitted.
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5.10. PROPOSITION. Let Vi (i =0,1,2) be as in 5.5. Then

(1) rad Vi = Vir\ rad VV , for i = 0,2.
If VO = 0 then also
(2) rad Vl = Vlf\ rad V .

Proof. Let Ta(V) be as in 4.7. We prove by transfinite induction that
= v
3 T, W) =V,nT ()

for 1 =0,2, and for i =1 4in case VO =0 . For o =0 there is nothing to

prove. Assume that (3) holds for all ordinals B8 < o . If o is a limit ordinal
then (3) holds for o« by definition (cf. 4.7.1). Otherwise, let =z 6 V: such

- + + +

v = s : . .
that Q(z) ;€ Ta—l(vi ) Vi N Tu—l(v ) , by induction hypothesis. If 1 = 2
{resp. i = 0) then it follows from 5.4(c) that Q(z)(V1 + Va) =0 (resp.
Q(z) (V; + VI) =0). If i=1 and VO = 0 then Q(Z)V;C V; = 0 . Hence in any

case, Q(z)V <& Tu (V+) and therefore z € Ta(V+) . The same arguments apply

-1

to V7 and so we have Tu(vi) < Vi f\Ta(V) . For the other inclusion, let

w6 VIr\Ta(V) . Thus w is a finite sum of elements 2z € V+ such that Q(z)V~
s L , +
< Ta—l( ) . Denote by zg the component of 2z in Vi . Since w 6 Vi we see

that w 1s the sum of the 2z,'s . Also, since 2z 1is a trivial element modulo

i

Ta_l(V) s0 is z; for 1 =0,2 , and for i = 1 in case Vo =0, by 5.9. In

particular, 6 Ta(VI) and hence w € Ta(V;) . This proves the other inclusion.

2

Now the Proposition follows from 4.7 by passing to the limit.

5.11. LEMMA. Let e and f be idempotents of V such that f € Vo(e) . Then

also e 6 Vo(f) and e + f = (e+ + f+,e_ + f ) 1is an idempotent. Furthermore,

%) p(et, £y = qehHaE) = o,

@) p(et,e)o(e") = qeT)p(eT, e = 0,
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3) atehHae™, £y = aet,HaE) = o,

) o™, thae .6 = pet e, ),

(s) v, (5 Ve,

and the same relations hold with e and f and/or + and - interchanged.
ag g o

Proof. By 5.4(c), Q(f~ )e0 = {fcf_ e } =0 and hence e 6 Vo(f) by 5.4.5. Now

(1) - (3) and the fact that e + f is an idempotent follow easily from 5.4. For
(4) we substitute x = f+ , Y = f ,v=e ,2z-= e+ in JP16 and use (1).
Finally, (5) follows from 5.4.3, 5.4.5, (1) and (2). Since the conditions

f GAVO(e) and e 6 Vo(f) imply each other (1) - (5) also hold with e and f
interchanged. To see that they hold with + and - interchanged one passes

voP

to

.

5.12. DEFINITION. Two non-zero idempotents e and f are called orthogonal
if f 6 Vo(e) . In view of 5.11 this is a symmetric relation. By an orthogonal

system of idempotents we mean an ordered set of pairwise orthogonal idempotents.

A finite orthogonal system of idempotents is usually denoted by (el,...,er),
the order being the one given by the indexing. It follows easily from 5.11 that
a finite sum of pairwise orthogonal idempotents is again an idempotent.

A non~zero idempotent e 1is called primitive if it cannot be written as
the sum of two orthogonal idempotents. We say e is local (resp. a division idem-
potent) if Vz(e) is a local Jordan pair (resp. a Jordan division pair).

Clearly, a division idempotent is local, and a local idempotent is primitive. If
% is semisimple then a local idempotent is a division idempotent, as follows

from 4.4 and 5.8, Even in the semisimple case, however, there may exist primitive
idempotents which are not division idempotents. As an example, let k be a field

of characteristic two, and let V be the Jordan pair associated with the Jordan
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algebra of 2 x 2 symmetric matrices over k . Then one can check that
+ - +(01)
e = (e ,e ), where e~ = , 1s a primitive idempotent which is not a
1 0
division idempotent. For this reason, primitive idempotents are less important
than local idempotents in the theory of Jordan pairs.

An orthogonal system E of idempotents is called maximal if it is not
properly contained in any larger orthogonal system of idempotents. If E = (e)
consists of a single element we also say that e 1is a maximal idempotent. This
obviouly means that Vo(e) contains no non-zero idempotent. If E = (el,...,er)

is finite then E is maximal if and only if e = e + ...+ e is maximal.

r
This follows from the fact that Vo(e) = (ﬂ\ Vo(ei) , to be proved in 5,14,
i=1

5.13. LEMMA. Let (el,...,er) be an orthogonal system of idempotents. Let R

be an extension of k , and for each i =1,...,r let ¢i = ¢e : R* Inn(VR)
i

be the homomorphism determined by e, as in 5.3,

(a) The ¢i commute pairwise, and hence

r
L e(tl)"')tr) = I ¢i(ti)
i=1

defines a homomorphism 8: (R*)r > Inn(VR) .
(b) Let e = e + ... + e and let ¢ = ¢e: R* - Inn(VR) be the homomorphism
defined by e . Then

r
(2) ¢(t) = 8(t,.eayt) = T ¢, (t) .

i=1

Proof. By induction, it suffices to prove this for r = 2. Thus let e and f

be orthogonal idempotents. Then ¢e(t).f = f , and hence by 3.9.5,
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8o ()0 ()8 (7 = 8o, (0 (FF, (1-9)€)) = B(ET, (-9)E7) = 4. (o),

for all s,t 6 R* . This proves (a). Next, note that by 5.11.1 we have

B(e+,)\f—) = B(f+,)\e_) = Id , for all ) 6 R . Hence we get, using 3.9,

§ore () = BT+, (t) (7467 = s+t (-yea( (e 4 (798, -6y

B(ET, (-0)eT)® ). 8, (A-t)e ). ettt (-r) £7)

+
BT, e a-ne D o, (0.8 e, (-0 T s, @)

0o (6).8(e", e T2 A-0)ET) 0, (6) = o_(£) .0, (5)

+

Here we used that ((l-t)e_)e = (1-t)e + Q((l—t)en)t—le+

(1-t)e -1 +

_l —_
3.3 and 5.3, and (e'4£h) = et 4 B, -y ) L ghHt (dtle

=t et + £, by 3.7, 3.8, and 5.7.

5.14. THEOREM. Let (el,...,er) be an orthogonal system of idempotents of V .
(a) There is a decomposition
o o Do,
O<icjcr
of V into subpairs V, , = (V+.,VT.) such that (if we set V,,6 =V, , )
— ij i3’ 13 ij ji
) V(e ) =V, , V() = ; Vi, VUglepd = T v,
FARES ii 171 34 ij 0 i §,941 j%
and hence
Vij = Vl(ei) ﬂVl(ej) for i # 3,
3 r
Vig = Vplep 0 (ﬂ? Votey) » Voo = (:\ Votey)
j#i i=1
(b) More genmerally, if I < {1,...,r} and e = 2 e, then the Peirce spaces

= t_l(l—t)e_, by

51

i6eI
of e, are given by
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%) Ved = § V.., V) = J v
21 1,j61 13 11 161

141

Uo(el) = Z

Lo Ui,.
3 Ly M

In particular, if e = e + .00+ e, then

v
1

e

(5) Vpled = TV, V(e =

100 Yo(®) = Vo -
Igi<j<r i

(c) Consider triples of unordered pairs of indices of the form (ij,mn,pq)

where 1i,j,...,q9 6 {0,1,...,r} and (ij,mn,pq) is identified with (pq,mn,ij) .

Call such a triple connected if it can be written in the form (ij,jm,mn) . Then

we have the following composition rules.

G ~g a [0}
(6) WV Vo € Veg -

If (ij,jm,ij) 1is connected and ij = mn then

G O o
N Q(Uij)l/jm C:'Uin .

If (ij,mn,pg) resp. (ij,mn,ij) 1is not connected then

g 0 0 _ Nl
(®) eV Vol = QUEPVZ= 0.

%*
Proof. (a) For an extension R of k and t 6 R let

) $3(t) = B, (1-t)e%) = B (e)) + tE](e)) + tZE;(eI)

where E;(eI) is the projection onto the Peirce space U;(eI) (cf. 5.4). If I

{i} we simply write ¢§ . Then we have (with the notation of 5.13) ¢i(t)

n

GT(0),07(0)™) and 8(t, e, ) = (8, (Eysennst )0 (£ ,0nn,t )Y wbere

T a
I ¢i(ci)

(10) 6g(t1,...,tr) = L

i
Working in k[S,T,S_l,T_l] and comparing coefficients in the equation ¢i(S)¢j(T)
= ¢j(T)¢i(S) (cf. 5.13) we see that the projections E;(ei) all commute. From

(9) and (10) it follows that
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1 r o
11 e = e .
(11) B (Epseeest) 1ot t, -E,
aGEf

r
where the E° =17 E° (e.) , o= (a,,s:050 ) € N , are orthogonal projections
o 4o oy 1 1 r =

whose sum is the identity (we set E?(ei) =0 for j > 2). Let e = e + e

+ e and let Ei be the projection onto the Peirce space Vg(e) . Also let

R = k[T,T *] . Then we have by (10), 5.13.2, and 5.4.1,
(SR A )
(12) 6 (T,eee,m) = J T T = B+l + 2.0 .
o r o 0 1 2
aEN
This shows that EZ = 0 unless ap + ...+ a, < 2 . In other words, if we denote
r
by g = (0,...,1,...,0) the i~th standard basis vector of Z and set €
= (0,...,0) then o is of the form £y + Ej , with i,j ranging from 0 to r.
Let E°, = 7, = £° . Then the EY, (0 <1 < j < r) are orthogonal projec-
ij Ji ei+ej ij - T -

tions whose sum is the identity, and therefore we have the decomposition (1)

with V9, = 7, (V%) .
ij ij

Formula (11) reads now

(13) 8 (£, ,eest ) = N t.t, .Y, ,
g1 r O<isisr i§774]
if we set to =1 . Now let I be a subset of {l,...,r} and set ti =T if

16T and t =1 if 4 ¢ I . Then we get by (9), (10), and 5.13.2 that

2
1 = 1 4{@® = T°C ] B +TC ] OELH 4 ] E
i6T i,jer1 ier 1,341
i<j jer i<]

2 o g o
T .Ez(eI) + T.El(eI) + Eo(eI) .

Comparing coefficients at powers of T this proves (4) and (2) (in the special

case where I = {i}), and (5) is a special case of (4).
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Now we prove (c). Let R = k[Tl,...,Tr;Tll,...,T;l] , and let x 6 ng ,
-0 o .
y 6 ij , 2 6 an . Then we have, writing T = (Tl""’Tr) for short,

-1
T = T T
90(_){XYZ} {90(_)X,9_0(I )Y,eo(_)Z}
= {I,T.x T_lT_l T Tz} =T,T {xyz}
i757°7) m Y mtn i %Y :
On the other hand, ¢ (I){xyz} = ] IT EC {xyz} by (13), and hence it
o 0pegsr P 9 P4

follows that = eY 9 . simi
ollows a {xyz} Ein{xyz} 6 Vin Similarly,

8, (DAY = Qs _(Dx)e__ (T Dy

-1 -1 2 -1
= Q(Tizj)Tj T,y =TT, Q(x)y = T,T Q(x)y »
. 2 -1 .
since 1ij = mn means T,T, = T T and therefore T.T,T =T, T . This proves
i3 m n i m in

(6) and (7).

It is easily seen that the only triples which are not connected are of
the form (ij,mn,pq) with {i,j}N {m,n} =0 , or (ij,jm,jn) with m # i,j,n.
In the first case, either 1 and j are different from zero or m and n are

different from zero. Let X 6 VT, , v 6 V-, z 6 V+ . If i,j # 0 then
ij mn Pq

+, - +
X 6 Vz(ei+ej) and y 6 VO(ei+ej) by (4). If my,n# 0 then x 6 Vo(em+en) and
y 6 V;(em+en) . Hence {xyz} =Qx)y =0 by 5.4.9. - In the second case, let

+ - +
X 6 Vij , ¥ 6 ij , z6V . Then a similar computation as before shows that

jn

e+(l){xy2} = TiTanT;l{xyz} and e+(l)Q(x)y = TiTjT;lQ(x)y ., Since m # i,j,n

it follows that T,T,T T_l (resp. T?T.T_l) is not of the form T T , and by
i nm i"j'm P q

i

(13) we must have {xyz} = Q(x)y = 0 . The same argument works with + and -~

interchanged. This finishes the proof.
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NOTES

In [1] and[2], K. Meyberg studied the Koecher-Tits construction of Lie
algebras from Jordan algebras in a general setting and was thereby led to intro-
duce what he called 'verbundene Paare" (connected pairs), and what we would call
linear Jordan pairs. These were pairs (V+,V_) of k-modules with trilinear

maps vOx 79 % 9 VO, (x,y,2) » {xyz} , satisfying

1 {xyz} = {zyx} ,

(2) {uv{xyz}} - {xy{luvz}} = {{uvxlyz} - {x{vuylz} .

If 2 1is invertible in k and if V has no 3-torsion then V = (V+,V-) is a
Jordan pair in our sense by setting Q{x)y = (1/2){xyx} {(cf. 2.2). He also de-
fined linear Jordan triple systems as modules with a trilinear composition {xyz}
(whence the name) satisfying (1) and (2). The restriction that there be no 3-tor-

sion can be removed by adding the identity
3) {xy{xzx}} = {x{yxz}x} ,

which is otherwise a consequence of (1) and (2) (cf. 2.2). This is the point of
view taken in Loos[2] and Meyberg[4]. Finally, Meyberg defined quadratic Jordan
triple systems over an arbitrary ring of scalars in analogy to McCrimmon's concept
of quadratic Jordan algebras, based on the quadratic operators P(x) satisfying
(1) - (3) of 1.13 (cf. Meybergl[6]).

The Jordan algebras V; (1.9) were introduced by Meyberg[l]. The defini-
tion of the centroid of a Jordan pair is analogous to the Jordan algebra case (cf.
McCrimmon[3]). The fundamental identities (§2) are all due to Meyberg ([4] in the
linear case, [6] in the quadratic case). Representations of Jordan triple systems

vere studied in Loos([2][5]1.
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Most of the material of §3 is, in one form or another, due to Koecher[2-
4], McCrimmon[4], Meyberg[4],[6]. The formulas (1) and (2) of 3.7 are important
in the construction of algebraic groups from Jordan pairs resp. Jordan algebras,
see Koecher[2-3], Loos[7]; in particular, 3.7.2 is a substitute of Hua's formula
for Jordan algebras. Meyberg developed the theory of the Jacobson radical for
Jorda triple systems in [4] and [6], following McCrimmon's theory for Jordan
algebras([1],[4]). The small radical (= lower radical) for Jordan algebras was
introduced by McCrimmon[1l] and studied by Lewand[1l]; 4.9 is due to him for Jordan
algebras, and due to Meyberg for Jordan triple systems. Theorem 4.13 was proved
by Slin'ko[1l] for linear Jordan algebras and by McCrimmon for quadratic Jordan
algebras (personal communication). 4.18 is due to Meyberg[6]. It would be inter-
esting to extend this to other radicals. 4.10, due to M. Slater, is a weak form
of the Andrunakievich Lemma. There are many open questions concerning radicals;
e.g., is the ideal generated by a trivial element nilpotent or solvable in some
sense, or does it contain a non-zero ideal consisting of trivial elements? The
answer is positive in the finite-dimensional case (§14). It is even unknown if
there exist simple s-radical Jordan pairs or Jordan algebras.

The treatment of the Peirce decomposition (§5) is essentially an appli-
cation of the representation theory of diagonalizable group functors (Demazure&
Gabriel[l)) in disguise. A similar approach was used by Springer[l] for finite-
dimensional Jordan algebras; it has the advantage of reducing computations to a
minimum. 5.8 is due to Meyberg[6]. I don't know if 5.10.2 remains true without

the assumption VO =0, or if 5.8 holds for the nil radical.



CHAPTER II

ALTERNATIVE PAIRS

§6. Basic properties and relations with alternative algebras

6.1. DEFINITION. Let A = (A+,A-) be a pair of k-modules, equipped with tri-
linear maps < »: A% x A77 x A9 5 A7 , (x,5,2) b <xyz> . Then A is called an

associative pair if the identities

(l) <uv<xyz>> = <u<yxv>z> = <<uvx>yz>

are satisfied. A is called commutative if <xyz> = <zyx> . We say A 1is an

alternative pair if the following identities hold.

APL <uv<xyz>> + <Xy<uvz>> = <<uvx>yz> + <x<vuy>z>,
AP2 <UV<XYX>> = <<UvX>YX>,
AP3 <XY<XYZ>> = <<XYX>Yy2>.

Since these identities are of degree at most two in each variable they remain
valid in every scalar extension, and hence AK is an alternative pair over K ,
for every extension K of k . Also note that associative pairs are a fortiori

alternative, as follows easily from the definitions. We define left, middle, and

right multiplications by

@ L, Goy)z = M_(2)y = R (2,3)x = <xyz>,
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so that Lc: A% x A7% 5 End (A9) , MO: A% x A9 & Hom(A—c,AG) , and Ro: A% x ATO

-> End(Ac) are bilinear maps. To simplify notatiom, we usually write L(x,y) or
Lx,y instead of Lc(x,y) , and similarly for the middle and right multiplication.
This causes no confusion if one remembers that in L(x,y) and R(x,y) , x and
y have to be in different A's (x 6 A+, y 6 A~ or conversely) whereas in

M(x,z) , x and z are in the same A® . See also 2.0 for the analogous situa-

tion for Jordan pairs.

6.2. A homomorphism h: A + B of alternative pairs is a pair h = (h+,h_) of

k-linear maps hg: A° 5 B% such that
@ h (sxyz>) = <h_(x),h__(y),h_ (2)>,

for all x,z € ' , ¥ 6 AT9, Isomorphisms and automorphisms are defined as usual.
The automorphism group of A is denoted by Aut(A) ; it is a subgroup of GL(A+)
x GL(AT) .

A pair of submodules B = (B+,B_) of A is called a subpair (resp. an
ideal) if <B°,89,B% < B® (resp. <A",A79,8% + <A% 879 A% + <89,477 4% < BY).
If B 1is an ideal then A/B = (A+/B+,A_/B_) is an alternative pair in the ob-
vious way. As usual, A is called simple if it has only the trivial ideals 0
and A and if <A%,A"9,A% #£ 0,

A derivation of A is a pair A = (4,8 ) € End(A+) x End(A") such

that
2) Ac(<xyz>) = <A0(x),y,z> + <x,A_c(y),z> + <x,y,Ac(Z)>
for all x,z 6 A%, y 6 A%, This is equivalent with TId+€A 6 Aut(Ak(E)) where

k(e) 1is the algebra of dual numbers, The derivations of A form a Lie subalgebra

Der(A) of End(AT) x End(A7) .
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6.3. As in the Jordan case, the opposite of A is AP = (A—,A+) with compo-
sition <xyz>op = <xyz> , and an antihomomorphism from A to B 1is a homomor-
phism from A to B°P? . Note that the opposite of A 1is not defined by reversing
the order in the product <xyz> but merely by interchanging A+ and A~ . In

fact, our definition of alternative pairs is non-symmetric in the sense that if

we set
(1) <xyz>' = <zyx>

then <xyz>' will no longer satisfy APl - AP3. Thus our alternative pairs should
perhaps be called left-alternative, and a "right-~alternative pair" would satisfy
the "dual" identities
<<ZYX>VU> + <<ZVUPYX> = <ZY<XVU>> + <z<yuv>x>,
<<KXYX>VU> = <XY<XVU>>,

<<ZYX>YX> = <ZY<XYX>>.

For associative pairs, there is no such distinction, and every associative pair
A gives rise to an associative pair A’ having the same underlying modules and
the reversed multiplication (1). We call A' the reverse of A .
. . . . + +
The direct product of alternative pairs A and B is Ax B= (A x B,

- - - -4
A x B) with componentwise operations. In A x A°P o (A+ x A ,A x A7) we have

the exchange involution given by (x,y) v (y,x) .

6.4, The associative pairs A(M,R,®) . Let R be an associative (not necessari-

ly commutative) k-algebra, and let M = (M+,M-) be a pair of k-modules such that

‘MY is a left and M is a right R-module. Consider a k-bilinear map &: M < M

+ R which is R-bilinear in the sense that

¢ (ax,yb) = ad(x,y)b
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for all a,b6 R, x 6 M+, y 6 M . We say that ¢ is non-degenerate if @(x,M_)

= 0 implies x = 0 and ¢(M+,y) = 0 dimplies y = 0 . In order to describe this

il

situation in a more symmetrical fashion, let R+ =R, R R°P , and consider

M as a left R -module in the obvious way. Also let a v a denote the antiiso-
. - . . . . - +

morphism R% + R ° given by the identity map, and define g, =0, 8 M ox M

>R by & _(y,x) = ¢(x,y) . Then @0: M° x M9 » R 1is "hermitian" in the sense

h. = =
that Qc(ax,y) aéc(x,y) and @U(x,y) ¢_G(y,X) .

The pair of modules (M+,M—) becomes an associative pair over k , deno-

ted by A = AM,R,0) , with
<xyz> = ¢G(x,y)z,

for x,z 6 A% = 4° , y 6 A9 =M% . The simple verification is left to the
reader. If R is simple with unity, M° # 0 , and ¢ is non-degenerate, then
A 1s simple. Indeed, @(M+,M_) = ¢(M) 1s a non-zero ideal of R and therefore
is all of R . Let B = (B8,87) be an ideal of A . Then RB' = st ,u)B"
=<M+,M-,B+>-C: 3+ and hence gt is a R-submodule of T . This implies that
@(B+,M_) is an ideal of R , and therefore either B+ =0 or R= Q(B+,M-) .
Since 16 R it follows that M = Q(B+,M_)M+ = <B+,M-,M+> c g , and a similar

proof shows that B = M .

6.5. The alternative pair associated with an alternative algebra. Let R be an

op
alternative algebra over k , and let x*» x denote the antiisomorphism R~R

and R°? > R given by the identity map. Then (R,R°P) is an alternative pair
with

(1) <xyz> = (xy)z ,

in other words, if (R,ROP) = (A+,A-) then <xyz> = (xy)z and <yxv> = v(xy)
for x,z 6 A and y,v 86 A where xy 1is the product in R . Indeed, for the

proof of APl we use the alternative law and get
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<uv<xyz>> + <xy<uvz>> = (uv) ((xy)z) + (xy) ((uv)z)

(V) (xy) + xy) (ww))z = ((@V)X)y + x(¥(uv)))z

n

((@)x)y)z + x((vT)y))z = <<uvx>yz> + <x<vuy>z>.

For AP2 and AP3 we use the Moufang identities:

(((u¥)x)y)x
((xy) (xy))z

<uv<xyx>> = (uv) (xyx) <<UVK>YyX>,

<xy<xyz>> = (xy)((xy)z) ((xyx)y)z = <<xyx>yz>.

We call (R,ROP) the alternative pair associated with R . Obviously, if f: R

+ R' 1is a homomorphism between alternative algebras then (f,f): (R,ROP)

> (R',R'OP) is a homomorphism of alternative pairs. If 1 is an ideal of R
then (I,7) 1is an ideal of (R,ROP) . Conversely, i1f R has a unit element and
(I+,I_) is an ideal of (R,ROP) then it follows easily that I+ is an ideal of
R and I = ;4 . Therefore if R 1is unital then R is simple if and only if

(R,R°P)  1is simple.

6.6, The alternative pairs A(X,K,a)., Let K be an extension of k , and let X

be a K-module. Suppose that there is given an alternating K-bilinear form

- - + .
ot X x X > K . Let At = A7 - X as K-modules, and let J+: A > A be an arbi-
trary K-linear isomorphism. Define J_: At oA by J_ = —(J_'_)_l . Also set

@ =oa,  and define o 3 AT x AT > K by a_(x,y) = a+(J+(x),J+(y)) , so that
(1) J J = _IdAo 3 aU(JU(X)’JO(y)) = a_c(XSY) .

o] -0

Then A = (A+,A_) becomes an alternative pair over k (or over K ), denoted by

A = A(X,K,0) , with

) <xyz> = xa (2,3 (1) + I (o x,2) ,

for x,z € Ac, y € A% ., The straightforward verification of APl - AP3 is left to
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‘the reader. We remark that different choices of J+ yield isomorphic alternative
pairs, and thus A(X,K,a) depends up to isomorphism only on (X,K,a) . For in-
stance, we can set J+ = IdX . However, it is sometimes convenient to choose J+
differently.

If K is a field, o 1is nondegenerate, and dimKX >4 then A is a
simple properly alternative pair (cf. 11.11). Thus, in contrast to the situation

for alternative algebras, there exist simple properly alternative pairs of arbi-

trary (even infinite) dimension.

6.7. Basic identities. We set x = z in APl and observe AP2 which implies

AP4 <XY<uvx>> = <X<vuy>X>.

Since the left hand side of AP1 is symmetric in (u,v) and (x,y) so is the

right hand side. This yields

AP5 <<Xyus>vz> + <u<yxv>z> = <<uvx>yz> + <x<vuy>z> .

From APl we get

<XY<XVZ>> + <XV<LXYzZ>> = <<Xyx>Vz> + <x<yxv>z> .,
By linearizing AP3 with respect to y we obtain

<XY<XVZ>> + <XV<Xyz>> = <<Xyx>Vz> + <<xXvx>yz> ,

and a comparison of these two formulas shows

AP6 <<XVX>YZ> = <X<yXV>zZ> .

By linearizing AP3 with respect to x we get
<uy<xyz>> + <xy<uyz>> = <<Xyu>yz> + <<uyx>yz> ,
and from AP1,

<uy<xyz>> + <xy<uyz>> = <<uyx>yz> + <x<yuy>z>
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which implies

AP7 <<Xyu>yz> = <x<yuy>z>

This and AP3 imply

AP8 <Xy<Xyz>> = <X<yXy>z> = <<Xyx>yz>

From AP7 and AP2 we get

AP9 <<ZYX>YX> = <z<yXY>X> = <zZy<XyX>> ,

and from AP7 and AP4,

AP10 <XY<2ZYX>> = <X<yzy>X> = <<Xyz>yx>

In operator form, APB - AP10 read

AP11 L(x,5)2 = L(<xyx>,y) = L(x,<yxy>) ,
AP12 RG,Y)2 = R(<xyx>,y) = R(X,<yxy>) ,
AP13 L(x,y)R(x,y) = R(x,y)L(x,y) = M(x,x)M(y,y)

6.8. Let R be an alternative algebra and let v 6 R . Recall that the (left)

v-homotope of R 1is the alternative algebra R(V) having the same underlying
module as R , and multiplication given by
Xy = (xv)y

(see McCrimmon[5]). If R has a unit element and v is invertible in R then

R(V) is called the v-isotope of R . In this case, v—l is the unit element
of R(V) . Let R and R' be unital alternative algebras. An isotopy from

R to R' is an isomorphism, say g , from R onto an isotope R’(V) of R'
Then necessarily g(l) = v_l since g(l) must be the unit element of R'(V)

Just as in the Jordan case (1.8) we have
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6.9, PROPOSITION. Let R and R' be unital alternative algebras with associa-

ted alternative pairs A and A' . Then the map g +>(g,U;tl) g) (where Uy

= xyx ) 1is a bijection between the set of isotopies from R to R' and the

set of isomorphisms from A to A' . In particular, A and A' are isomorphic

if and only if R and R' are isotopic.

The proof is straightforward and therefore omitted.

6.10. The alternative algebras Ai . Let A= (A+,A—) be an alternative pair,
and let v 6 A . Then the k-module A+ becomes an alternative algebra, denoted

+
by Av , with the multiplication
1) Xy = <xvy> .

Indeed, by AP2 we have xy2 = <xv<yvy>> = <<xvy>vy> = (xy)y , and by AP3, x2y
= <<XVX>VY> = <xv<xvy>> = x(xy) . If h = (h+,h_): A > B is a homomorphism of

alternative pairs then

o+
(2) h+. Av > Bh_(v)

. +
is a homomorphism of alternative algebras. If u 6 A then

+ (w) 4+
3) (Av) = A<vuv> .

Indeed, the product in the u-homotope of A: is x - y = (xu)y = <xvu>vy>
u
= <x<vuv>y> , by AP7. Similarly, we have alternative algebras A; with product

Xy = <xwy> , for all w 6 At

6.11. Inverses. Let A be an alternative pair. An element u 6 A% is called

. . . . -g
invertible if there exists an element v 6 A such that
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L(u,v) = R(u,v) = Id and L(v,u) = R(v,u) = Id .

It follows from AP13 that then M(u,u) 1is invertible and

(2)

M(u,u)_l = M(v,v) .

Also, since u = <uvu> we have

(3)

v = M(u,u)_l(u)

is uniquely determined by u . We call v the inverse of u and denote it by

u-l . Clearly, u

pair will have no

6.12. PROPOSITION.

and let u = v_l

is invertible with inverse wu . In general, an alternative

invertible elements.

Let A be an alternative pair, let v 6 A be invertible,

+ + -
€ A" . Then the alternative algebras R = Av and R' = Au are

unital with unit elements u and v , respectively, and M(v,v): R > R' is an

antiisomorphism with inverse M(u,u) . Furthermore, (Id,M(v,v)): (R,ROP) > A

is an isomorphism of alternative pairs.

Proof. In R we

have ux = <uvx> = x = <xvu> = xu and hence u 1is the unit

element of R . Similarly, v is the unit element of R' . Now M(v,Vv) (xy)

M(v,v) (<xvy>) =

= <<VYyvV>U<vxv>> =

<VKXVY>V> = <vy<vxv>> by AP4, and (M(v,Vv)y).M(v,v)x)

<LKYYVIUVIXV> = <<VYV>XRV> = <vy<vxXv>> , using AP2 twice. Finally

we have Id((xy)z) = <<xvy>vz> = <x<vyv>z> by AP7, and M(v,v) (z(yx))

= <y<zZVLYyVX>>V> =

last statement.

6.13. COROLLARY.

classes of unital

<V<yVR><VZV>> = <<vxV>y<vzv>> by AP4 and AP6 which proves the

The map R P (R,R°P)  induces a bijection between isotopy

alternative algebras and isomorphism classes of alternative




66 6.14

+
pairs containing invertible elements. The inverse map is induced by A b Av

where v 1s any invertible element of AT .

This follows immediately from 6.12 and 6.9.

6.14. Remark. Let R be a unital alternative algebra. It is easily seen that
R 1is associative if and only if (R,ROP) is an associative pair. On the other

R(v)

hand, the v-isotope of an associative algebra is isomorphic with R ; an
isomorphism being left multiplication with v . Hence we have a bijection between
isomorphism classes of unital associative algebras and associative pairs contai-
ning invertible elements. In the alternative case, it is known that simple iso-
topic alternative algebras are isomorphic (cf. McCrimmon[5]). Since R 1is simple
if and only (R,ROP) is simple (6.5) we get that simple unital alternative al-

gebras and simple alternative pairs containing invertible elements are ''essen-

tially the same".

6.15. An alternative triple system is a k-module T with a trilinear composition

TxTxT~>T, (x,y,2) > <xyz> , satisfying APl - AP3 (cf. Loos[3], Meyberg[6]).
A homomorphism between alternative triple systems is a k-linear map f such
that f(<xyz>) = <f(x),f(y),f(z)> , for all x,y,z . From the definitions it is
clear that every alternative triple system T gives rise to an alternative pair
(T,T) , and that the identity maps Id: A = T > T = A™? define a canonical in-
volution k of (T,T) . Conversely, let A be an alternative pair with involu-
tion n , let T = A+ as a k-module, and define a trilinear composition on T

by
(4) <xyz> = <x,n, (y),2> .

Then it is easily verified that T is an alternative triple system, and that
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(Id y: ((T,T)3k) > (Ajn) is an isomorphism of alternative pairs with involu-

oMy
tion (cf. the corresponding situation for Jordan triple systems in 1.13). Thus
we get aﬁ equivalence between the category of alternative triple systems and the
category of alternative pairs with involution. Under this equivalence, associati-
ve pairs with involution correspond to associative triple systems of the second

kind (cf. Loos[4]). Finally, we mention that one can define polarized alternative

triple systems just as in the Jordan case (1.14).

6.16. The centroid Z(A) of an alternative pair A over k 1is the set of all

(a+,a_) 6 End(A+) x End (A7) satisfying
aU<xyz> = <avx,y,z> = <x,a_0_y,z> = <x,y,aUz> ’

for all x,z 6 A%, y 6 A9, Clearly, 2Z(A) 1is a subalgebra of End(A+) x End(A")
containing the unit element 1 = (Id,Id) . We say A is central if Z(A) = k.1 .
Let R be a unital alternative algebra with center Z(R) . Then the map
z b (LZ,LZ) (where Lz denotes left multiplication with z in R ) is an iso-
morphism between Z(R) and the centroid Z(R,ROP) of the associated alternati-

ve pair. The details are left to the reader.

6.17. PROPOSITION. If A is simple then Z(A) 1s a field.

Proof. For a,b € Z(A) we have a0b0<xyz> = a6<x,y,bcz> = <a0x,y,bcz>

= b0<a0x,y,z> = b0a0<xyz> . Since A7 = <AO,A_U,AU> by simplicity of A we see
that Z(A) is commutative. Also, it is clear that both Ker(a) = (Ker(a+),Ker(a_))
and Im(a) = (a+(A+),a_(A_)) are ideals of A . Since A is simple it follows

that Z(A) dis a field.
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§7. Lhe Jordan pair associated with an alterpative pair

7.1. THEOREM. Let A = (A+,A_) be an alternative pair over k . Then A becomes

J -
a Jordan pair over k , denoted by A , with quadratic maps Q : A% Hom (A G,Ac)

given by
1 Qx)y = <xyx> = M(x,X)y .

Proof. We have to verify JP1l - JP3 in every scalar extension AK of A . Since

AK is an alternative pair over K (cf. 6.1) we may assume that K =k . By (1)

and 1.1 we have

(2) {xyz} = <xyz> + <zyx> ,
so that
(3 D(x,y) = L(x,y) + R(x,y)

Now {x,y,Q(x)z} = <xy<xzx>> + <<xzx>yx> = <x<zXy>x> + <x<yxz>x> = Q(x){yxz} by

AP4 and AP6. Also {Q(X)y,y,z} = <<xyx>yz> + <zy<xyxX>> = <x<yxy>2z> + <z<yxy>x>

{x,Q(y)x,z} by AP8 and AP9, and finally Q(x)Q(¥)Q(x)z = Qx)L(y,x)R(y,x)z

<X<YX<ZXY>>X> = <<X<ZKY>X>YX> = <<<XyX>2X>yX> = <<xyx>z<xyx>> = QQ&x)y)z ,

using AP13, twice AP6, and AP2.

We remark that a homomorphism between alternative pairs is also a homo-

morphism of the associated Jordan pairs.

7.2. Compatibility with previous constructions. (i) Recall that with every alter-

: . J .
native algebrar» R we can associate a Jordan algebra R having the same under-

lying module, squaring given by the square in R , and quadratic operators ny



= Xyx . Clearly we have RJ = (ROP)J . On the other hand, we have the alterna-
tive pair (R,ROP) associated with R (6.5) and the Jordan pair (RJ,RJ) asso-

ciated with RJ (1.6). From the definitions it follows immediately that
J ,J J
) (R,R) = (R,RP) .

(ii) Let A be an alternative pair, and let v 6 A~ . Then the Jordan algebra

+
associated with the alternative algebra A: (cf. 6.10) is the Jordan algebra Vv

(cf. 1.9) where V = AJ , i.e.,

+.J I+
(2) an? = @hl.

Indeed, x2 = <xvx> = Q(x)v , and ny XyX = <<XVY>VX> = <x<vyve>x> = Q(x)Q(V)y .

(iii) If v 1is invertible in A then by 6.11 and 1.10, v is invertible in
the Jordan pair At Conversely, assume that v 1is invertible in A’ , l.ed,
Q(v) = M(v,v) 1is invertible, and let u = v—l . Then it follows from AP11l - AP13

that u and v are inverses of each other in the alternative sense as well, and

hence invertibility in A and AJ are equivalent.

(iv) With every alternative triple system T we can associate a Jordan triple
system TJ by setting Q(x)y = <xyx> (cf. Loos[3], Meyberg[6]). From 1.13 and

6.15 it is clear that

) an’ = .,
(v) The centroids of A and AJ (cf. 1.15 and 6.16) are related by

)] Z(A) < z(AJ) .

(vi) Let A be alternative. We say that a pair (x,y) 6 A is guasi-invertible

if x 1is quasi-invertible in the alternative algebra A; ; i.e., if 1 ~x 1is

invertible in the unital alternative algebra k.1 & A; . By (2), this is equi-
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valent with x being quasi-invertible in (AJ): or (x,y) being quasi-inver-

tible in the Jordan pair AJ . From standard facts on inverses in alternative al-

gebras we get easily

7.3. PROPOSITION. For (x,y) € A, the following conditions are equivalent.

(i) (x,y) 1is quasi-invertible;

. . +

(ii) there exists 2z € A such that

(¢B) z - X = <xyz> = <zyx> .

(iii) Id - L(x,y) is invertible;
(iv) Id - R(x,y) 1is invertible.

If these conditions are satisfied then

o) z = ¥ = (Id-Leuy) % = (1d - R,y 1x .

7.4. More identities. From 7.1.3 and AP13 we get

AP14 B(x,y) = (Id - L(x,y))(Id - R(x,y))

(Id - R(x,y))(I1d - L(x,y)) .

By AP2 and AP4 we have
<<xyz>uz> + <zu<xyz>> = <xy<zuz>> + <z<yxu>z>

which implies

AP15 Q(z,<xyz>) = L(x,y)Q(z) + Q(2)L(y,x) .

By AP4, <xy<z<yru>z>> = <xy<zu<xyz>>> ., Using APl, AP4, and AP8 we obtain
<xy<zu<xyz>>> - <<xyz>u<xyz>> = <z<yxu><xyz>> - <zu<xy<xyz>>>
= <2<yxR<yxu>>z> - <ZU<XLYXy>2>> = <z<<yxXy>Xu>z> - <z<<yxy>xu>z> =0 .

This shows
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AP16 QL(x,y)z) = L(x,y)Q(2)L(y,x) ,
and together with AP15 we get
AP17 Q((Id - L(x,y))z) = (Id - L(x,y))Q(2)(Id - L(y,x)) .

To derive a similar formula for R(x,y) , let k(e) = k[T]/(T3) so that 53 =0,

Then (ex,y) is quasi~invertible (even nilpotent) in A , and hence

k(e)
Id - eL(x,y) , Id ~ eR(x,y) , and B(ex,y) are all invertible, and so are

Id - eL(y,x) , Id -~ eR(y,x) , and B(y,ex) . By JP26, AP14 , and AP1l7 we have

B(ex,y)Q(z)B(y,ex) = (Id - eLx y)(Id - eRx y)Q(z)(Id - eRy x)(Id - eLy x)

= Q(B(ex,y)z) = Q((Id—eLx’y)(Id—eRx’y)z) = (Id—eLx’y)Q((Id—eRx y)z)(Id-eLy x) ,

and cancelling gives Q((Id-eRx’y)z) = (Id - eRx’y)Q(z)(Id - eRy x) . If we ex-

. 2 .
pand this and compare the terms at ¢ and ¢ the result is

AP18 Q(z,<zyx>) = R(x,y)Q(z) + Q(z)R(y,®) ,

AP19 Q(R(x,y)z) = R(X,y)Q(2)R(y,x) .
Consequently,

AP20 Q((Id - R(x,y))z) = (Id - R(X,y))Q(2) (Id ~ R(y,x)) .

Finally, it follows from AP4, AP6, and AP19 that
<X<ZSYUX>Z>Y> = <X<ZXSUYZ>>Y> = <<X<UyZ>X>zy> = <<XZy>u<xzy>>

and therefore

AP21 QM(x,y)z) = M(x,y)Q(2)M(y,x) .

7.5, PROPOSITION. Let A be an alternative pair,

(@) If (x,y) 6 A is quasi-invertible themn X(x,y) = (Id - Lx y,(Id - L )y )

> ¥,X

and po(x,y) = (Id - Rx y,(Id - Ry x)—l) are commuting automorphisms of the asso-
b

ciated Jordan pair AJ , and we have B8(x,y) = A (x,y)p(x,y) where B8 1is as in 3.9.
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(b) Let (x,y) 6 A . Then (L{(x,y),-L(y,x)} and (R(x,y),-R(y,x)) are deri-

vations of A7 whose sum is the inner derivation &{x,y) = (D(x,y),-D(y,x))

of AT (ef. 3.1D).

This follows immediately from the identities derived above.

7.6. LEMMA, Let u 6 A+ and v,w 6 A . Then

+ +
L(u,v) cviw> w

+ -—
M(w,v) : A<vuw> -> Au ,

+ +
R(u,v) s Ay

are homomorphisms of Jordan algebras.

The proof follows by an easy computation using AP16, AP19, an AP21.

+ - -
7.7. PROPOSITION. (Shifting principle) Let x,z 6 A , y,v 6 A . Then quasi-in-
vertibility of (x,<yzv>) , (<zyx>,v) , (<vxy>,z) , and (<xvz>,y) are all equi-

valent, and we have

< >
L <z,7,x 75 = <ayx>’,
<yzv> z
(2) <V,X ,y> = <vxy> ,
3) <x<yZV>’V,z> = <xvz>?,

The proof is similar to the one of 3.5, using 7.6 and the symmetry prin-

ciple.

7.8. PROPOSITION. If B and C are ideals of A then T(B,() (defined as in

4.6) is an ideal of A .
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This follows immediately from AP16, AP19, and AP21.

7.9. Radicals. (i) The Jacobson radical of an alternmative pair A is defined as

- +
Rad A = (Rad A+,Rad A) where Rad A~ is the set of properly quasi-invertible

elements of Ai (cf. 4.1). Hence we have by 7.2(v) that
J
1) Rad A = Rad A" .

(ii) An element 2z 6 Ai is called trivial if Q(z) = M(z,z) = 0 . An ideal I
of A is called semiprime if A/l is non-degenerate in the sense that it has no
non-zero trivial elements. The. small radical of A is the smallest semiprime
ideal of A , denoted by rad A . The existence of such an ideal is proved as in

the Jordan case (4.5).

(iii) For (x,y) 6 A we denote by x(n’Y)

the n-th power of x in the alter-
. + . . . .

native algebra Ay . Since powers in an alternative algebra and in the associated

Jordan algebra coincide, the powers in A and AJ are the same by 7.2.2. Just

as for Jordan pairs (cf. 4.14) there is a largest nil ideal Nil(A) of A,

called the nil radical.

7.10. LEMMA. Every semiprime ideal of AJ is an ideal of A .

Proof. Let I = (1+,1_) be a semiprime ideal of AJ . We have to show that I
A . . oo + +
is invariant under left, right, and middle multiplications. Let z 6 I , x 6 A,

y,u 6 A~ . Then by AP15 and AP16,

(¢9) Q(<xyz>)u = L(x,y)Q(2)L(y,x)u = -Q(z)<yx<yxu>> + {z,<yxu>,<xyz>} ,

and this belongs to I+ since I is a Jordan ideal. By semiprimeness of 1 , we

{xyz} - <xyz> 6 I+ . Finally, let y 6 I

+
have <xyz> 6 I . Hence also <zyx>
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and x,z 6 A+ and u 6 A" . Applying what we just proved to AP it follows
that <yxu> and <yx<yxu>> belong to I , and from (1) it follows that
Q(<xyz>)u 6 I+ , again since I 1is a Jordan ideal. This implies <xyz> 6 I+ by
semiprimeness of I . Since the same proof works with + and - interchanged

1 is an ideal of A ,

7.11. THEOREM. Let A be an alternative pair, and let r stand for rad, Nil,

or Rad . Then r(A) r(AJ) , and if 1 4is an ideal of A then we have r(I)

= Inr(A) .

Indeed, by 7.10, A and AJ have the same semiprime ideals. Now the

theorem follows from 4.2, 4,13, 4.15, and 4.16.

§8. Imbedding into Jordan pairs

8.0. The purpose of this section is to show that alternative pairs are essentially
Peirce-l-spaces of Jordan pairs with respect to idempotents whose Peirce-0O-spaces

are zero (8.2, 8.11). Let e be an idempotent of a Jordan pair V and let ve

= Vg @ Vi (2] Vg be the corresponding Peirce decomposition (cf. 5.4). In the Jor-

dan algebras VU_O (cf. 1.9) we have
e

Uy = Q@ )y, xey={x,e "yl x = Qe .

o o o
Also, VZ is a subalgebra of V _ with unit element eU , since e is an in-
e

vertible element of the Jordan pair Vz(e) with inverse e ° (cf. 5.5 and 1.11),



For x 6 Vf we have ox = x , by 5.4, Let a € V; , and define a 6 V;o by

a = Q(e_o)a . Then by 1.11, a —>; is an isomorphism of Jordan algebras, Vg >

; , and we have a = Q(eO)Q(e—O)a = a . Note also that Uab = Qa)b , for a,b

8.1. LEMMA. With the above notations, assume that VO =0, and let a,b € V; R

x6 VW ,yve V;O. Then the following formulas hold.

1
(1) ao(box) = {abx},
(2) (Ub)ox = (Qa)b)ox = ao(bolacx)),
(3) a2°x = a¢(a°x),
(%) (aob)°ox = a°(bex)}t+ be (aox),
(5) {xya} = {x,acy,e%,
(6) ao (xye¥} = {aex,y,e%} + [x,a.y,e”},
7) Txyeo} = fyxe 7},
®) mye®y = 10 y.y,e%)

m. By JP9 and 5.4.3 we have ac(box) = D(a,e_O)D(b,e_o)x = {b,Q(e_O)x,a} +
D{a,Q(e Hb)x = {abx} . This implies by JP1l, a°(be(acx)) = {ab {ae” %x}}

= D(a,b)Q(a,x)e % = (Q(a)b,e %,x} + Q(a) {bxe °} = (Q(a)b)ex since bxe %} = 0
by 5.4(c). For b = e’ we get (3), and (4) follows from (3) by linearizing. By
JPL0 ve have {xva} = {xya} = DGx,y)Qe” Da = (xfye%ale} - (Q(e”)y,a,x)

= {x,goy,eo} since Q(eO)y =0 by 5.4.3. For (6) we use JP1l4 and (1) and (5):
a (xye?} = {aox,y,e%) - {x{e %ayle} + {x,y,ace’} = {aox,y,e”} - {x,a0y,e%)

+ 2{xya} = {aox,y,ec} + {x,a0y,e%} . By JP12 we have {yxe—c} = {y,x,Q(e—c)eO}

(¢

= Qe 9 {xyec} + {{yxe_o}e e_g} = ~{xye®} + 2{yxe_o} since {yxe_o} 6 v °

2

o

Finally, by JP20, {xyec}2 = Q({xyec})eho = QXde + Q(eq)QyQXe_0

+ Q0,2 (e x) - (qy,e7,0(eNy) = (,qx,7) = (Q,y,y,e} stnce Qe
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a
€ VO =0 by 5.4(c).

Note that by (2), V; is a gspecial Jordan module for the Jordan algebra

v . Also, (1) - (7) hold without the assumption that Vo(e) =0 .

8.2. THEOREM, Let e be an idempotent of the Jordan pair V and assume that

VO(e) = 0 . Then the pair of modules Vl(e) = (VI,VI) becomes an alternative

pair, denoted A , with

(1) <xyz> = {{xye”}e ™},

[0}

1768 A™% = V% | The Jordan pair At associated with A is

1

for x,z 6 A%= v

Vl(e) (considered as a subpair of V , cf. 5.5); i.e., we have
g, -0
() <xyx> = {{xye }e "x} = Q(x®)y .

Proof. Let u € A® , VE A , and set a = {uve} , and b = {xyec} . Then
<uv<xyz>> + <xy<uvz>> = ao(boz) + be(acz) = (acb)ez = (ao{xyec})oz = {aox,y,eo}oz
+ {x,Eoy,eU}oz = <<uvx>yz> + <x<vuy>z> , by (4),(6) and (7) of 8.1. This proves

AP1l. Next we prove (2), using JP1l and the fact that Q(x)e_q 6V =0:

0
Q)Y = Q(X){e—geoy} = D(x,e_U)Q(x,ec)y - {Q(x)e—o,y,eg} = {xeﬁc{xyeo}} = <xyx> .
Now we have, with a as before, <x<vuy>x> = Q(x)(acy) = Q(X)D(y,ec)5
= {xg{ecyx}} - {ec,y,Q(x)E} = {{xyeo}gx} = {xyeo}o(aox) = <xy<uvx>> , by JP12,
8.1.1, 8.1.6, and Q(x)a & Vg = 0 . This proves AP4, and together with APl implies
AP2. Finally, AP3 follows from 8.1.3 and 8.1.8: <xy<xyz>> = bo(boz) = bzoz

= {Q(X)Y,y,eg}oz = <<xyx>yz> .

8.3. We shall show in 8,11 that every alternative pair can be obtained in the way
described above. As a first step in this direction, we construct a Jordan algebra

J as follows (the Jordan pair (J,J) will later play the role of Vz(e) , cf.
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8.10). Let A be an alternative pair, and let E = E(A) be the associative al-
+ —_
gebra End(A") x End(A )P with componentwise operations; i.e.,
ab = (a,b, ,b_a )

for a = (a+,a_) and b = (b+,b_) in E . As usual, [a,b] = ab ~ ba is the
commutator in E . Let EJ be the Jordan algebra associated with E so that
Ub =aba, acb=ab+ba in E' . For (x,59) €A we set

ax = a (x), ay = a_(y)
Note that we have (ab)x = a(bx) but (ab)y = b(ay)

%
Let J* = J'(A) be the set of all a 6 E such that

(1) a<xyz> + <x,y,az> = <ax,y,z> + <x,ay,z> ,

(2) a<xyx> = <ax,y,x> ,
for all x,z 6 A°, y 6 A™° . Note that (1) and (2) imply (by setting x = z)
(3) <X,y,ax> = <X,ay,x>
Now we define
* 2 *
(4) J=JM =f{a6eJ | a" 6]}

(The fact that J is indeed a subalgebra of EJ is by no means trivial; it will
be proved in 8.8).

For (x,y) 6 A we define 2(x,y) and r(x,y) in E by

L(x,y) = (L(x,y),L(y,x)), r(x,y) = (R(x,¥),R(y,x))

*
8.4. LEMMA. Let a €J and (x,y), (u,v) € A . Then 2(x,y) 6 J , and we have

the following formulas.

@ LG,y)? = L (<xyxe,y),
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(2) 2 (<xvx>,y) = 2(x,<yxv>),

(3) 2(<xyu>,y) = 2(x,<yuy>),

(%) a*g(x,y) = L(ax,y) + &(x,ay),
(5) [a,r(x,y)] = r(x,ay) - r(ax,y),
(6) al(x,y) = 2(ax,y) - la,r(x,¥)],
(1) 2(x,y)a = 2(x,ay) + [a,r(x,y)].

%
Proof. By APl and AP2 we have &(x,y) 6 J , and from AP1l we get (1) which
shows that &(x,y) 6 J . Formulas (2) and (3) follow from AP6 and AP7, and (4)

and (5) are just 8.3.1 in operator form. If we linearize 8.3.2 and 8.3.3 the re-

sult is
) a<xyz> + a<zyx> = <ax,y,z> + <az,y,x>,
9 <x,y,az> + <z,y,ax> = <x,ay,z> + <z,ay,x>,

which together with (5) implies (6), and (7) follows from (4) and (6).

* *
8.5. LEMMA. Let a,b & J . Then aob 6 J , and for all (x,y) 6 A we have

(1) abs(x,y) + 2(x,y)ba = 2(a(bx),y) + &(x,a(by)),
2) al(x,y)b + bL(x,y)a = 2(ax,by) + 2(bx,ay),
(3) L(x,y)at(x,y) = 2(<x,y,ax>,y) = 2(x,<y,x,ay>).

Proof. We first prove (1). By (5) - (7) of 8.4 we have

abl(x,y) + 2(x,y)ba

a(2(bx,y) - [b,r(x,y)1) + (2 (x,by) + [b,r(x,y)Da

2(a(bx),y) ~ [a,r(bx,y)] - a[b,r(x,y)]

+

2(x,a(by)) + [a,r(x,by)] + [b,r(x,y)]a

2(a(bx,y) + 2(x,a(by)) + [a,[b,r(x,y)]1] - [a,[b,r(x,y)]1]
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= 2(a(bx),y) + &(x,a(by)).

If we add (1) and the identity obtained from it by interchanging a and b we
see that ac°b satisfies 8.4.4, and hence 8.3.1. To show that it also satisfies

8.3.2, replace x by bx in 8.4.8 and set z = x . This yields
4) a<bx,y,x> + a<x,y,bx> = <a(bx),y,x> + <ax,y,bx>.
From 8.3.1 we get

(5) b<ax,y,x> + <ax,y,bx> = <b(ax),y,x> + <ax,by,x>.

Now add (4) and (5) and observe that a<x,y,bx> = a<x,by,x> = <ax,by,x> by

8.3.2 and 8.3.3.Then it follows that (aob)<xyx> = <(a°b)x,y,x> , and therefore
*

acb belongs to J

For (2) we again use (5) - (7) of 8.4:

af(x,y)b + ba(x,y)

(2 (ax,y) - [a,r(x,y)])b + b(2(x,ay) + [a,r(x,v)])

2(ax,by) + [b,r(ax,y)] - [a,r(x,y)]b

+ (bx,ay) - [b,r(x,ay)] + bla,r(x,y)]

2 (ax,by) + 2(bx,ay).

Finally, we have similarly, since 2(x,y) 6 J by 8.4:
L(<x,y,ax>,y) = L(2(x,y)ax,y) = 2(x,y)%(ax,y) + [2(x,y),r(ax,y)]
=9(x,y)at (x,y) + 2(x,y)[a,r(x,y)] + [2(x,y),r(ax,y)]
= o(x,y)af(x,y) + 2(x,y)r(x,ay) - rax,y)L(x,y).
Thus we have to show that 2{x,y)r(x,ay) = r(ax,y)t(x,y) , or, equivalently,
<XY<Z,ay,X>> = <<xXyz>,¥,ax> . Now <xXy<z,ay,x>> = <x<ay,z,y>X> = <X,a<yzy>,x>
= <x,<yzy>,ax> = <<xyz>,y,ax> , using AP4 and AP7. This proves the first equali-

ty of (3), and the second one follows from #(<x,y,ax>,y) = L(<x,ay,x>,y)

= 2(x,<y,x,ay>) , by 8.4.2.
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8.6. COROLLARY. (a) J(A) is a k-submodule of & . For every extension R of

k , there is a natural homomorphism ¢: J(A)®R - J(A®R) . If R is free (more

generally, projective) as a k-module then ¢ 1s injective.

*
(b) If 1/2 6k then J =1J 1is a (linear) Jordan algebra.

Proof. (a) Obviously, J 1is closed under scalar multiples. If a,b € J then
2 *
(a+b)2 = a + aob + b2 . By definition, a2 and b2 belong to J , and by 8.5,
*
so does aob . Hence J = J(A) is a submodule of € = E(A) . Since J 1is de-
*
fined by linear equations we clearly have a natural homomorphism J (A)®R -
*
J (A®R) . Let a; € J(A) and xie R . Then ¢(& ai®)\i) = in(ai)R where

(ai)R

is the R-linear endomorphism of A®R induced by a, . It follows that

¢(% a,.®\ )2 = Zkz(a2) + I A.x,(a.ca,)_ 6 J*(AQR) since a.ca_ 6 J*(A) by 8.5.
197 i‘81'p 1%5491°857R 178

Hence ¢ maps J(A)®PR into J(A®R) . Finally, ¢ may be factored in the ob-

vious way as

JAY®R ~ E(A)®R ~ E(AGR),

and both these maps are injective if R 1is a projective k-module.

(b) This is obvious.

*
8.7. LEMMA. Let a6 J and b € J . Then

€D)] af(x,y)a = &(ax,ay),

(2) Q(ax)y = a(Q(x) (ay)),
and Uab = aba belongs to J .

Proof. By 8.3.1 and (6) and (7) of 8.4 we have
%(ax,ay) = af(ax,y) + 2(ax,y)a - R(a2x,y)
= a2l(x,y) + ala,r(x,y)} + at(x,y)a + [a,r(x,y)]a

- a%2Gx,y) - (af,r,y] = ab(x,yda .
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The second formula follows from 8.3.1 - 8.3.3:
aQ(x)ay = a<x,ay,x> = a<x,y,ax> = <ax,y,ax> + <x,ay,ax>
- <x,y,a2x> = <ax,y,ax> = Q(ax)y .
*
To show that Uab 6 J we first interchange a and b in 8.5.1 and multiply

this on the left (resp. on the right) with a and use (1) to obtain

abaf (x,y) + %(ax,ay)b at(b(ax),y) + al(x,b(ay)),

bt(ax,ay) + &(x,y)aba = ¢(b(ax),y)a + L(x,b(ay))a.
Addition gives
(aba)of(x,y) + bof(ax,ay) = aci(b(ax),y) + acl(x,b(ay)),

and by 8.4.4 we get

(aba)oR(x,y) = 2((aba)x,y) + &(b(ax),ay) + 2(ax,b(ay))
+ 2(x,(aba)y) - #(b(ax),y) - £(ax,b(ay))

= 2((aba)x,y) + 2(x,(aba)y),
which shows that aba satisfies 8.4.4 and hence 8.3.1. Furthermore,
aba<xyx> = ab<ax,y,x> = <abax,y,x> + <ax,aby,x> - <ax,y,bax>

by 8.3.2 and 8.5.1, and

<ax,y,bax> = <ax,by,ax> = a<x,aby,x> = <ax,aby,x>,

%
by (2), 8.3.3, and 8.3.2. This proves aba €6 J .

8.8. THEOREM. Let A be an alternative pair over k , and let J = J(A) C E be

defined as in 8.3. Then J is a (quadratic) Jordan subalgebra of € containing

the unit element of E , and the k-submodule F of E spanned by all 2(x,y) ,

(x,y) €6 A, is an ideal of J .

We call J the Jordan structure algebra of A and F the inner struc-

ture algebra.
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Proof. Obviously 1 = (Id,Id) 6 J , and by 8.6, J 1is a submodule of E . More-
over, if a and b are in J then aba and bazb are in ]* by 8.7. Hence
also (aba)2 = a(bazb)a belong to J* and therefore aba 6 J . This shows
that J is a Jordan subalgebra of F . By 8.4 we have Fc J , and from 8.5.3

and 8.7.1 it follows that F 1is an ideal of J .

8.9. Examples. (a) Let A = A(M,R,4) be as in 6.4. For a € R let (a+,a_) 4]
End(M+) x End(M ) be defined by a+(x) = ax, a_(y) = ya . Then it is immediate
from the definitions that the map a +(a+,a_) is a homomorphism from the Jordan
algebra RJ associated with R into J = J(A) , and that ¢(x,y) is mapped in-
to f(x,y) so that the ideal o(M) of R is mapped onto F . If R is simple

with unity and &(M) # 0 it follows that F =J R

(b) Let R be an alternative algebra over k with unit element 1 , and let

(R,ROP) be the corresponding alternative pair (cf. 6.5). For an element a = (a+,

a_) 6 J*(R,ROP) let u = a+(l) € R . Then it follows easily from the definitions

that a = (Lu,Ru) where Lu (resp. Ru ) is the left (resp. right) multiplication
J

%
with u in R , and we have J =7J = F £ R" , the Jordan algebra associated

with R

(c¢) Let K be an extension field of k , and consider an alternative pair A =
A(X,K,a) as in 6.6. Assume that the alternating bilinear form y is not zero.

*
Then it can be seen that a = (a+,a_) 6 J =J if and only if

(1) a(a+(x),x) =0 for all x € X ,
and
(2) Ja_=ad,

Thus J is isomorphic with the Jordan algebra of symplectic symmetric linear

transformations of X with respect to o ( i.e., those linear transformations



of X which satisfy (1)). If o is non-degenerate then F turns out to be the
set of transformations of finite rank in J . In particular, if X is finite-
dimensional over K then we have F = J . The details are left to the reader as

an exercise.

8.10. PROPOSITION. Let A = U (e) be as in 8.2. For a 6 V; define a' = (

a') € £ = End(A+) x End(A") by a;(x) = aex , a'(y) = aoy (notation as in 8.0).

a;,

+
Then f: ab a' is a homomorphism from V; (considered as a subalgebra of V' _
e

as in 8.0) into the structure Jordan algebra J of A . For (x,y) € A we have

+ —_
f({xye }) = 2(x,y) and hence f maps {VI,Vl,e+} onto the inner structure al-

gebra of A .

Proof. By 8.1.2, f: V; + J 1is a homomorphism of Jordan algebras. By 8.2.1 and

8.1.7, we have, for (x,y), (z,w) 6 A ,

{xye+}oz = {{xye+}e—z} = <«xyz> = L(x,y)z,

{xyeT} ow ={{yxe_}e+w}

<yxw> = L(y,x)w,

which proves f({xye+}) = 2(x,y) . Applying f to 8.1.6 we get a'o2(x,y)

=2(a'x,y) + 2(x,a'y) , and hence a' = f(a) satisfies 8.3.1. Also, <x,acy,x>

- +.- -+ + - +,= +
=Q(x) (acy) = Q(x)D(y-e )a = {xafe yx}} - {e ,y,Q(x)a} = {{xye }ax} = {xye }o(aex)
= <x,y,a°x> by JP12, 8.1.1, and 8.1.6 since Q(x)a 6 Vg = (0 . Similarly,
<y,a°X,y> = <y,x,5°y> , and hence a' satisfies 8.3.3. Together with 8.3.1 this

)2 2

*
implies 8.3.2, and therefore a' ¢ J . Since (az)' = (a' we also have (a')

*
6 J and therefore a' 6 J .

8.11. We keep the notations of 8.8. With the Jordan structure algebra J of A

we can associate a Jordan pair (J,J) as usual (1.6). For our purposes, it will

+ +
be convenient to realize this Jordan pair as follows. Let E = E = End(A') x
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-0 _ _
End(A ) P as in 8.3, and let E = End(A ) x End(A+)Op . Then the exchange map

a= (ag,a_c) > oa = (a_c,ao) is an antiisomorphism from E+ to E and conver-
sely, and we have 3 =a . Now let J+ =7J, and set J = J+ = f(a_,a+) 6 E l
(a+,a_) € J}. Then J is a Jordan subalgebra of E- , and abr a induces an
isomorphism J% » J7° of Jordan algebras. Expressed in a different way, J is

the structure Jordan algebra of A°P , and the isomorphism J¥'5> 77 is induced
+ —-—
by the canonical antiisomorphism A - AP | Now (J',J) is a Jordan pair, iso-

morphic with (J,J) , by defining quadratic operators by

(L Q(a)b = aba,

for a6 3% , b6 J Y . The unit element & of 3% is &® =(d ,ld ) and
A% aTe

hence

) e= (e

is an idempotent of the Jordan pair (J+,J_) . we let J° act on A° by projec-

. . . o g
tion onto the first factor; i.e., for a = (ac,a O) 6 J and x € A~ we set

(3) ax = ao(x).

If y € A™° we therefore have ay

1t

a (y) . Furthermore, define

1

(4) lo(x,y) (Lo(x,y),L_G(y,X))

for (x,y) 6 A x A™% | and let Frar , F o= i so that F° 1is spanned by all

+ - -
zc(x,y) and (F ,F ) is an ideal of the Jordan pair (J ,J ) . By (4), we have

(3) Lo (xuy)z = <xyz>, 2 (x,y) = L_ (%),

which implies

(6) A% ,A79, 4% = F°.4°,
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8.12. THEOREM. (Standard imbedding) Let A = (A+,A_) be an alternative

pair over k . With the above notations, let W= 3° @ A% (direct sum of k-
modules), and define quadratic maps QO: wo > Hom(w_g,wc) by
) Q,(a®x) (b@y) = (aba + 2 _(x,ay)) @ (a(bx) + <xyx>),

where a € J° , b6 J°

_ + - .
, X 6 A° , vy 6 A 9 . Then W= (W ,W ) is a Jordan pair,

called the standard imbedding of A , with the following properties.

+ - .
(a) e = (e ,e ) (as in 8.11.2) is an idempotent of i , and the Peirce spaces

of W with respect to e are

(2) wice) = 1% wite) = A%, wj(e) = 0.
For X,z 6 AY , V6 A9 we have

(3) <xyz> = {{xyec}e_oz},

i.e., A= Wl(e) as an alternative pair as in 8.2.

(b) Conversely, let V = V2 ® Vl be a Jordan pair and A = Vl the associated

alternative pair as in 8.2. Define fc: V; > 1° by f+(a) = f(a) as in 8.10,

f (a) = £(3) , and extend fO to a map hc: Vo 5w’ by hg(a @ x) = fo(a) @ x

(a®x € V2 5} Vl). Then h = (h+,h_) is a homomorphism of Jordan pairs which is

the identity on Vl . In general, h is neither injective nor surjective.

(c) If A is non-degenerate (resp. semisimple) then so are the standard imbed-

ding and the Jordan structure algebra of A .

Proof. We begin by showing that W is a Jordan pair. Since the proof consists of
a brute force computation which isn't very illuminating the reader may be well

advised to skip it at first reading. Throughout, let a,b,c,d denote elements of
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+ +
J= and x,y,z,u,v elements of A~ . From (1) we get the formulas

4) Q(x)a = Q(a)x = 0,
) {xya} = {ayx} = zg(x,gy),
(6) {abx} = {xba} = a(bx).

Also it is clear that (J+,J_) and (A+,A_) are subpairs of W which by 8.10

and 7.1 are Jordan pairs. We have to verify JP1 - JP3 in all scalar extensions

of k . By 1.2, it suffices to do this for extensions R of k which are free

as k-modules. Using the fact that AR is again an alternative pair as well as

8.6(a) we see that we may assume R = k . For JPl we have to show
{a®x,b®y,Q (a®x) (c®z)} = Q(aex){bPy,a®x,cPz}.

Expanding this and using (1), (4), and 8.11 one sees that the following identi-

ties remain to be checked.

(7) {ab{xzal}} = Q(a){bxz} + {x{bazlal,

(8) {xb{xza}} + {ab<xzx>} = {a{bxz}x} + <x{baz}x>,
9 {ay{acx}} + {x,y,Q(a)c} = Q(a){yxc} + {x{yaclal,
(10) {ay<xzx>} + {xy{xzal}} = {x{yxzlal,

(11) {xy{acx}} = {alyxclx} + <x{yacl}x>.

By definition, (7) is equivalent with

abg (x,az) +4,(x,az)ba = al_ (z,bx)a + L (x,abaz).
Using 8.5.2, 8.7.1, and 8.11 we see that this holds. Similarly, (8) follows from
8.3.2 and 8.3.3, (9) follows from 8.7.1, (10) from 8.4.2 and a linearization of
8.3.2. Finally, (11) is equivalent with

<X,¥,aCX> + <acx,y,X> = a<CX,¥,X> + <X,Cay,x>.

Using 8.3.1 on the first term and 8.3.3 on the second term of the right hand side
and setting u = cx this is equivalent with

<X,y,au> + <u,y,ax> = <u,dy,x> + <X,ay,u>
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which is a linearization of 8.3.3.
Next we prove JP2:
{Q(a®x) (b®y) ,b®y,cz} = {adx,Q(b®y) (a®x) ,cPz}.

Proceeding as before, we end up with the following cases:

(12) {{xya}bc} + {{abxlyc} = {a{yxblc} + {x{baylcl,
(13) {{xya}bz} + {{abx}yz} = {a{yxbl}z} + {x{baylz},
(14) {{xya}yz} = {a<yxy>z},
(15) {<xyx>bc} = {x{yxblc},
(16) {<xyx>yc} = {x<yxy>c}.

By definition, (12) is equivalent with
Ro(x,gy)gc + CBRO(X,Ey) + zc(an,Ey)
= aZG(Bx,y)c + clc(Bx,y)a + lg(x,zbgy),
which follows easily from 8.5.1 and 8.5.2. Similarly, (13) is equivalent with
<x,5y,bz> + <abx,y,z> + <z,y,abx>
= a<bx,y,z> + <x,55y,z> + <z,55y,x>.
We use 8.3.1 on the first term and the linearization of 8.3.3 on the second and
third térm of the right hand side to transform this into the linearization of
8.3.3. Finally, (14) - (16) follow immediately from the definitions and 8.3.2
and 8.4.2.

The verification of JP3 is considerably simplified by the following

8.13. LEMMA. Let V = (V+,V—) be a pair of k-modules with quadratic maps Q :

Vo Hom(V_c,Vc) satisfying JP1l, JP2, and

Jp3’ Q(Qx)y)y = Q(x)Q(MQ(x)y

in all scalar extensions. Then V 1is a Jordan pair.

Proof. We linearize JP3' and get
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Q(Qxy)z + Q(Qxy,sz)y = QXQyQXz + QXQ(y,Z)Qxy-
Now Q(Qx-y,QXZ)y = {Qxy,y,QXz} = {x,ny,QXz} = QX{ny,x,z} = Qx{y,Qxy,z}

= QXQ(Y,Z)Qxy by JP2 and JPl, and the Lemma follows.

We continue the proof of 8.12 and verify JP3. By the Lemma, we only have to show:

Q(Q(a®x) (bey)) (b®By) = Q(a8x)Q(by)Q(a®x) (b®y) .

Expanding this in the usual way and using the definitions, we end up with

17) aBaBRG(x,gy) + go(x,ay)BaBa + %G(an,EbEy)
= aZG(Ban,y)a + Ro(x,gbsbgy) + agio(x,gy)ga,
(18) ZG(X,Ey)BZG(x,Ey) + Zg(agx,<5y,x,y>) + 20(<xyx>,5b5y)
= Zg(x,5<y,a5x,y>) + a20(5<xyx>,y)a + Zc(x,5b<5y,x,y>),
19 RU(<xyx>,<5y,x,y>) = Rg(x,5<y<sz>y>),
(20) a5a5<xyx> + <x,5y,5a5x> + <abx,y,abx>
= a<5a5x,y,x> + <x,b5b5y,x> + a5<x,5y,5x>,
(21) <X,ay,b<xyx>> + <abx,y,<xyx>> + <<xyx>,y,abx>

= <x<y,an,y>x> + a<5<xyx>,y,x> + <x,b<5y,x,y>,x>.

The first four identities are fairly straightforward consequences of 8.3 - 8.7,
so we omit the details. For the first term of (21) we use 8.3.2, AP4, and 8.3.3:
<x,5y,5<xyx>> = <x,5y,<5x,y,x>> = <x<y,5x,5y>x> = <x<y,an,y>x>.

If we set u = bx, v = <yxy> and use 8.3.2, 8.3.3, AP2 and AP7 then (21) reduces

to
<au,v,X> + <x,v,au> = a<uvx> + <x,5v,u>.
By 8.3.1, a<uvx> = <au,v,x> + <u,av,x> - <u,v,ax> so we are left with
<X,v,au> + <u,v,ax> = <x,5v,u> + <u,5v,x>

which 1s a consequence of 8.3.3. Thus we have verified that W is a Jordan pair.

From the definitions it is obvious that e is an idempotent and that (2)
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holds. By (5) and (6) and 8.11.5,
{{xyeg}e_oz} = {Qc(x,y),e—c,z} = Qc(x,y)z = <xyz>,
which proves (3). Now (b) follows immediately from the definitions and 8.8.
Finally, let r stand for Rad or rad . By 5.8 and 5.10, it suffices
to show that r(wz) = 0 provided r(A) =0 . If a = (aq,a_o) € r(wg) then
{ae—ox} = ax = ac(x) -] r(AG) for all x € A% since r(W) is an ideal of W .
Hence a = 0 , and similarly {Eeoy} = gy = a_c(y) =0 for all y & I implies

a =0 . Therefore a =0 and we have r(Wz) = 0 . This completes the proof.

For relations between ideals of A and W see §12., Here we compute the

standard imbeddings for the three types of alternative pairs considered in 6.6 -

6.8.

8.14. Let A = A(M,R,9) be as in 6.4, and assume that R is simple with unity

and ®(M) # 0 so that we can identify RJ and J (cf. 8.9(a)). Then one verifies
immediately that the standard imbedding of A is the Jordan pair A(N,R,\V)J
associated with the associative pair A(N,R,¥) constructed from the R-modules
- T and N = Re&M (where R is considered as a left and right R-
module in the canonical way) and the bilinear form VY: NN - R given by

¥(adx,bey) = ab + 9(x,y) .

8.15. Let (R,ROP) = (R+,R_) be the alternative pair associated with a unital al-
ternative algebra R , let LG(X) be left multiplication with x in r® , and
denote by x M X the canonical anti-isomorphism "> R and conversely. By 8.9
(b) and 8.11 we have a_= (Lc(u),L_c(a)) for a € 7° where u = ac(l) . Also
lc(x,y) = (Lc(x§),L_U(y§)) . The map a ac(l) is an 1lsomorphism between J° and

J
(R%)*” , the Jordan algebra associated with RS , by means of which we will identi-

fy these two algebras. Then we get for the standard imbedding by 8.12.1:



90 8.16

¢h) Qux) (v+y) = (uvu + x(yu)) + (u(vx) + xyx).

If we set X = (u,x) and Y = (v,y) then we may write this in matrix notation as
%

(2) QX)Y = X(Y X)

% _
where Y = %% (cf. 0.5). Thus the standard imbedding is W = (Ml 2(R),Ml 2(ROP))

with product given by (2).

8.16. Let K be an extension field of k and consider an alternative pair A
= A(X,K,a) as in 6.6. Assume that X 1s finite-dimensional over K and o is

.,b of X over K such that

non-degenerate. Then we can choose a basis b In

170"

the matrix of o with respect to this basis 1s the standard symplectic matrix

2n
where ln is the n X n unit matrix. If we identify X with K (whose elements

we write as column vectors) then

@ a(x,y) = “xsy,

t -
where “x is the transpose of x . Let now AT = AT =X , and let Jo: AT7 > A°

c of AT given

and at A% x A% 5 g be as in 6.6. Consider the basis C1se+Copn

by e, = —J_(bn+i) s Coag T J_(bi) , i =1,...,n . Then the matrix of o_ with
2n

respect to . sC is S , and if we identify A% with K by means of

Cl,.. 20

-0 o P . .
these bases then Jo: AT > A is given by matrix multiplication with -5 on the

left. For x,z € A , v 6 A% e obtain, in matrix notation,
t t t t -1
<xyz> = x("zS(-Sy)) - (Sy)( xSz) = x yz + Sy('x)S "z,

so that
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(2) L(x,y) = x(ty) + Sy(tx)S_l.

a
Let A = (c z) be a 2n x 2n matrix with coefficients in K , divided into
four blocks of n x n matrices. Then it is easily verified that A 1is symplectic

symmetric, i.e., satisfies a(Ax,x) = 0 for all x € Kzn, if and only if b and

¢ are alternating and d = ta . This implies
(3) SAS T = A .

(If char(K) # 2 then (3) is sufficient for A to be symplectic symmetric). Accor-
ding to 8.9(c), (A+,A_) is in the structure Jordan algebra J of A if and on-

ly if A = A+ is symplectic symmetric and A_ = J;1A+J+ = (—S)_lA(—S) =t .1t
£ +
we identify J~ with the symplectic symmetric matrices and A~ with K2n then,

by 8.12, we have for the standard imbedding W of A :

- t t
(4) Q(A®x) (Boy) = (AtBA + xtyA + AtAyth l) @® (A Bx + x yx)
t
. a b , . . c a) .
Now if A = (c ta) is symplectic symmetric then SA = (ia —b> is an alter-
SA Sx 5
nating 2n x 2n matrix. Consider the map ¢: A & x ~ N from W in-
xS 0

to the space (K) of alternating (2n+l) x (2n+l) matrices. Clearly, ¢ is

Aontl

a vector space isomorphism, and one checks that (¢,¢) 1is actually an isomorphism

of Jordan pairs, where the pair ( x),A (K)) is considered as a Jordan

A2n+l 2n+1l

pair with

(5) QXY = xtvx.



92 9.]

§9. Peirce decomposition

9.1. Let R be an alternative algebra, and let e be an idempotent of R . Re-

call that we have the Peirce decomposition

R=R;p @R ®Ry @Ry

where
R,., = {x 6 R | ex = ix, xe = jx }.
1]

The multiplication rules for the Peirce spaces are

@ RysRim © Ry

(2) R..R,, C R, for i#1],
1] 1) J1

while all other products are zero. For the proof, see, e.g., Schafer[l].

Now let A = (A+,A_) be an alternative pair. An idempotent of A 1is a

+ —
pair e = (e ,e ) € A such that
3) <e0,e—0,e0> - el

J .
Thus e is also an idempotent of the Jordan pair A associated with A

9.2. PROPOSITION. Let e be an idempotent of the alternative pair A .

(a) There is a Peirce decomposition

A=Al BA LB AN @A,

where A, = (AT.,AT.) and
—_— 1] i3° 13 -

1 Agj = {x 6 A% | <%, = ix, <xe "e”> = jx }.



(b) The Peirce decomposition of the Jordan pair AJ is given by

I I J_
A=Al AL Me @A AY = Aoe
i.e.,
A= T AL
n b ij
i+j=n

(c) Let g° denote the alternative algebra Ac_c with product xy = <xe_6y>

e
(cf. 6.10). Then e’ 1is an idempotent of B° , and the Peirce spaces of 8% with

respect to e’ are BY, =AY
—_— — 7ij ij

- -o__-0_ ‘s . g ~
(d) The map aw a = <e ‘ae > is an antiisomorphism between Bll and Bll

such that a = a . For x,y 6 A%, as Aii we have

(2) <xay> = (xa)y.

Proof. Let Eo = L(eo,e_c) and FG = R(ec,e_c) . By AP1l1 - AP13 and 9.1.3 we

2
have E_ =E, F_ =F, EF = FE . Thus E and F are commuting idempo-
o] o] ¢} g [<le} g o g ¢}

a . . . g o s o
tents of End(A”) . This proves (a). The projections onto All’ AlO + AOl’ AOO

are given by EF , E +F -2F, Id-E ~-F 4+ EF . From AP13 and 7.1.3
g o s} 54 g o o o oo
_ o -0 _ _ g -o, _ o -a
we get EGFG Q(e™)Qe ), Ec + Fc ZEUFU D(e ,e ) 2Q(e”)Q(e ") , and
Id - Ec - Fo + EGFo = B(ec,e_c) which proves (b) in view of 5.4. From the defini-
tions and 9.1 it is obvious that (c) holds. Also, e’ is an invertible element

of the Jordan pair A; with inverse e ° by 5.5. Hence at> a maps Ail onto

Ali and we have a = a , by 1.11. Next we prove (2):

_ L= -0= -0 _ -0=_ ~0__ _ ,. =
<xay> = <xay> = <x<e ae >y> = <xe a>e y> = (xa)y,

using AP7. Now we have by AP4:

S A -0 ~g =0 -0 = -0-y~ _ —=
ab = <e "<ae b>e > = <e b<e ae >> =<e ba> = (e b)a = ba,.

This proves that aw a is an antiisomorphism.
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.3. . = i iti A
9.3. THEOREM. Let A All@ AlO 5} AOl <] AOO be the Peirce decomposition of

with respect to e . Then we have the composition rules

6% A9 AN s AT,
ij” mj” mn in
2) A% AN s A%, for i# m,
ij” mj’ im mi —
3) A A9 s A%, for 143,
ij’ ji7 im jm —_
%) A% A9 A%, for i+# 3.
ij? 3i7 3 ij7 —
Products with index combinations other than (1) - (4) are zero.

Proof. Let x € A(?, , ¥ 6 A° ,z 6 A . Then we get from APl and 9.2.1
1] R Pq
(5) <e0e_0<xyz>> = (i+m-p)<xyz>.

From the linearizations of AP2 and AP7 we see that
<<xyz>e_0e0> + <<xye0>e_0z> = (pt+q) <xyz>,

<<xye0>e-oz> + j<xyz> = (mtn)<xyz>
which implies
(6) <<xyzre “e’> = (p+q-m-n+j) <xyz>.

Now (1) - (4) follow immediately from (5) and (6). Next we have to show that all
other index combinations (ij,mn,pq) give zero. An enumeration of all possibili-

ties results in the following list.

(7) (10,11,mn), (il,11,0i) for i#j, (m,11,00),
(8) (11,i0,mn),
9 (00,01,13),
(10) (11,01,11),
(11) (01,00,15),

12) (01,10,11),
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(13) (01,0j,1m),
(14) (i0,10,03), for (i,j) # (0,1),
(15) (10,01,00) .

From 9.2, (c) and (d), and the multiplication rules for the Peirce spaces in an
alternative algebra (cf. 9.1) it follows that all products of type (7) are zero.
Now let x 6 Ail’ y 6 A;g, z 6 A% . Then by AP6, <xyz> = <<80§e0>yz> =
<ec<yec§>z> = 0 since <yeO§> = 0 by (7). This proves (8). For (9), let x € ASO
and y 6 Aéi . Then by APl, <xyz> = <x<ye'e “»z> = <e’y<xe ‘z>> + <xe '<e’yz>>

- <<ecyx>e_oz> . The first two terms vanish by (7), and since <ecyx> <] AiO by

[9)

(1) the last term also vanishes by (7). Now let x,z 6 All’

y 6 Aé; . Then

g- o o~ 0 , R g
<Xyz> =<xy<e ze >> = <<xye >ze >, and therefore it suffices to prove <xye > = 0.

o -0 0 o= _ 0 __© oG g__ 0 -00
But <xye > = <<e%xe >ye > = <e x<e ye »>, and <e'ye » = <e y<e e e »> =
g _=~0 G __© .
<e <e e y>e > = 0 , This proves (10). For (l1) we use AP6:
-0 o o _~a 0 -0 o -c
(16) <Xyz> = <<xe e >yz> = -<<e e X>yz> + <x<ye e >z> + <e <yxe >z>.

The first two terms on the right hand side vanish since x 6 Agl and y 6 Aég ,

and the last one is zero by (9). Similarly, (12) follows from (16) since in this

case <yxe_0> 6 AO; by (3), and hence <e0<yxe~0>z> = 0 by (10). Next we prove

. o _-C g -0 -G o
(13), using AP4: <Xyz> = <xy<e e 'z>> = —<zy<e e X>> + <z<e e y>x> +
-0 0 -0 0 °c_—o
<x<e e y»z> = 0 ., For (14) we use AP7: <xyz> = <x<e e y»>z> = —-<x<ye e >z>
-0 g g -0 . . o
+ <<xe “e >yz> + <<xye >e ~z> . The first two terms are zero since x € A and

i0
y 6 Aig , and the last one vanishes by (7) since <xyec> 6 Ail . From the same

formula we get (15).

9.4. COROLLARY. A,. = AY A7) isa subpair of A .
ij ij" ij —_—

This follows immediately from 9.3.
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9.5. Remark. Theorem 9.3 shows that, with respect to the Peirce decomposition,
the product <xyz> 1in an alternative pair behaves exactly like (xy)z in an al-
ternative algebra with involution. This is helpful for memorizing the Peirce mul-

tiplication rules.

+

10°

+

N
9.6. LEMMA. With the notatilons of 9.2, let a,b € AIl’ f,g,h € A u,v,w € A

Then we have the following formulas.

L a(bf) = (ab)f,

(2) (ua)b = u(ab),

3 <£ge’s = <gfe >,

4) a<fgb> = <af,g,b>,

() <fgbra = <f,g,ba>,

(6) <eOvu> = <e % ,u,v>,

)] <bvu>a = <b,v,ua>,

(8) a<bvu> = <ab,v,u>,

9 <fva> = - <avf>,

(10) <fva>b = <f,v,ab> = <af,v,b> = <f,v5,b>,
() uu = 0; a(uv) = (ua)v = <uav>,
(12) <fgh> = <fge’>h,

(13) <uvw> = u<e vw> + <e0,v,uw>,
(14) <ugv> = -<uv,g,e>,

(15) <ugf> = u<fgec>,

(16) <fvu> = <fve’>u. .

o}
Proof. By the alternative law in the alternative algebra A g Ve have a(bf)
e

-~ (ab)f = b(fa) - (bf)a , and fa = (bf)a = 0 by 9.2. Similarly, one proves (2).

By AP4,
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<fge0> = <e_0<fge0>e_0> = <e_0eo<gfe_0>> = <gfe_0>,
The linearized form of AP2 gives
a<fgb> + a<bgf> = <af,g,b> + <ab,g,f>,

and <bgf> = <ab,g,f> = 0 by 9.3. Also, by AP6,

<fgb>a + <bgfra = <f<e_0bg>a> + <b<e_0fg>a>,
which shows <fgb>a = <f<e ‘bg»a> = <f,bg,a> by 9.2.2. Now we get by (1):
- - = I}
<fgb>a = <f,bg,e>a = <£,a(bg),e’>
-= o — o
= <f,(ab)g,e > = <f,(ba)g,e > = <f,g,ba>,
which proves (5). Next, (6) follows from AP4, and for (7) we have by AP2:
<bvu>a + <bva»u = <b,v,ua> + <b,v,au>,
and au = <bva> = 0 by 9.3. Also, by AP2,
a<bvu> + a<uvb> = <ab,v,u> + <au,v,b>

where <uvb> = <au,v,b> = 0 by 9.3. This proves (8).
By 9.3, <fva> and <avf> belong to Agl . Hence we get from AP6 that

-0 g -0 g -g o3 -a o]
<fva> + <avf> = <<fvare e > + <<avfre e > = <f<e av>e > + <a<e fv>e > = 0,

since <e Zav> = <e Yfv> = 0 by 9.3. Now we prove (10). By AP7 and APl, we have
<fva>b + <fa,v,b> = <f<vae Usb> + <f<e_0av>b>,
a<fvb> + <f,v,ab> = <af,v,b> + <f<e_Oav>b>,

and moreover fa = <e_0av> = a<fvb> = 0 , This shows <fva>b = <f,v5,b> , and
<f,v,ab> = <af,v,b> . Now <fva>b = (<fvec>a)b = <fveG>(ab) = <f,v,ab> by (2).
Next, we have wuu = <ue %us = <e”ePcue s> = <<e’e e %u> = 0 by AP2. By the
alternative law, a(uv) - (au)v = -u(av) + (ua)v , and au = av = 0 . Finally,

(ua)v = <uav> by 9.2.2.

For (12) we use AP2:

<fgh> = <f,g,<e0e—0h>> = —<fg<he “e%>> + <fgeg>h + <<fgh>e_0ec> <fge0>h,
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since h and <fgh> are in Aio . Similarly, (13) follows from AP2: <uvw>

= <<ue_cec>vw> = <ue_c<e0vw>> + <ue_o<wvec>> - <<ue_cw>ve0> = u<e0vw> + <ec,v,uw>
a g -0 0

by (9) and <wve > = 0 . By AP7 and (9) we have <ugv> + <uv,g,e > = <<ugv>e e >

-0 [ -0 -c o
+ <<ue "v>ge > = <u,<gve >+<e vg>,e > = 0 . From AP2 we get <ugf>
-0 o -0 o] -0_ g -0 o] 5] .
= <<ue e >gf> = -<<ue f>ge > + <ue <e gf>> + <ue <fge >> = u<fge > since

<ue %f> = <e0gf> =0 . And finally, by AP4 and (11), <fvu> - <fve¥>u

o -0 -g o -0 -0
= <e e <fvu>> + <ue <fve>> = <e <vfe >u> + <u<vfe >e> =0 .

9.7. LEMMA. With the notations of 9.2, we have

(a) AlO is an associative pair;

(b) if AJ A2 =0 then A

. is an associative pair.
01 01 p

01

+
Proof. (a) For c,d,f,g,h € AIO we have by 9.6.12, 9.6.1, and 9.6.4,
<cd<fgh>> = <cdec>(<fge0>h) = (<cde0><fge0>)h
= <<cde’>f,g,e%h = <<cdf>,g,e”>h = <<cdf>gh>

From this and APl it follows that AlO is associative.

.
(b) Let X,y,u,v,w € A61 . Then by (13), (7) and (2) of 9.6 we have

o] o] o]
<Xy<U.VW>> = x<e y<uVW>> = x<e ,y,u<e VwW> >
o] o o] o]
= x(<e yur<e vw>) = (x<e yu>)<e vw> = <<Xyu>vw>,
and hence A is associative.

01

9.8. PROPOSITION. Let A =€BAij be the Peirce decomposition of A with respect

to e . Then A 1is an associative pair if and only if A, (i = 0,1) is an as-

il

sociative pair, and all products 9.3.2, 9.3.3, 9.3.4 vanish.

Proof. If A 1is associative then so is A,, . Also, for x € A%, y € A_G, and
RS ii ij mn



z € qu we have <e’e C<xyz>> =<<e®e Ox>yz> = i<xyz> and <<xyz>e ~e’> =
<xy<ze_0eg>> = q<xyz> which proves <xyz> € A:q . Hence all products 9.3.2-9.3.4
are zero. For the converse, it suffices to show that <<xyz>uv> = <x<uzy>v> ,
since <xy<zuv>> = <<xyz>uv> then follows from APl. Thus let xij 6 Aij’ Yies, €

"
Aiﬁ’ etc.. Then we have  <<x,, =0 if §# 2 or k#m or n #

1Jyklzmn>upqus>

q or p# r . But in each of these cases, <x > 1is zero as well.

ij<upqzmnyk£>vrs

Hence we only have to consider the case <<X,.y > . There are the fol-

s .2 Pu_ VvV
ij’mj mn pn ps

lowing possibilities.

1. i#m or n# j . Then we have by AP6, omitting indices for easier notation,
<<xyz>uv> + <<zyx>uv> = <x<uzy>v> + <z<uxy>v>,

and the second terms on each side vanish.

2°. p#m. By AP 7 we get
<<xyz>uv> + <<Xuz>yv> = <X<uzy»v> + <x<yzu>v>,

and again the second terms on each side are zero.

3. i=m=p, n=3, s#3j . From AP2 it follows that
<<xyz>uv> + <<xyv>uz> = <Xy<zuv>> + <Xy<vuz>>,

+ .
and the second terms on each side vanish. Since x,y,z,u are all in Aij it fol-

lows from APl that we also have <<xyz>uv> = <xX<uzy>v>

. i=n-= p, j=n=s,i#3j . For 1i=1 this follows from 9.7(a). For 1
= 0 we have that A% A9 = <A% 7949 5 is a product of type 9.3.2 and hence is
01 01 01 01

zero by hypothesis. Thus the assertion follows from 9.7(b).

o . . .
5°. All indices are equal. Then the assertion follows from our assumption about

the A,,
ii
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9.9. PROPOSITION. The Jacobson radicals of A and Aij are related by

1) Rad A,, = A, M Rad A ,
ij ij
(2) Rad A = .Z. Rad Aij
1’J

Proof. Since every ideal of A is the sum of its intersections with the Peirce
spaces it suffices to prove (l). For i = j this follows from 9.2(b) and 5.8.
Now let i # j and let x 6 Azj’ y 6 A;i . Then by 9.3.3, Qx)y = <xyx> € Agj.
On the other hand, by 9.2(b) and 5.4(c), Q(x)y & Aio G)Agl . Hence we have
Q(x)y = 0, and therefore x = x by 3.8. If now x € Rad Azj then by 3.7(a) it
follows that (x,y+z) 1is quasi-invertible, for all y+z € A?i &)Aij which shows
that x belongs to the radical of Ai . By 5.8, this is contained in Rad AJ =

Rad A . Hence we have Rad Aijc: Rad A . The converse is trivial.

9.10. Let (el,...,er) be a system of orthogonal idempotents of AJ (cf. 5.12).

Then it is not hard to see that

o -0 g -0 . .
(1) L(ei,ej ) = R(ei,ej )y =0, for 1i#j,
and that we have the Peirce decomposition

r
(2) A = P A,

where A,, = (A..,A..) and
13

AZj = {x ¢ A° l <eZe;6x> = 8,,x and <xe;0ez> = 6j X, for £ =1,...,r}.

The composition rules are the same as in case of a single idempotent (see 9.3).

The Peirce decomposition of the associated Jordan pair AJ is related to (2) by

) WDy = Ay @ = AL @A, for 147,

i1 ii ij
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Also, the exact analogue holds for (2). Since these results will not be needed in

the sequel we leave the proofs as an exercise.

NOTES

For associative triple systems (ternary algebras) see Hestenes[l], Lister
[1], Loos[4], Stephenson{[l]. Associative pairs are really “abstract off-diagonal
Peirce spaces" of associative algebras in the following sense: Let X be a unital
associative algebra, and consider the Peirce decomposition R = Rll ) RlZ ] RZl

@ R22 of R with respect to an idempotent e . Then (RIZ’RZI) is an associa-

tive pair if we define <xyz> = xyz and <yzw> = wzy , for x,z € R12 and y,w

4] R21 . Conversely, every associative pair A = (A+,A-) can be obtained in this
+ -

way. Indeed, let R be the subalgebra of E = End(A ) x End(A )op generated

11
by e = (Id,Id) and all £(x,y) = (L(x,y),L(y,x)) , and R22 the subalgebra of

g°P generated by e, = (Id,Id) and all r((y,x))= (R(x,y),R(y,x)) where (x,y)

€A . For a-= (a+,a_) € Rll , b= (b+,b_) € R22 and (x,y) 6 A we set

ax = a (x), va=a_(y), xb=5b,(x), by =5b_(y).

Then AY is a Rll—left and Rzz—right bi-module, and A is a Rzz—left and

+ -
R _ri . . - - . -
11 right bi-module. Let R12 AT, RZl A, and write the elements of R

R . . .
11 $>R12 [} R21 5] R22 in matrix form:

a X
( )’ aeRll, (X,Y) GA’ beazz .
y b

Then R becomes an associative algebra with the desired properties by defining
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a x) a' x' (aa' + 2(x,y"), ax' + xb'

y b/\y" b’ ya' + by' , r(y,x') + bb’

This construction is analogous to the one given in Loos[4]. We haven't used this
approach here since it does not work for alternative pairs, and also is not suit-
able for the structure theory with chain conditions on principal inner ideals (see
chapter III). In fact, even if A 4is semisimple and has acc and dcc on principal
inner ideals the algebra R constructed above is not necessarily Artinian. This
is so, however, if A has dcc on all inner ideals. It seems possible to develop
a structure theory for associative pairs with chain conditions on left and right
ideals.

Alternative triple systems were introduced in Loos[3], over rings of sca-

lars containing 1/2. This restriction was later removed by Meyberg([6]).
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CHAPTER III

ALTERNATIVE AND JORDAN PAIRS

WITH CHAIN CONDITIONS

§10. Inner dideals and chain conditions

10.1. Inner ideals. Let V = (U+,V_) be a Jordan pair over the ring k . A submo-
dule mc V® 1is called an inner ideal if Q(m)V_OCZ m . By an inner ideal of an
alternative pair we mean an inner ideal of the associated Jordan pair. We now gi-

ve some examples of inner ideals.

(a) If mcC ¥® is an inner ideal then it follows from JP3 (resp. JP26) that
- g
Q(x)m (resp. B(x,y)m ) is an inner ideal, for all x 6 V G(resp.(x,y) ¢ UV x

y= ). In particular, Q(x)Vo is an inner ideal, called the principal inner ide-

al generated by x . Note that x 6 Q(x)Vo if and only if x is (von Neumann)

regular (cf. 5.1).

(b) Let e be an idempotent of V . From 5.4 it follows that the Peirce spaces
V;(e) and Vg(e) are inner ideals; in fact, V;(e) is the principal inner ide-
al generated by e , and Vg(e) = B(ec,e_O)V0 . If VO(e) = 0 then V;(e) is

also an inner ideal.

(c) If x 6 v is a trivial element (cf. 4.5) then obviously k.x 1is an inner
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ideal, called a trivial inner ideal.

10.2. LEMMA. (a) Inverse images of inner ideals under homomorphisms are inner

ideals.

(b) Images of inner ideals under surjective homomorphisms are inner ideals.

(¢c) Let e be an idempotent of V . Then the inner ideals of Vz(e) (resp.

Vo(e)) are precisely the inner ideals of V contained in Vz(e) (resp. Vo(e)),

and every principal inner ideal of Vz(e) (resp. Vo(e)) is also a principal in~

ner ideal of V . If Vo(e) = 0 then the same statements are true for Vl(e)

This is immediate from the definitions and the composition rules for the

Peirce decomposition (5.4(c)).

10.3. PROPOSITION. Let X <V~ be a subset, and let Ann(X) be the set of all

a € V+ such that, for all x € X,

® Q(a)x = Q(x)a = 0,
(2 Q(a)Q(x) = Q(x)Q(a) = 0,
(3) D(a,x) = D(x,a) = 0.

Then Ann(X) is an inner ideal, called the annihilator of X . We have

(4) X C Ann(Ann(X)).

If X = {x} consists of a single element then

(5) Am({x}) C Ann (@)WY,

and equality holds in case x 1is regular. If e 1is an idempotent then

6 A ({e”}) = Amn (V5 (e)) = V(o).
Analogous statements hold for a subset X of V+ .
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Proof. Clearly, m = Ann(X) 1is closed under scalar multiples. Let a,b € m .
Then, for all x € X, Q(a+b)x = {axb} = 0, Q(a+h)Q(x) = Q(a,b)Q(x) = D(a,x).
.D(b,x) - D(a,Q(x)b) = 0 by JP9, and Q(x)Q(a+b) = Q(x)Q(a,b) = D(x,a)D(x,b)

- D(Q(x)a,b) = 0 by JP13. Hence a +b € m , and m 1is a submodule of V+ .
Next let a €m and y € V™ . Then it follows from JP3 that Q(a)y satisfies (1)
and (2). Furthermore, D(Q(a)y,x) = D(a,{yax}) -~ D(Q(a)x,y) = 0 by JP8, and
D(x,Q(a)y) = D({yax},a) - D(y,Q(a)x) = 0 by JP7. Hence Q(a)y € m , and m is

an inner ideal. Since (1) - (3) is symmetric in a and x we have (4). If a
belongs to the annihilator of a single element x then it follows from JP3, JP7,
and JP8 that it satisfies (1) - (3) with x replaced by Q(x)y , for an arbitrary

+
y 6 V' . This proves (5). Finally, (6) follows from 5.4 and the definitions.

10.4. PROPOSITION. A Jordan pair is a division pair if and only if it has non-tri-

vial multiplication and no proper inner ideals.

Proof. Let V be a division pair, let m CLV+ be an inner ideal, and let x
be a non-zero element of m . Then Q(x) is invertible, and hence V+ = Q(x)V_
<m . 1In the same way one shows that V" has no proper inner ideals.
Conversely, assume that U has no proper inner ideals, and let X be a
non-zero element of V+ . Then the principal inner ideal generated by x is
either zero or all of V+ . In the first case, x 1s a trivial element, and hen-
ce k.x 1is an inner ideal (10.1l(c)) which must be all of V+ . In particular,
Q(V+)V_ =0 ., If Q(V‘)V+ # 0 then there exists y € U such that Q(y)V+ 40,
and since V has no proper inner ideals, U = Q(y)V+ which implies y = AQ(y)x
for some A € k . But then Q(y) = 0 , a contradietion. Thus we also have Q)
=0, and V has trivial multiplication which is ruled out by hypothesis. It fol-
lows that Q(x)V = V+ , and hence x = Q(x)z for some z € V. By JP3, Q(x)

= Q(x)Q(2)Q(x) which implies Q(x)Q(z) = Id by surjectivity of Q(x) . But
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Q(z) 1is surjective as well since we can apply everything we proved so far to

VP . Hence x is invertible, and the Proposition follows.

10.5. THEOREM. Let M be a set of inner ideals of a Jordan pair V , ordered by

inclusion. Assume that for all m € M and for all non-trivial elements x € m ,

+
the principal inner ideal generated by x belongs to M . Let m#¥0 , mcCV ,

be minimal d4n M . Then either m contains a non-zero trivial element of V ,

+ . . .
or m= Vz(e) where e 1is a division idempotent. In the latter case, m is mi-

nimal among all non-zero inner ideals of .

Ezggﬁf Assume that m contains no non-zero trivial element, and let x be any

non-zero element of m . Then the principal inner ideal generated by x is non-
zero, contained in m , and belongs to M . By minimality of m we have that m
= Q(x)V- . In particular, x 1s regular, and hence by 5.2 there exists y € v

such that e = (e+,e_) = (x,y)} 1is an idempotent of V . By 5.4, we have then m
= V;(e) . Let n C:V;(e) be an inner ideal of Vz(e) . By 10.2, n is an inner
ideal of V . If u is a non-zero element of n then 0 # Q(u)V_(f ncm , and
Q(u)V_ € M which implies n = m . Hence V;(e) contains no proper inner ideals.
If p C:V;(e)is an inner ideal then Q(e+)p CIV;(e) is an inner ideal, and p =

Q(e—)Q(e+)p by 5.4. This shows that V;(e) contains no proper inner ideals, and

Vz(e) is a division pair by 10.4.

10.6. Chain conditions. Let M be a set of inner ideals of V . We say that V

satisfies the descending chain condition on M if every descending chain ml p

m2 > ... of inner ideals mi € M becomes stationary. Similarly, V satisfies

the ascending chain condition on M 1if every ascending chain of inner ideals in

M  becomes stationary. Descending (resp. ascending) chain condition are usually

abbreviated to dcc (resp. acc). We say V satisfies the chain condition on idem-
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potents (= cci) if there exist no infinite sets of pairwise orthogonal idempo-
tents. If V satisfies the cci then there obviously exist maximal idempotents;

i.e., idempotents e such that Vo(e) contains no non-zero idempotent (5.12).

10.7. The chain condition on idempotents is implied by either the acc on princi-

pal inner ideals or the dcc on all inner ideals. Indeed, if E ={el,e2,...} is an
orthogonal set of idempotents then Vg(el)CZ Vg(el+e2) C +... 1s an ascending
chain of principal inner ideals, and Vg(el) oD Vg(el+e2) D ... 1is a descending

chain of inner ideals. If one of these chains becomes stationary then E is fi-
nite. Conversely, it will follow from the classification in §§11 and 12 that for
a semisimple alternative or Jordan pair with dcc on principal inner ideals the
acc on principal inner ideals, the cci, and the existence of a maximal idempotent
are all equivalent. It would be desirable to have a direct proof of this fact.
Let J be a Jordan algebra and V = (J,J) the associated Jordan pair.
Then it is clear from the definitions that V satisfies the dcc or acc on (prin-
cipal) inner ideals if and only if J does. Indeed, (principal) inner ideals of

"
J and V- are the same.

10.8. THEOREM. Let V be a Jordan pair with dcc on principal inner ideals. Then

the Jacobson radical, the set of properly nilpotent elements, the nil radical,

and the small radical all coincide.

Proof. Since all these sets are contained in each other (4.14, 4.15) it suffices
to show that rad V = 0 implies Rad V = O . Assume this is not the case, and

let M be the set of all principal inner ideals generated by non-zero elements
x 6 Rad vE . Let m be a minimal element of M , say m <:V+ . Then by 10.5, m
= V:(e) where e 1is a diviSion idempotent; in particular, it contains a nonzero

regular element. This is a contradiction since Rad ! contains no such elements.
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10.9. LEMMA. Let N be a nil ideal of a Jordan algebra J (resp. a Jordan pair

V), and let x* x denote the canonical map J =+ J/N (resp. V = V/N). If

{dl’dz"" } is an at most countable orthogonal set of idempotents of J/N (xesp.

V/N ) then there exists an orthogonal set {e } of idempotents of J

128900

(resp. V ) such that Ei = di , 1 =1,2,...

Proof. Consider first the case of a single idempotent d of J = J/N , and let
- 2

x € J be such that x =d . Then x2 - x € N and therefore (x - x)n =0 for

some n . In the polynomial algebra k[T] there exist polynomials f£(T) and

g(T) such that

2n+l 2n+l _

D) £(T)T - g(T)(T-1) 1.

Let k[T]+ be the ideal of k[T] generated by T . Then there exists a unique

homomorphism k[T]+ + J of Jordan algebras sending T into x which we denote
+

as usual by h(T) » h(x) . Let in particular h(T) = f(T)T2n L , and let e = h(x)

€J . If h(rT) =7¢ uiTl then it follows from (1) that h(l) = I a, = 1 . Hence

- -4 i 20+l
e =1 =% aixl =z ocidl = (Ta)d =d . Also by (1), h(1) - 1 = g(T)(1-1) R

and multiplying this with h(T) we get

2n+1 2nt+l

a(m? - a(m = ememr™ 0™ - alnomat-nt =, em

T -T
where p(T) = f(T)g(T)(TZ—T) . Since T - x 1is a Jordan homomorphism it follows

that e2 ~-e=1 9 px) = U((xz—x)n).p(x) =0 .

X =X

Now assume that e .,er are orthogonal idempotents of J such that

1

e.=d, .Let e=e + ...+e ,and let J=J @ J, &J be the Peirce de-
i i 1 r 2 1 0

composition with respect to e (cf. 5.6). Then the Peirce decomposition of J

with respect to e = dp .o +d s J = J2 P Jl @ JO ,and d .6 JO . If we
apply what we first proved to JO > 30 we find an idempotent er+l € JO such
that e =d , and e is orthogonal to e ..,er . By continuing in

r+l r+l r+l 1"
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this way we obtain the desired set of idempotents.

Next consider the case of a Jordan pair V , and let d = (d+,d—) be an

idempotent of V= VIN . If y & V™ is such that = d  then the canonical map

¥y
Vo1 . T - , +
V>V induces a Jordan algebra homomorphism J = Vy + V' =7 with kernel N

d

and this is a nil ideal of V; . Moreover, d+ is an idempotent of 3-. By what

we proved before, there exists an idempotent e+ 6 J such that e+ = d+ . Thus
+ -

we have (e )2 = Q(e+)y = et , l.ed, " isa regular element. By 5.2, (e+,e )

- + ., . - - F -t
where e = Q(y)e is an idempotent of UV , and we have e = Q(y)e = Q(d )d

= d . This shows that we can lift idempotents from V/N to V . The proof for

orthogonal sets of idempotents is verbatim the same as in the Jordan algebra case.

10.10. THEOREM. If a Jordan pair V satisfies the dcc on principal inner ideals

and if Rad V # UV then V contains a local idempotent.

Proof. By 10.2, U-= V/Rad V has dcc on principal inner ideals, and by 10.5, V
contains a division idempotent d . By 10.8, the radical is a nil ideal, and by
10.9, d 1lifts to an idempotent e of V . We have Rad Vz(e) = Vz(e) N Rad V
by 5.8, and Vz(e)/Rad Vz(e) = Ué(d) is a division pair. Hence by 4.4(b),

Vz(e) is local, and e 1is a local idempotent.

10.11, COROLLARY. Let V have dcc on principal inner ideals, and let e be an

idempotent of V . Then e is maximal if and only if Vo(e) C Rad V .

Proof. If e is maximal then Vo(e) contains no non-zero idempotents, and by
10.2 has dcc on principal inner ideals. Hence by 10.10, Vo(e) is radical, and
by 5.8 it is contained in the radical of U . Conversely, if Vo(e) is radical

then it contains no non-zero idempotents by 5.1, and therefore e is maximal.
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10.12. Frames. Let V be a Jordan pair satisfying the dcc on principal inner
ideals and the chain condition on idempotents. A frame of V is a maximal ortho-
gonal system of local idempotents of V ; i.e., an orthogonal system of local
idempotents not properly contained in any other orthogonal system of local idem-—
potents. Frames obviously exist and, by the cci, are finite but possibly empty.
Let E = (el,...,er) be an orthogonal system of local idempotents and let e =
e, + ... + e, - Then E 1is a frame if and only if e 1is a maximal idempotent.
This follows from 10.10 and 10.11. In particular, the empty set is a frame if and
only if e = 0 , which means V = Rad V by 10.11. Also, a frame is maximal among
orthogonal systems of (not necessarily local) idempotents.

It is not true that every maximal idempotent e 1is of the form el + ...

+ e, where (el,...,er) is a frame; cf. the example given in 5.12.

10.13. LEMMA. Let V be a Jordan pair, and let e be an idempotent of V such

that Vo(e) = 0 . Assume that V is non-degenerate and that Vz(e) is simple.

Then V 1is simple.

Proof. Let B be an ideal of V . Then B = B, & B, where Bi = BAWVi(e) is an

2 1
ideal of Ui(e) . Since Vz(e) is simple we have BZ = Vz(e) or BZ =0 . In
. (0] g =-g,,0 c .
the first case, e € BZ and hence Bli) {e’e Vl} = Vl which shows B =V ., In

the second case, {xye’} € VZ =0 for all x € V: , V€ Bic, and by 8.2.2 we get
Qx)y = {{Xyec}e_ox} =0 . Thus x is a trivial element of Vl . By 5.10, Vl(e)

is nondegenerate, and hence x = 0 .

10.14. THEOREM. (a) Let V be a semisimple Jordan pair with dcc on principal in-

ner ideals and containing a maximal idempotent e . Then

&5, v o= v Vg, eu
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is a finite direct sum of simple ideals with the same properties. The decomposi-

tion (1) is unique up to order, and every ideal of UV 1is the sum of some of the

y ()

. The map Iwr I(\Vz(e) is a bijection between the ideals of V and the

ideals of V2(e) . In particular, V 4is simple if and only if V2(e) is simple.

(b) Conversely, a finite direct product of simple and semisimple Jordan pairs

with dcc on principal inner ideals and maximal idempotent is semisimple and has

dcc on principal inner ideals and a maximal idempotent.

(¢) Let A be a semisimple alternative pair with dcc on principal imner ideals

and maximal idempotent. Then A and AJ have the same ideals, and hence (a) and

(b) hold (mutatis mutandis) for A as well.

Proof. (a) By 10.1l we have Vo(e) =0 . By 5.5, e+ is invertible in V2(e)

with invérse e . Let J be the unital Jordan algebra (V;) _ .« Then we may
e

identify V2(e) and (J,J) by 1.11l. Also J 1is semisimple since V2(e) is and

has dcc on principal inner ideals (10.7). By the first structure theorem for such

Jordan algebras (Jacobson[3]), J = Jl ®...d Jn is a direct sum of simple ide-
als with the same properties. Hence V2(e) = (Jl,Jl) + ..+ (Jn,Jn) is a direct
sum of simple ideals. Let ¢y be the unit element of Ji , and let e, = (ci,ci)

€ V2(e) . Then the e, are orthogonal idempotents whose sum is e . For the cor-

responding Peirce decomposition V = (39 v, (cf. 5.14) we have VU _(e,) = V_,
0<i<j<n 271 H

= (Ji,Ji) , Vij =0 for 0<i<j<n, VOO = Vo(e) = 0 . From the composition

rules for the Peirce spaces it follows easily that V(i) = Vii 2] ViO (1=1,...,
e

n) 1is an ideal of U , and hence we have (1). Also, is semisimple, has

dcc on principal inner ideals, a maximal idempotent (namely ei ), and is simple
by 10.13. A standard argument shows that the decomposition (1) is unique up to or-
p ()

der, and that every ideal of V 1s a sum of some of the . This also implies

the correspondence between the ideals of V and V2(e) .
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(b) This is obvious.
(c) Clearly the Jordan pair AJ satisfies the hypotheses of (a). In particular,

every ideal of AJ is semiprime and is therefore an ideal of A (7.10). Also,

All(e) is the Peirce-2-space of At by 9.2. This implies (c).

It is unknown whether a simple Jordan pair with dcc on principal inner

ideals is semisimple, except in the finite-dimensional case (see 14.12).

Our next aim is to prove that semisimple Jordan pairs with dcc on princi-

pal inner ideals are von Neumann regular.

10.15. LEMMA., (McCoy's Lemma) Let (x,y) € V and assume that x - Q(x)y 1is von

Neumann regular. Then x is von Neumann regular.

Proof. By assumption, there exists an element 2z € V™ such that

x - Qx)y = Q(x-Q(x)y)z
This implies by JP23 that

Q(x)y + Q(x-Q(x)y)z

"
[}

Q(x)y + Q(x)B(y,x)z

)

Q(x) (y + B(y,x)z) ,

and hence x 1is von Neumann regular.

10.16. LEMMA. (x,y) € U is quasi-invertible if and only if the principal inner

ideals generated by x and by x - Q(x)y coincide; i.e.,

Q) = Qx-Q)NV .
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Proof. If (x,y) is quasi-invertible then B(x,y) and B(y,x) are invertible
(3.2 and 3.3), and since Q(x-Q(x)y) = Q(x)B(y,x) by JP23 we have that Q(x)V~

= Q(x—Q(x)y)V_ . Conversely, assume this to be the case., By 3.2(v), it suffices
to show that 2x - Q(x)y belongs to the image of B(x,y) . Now Q(x)y € Qx)V
and by assumption there exists an element 2z € V" such that Qx)y = Qx-¢(x)y)z.

By JP23 it follows that
Q(x)y = B(x,y)Q(x)z € Im B(x,y)

Furthermore,

B(x,y¥x = x - {xyx} + Q(x)Q(y)x
= x - 2Q(x)y + Qx)Q(y)x
=x + Q(x)(-2y + A(Mx> ,

which implies

x = B(x,y)x + Q(x) (2y - Q(y)x)

Now we have

Q(x) (2y - Q(y)x) € Im Q(x) = Im Q(x-Q(x)y)

= Im B(X,Y)Q(X) C Im B(X.Y) 3

which shows that =x belongs to the image of B(x,y) . This completes the proof.

10.17. THEOREM. The following conditions on a Jordan pair V with dcc on princi-

pal inner ideals are equivalent.

(i) V is von Neumann regular;

(ii) V is semisimple;
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(iii) V is non-degenerate.

Proof. The implication (i) » (ii) follows from 5.1, and the equivalence of (ii)
and (iii) is a consequence of 10.8. Thus assume V to be semisimple, and let x
be a non-zero element of V+ . By semisimplicity, there exists y € V™ such that
(x,y) 1is not quasi-invertible. By 10.16 and JP23 this implies that Q(x-Q(x)y)V
is properly contained in Q(x)V . If X = x - Q(x)y 4is not zero we cén find vy
such that (xl,yl) is not quasi-invertible, and therefore Q(xl)V— T? Q(xz)V_

where Xy = X - Q(xl)y1 . In this way, we obtain a strictly decreasing chain
- -5 -
QV 2 QGxIV 2oV 2 ...

of principal inner ideals such that g =X - Q(xi)yi . By the dcc, we have

Q(xn)V_ = 0 for some n , and since V 1is non-degenerate this implies X = 0.

This means that X, 4= Q(xn—l)yn—l is von Neumann regular. Since X 1% 5

- Q(xn—Z)yn—Z it follows from 10.15 that x is von Neumann regular, and con-

n-2
. . . i+ .
tinuing in this way, we see that x is von Neumann regular. Hence U  consists
0
yoP

of von Neumann regular elements. By passing to the same follows for U~
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§11. Classification of alternative pairs

11.0. The purpose of this section is to classify semisimple alternative pairs

A (over a ring k) with dcc on principal inner ideals and containing a maximal
idempotent e . By 10.11, we have Ag(e) = Aoo(e) = 0 . By 10.14, we may assume
that A is simple. It turns out that a classification is possible under the wea-
ker assumption that A be simple and contain an idempotent e with Aoo(e) = 0,
but does not necessarily satisfy any chain conditions. This is carried out in
11.1 - 11.11. Then we study inner ideals and obtain structure theorems under va-

rious chain conditions.

11.1. Let A be an alternative pair, and let e be an idempotent of A with

Aoo(e) = 0 (this assumption will be in force throughout). Then we have the Peirce
decomposition

A=A ®AY® Ay
and from 9.3 it follows that of the 27 possible products <Azj,A_0,AO > at most

mn° pq

the following 13 are non-zero (we use <ij,mn,pq>¢Crs as an abbreviation for

<A® ,A_O,A0 > cA® ).
rs

ij’ mn’ pq
(1 <11,11,11> < 11, (8) <01,11,01> C 10,
(2) <11,11,10> <10, (9) <11,01,10> c 01,
(3) <01,11,11> c 01, (10) <10,01,11> < 01,
(4) <10,10,11> < 11, (11) <01,10,01> 11,
(5) <11,01,01> < 11, (12) <01,10,10> < 01,
(6) <10,10,10> < 10, (13) <10,01,01> ¢ 10.

(@D)] <01,01,01> < 01,
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Here (1) - (7) are of type 9.3.1 whereas the others are of type 9.3.2 - 9.3.4.
We shall denote by xy = <xe_cy> the product in the alternative algebra AG_c .
e

+
Let R =R be the subalgebra AIl of A+_ with unit element e  and similar—

ly let R = AIl . Recall hat

- - -
ak a = <e ae c>
is an antiisomorphism between R and R Y with a=a , and that
<xay> = (xa)y

for all x,y € AO, agRY (cf. 9.2). We will often identify R°? and R”. Then

. _ - o op . _
alternative pair All (All’All) is isomorphic with (R,R"F) , and All is as

sociative (resp. simple) if and only if R has these properties (cf. 6.12).

11.2. With the above notations, let Z(R) be the center of the alternative alge-

. no + -

bra R . For c € Z(R) define ¢ = (c+,c_) € End(A’) x End(A ) by c+(xll + %10
XOl) = cxll + cxlo + x01c and c_(yll + ylO + yOl) = cyll + cylo + y01c where

(Xij’yij) € Aij . Then it follows from 9.6 that & belongs to:the centroid Z(A)

of A . Conversely, if a = (a+,a_) € Z(A) then a+(e+) € Z(R) , and the map

"
¢ b c is an isomorphism from Z(R) onto Z(A) whose inverse is given by a &

a+(e+)

11.3. Wwith A as above, let Bij(:-Aij be pairs of submodules, and let B = Bll

(<] BlO & BOl . Then B 4is an ideal of A if and only if B is an ideal of

11
All , and
M Bil'Afo + Afl Bgo < Bio’
@) Ag1 BTy + BopAT < Bgps
3) <Bfo Alg, e’ + <e°,A01,BOl> < Bfl,
(4) <B§’O,A(')§,e°> + <AJByT.e% C BO,
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(5) Ao1 Bo1 € Big -

Obviously, these conditions are necessary. The sufficiency follows by checking

1] mn® pq 1] ]
ses (1)-(13) of 1ll.1, using 9.6 extensively. We omit the details.

that <A({_,A-O,B0 >+ <A BOA% 5 + 8% ,A7%,A% 5 =BY , for all possible ca-
mn’"'pq ij’ 'mn’ pq rs

P
11.4. LEMMA. Let B, be an ideal of A, , and let Bt - BY .A

11 22 30 ideal of Ay 10 11" "0 » 2nd

+
1
B- = AL .85 . Then B=B8_ @B _ &8 i ideal AL I icul

01 o1 811 en =B, BlO o1 is an ideal of . n particular,

if A is simple then so are All and R .

The proof consists in a straightforward verification of (1) - (5) of 11.3,

using 9.6 and the definition of B .

11.5. LEMMA. If A is simple then A and the Aij are semisimple.

Indeed, since A contains a non-zero idempotent, Rad A is a proper ide-

al and therefore zero. Now the assertion follows from 9.9.

+

11.6. Assume that All and therefore R are associative. Then by 9.6.1, AlO

is a left R-module, and AIO is a right R-module by setting ya = ay , for a

+

= + - . . -
€ R = All , ¥ € AlO . Define ¢ : AlO x AlO + R by

+
d(x,y) = <xye >,

- + _ — - -
Then ¢(ax,y) = ad(x,y) and o(x,ya) = <x,ay,e > = <ay,x,e > = a<y,X,e >

= ¢(x,y)a by 9.6.3 and 9.6.4. Thus ¢ 1s a R-bilinear form on the pair of modu-

les AlO as in 6.4. Usually it will be more convenient to consider Aio as a
left-R%-module (remember that R+ =R, R = R°P ) and define @0: AiO x Aig > R°

by @O(x,y) = <xye0> so that @_G(y,x) = @6(x,y) . ¢G(ax,y) = a@c(x,y) and

Qc(x,ay) = géc(x,y) ; i.e., QG is "hermitian'.
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Similarly, Agl is a right R%-module by 9.6.2, and we have "hermitian"

. 40 -c o, G .
forms WU. AOl X AOl +~ R given by Wc(x,y) = <e’yx> , which by 9.6.6 and 9.6.7
satisfy Wc(y,x) = W_U(x,y) , Wc(xa,y) = Wo(x,y)a , Wo(x,ya) = aWU(x,y) . We

set Y = W+ . Non-degeneracy of & and Y is defined as in 6.4.

11.7. LEMMA. Let A be simple. if AlO #0 or AOl # 0 then R (and there-

fore All) is associative. The bilinear forms ¢ and V¥ are non-degenerate.

+ .
Proof. By 9.6.1, the map F: R » End(AlO) defined by F(a)(x) = ax is an alge-
bra homomorphism, and by definition of the Peirce spaces, F(l) is the identity

+
on AlO

. Thus if AIO # 0 then the kernel of F is a proper ideal of R . By
11.4, R 1is simple and hence F is injective. Therefore R , being isomorphic
with a subalgebra of the associative algebra End(AIO) , 1s associative. A simi~-
lar proof applies if AIO or Aél is non-zero. Now let x € Aio and assume that
Qo(x,Aig) = 0 . Then by 9.6.12, Q(x)(Aig) =0, i.e., x is a trivial element

of AlO . By 11.5, this implies x = 0 . Hence ¢ 1is non-degenerate. Similarly,
if ¥ _(w,A)]) = 0 then it follows from (11) and (13) of 9.6 that Q(u)(A]) =0

which implies wu = 0 as before.

11.8. LEMMA. Let A be simple. Then A is associative if and only if A is

11 —
associative and either AlO =0 or AOl =0 .
Proof. If A is associative then so is All . Also, @(Alo) and W(AOl) are
ideals of R which annihilate each other. Indeed, for all (x,y) 6 AlO ,  (u,v)
+ + + + )
€ AOl we have @&(x,y)¥(u,v) = <xye ><e vu> = <<xye >vu> = <x<ve y>u> , using

9.6.8 and associativity, and <ve+y> [ ABO =0 . Since A is simple by 11.4 we

have @(Alo) =0 or W(AOl) = 0, and by 11.7 this implies AlO =0 or AOl = 0.

Conversely, if AlO =0 or AOl = 0 then all products (8) - (13) of 11.1 vanish,
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and by 9.8, A 1is associative provided All 1s.

11.9. LEMMA. Let A be simple and let AlO and AOl be both non-zero. Then R

is commutative and, being associative and simple, is therefore an extension

field of the base ring k .

Proof. Let {° = Agl.Agl.C:AiO . We claim that U+ and U  cannot both be zero.

Indeed, if U+ = {4 =0 then we get by (11), (14), and (16) of 9.6 that the pro-
. o -g o
ducts (8), (11), and (13) of 11.1 vanish. For a € All , u,v € AOl , f € AlO

we have by APle6,
Q(<auf>)v = <<auf>v<auf>> = <au<f<uav>f>> = 0

since <uav> = 0 . Hence by '11.5, <auf> = 0 , and by 9.6.9, the products (9) and

o
0

since <fuv> = 0 which implies <ufg> = 0 . Thus also the products (13) of 11.1

(10) of 11.1 vanish. Similarly, if g € Ai then Q(<ufg>) = <uf<g<fuv>g>> = 0

are zero. By 11.7, All is associative, and by 9.8, it follows that A is asso-
ciative, contradicting 11.8.
We therefore have U+ or U different from zero, and, possibly after
: op + +
passing to A , we may assume that A # 0 . By 9.6.11, U is a R-submodule
£ AT df b€ R e A h
o 1g > and for a, , U,V 01 Ve have
(ab) (uv) = a(b(uv)) = a((ub)v) = ((ub)a)v = (u(ba)v = (ba)(uv).

Since R is simple this implies that R is commutative, and therefore an exten-

sion field of the base ring k .

In the above situation, we will identify R and P =R via awa ,

and write K instead of R . Clearly, Aio and Agl are vector spaces over K

+ -
and ¢ and V¥ (cf. 11.6) are non-degenerate bilinear forms on AlO X AlO and
Agl x Aal with values in X . Also, ¢_(y,x) = ¢+(x,y) = §(x,y) , and similarly

for vy .
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g . . 4O g
11.10. LEMMA. Let A be as in 11.9, and for any f € AlO define Jgt AOl > AOl

by Jf(u) = <e%uf> . Let (f+,f_) € AlO . Then

(1) J e = -o(f,f7).1d and J oJ = ~o(f,f7).1d
et At £t AT
o1 oL

+
Moreover, AlO is one-dimensional over K .

- - - - - + - -+
Proof. From APl we get u@(f+,f ) = <ue <f+f e+>> = <<ue f+>f e+> + <f <e uf >e >
+.- -+ -+ +_- -
~ <f'f <ue e >> , and <ue f > = <f f u> = 0 by the composition rules for the

- - - -+
Peirce spaces. By 9.6.9, we have <f+<e uf >e+> = —<e+<e uf >f > = -J +(J _))
£ f

This proves the first part of (1) and the second follows by passing to AP,

Now choose (f+,f_) such that @(f+,f—) = 1 which is possible since ¢ is non-

degenerate. Let H = {h € AIO ] o(h,f ) 0} . Then H has codimension one in

+
AlO . If he#H then Jh°J _ =0 and J _°J Ml ~Id by (1) so that Jh J _°J

+
£ £ £ £ £

= —Jh = 0 which implies h = 0 . Indeed, otherwise we could find h' € AIO such

that &(h,h') = 1 by non-degeneracy of ¢ , and then -JhoJ is the identity

h'
+ s + . .
on AlO , a contradiction. Thus H = 0 and AlO is one~dimensional. Again by

non-degeneracy of ¢ so is AIO .

11.11. THEOREM. The simple alternative pairs A over k containing an idempo-

tent e with Aoo(e) = 0 are up to isomorphism precisely the following.

(A) Associative pairs A(M,R,®) (as in 6.4) where R 1is a simple associative k-

: . . . + -
algebra with unity, ¢ is non-degenerate, and there exists (e ,e ) € M such

that @(e+,e )y =1.

(A') The reverse A' of an associative pair A of type (A) (cf. 6.3).

(B) Alternative pairs (C,COP) (as in 6.5) where C 1s a Cayley algebra over an

extension field K of k .
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(C) Alternative pairs A(X,K,a) (as in 6.6) where X 1is a vector space of dimen-

sion > 4 over an extension field K of k and o is non-degenerate.

The pairs of type (A) and (A') are associative, the others are properly alterna-

tive.

Proof. Let A and e be as in the statement of the Theorem, and first assume

that A is associative. Then R = AIl is a simple associative k-algebra with

unity (11.4). By 11.8, either AlO =0 or AOl = 0 . Suppose that AOl =0 . By
o \ o o -0 o . -

11.6, AIO is a left-R -module and @G. AlO x AlO + R is a hermitian form

which is non~degenerate (the case AlO = 0 is not excluded). We extend @6 to a

hermitian form on AG x A9 with values in R° by setting
@c(a+x,b+y) = ab + @G(x,y),

for {(a,b) € Afl x A_C

g -
11 °? (X;Y) 6 AlO x A

10
non-degenerate. We have (for c¢ € A;l , z € A;O )

. One checks immediately that @0 is

<a+x,bty,ctz> = <abc> + <xyc> + <abz> + <xyz>,
the other products being zero by 9.3. Now <abc> = abe , wxyc> = <xyeg>c =
@G(x,y)c , <abz> = abz , <xyz> = @U(x,y)z by 9.6. Hence
<a+x,b+y,ct+z> = @0(a+x,b+y)(c+z)
and A is indeed of type (A). Next assume that AlO =0 and A is still associ-
Aél = AlO =0, and hence A' 1is
of type (A) which implies that A" = A is of type (Af).

ative. Then the reverse A' of A satisfies

Now let A be properly alternative. By 11.8, AlO and AOl are either
both zero or both non-zero. In the first case, A = All = (R,ROP) where R is a
simple unital properly alternative algebra. By Kleinfeld[l], R is a Cayley al-
gebra over its center K which is an extension field of k , and so A is of

type (B) . In the second case, let R =K as in 11.9, and pick (f+,f_) € AlO

such that @(f+,f_) = 1 . Then Aio = K.£° by 11.10 so that A=k’ oKD
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AY . Define J : A9 5 A9 by
o

o]
01

J e =1£% 3=, 0 [AT=T
ag ag

g 01 £
where J - is as in 11.10. Then we have JODJ_O = -Id by 11.10. Also define

f
alternating bilinear forms o A% x A% > K by

0 0 g o 5 o 40
f = = . . = 0.
uo(e L,£) 1, uo(u,v).f uv for wu,v € AOl’ aO(K e @ K.f ’AOI) 0
We claim that

a (J x,3 y) =a_ (x,y),

for all x,y € A% . If x,y € K.e " @ K.f ° this is clear from the definitionms.

o -0
Let u € AO1 , V&6 A01

. Then by AP2,
G - - - -
<<evure 9f> 4 <<e%vf%e Ty = <e0,v,<ue 9% 4<f% us> = 0

since <ue °f% = <f% %> = 0 by 9.3. This means that

o _ o _
To(u,v).f + JU(V).u = (Wo(u,v) + aO(JOV,u)).f 0,
and therefore we have
1 = .
(1) Wo(u,v) ac(u,va)
if we A = = =
Now if w o1 then aU(Jow,Jov) WU(JUW,V) W_O(V,ch) a_c(v,J_UJow)

= a_c(v,—w) = d_c(w,v) . Using (1) and 9.6 it is now easy to verify that in each

of the 13 cases listed in 1.11 <xyz> 1s given by

<Xyz> = x.ao(z,Jo(y)) + Jo(y)ao(x,z)-

Thus if we set X = AT » o=o,  then A = A(X,K,a) as in 6.6. From (1) and the
non-degeneracy of ¥ it follows that o 1s non-degenerate. Hence dimK X is

even and therefore ; 4 which Implies that A is of type (C).

Next we show that the pairs listed are simple and contain idempotents e

with Aoo(e) = 0 . The pairs of type (A), (A'), and (B) are simple by 6.4 and 6.5.
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If A is of type (A) then (e+,e_) is an idempotent with Aoo(e) = 0, and in
case (B), (1,1) is such an idempotent (where 1 is the unit element of C ).

Let A = A(X,K,a) be of type (C). Choose a,b € X = At such that a(a,b) =1 .

+ - - ey
Let (e ,e ) = (a,-J_(b)) . Then ao(eO,JOe G) =1 and e = (e ,e ) is an idem~
potent of A . Let £ = Jc(e_c) . Then we have for x € A°

(2) <e%e %> = eU.aO(x,fc) + fc.uc(eo,x),

(3) xe 9% = x + fo.ao(x,ec) .

Now if x € Ago(e) then X 1is a multiple of £° by (3) and since o is al-
ternating, (2) implies uo(eo,x) = 0 and hence x = 0 . From (2) and (3) we also
o o g o . .
see that AlO = K.f  and All = K.e . Now let B be a non-trivial ideal of A .

Then we may choose e = (e+,e_) € B as above, and by definition of the Peirce

spaces and the fact that B d1s an ideal we have Ai' = Bij for ij = 11, 10, OL.

Since AOO = 0 we have B = A . Therefore A 1is simple. Since A% is at least

4-dimensional over K while Ail and A;O are one-dimensional we must have

AOl # 0 , and by 11.8, A is properly alternative. This completes the proof.

A(X,K,a) with o non-degenerate, and let e’ and

11.12. Remarks. (i) Let A

£° be as above. If dimK X =2 then AOl =0, and by 11.8, A is associative.

Indeed, it is easily seen that A = A(M,K,®) where Mi = K2 and ©o(x,y) = X1
+ xzy2 . In any case, A contains no invertible elements since Q(X)y = <xXyx> =
x.ao(x,Joy) and hence Q(x) has at most rank one and therefore cannot be inver-
tible. Hence no pair of type (C) is isomorphic with a pair of type (B). Also there

is obviously no overlap between type (A) or (A') and (B) or (C) since the former

are associative while the latter are not.

o
(ii) The pairs of type (B) and (C) possess involutions. Indeed, let A = (C,C p)
be of type (B), and let j be any involution of ( , for instance the standard

involution. If we denote as usual by a# a the canonical antiisomorphism from
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C to C°P and conversely then one checks immediately that nc(a) = j(a) defi-
nes an involution n of (C,COP) . In other words, C 1is an alternative triple
system with <abe> = (aj(b))c (cf. 6.15). If A 1is of type (C) then Ny = I s
defines an involution of A ., In contrast, the pairs of type (A) or (A') do not

in general have involutions. For example, let R = K be a field, let M be an
infinite-dimensional vector space over K , let M~ be the dual of M+ , and set

+ —_
®(x,y) = y(x) (= the value of the linear form y on x ). Then M and M are

of different dimension, and therefore A can have no involutions.

(iii) The centroid of a pair of type (A) or (A') is isomorphic with the center
of the simple associative algebra R . For alternative pairs of type (B) or (C)

the centroid is isomorphic with K . This follows from 11.2 and 11.9.

11.13. LEMMA. Let R be a semisimple unital associative ring satisfying the dcc

on principal inner ideals. Then every right ideal of R is generated by an idem-

potent, and R is Artinian.

Proof. We show first that every non-zero right ideal % of R contains a non-
zero idempotent. Not every element of s can be nilpotent since otherwise X
would be a quasi-invertible right ideal of R , contradicting the assumption that

R 1is semisimple. Thus let x 6 & be not nilpotent, and consider the chain of

. . +
principal inner ideals xRx > XZRXZ_D ... . By the dcc, R = % L

2 2 2
some n , and hence x0 6 anxn = xanxzn is regular, i.e., X o b'4 nyx2n for

Rxn+l

for
2n . . s .
some y . Then x 'y is a non-zero idempotent contained in 4 . Observe now that

R satisfies the chain condition on idempotents. Indeed, if {el,e ..} 1s an

2>"
orthogonal set of idempotents then (1—e1)R(1—e1):> (1—e1—e2)R(l—el—e2) ... is
a descending chain of principal inner ideals. Therefore we may choose a maximal

idempotent e € % ., Then we have 4 = eR@® 4 (Y(1-e)R , using the fact that e is

in 4 and that % is a right ideal. Let d € 2[1(l-e)R be an idempotent. Then
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2 2

ed = 0 which implies (d(l—e))2 =d° - d°e - ded + dede = d - de = d(1-e) , and

hence ¢ = d(l-e) € # 1is an idempotent with ec = ce = 0 . By maximality of e
we have ¢ = 0 and therefore d = de = d2 = ded = 0 . By what we proved before,
the right ideal /2 N(l-e)R 1is zero, and thus /4 = eR . Now let eRC fR be
right ideals where e and f are idempotents. Then eR = ezR < efR ¢ eR which
shows that eR = efR . Also, (1-f)e € (1-f)fR =0, i.e., fe = e . From this it
follows easily that ef and f - ef are orthogonal idempotents. Thus if elR:>
ezR_D ... 1is a descending chain if right ideals then we obtain (replacing ei
by e

if necessary) a set {el—e2 .} of orthogonal idempotents.

€y7€q,

Since R satisfies the cci it follows that R is Artinian.

1%1-1

11.14. PROPOSITION. (a) If A = A(M,R,%) is an associative pair of type (A) as

in 11.11, satisfying the dcc on principal inner ideals, them R 1is Artinian.

(b) Conversely, if A = A(M,R,$) as in 6.4 with R simple Artinian and & non-

degenerate then A 1s von Neumann regular and satisfies the dcc and acc on prin-

cipal inner ideals; in particular, it is of type (A).

Proof. (a) Since R is simple with unity it is semisimple. Also, the dcc on

principal inner ideals carries over from A to R = A;l

by 10.2. Now (a) follows
from 11.13.

(b) Since AP satisfies our hypotheses as well it suffices to show that every
x €M = A+ is regular, and that chains of principal inner ideals contained in
M+ are of finite length. If x 6 M+ then @(x,M ) 4is a right ideal of R , and
by well-known facts on semisimple Artinian rings, &(x,M ) = eR where e is an
idempotent of R . Hence 0 = (l—e)@(x,M‘) = d(x~ex,M ) and since & is non-de-
generate we have x - ex = 0 , Also, e = &(x,y) for some y € M~ which implies
X = ex = §(x,y)x = <xyx> and x 1s regular. Now let =z € M+ and ®(z,M-) = fR

where f 1is an idempotent. Assume that the principal inner ideals generated by
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x and z are contained in each other, <xM x>C <zM z> . Then x = faz for
some a € R and therefore eR = ¢(x,M ) = 0(faz,M ) = fad(z,M ) = fafR ¢ £R .

The element b = faf belongs to the Peirce space Rll of R with respect to f.

Now if eR = bR = fR then lel =R which implies that b 1is invertible in

11

11 is Artinian, too). Hence there exists c € Rll such

that c¢b = £ ., It follows that c¢x = cfaz = cfafz = ¢bz = fz = z and therefore

R
11 (here we use that R

<zM z> = eRz = eRex € eRx = <M x> . Altogether, we see that a chain of principal
inner ideals of M+ gives rise to a chain of right ideals of R , and that one
becomes stationary if and only if the other one does. Hence A satisfies the dcc
and acc on principal inner ideals. By 10.7, it satisfies the cci and hence con-
tains a maximal idempotent e which by 10.11 satisfies Aoo(e) = 0 . This proves

that A 1is of type (A).

11.15. PROPOSITION. (a) Let A = (C,COP) be a simple alternative pair of type

(B) where C(C 1is a Cayley algebra over its center K . Then the inner ideals of

A contained in C are C itself and those K-subspaces of C( which are total-

ly isotropic with respect to the norm of C . In particular, A satisfies the

dcc and acc on all inner ideals.

(b) Let A = A(X,K,a) be an alternative pair of type (C). Then the principal

inner ideal generated by x € A is K.x , and therefore A satisfies the dcc

and acc on principal inner ideals. The inner ideals of A% are precisely the K-

subspaces of A¢ (= X ), and therefore A satisfies the dcc and acc on all inner

ideals if and only if X is finite-dimensional over K .

Proof. (a) The inner ideals of C( depend only on the Jordan algebra ¢} asso-
ciated with C , and o is the Jordan algebra defined by the norm form of C .

Now the assertion follows from McCrimmon{[8], Th. 6.

(b) For x € A% we have <XYX> = x.ac(x,Joy) which shows that x 1is regular
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and that the principal inner ideal generated by x is K.x . If m 1is an inner
ideal and x € m and ) € K then x = <xyXx> for some y implies AX = <X,Ay,X>
€ m and hence m 1is a K-subspace of A% . Conversely, it is obvious that every

K~subspace is an inner ideal.

11.16. THEOREM. For a semisimple alternative pair over k with dcc on principal

inner ideals the following conditions are equivalent.

(i) The acc on principal inner ideals;

(ii) the chain condition on idempotents;

(1i1) the existence of a maximal idempotent.

The simple pairs with these properties are up to isomorphism precisely the follo-

wing.

(4) AM,R,%) with R a simple Artinian algebra over k and ¢ mnon-degenerate.

(A') The reverse A' of a pair A of type (A).

(B) (C,COP) with C a Cayley algebra over an extension field K of k .

(€) A(X,K,a) with X a vector space over an extension field K of k and a

non—-degenerate.

Proof. By 10.7 and 10.10 we have (i) » (ii) » (ii11). By 10.14 it suffices to pro-
ve (iii) » (1) for simple pairs. By 11.11, 11.14, and 11.15 the simple semisimple
alternative pairs with dcc on principal inner ideals are precisely the ones lis-

ted, and they have acc on principal inner ideals. This proves the theorem.

11.17. PROPOSITION. Let A = A(M,R,®) with R simple Artinian and ¢ non-de-

generate. Then the following conditions are equivalent.
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(1) A satisfies the dcc on all inner ideals;

(ii) A satisfies the acc on all inner ideals;

(11i) Mt s a finitely generated R-module.

If these conditions are satisfied then we have

(a) A 1is isomorphic with (Mp q(D),Mp q(DOP)) where 0 1is a division algebra

*
over k and the product is given by <xyz> = xy z (cf. 0.5 for notation). Also

~ *
R = MP(D) and & is given by d&(x,y) = xy

(b) The reverse A' of A is isomorphic with (Mq p(DOP),Mq p(D)) under the

(¢) The inner ideals of A contained in A+ = M+ =M (D) are of the form

P,q
+
eM f where e € MP(D) and f € Mq(D) are idempotents.

(d) The maximum length of a chain 0 ? ml ? m2 ii ?mr = M+ of inner ideals

is r g ptq-1 .

Proof. Clearly, every R-submodule of M+ is an inner ideal, and therefore (i)
or (ii) implies (1ii) (recall that every R-module is completely reducible). Con-
versely, assume that (iii) holds. Since @& is non-degenerate we have injections
i M > (M+f (the dual of M+ as a R-module) and i+: M+ - (M'f given by
1 (y)(x) = o(x,y) = i, (x)(y) . Hence M~ is finitely generated as well. To show

; +. Vv

-V < s »
that i_ is surjective it suffices to show that (i) : (M) ~» (M) is injec-

tive. But one checks that the diagram

4+ can.
M —> (M )

\/

+ . + VY, . .
commutes, and hence the canonical map from M into (M) is an isomorphism.

- v
Therefore, we may identify M~ with (M+) and then ¢ is given by 90(x,y) =
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y(x) . By the structure theorem for simple Artinian rings, R = MP(D) , a full
matrix algebra over a division algebra D . Also, M+ is isomorphic as R-module
with a finite direct sum of p-dimensional right vector spaces over U , say 1
written as column vectors, and R acts by matrix multiplication on the left.
Thus MY = Mp,q(D) . We may identify (M+Y with Mp,q(DOp) and ¢ 1is then gi-

ven by &(x,y) = xy* . This proves (a) (under the assumption of (iii)). Now (b)

. . . . LI *
is immediate since (xy z) = z yx* .

Next we prove (c). Let m CLM+ M (D) be an inner ideal, and choose

P>q
Mq(D) maximal with respect to the pro-

idempotents e € R = MP(D) and f € S
perty that eM+f < m . We wish to show that we have equality or, equivalently,
that (l-e)m = m(1-f) = 0 . Note first that e and f are non-zero unless m 1is
zero. Indeed, if x € m 1is not zero then by regularity (11.14(b)) we have x =

<xyx> = xy*x for some y €M =M (P°P?) so that e = xy* and f = y*x are

P»q
+ -
non-zero idempotents of R and S respectively with eM f = xy*M+y*x < <xM x>

< m, since M is an inner ideal. Consequently, we have M+f(M-)* = R and

(M_)*eM+ =S since R and S are simple rings. Now let x € m and set z
x(1-f) . We will show that z € m ., Since z 1is regular we have 2z € <zM z> =
x(1-£) (M) *x (1-£) C x(1-£) (M) "% + x(1=£) (M) *xf . Now  x(1-£) (M) *x < x(M) *x
= <x,M ,x>Cm since m is an inner ideal. Therefore it remains to show that
x(l—f)(M—)*xf Cm . We have (M_)*x cS = (M_)*eM+, and therefore x(l—f)(M_)*xf
C x(A-£) (M) MyeM e = (kM 1-£%), M E}C m , since f(1-f) =0 and m is an

inner ideal. Here {abc} = <abc> + <cba> = ab*c + cb*a . By regularity, 2z = zv*z

*
VvV .

for some v , and since 1 - f 1is an idempotent we may assume that (l~f)v*
Then fv* = 2f = 0 and therefore the idempotent g = v*f € § satisfies fg = gf

0 ; i.e., g 1is orthogonal to f and therefore g + f 1is an idempotent. Now
+ + - - -
eMg = el ve eM+f(M y¥2 = (eM+f)(f(M y*z) = {eM+f,M f*,z}(: m since zf =0
+
and m is an inner ideal. Thus also eM (f+g)¢- m , and by maximality of f we

have g = 0 which implies z = zg = 0 , and we have shown that m(1-f) = 0 . In
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*
order to prove (l-e)m = 0 it suffices to prove m (l—e*) = 0 for the inner ide-
* —
al mm M) of A' (using (b)), and the proof of this is the same as above.
Now we prove (d) and give first a geometric interpretation of (c) as fol-

lows. Let X =70%, vy =7P (right vector spaces of column vectors over 0 ). Then
+ . . .
= Mp q(D) is naturally isomorphic with HomD(X,V) , and the inner ideals con-

s

+
tained in M  are precisely the spaces = {x € wt | Ker (x) 2> U , Im(x) C V},

My, v

for vector subspaces U <X, V CV , Clearly if and only if U'

UTRTASSUTTIE
CU and V' DV . This implies (d), and also proves that (iii) implies (i) and

(ii).

11.18. THEOREM. A semisimple altermative pair over k with dcc on all inner ide-

als satisfies the acc on all inner ideals. The simple pairs of this kind are:

(a) (Mp q(D),Mp q(DOP)) with D a division algebra over k and <xyz> = xy*z.

(B) (C,COP) with C a Cayley algebra over an extension field K of k.

(€) A(X,K,u) with X a finite-dimensional vector space over an extension field

K of k and « non-degenerate.

Proof. By 10.7, pairs with dcc on all inner ideals have maximal idempotents, and
are therefore (10.14) direct products of simple ones. By 11.11 - 11.17 a simple
pair is one of the above, and conversely the pairs listed have acc on all inmer

ideals.
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§12. Classification of Jordan pairs

12.1. LEMMA. Let U be a Jordan pair and let e be an idempotent of V such

that VO(E) =0 . Let Uic: Vi = Vi(e) be pairs of submodules. Then U = U2 GJUl

is an ideal of V if and only if Ui is an ideal of the Jordan pair Vi and

(with the notations of 8.0)

G 0O 0.0 o
° ° (a8
(1) U2 Vl + V2 Ul Ul,

2) e, }cu

1’ l ’

In this case, Ul is an ideal of the alternative pair A = Vl (cf. 8.2).

Proof. The necessity of these conditions is obvious, and from 8.1 it follows easi-

ly that they are sufficient. By 8.2.2, Ul is an ideal of A .

12.2. LEMMA. With the above notations, let Ul be an ideal of the alternative

. _ G0 o o _ ;9 4"
pair A = V. such that V2 Ul C:Ul . Set U2 {Vl Ul ,e7) + {U Vl ,e%} and

u, = (u‘;,u;) . Then U= U, ®U is an ideal of V .

Proof. Since U. is an ideal of A we have by 8.2.2 that

1
o0 _ G =G ,,0 ¢ -0 ,,0 o}
U2 Vl = <Vl,Bl ,Vl> + <U1,Vl ’Vl> C Ul .
Hence (1) and (2) of 12.1 are satisfied. It remains to show that U2 is an ideal
of V2 . From JPl4 and 8.1 it follows that {VZ, U }C:Ll . Using JP12 we see
that
v g 0 g
Qv e %, U,V %y € g, v, ud-vgy < vg, VUl cuj

and similarly Q(V ){e } C?U . Finally it follows from JP20 that

’ l l
UV, uf
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o 4~G ;0 o a
12.3. LEMMA., Let Uz be an ideal of Vz such that {Vl,Vl ,Uz} CLUZ . Set ul

= U3eV] and U = (U],U]) . Then U= U, @ U, is an ideal of V.

G O _ O ;1,0 O G 0,0 G119y o /0 S, _ (O
Proof. By 8.1.1 we have vzoul = Vzo(uzon)(: uzo(Vz°Vl) + (V2 U2)°Vl C:U2°Vl u
and hence (1) of 12.1 is satisfied. Also

weo, {v u e}C{V v u‘z’}cug

1’ l,e}

by 8.1. Thus 12.1.2 is verified, and it remains to show that Ul is an ideal of

V. . By 8.1.7, {Ui,V;O,eO}(: ug , and hence by 8.2.2,

1
o ,~0 (O o] o)
{ul, 1 ,Vl}C{V ,Vl}Cul .
Furthermore,
O o %oy’ %%y oy O 9. 1/° O % = (°
{Vl 1 ,U } CfV U 2 (u2 Vl) C:(Vz uz) Vl + uz (V2 Vl)cj uz Vl ul .

using 8.1.4. Thus Ul is an ideal of the alternative pair A and therefore also

of the Jordan pair Vl = AJ . Now the lemma follows from 12.1.

12,4, LEMMA. Let V = VZ @ Vl and A = Vl be as in 12.1, Assume that V is

simple and that A # 0 . Then the homomorphism h from V into the standard im-

bedding ¥ of A (cf. 8.12) is an isomorphism, and the Jordan structure algebra

J of A coincides with the inner structure algebra F (cf. 8.8).

proof. Since h is the identity on V. it follows by simplicity of V that h

1
. L . o g, 0 O . .
is injective. By 12.2, Uz 5] Vl where Uz = {Vl,Vl ,e '} is an ideal of V .
+ -+ + -+
Hence V; = {Vl,Vl,e } , and et e VZ implies 1 = f(e+) € f({Vl,Vl,e H=F

+
and therefore J =F (cf. 8.8, 8,10 for notation). In particular, f: Vz > J is

surjective, and by definition of h this implies that h is surjective.
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12.5. THEOREM. The simple Jordan pairs V containing an idempotent e such that

Vo(e) = 0 are up to isomorphism either

(i) Jordan pairs associated with simple unital Jordan algebras, or

(ii) standard imbeddings of simple alternative pairs for which Jordan structure

algebra and inner structure algebra coincide.

Proof. Let V and e be as in the statement of the theorem. If Vl(e) = 0 then
+ - . . .
e is invertible in V = Vz(e) with inverse e , and V 1is isomorphic with the

Jordan pair (J,J) where J = V+_ is a simple unital Jordan algebra, by 1.6 and
e

1.11. Thus V 1is of type (i). Conversely, if J 1is a simple Jordan algebra with
unit element 1 then (J,J) is a simple Jordan pair, and (1,1) is an idempo-
tent with Vl(e) = Vo(e) =0 .

Now assume that Vl(e) #0 . By 12.4, V 1is isomorphic with the standard
imbedding of A = Vl(e) , the Jordan structure algebra coincides with the inmner
structure algebra, and hence V; = {Vi,Vic,ec} . Let Ul be an ideal of A ., Then
V;oUi = {V;,Vic,ec}OUi = {AG,A_O,Ui}C: Ui , and by 12,2 Uz E)Ul is an ideal of
V . This shows that A 1is simple and hence V is of type (ii). Conversely, let
A be a simple alternative pair whose structure algebra coincides with the inner
structure algebra, and let W = wz [<:] wl be the standard imbedding of A . Then
we have w; = {W;,Wiq,eo} LIfE U= Uz ® Ul is an ideal of ( then by 12.1, Ul

is an ideal of A and is therefore either zero or all of A . In the first case,

o
U;OWi C Ul = 0 which implies Uz = 0 by definition of the standard imbedding.

In the second case, Ug :D{Wi,wic,ec} = ° and therefore U, = W

2 2 2"

12.6. Remarks. (a) If V = V2® Vl is simple of type (ii) then it is unknown
whether V2 is simple (or, equivalently, whether the Jordan structure algebra

of Vl is simple). For alternative pairs, the corresponding result is true (11.4).

If, however, VUV satisfies the dcc on principal inner ideals then V2 is simple
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in view of 10.14.

(b) In general, the structure Jordan algebra and the inner structure algebra of
a simple alternative pair are not the same, and the standard imbedding is not sim~
ple; cf. 8.9(c). If they are, however, then A 1s semisimple. Indeed, the stan-
dard imbedding of A is simple and contains a non-zero idempotent and is there-

fore semisimple. This implies that A 1is semisimple by 5.8.

Vl . Then the centroids of

V and A are naturally isomorphic. Indeed, if a € Z(V) then a leaves V

(c) Let V= V2® Vl be of type (ii), and let A

2

and Vl invariant, and the restriction of a to Vl belongs to the centroid of
A . The map am a]Vl is an isomorphism between 2Z(V) and Z(A) . The details

are left as an exercise.

12.7. LEMMA. Let Y = V2 val be a simple Jordan pair as in 12.5, and assume

that |/ satisfies the dcc on principal inner ideals. Then V2 and Vl satisfy

the dcc on principal inner ideals, and Vl satisfies the chain condition on idem-

potents.

Proof. The first statement follows from 10.2. Assume that Ul =A# 0 and let

c = (c+,c-) be an idempotent of A . Then &(c) = 2(c+,c_) is an idempotent of the
Jordan structure algebra J of A by 8.4.1, and if ¢ and d are orthogonal
idempotents of A then &(c) and %£(d) are orthogonal idempotents of J , by
8.5.1 and 8.5.3. Since V2 £ (J,J) it follows that J has decc on principal in-
ner ideals (10.7). If {cl,cz,...} is an orthogonal set of idempotents of A

then Jz(l—l(cl)):D Jz(l-l(cl)—l(cz)):D ... 1is a descending chain of principal
inner ideals of J . It follows that A satisfies the chain condition on idempo-

tents.
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12.8. 1In view of 12.5 and 12.7, the classification of simple Jordan pairs with
dcc on principal inner ideals and containing an idempotent e with Vo(e) =0

amounts to the following.

(1) Classify simple unital Jordan algebras with dcc on principal inner ideals

(up to isotopy, cf. 1.12).

(ii) Classify simple alternative pairs with dcc on principal inner ideals and
chain condition on idempotents for which the Jordan structure algebra and the in-
ner structure algebra coincide, and determine their standard imbeddings.

By the "Second Structure Theorem" (Jacobson{3]), the simple unital Jordan algebras

over k with dcc on principal inner ideals are up to isotopy the following.

0 Jordan division algebras over k .

(D RJ where R 1is a simple Artinian algebra over k .

(I1) Hn(Q,K), n» 2, Q a split quaternion algebra over an extension field K
of k.

(II1) Hn(D,DO), n 2, 0D adivision algebra with involution, and DO an am-

ple subspace of T .

(1V) Outer ideals containing 1 in Jordan algebras of non-~degenerate quadra-

tic forms with base point over an extension field K of k.

V) HB(C’K)’ C a Cayley algebra over an extension field K of k.

By McCrimmon[8] all these algebras satisfy the acc on principal inner ideals.
Note that Hn(Q,K) is isomorphic with the Jordan algebra J of symplectic sym—
metric 2n x 2n matrices over K by McCrimmon[8], p. 459, The Jordan pair as-
sociated with J 1is isomorphic with (Azn(K)’AZn(K)) under the map X » SX
where S 1s as in 8.16, In case (IV) let q be a non-degenerate quadratic form

on a vector space X over K , and let 1 € X be such that q(1) = 1 . Then the
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associated Jordan algebra J has unit element 1 and quadratic operators ny
= q(x,y)x - q(x)y where vy = q(y,1) - y (cf. Jacobson[3]). On the other hand,
V= (X,X) 1is a Jordan pair with Q(x)y = q(x,y)x - q(x)y , and one checks easily
that h = (h+,h_) : (J,J) -V given by h+(x) =x and h_(y) = y is an isomor-
phism of Jordan pairs. Hence the Jordan pair associated with J depends, as it

should, only on the quadratic form ¢q and not on the choice of the base point.

By the results of 11.16 we know all the simple alternative pairs with dcc
on principal inner ideals and chain condition on idempotents. We proceed to deter-

mine their structure algebras and standard imbeddings.

12.9. Type (A) and (A'). Let A = A(M,R,0) with R simple Artinian and ¢ non-

Fzrl , and by 8.14, the standard imbedding of A

degenerate. By 8.9(a), J

is "of the same type", W A(N,R,‘{‘)J with the same R , and V¥ non-degenerate.
Since (principal) inner ideals are the same for an alternative pair and the asso-
ciated Jordan pair it follows from 11.14(b) that W satisfies the dec and acc on
principal inner ideals. Next let A' be the reverse of A(M,R,®) so that the
product is given by <xyz>' = <zyx> = &(z,y)x . If F=J then 1 € F and hence
: . . s - T
there exist finitely many (xi,yi) € M such that z = I <x,y,2z> T <I>(z,yi)xi
for all 2z € M+ . This means that M+ is finitely generated as an R-module. By
11.17, we have A ¥ (M M ,M p°P and A' T (M 7°P Mo (D)) . It fol-
( P:q( ) P:q( ) ( q,P( ) q,p )

lows that A' is again of type (A) (with R = Mq(D) ) and we are reduced to the

previous case.

12.10. Type (B). Let A = (C,COP) with C a Cayley algebra over an extension
field K of k . Thus C 4is of dimension 8 over K . By 8.9(b) we have F=17
2 ¢? | and by 8.15, the standard imbedding is = 01 (0, 2(c°1°)) with

Q(x)y = x(y*x) . Using the canonical involution of C we may identify ® with
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(Ml 2(C),M1 2(C)) where Q(x)y = x(t;x) and the bar now stands for the canoni-
cal involution. Let E = H3(C,K) be the exceptional Jordan algebra of 3 x 3 her-
mitian matrices over C with diagonal coefficients in K , and define a map h

= (h+,h_) from W into the Jordan pair (E,E) by

0
hy Gepx)) = X1
X

A computatim shows that h 1is a homomorphism; in fact, h 1is an isomorphism be-

tween ' and (El’El) where E is the Peirce-l-space in the Peirce decomposi-—

1
tion E = E2 + El + EO with respect to the idempotent

o o -
o o O
© O O

of E . Since E 1is regular (cf. McCrimmon[8]) so is El . Indeed, if x € El
and x = ny for some y € E then we have ny2 € EO and nyO 4] E2 so that
X = nyl ( vy denotes the component of y in Ei ). It follows that W is re-

gular, and this implies that every inner ideal is a K-subspace. By finite-dimen-

sionality, W satisfies the dcc and acc on all inner ideals.

12.11. Type (C). Let A = A(X,K,0) with X a vector space over an extension
field K of k and o non-degenerate. If X is infinite-dimensional then by
8.9(c) we have F # J . If dimK X =2m < o we have F =] , and by 8.16 the
standard imbedding WK is (An(K)’An(K)) where n = 2m+l and QX)y = xtyx

= -xyx . We show that W 1is regular. An n x n matrix x is alternating if and
only 1f (xu,u) = 0 for all u € K" , where (u,v) = % w v, is the usual scalar
product. By linearization this implies (xu,v) = —-(u,xv) and hence Ker(x) is

the orthogonal complement of Im(x) with respect to ( , ) . Choose any subspace
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U of K" such that U@ Ker(x) = K" , and let V be the orthogogonal complement
of U . Then Im(x) @V = - . Since x 1induces a vector space isomorphism, say
X between U and Im(x) we may define y by lem(x) = —x;l , ylv=20.
Then one checks that y € An(K) and that Q(xX)y = -Xyx = x .

The regularity of (! implies that every inner ideal is a K-subspace,

and hence W satisfies the dcc and acc on all inner ideals,

12.12, THEOREM. For a semisimple Jordan pair over k with dcc on principal inner

ideals the following conditions are equivalent.

(1) The acc on principal inner ideals;
(1i) the chain condition on idempotents;
(i1d) the existence of a maximal idempotent.

The simple pairs with these properties are up to isomorphism precisely the fol-

lowing.

) Jordan division pairs over k .

(D) A(M,R,(D)J with R a simple Artinian k-algebra and & non-degenerate.
(I1) (An(K),An(K)) with K an extension field of k ; n 2 4 .

(I1D) (Hn(D,DO),Hn(D,DO)) with D a division algebra with involution over k

and 90 an ample subspace; n > 2 ,

nww

(1) (I,1) where T 1is an outer ideal containing 1 1in a Jordan algebra of

a non-degenerate quadratic form on a vector space over an extension field of k .

) M, ()M, .(C°P)) with C a Cayley algebra over an extension field K
1,2 1,2 Yoy asg

of k .

VD) (H3(C,K),H3(C,K)) with C as above.
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Proof. The implications (i) » (ii) = (iii) follow from 10.7 and 10.10. By 10.14,

we only have to prove (iii) + (i) for simple pairs. Now the theorem follows from

12.8 - 12.11.

12.13. Remarks. (a) Clearly the pairs of type (0), (III), (IV), and (VI) contain
invertible elements. The pairs of type (II) contain invertible elements if and
only if n 1is even, and the pairs of type (I) do if and only if Mi = R (these
two correspond to the Jordan algebras of type (II) and (I) in 12.8). Finally, the

pairs of type (V) contain no invertible elements.

(b) The pairs of type (0), (II), (IIL), (V), and (VI) satisfy the acc and dcc on
all inner ideals. By 11.17, a Jordan pair of type (I) has dcc and acc on all inner
ideals if and only if M+ is a finitely generated R-module, and then it is iso-
morphic with (Mp’q(D),Mp’q(DOP)) where D 1s a division algebra. Here we may
assume that p £ q since the map x ¥ x* defines an isomorphism between the Jor-
dan pairs (Mp’q(D),Mp’q(DOP))J and (Mq’p(DOp),Mq’p(D))J (the associative pairs
are not isomorphic!). By McCrimmon[8], Jordan algebras (and therefore Jordan
pairs) defined by quadratic forms have dcc and acc on all inner ideals if and only

if there exist no totally isotropic subspaces of infinite dimension.

NOTES

The theory of inner ideals of Jordan pairs is very similar to (but simpler

than) the corresponding theory for Jordan algebras. Proposition 10.4 is the Jordan
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pair version of McCrimmon[8], Prop. 1. The Minimal Inner Ideal Theorem (cf. Jacob-
son[3]) takes the form 10.5; thus the troublesome minimal inner ideals of type II
of the Jordan algebra theory don't occur for Jordan pairs. It is an open problem
whether the radical of a Jordan pair or a Jordan algebra with dcc on (principal)
inner ideals is nilpotent or solvable. The short and elegant proof of von Neumann
regularity (10.15 - 10.17) presented here is due to K. Meyberg[71. Earlier proofs
(Meyberg({51, McCrimmon{2]) were considerably more complicated, and also needed
stronger hypotheses (chain condition on all inner ideals or a minimum and maximum
condition for certain inner ideals).

The first classification of alternative triple systems (finite-dimensional
over algebraically closed fields of characteristic # 2 ) was given in Loos[3].
Meyberg([6]) noticed that the same methods work for simple alternative triple sys-
tems (over rings) containing an idempotent e with Aoo(e) = 0 . The generaliza-
tion of this to alternative pairs (11.11) is relatively straightforward. Propo-
sition 11.17, (¢) and {d), is the "rectangular matrix version' of Th. 1 and Corol-
lary of McCrimmon|[8].

By 1.13 and 6.15, the classification of involutions of alternative and
Jordan pairs is equivalent with the classification of alternative and Jordan tri-
ple systems. This classification has been carried out in the finite—-dimensional
case over algebraically closed fields of characteristic # 2 (Loos[2-4]) but is an

open problem in general.
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CHAPTER IV

FINITE-DIMENSIONAL JORDAN PAIRS

§13. Universal enveloping algebras

13.1. DEFINITION. Let V = (V+,V-) be a Jordan pair over the ring k , and let
(d,q) be a representation of V dinto an associative algebra A with idempotents
e, and e_ (cf. 2.3 for the definition). We say that (d,q) 1is universal if for

every representation (d',q') of V dinto A' there exists a unique homomorphism

¢ ¢+ A=>A' of associative algebras such that
&) 0(e) =€l , ¢od, =di , ¢eq, =q; .

By standard arguments (cf. Cohn[l]) universal representations exist and are unique
up to isomorphism. The algebra A of a universal representation (d,q) is called

the universal enveloping algebra of U and is denoted by U(V) . It has idempo-

tents e, and e_ such that e, +e =1, and we denote the Peirce spaces with

respect to e, by UGT(V) (o,T =% ).

13.2. PROPOSITION. (a) U(V) is functorial in V : A homomorphism h: V = (0 of

Jordan pairs induces a homomorphism U(h): U(V) - U(W) such that U(h)(ec) =e

U (4 (x,3)) = d (B (x),h_(3), UCW) (@ () = q (b (x) , for all x,y € V™.
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(b) If T is an ideal of V and ril is the ideal of U(V) generated by

dG(IU,V—O), dg(VG,I_U), qO(IO), qO(IG,VO) (o=4+) then UWI) =uW/T.

(c) U(V) 1is compatible with extension of scalars: If R 1is an extension of k

then the homomorphism U(V)@R » U(V®R) induced by V> V@R 1s an isomor-

phism,

(d) There exists a unique involution * of U(V) such that e+* = e, q+(X)*

= q+(x), q_(y)* = q_(y), d+(x,y)* =d (y,x) ; i.e., the universal representati-

on (d,q) is a *_representation in the sense of 2.5. If (d',q') 1is a *-repre-

sentation of V in A' then the homomorphism ¢: U(V) +~ A' is compatible with

the involutions.

(e) V(W) = k.e+@ k.e & UO(V) where UO(V) is the subalgebra generated by

dG(VG,V—G), and qG(Vc) (ao=1%) . UO(V) is actually an ideal of U(V) . Also

aga go a
U () k.eg@U0 (V) where UO

and qG(VU)q_G(V_c) , and U7 = UOG(V)qG(VO)U_G’_G(V) . As before, Ug%(V)

C’(V) is the subalgebra generated by dG(Vc,V_O)

is an ideal of UGO(V) .

The proof of (a), (b), and (c) is straight-forward. For (d), one checks
that dt"(x,y) = d_g(y,x), q('j(x) = qg(x) defines a representation of V in
U(V)Op . The induced homomorphism ¢:U(V) - U(V)OP is the desired involution.
Finally, the universal envelope of the trivial Jordan pair (0,0) is obviously
k.e+@k.e_ , and U(V) = k.e+€Bk.e_®Uo(V) where UO(V) is the kernel of the
homomorphism U(V) - U(0) induced by V - 0 . By (b), UO(V) is the ideal gene-
rated by dG(VU,V_G) and qc((/c) ( 6= % ). But the subalgebra generated by these
elements is already an ideal. The last assertion follows from the rules for the

Peirce decomposition in associative algebras.
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13.3. PROPOSITION. (a) The universal envelope of voP is U(V) with the uni-
versal representation d°P = d , qu =q , and idempotents P = e .

[+ -a o -0 o -
(b) An antiautomorphism n of V induces an automorphism U(n) of U(V) such

that U(n)(e) =e_, UM () = d_ (0 (),n_()), U (g () =

o)

If n is an involution then U(n) is of period two.

The proof is left as an exercise.

13.4, To simplify notation, we will again omit subscripts ¢ in do and
2.0). Then we have the following identities, valid for any representation

of a Jordan pair V .

(1 [d(u,v),d(x,y)] = d({uvx},y) - d(x,{vuy}),
4 2 2
(2) d(x,y) =d&d)d®gd)+ﬂ%LwNLw
2
+d(Qy,y)" - d(Q(Qxy)y,y) - d(x,Q(ny)X),

(3) [qu)q(¥),qx)q(¥)] = q{uvx})q(y) - qx)q({vuy})

+ q(va,QUV)q(y) - q(X)q(Qyu,QVU)

+

q(x)q(y,v)q(u)q(y,v) - q(x,u)q(v)q(x

q_{n ().

(d,q)

»u)q(y).

Proof. (1) follows from JP15 by the permanence principle (2.8). By 2.3.3 we have

d(x,y)2 - d(Qxy,y) = 2q(x)q(y) . If we square this and observe 2.3.5 and

obtain (2). From 2.6.7 it follows that

q(x)q(y)q(u)q(v) + q(x)q(v)q(u)q(y)

= aG)a({yuv}) + a(x)q(Qu,Quu) - q(x®)q(y,v)q(u)qly,v)
and

q(x)q(v)q(u)q(y) + qw)q(v)q(x)q(y)

= qa({xvubq(y) + q(Q.v,Q v)aly) ~ q(x,u)q(v)q(x,u)q(y).

2.6.1 we
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Now (3) follows by subtracting these two formulas.

13.5. LEMMA, Let U(V) be the universal envelope of |/ . Then the subalgebra 7

of U++(V) generated by d(V+,V—) is an ideal of U++(V) . If 2 1is invertible

in k then U?)*(V) = D (cf. 13.2(e)).

Proof., From 2.6.3 and 2.3.2 it follows that
q(x)q(y)d(u,v) = q(x)(d(y,u)q(y,v) - q(Qyu,V))
= ‘d(U,Y)CI(X)q(Y,V) + CI(X,{XYU})CI(Y,V) - q(x)q(QyU,V),

and by 2.3.3 and 2.3.4 this belongs to 0 . Similarly, one shows that
d(u,v)q(x)q(y) 6 U , and therefore 0 1is an ideal of U++(V) . If 1/2 € k then

by 2.3.3 we have q(x)q(y) = (1/2)(d(x,y)2 - d(Qxy,y)) eED.

+ —
13.6. THEOREM. Let U be a Jordan pair over a ring k such that V' and V

are finitely spanned as k-modules. Then U(V) 1is finitely spanned as a k-module.

.‘_'.
Proof. From 13.2, (d) and (e), we see that it suffices to prove that U = U (V)

is finitely spanned. We show first that 0 (as in 13.5) is finitely spanned. Let

Kyseoo X be a spanning set of V+ and Yyseersy, @ spanning set of V" . set

dij = d(xi,yj), and let Xr be the k-submodule of U spanned by all monomials

d, . ... d, where 1 < s < r . Clearly, the X form an increasing sequence
191 1sjs - h r

of submodules whose union is 0 , and we have Xr'Xs<:'Xr+s . By 13.4.1 we have

(€] dijdkl = dkzdij mod X .
In a monomial x =4, , ... d, where r > 3mn , at least one of the d oc-
ilJl 1rjr 13
_ 4
curs at least four times. By (1), we have x = dijy mod Xr—l where y € Xr—4 .
4 .

W4, . X =X ,
By 13.4.2, dij € X3 and hence X € X3Xr—4 C:Xr—l This shows that - 1
and hence D = X is finitely spanned.

3mn
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Next we show that U/D is finitely spanned. Let 9y = q(xi)q(yj) +D e Uu/m.
Then U/D 1is generated by 1 = e, + D and the qyy - Let Vr be the k-submodule

spanned by the monomials q, , ... q, , , 0 <s g r, where ¥ = k.1 . Then
llJl 1] - 0
s's
U/D 1is the union of the increasing sequence of the Vr and we have Vr.Vs -

Vr+s . From 13.4.3, 2.3.3, and 2.3.4 it follows that

) Q%S 9y T Yy s

and from 2.3.5 we get

3 15493, = 9QE)IYIa) +0 6y, .

qirjr with r > m must be of the form "'qij"'qiz"'

for some index i . Now it follows from (2) and (3) similarly as before that Vr

A monomial gq Ve
iljl
=Y and hence U/D = Vm is finitely spanned.

r-1

13.7. Representations of Jordan algebras and Jordan triple systems. Let A be a

unital assoclative algebra and let J be a unital Jordan algebra over k . A re-

presentation of J in A is a quadratic map u : J + A satisfying

o8] () =1,
(2) vE,YIuE) = uvy,x) = ukx,Uy),
3 wUy) = u@umuk),

in all scalar extensions (cf. McCrimmon[7]). Here

(4) v(x,y) = u(x,Du(y,l) -~ ux,y).

A representation of a Jordan triple system T in A consists of a bilinear map

2 ¢+ TxT~>A and a quadratic map p : T » A satisfying in all scalar extensions

(5) L(x,y)p(x) = p(x)&(y,x) = p(x,P(X)y),
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(6) p(x)a(y,z) + 2(z,y)p(x) = p(x,{xyz}),
N L(x,y)2(x,2) = 2(P(X)y,z) + p(x)p(y,2),
(8) 2(z,x)2(y,x) = 4(z,P(x)y) + p(¥,2)p(x),
1€)) p(P(x)y) = p(x)p(y)p(x).

(Cf. Loos[5]).

13.8. PROPOSITION. Let (d,q) be a representation of the Jordan pair V in A,

Let v €V | and let J =k.1 &)V: be the unital Jordan algebra obtained from

+
Vv by adjoining a unit element. Then

pal+x) = uz.l + ad+(x,V) + q+(X)q_(V)

(o €k, x€ V+) defines a representation of J in A .

2

Proof. Let u(altx) = U [V: = a"Id + aD(x,v) + Q(x)Q(v) . Since V: is an ide-

al+x
al of J this defines a representation of J in End(V+) , and the identities
13.7.2 and 13.7.3 for U are equivalent with certain identities in D(x,y)'s

and Q(z)'s. By the permanence principle, the same identities are valid with D,Q

replaced by d,q , and hence p satisfies 13.7.2 and 13.7.3. Since u 1is obvi-

ously quadratic and p(l) = 1 the proposition follows.

13.9. PROPOSITION. Let J be a unital Jordan algebra, and let T be the associa-

ted Jordan triple system obtained by "forgetting" the unit element. If n is a

representation of J and v 1is defined as in 13.7.4 then (&,p) = (v,u) 1is a

representation of T . Conversely, if (f&,p) is a representation of T such that

p(l) =1 then p =p 1is a representation of J .

Proof. Since ny = P(x)y it is clear that (5) and (9) of 13.7 hold for (&,p)
= (v,u) , and the validity of (6) - (8) follows from well-known formulas for re-

presentations of Jordan algebras (see McCrimmon[7]). Conversely, if (%,p) is a
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representation of T such that p(l) = 1 then it suffices to show that
2(x,y) = p(x,)p(y,1) - p(x,y).

Now 2(1,x) = 2(1,x)p(l) = p(l,x) by 13.7.5, and by 13.7.7 we have 2(1,y)2(1,2)

= 2(y,z) + p(L)p(y,z) which proves our assertion.

13.10. PROPOSITION. Let T be a Jordan triple system, and let (7,T7) be the as-

sociated Jordan pair (cf. 1.13).

(a) Every representation (#,p) of T in A induces a representation (d,q)

of (T,T) 1in the algebra MZ(A) of 2 x 2 matrices over A by

L(x,y) 0 0 0
d+(X,Y) = d_(yﬂ() = s
0 o/, 0 2(y,x)
0 p(x) 0 0
P+(X) = s P_(Y) = .
Y 0 p(y) 0

(b) Every representation (d,q) of (T,T) in A induces a representation (%,p)

of T in A by 2(x,y) = d (x,y) +d_(x,y) , p() =q, )+ ()

The preoof is left to the reader.

13.11. Let T be a Jordan triple system. We define the concepts of universal re-
presentation and universal enveloping algebra in the same way as for Jordan pairs.
Let U(T) denote the universal enveloping algebra of T with universal represen-
tation (g,p) . With T we associate the Jordan pair (T,7) with the canonical
involution k given by the exchange of factors (cf. 1.13). By 13.3, x 1induces

an automorphism 6 = U(x) of period 2 of U(T,T) such that e(ec) =e__ >
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e(dc(x,y)) = d_c(x,y) and e(qc(x)) = q_c(x) . The relation between U(T) and

U(T,T) 4is now as follows.

13.12. PROPOSITION. (a) Let Ue be the fixed point set of 6 in u(T,T) , and

define 2 : T x T > Ue , p:T > Ue by

2(x,y) = d (x,y) +d_(x,y),

p(x) = q (x) +q_(x).

12
e

Then (&,p) 1is a universal representation of T and hence U(T)

(b) Identify U(T) and U® by (a), and let U'(M =uMneu™), M

suMnW™ U™ where T = ¢ONT,T) (cf. 13.1). Then WM = 0T (M @ u™ (N

is a Z/2Z-graded algebra. We have U+(T) =k.1® Ug(T) where U;(T) 1s genera-

ted by 2(T,T) and p(Mp(M , and U (N = v (MpMU (M

(¢) Themap F : U(T,TN—> {(a 3) a,d € U+(T), b,c € U_(T)} given by

C

u +6u,,, u + 6u
F(u) = < + ++ = +_> where u = I u_ and Uie € UUT(T,T) is

u_, + 9u_+, u__+ Su__

an isomorphism.

Proof. By 13.10(a), (%,p) 1s a representation of T 1in Ue . Let (&',p") be

a representation of 7 in some algebra A' . By 13.10(b), this induces a repre-
sentation (d',q') of (T,7) in MZ(A') and hence a homomorphism ¢ from U

= U(T,T) into MZ(A') . One checks easily (on the generators of U ) that if

Y(u) = <: 2) then ¢(8(u)) = (s ;) for all uw € U ; i.e., 6 corresponds to

conjugation with the matrix (2 é) in MZ(A') . Hence w(Ue) C B = {(E 2)

a b
a,b € A'} . Now the map ¥ : B+ A' , sending (b a) into a + b, is a homomor-
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phism, and hence ¢ = yoy : s isa homomorphism such that ¢(&(x,y)) =

L' (x,y) 0
0 ' (x,y)

2'(x,y) and similarly ¢(p(x)) = p'(x) . It remains to be

shown that ¢ 1s uniquely determined. For this it suffices to show that Ue is

generated by 1 , 2(7,T), and p(T) . Before doing so we prove (b). Since 8

interchanges e, and e it is clear that G(UGT) =y ot , and therefore

u® = fa+b+ea+eb|ac U++, b € U+_} .

Hence U (N =N @U™) = u+ o | we ™zt

. By 13.2(e) it follows
that U+(T) has the asserted structure, taking into account that p(x)p(y) =

(g (x) +a_(0)) (g, (y) + q_(¥)) = ¢, (x)a_(y) + q_x)q, (y) = q,(x)q_() + 6(q (x).
.q_(y)) by the Peirce rules. Also, for u € U++, v € U+_, w € U we have
uvw + 8(uvw) = (utbu) (v+8v) (w+bw) by the Peirce rules. This proves (b) in view
of 13.2(e), and also shows that Ue is generated by 1 , 2(T,T), and p(T)

Finally, (c) follows by a straightforward computation.

13.13. PROPOSITION. Let J be a unital Jordan algebra, and let U(J) be the

universal enveloping algebra of J, (U(J) is defined analogously to the universal

enveloping algebras of Jordan pairs and Jordan triple systems; it is also called

the universal quadratic envelope, cf. McCrimmon{[7]). Let T be the Jordan triple

system obtained from J by forgetting the unit element lJ of J. Then U(J) is

isomorphic with U(T)/B where B 4is the ideal of U(T) generated by 1 - p(lJ).

Proof. By 13.9, the map x  p(x) + B 1is a representation of J in U(T)/B and
hence induces a homomorphism ¢ : U(J) > U(T)/B . Also by 13.9, the universal re-
presentation y : J > U(J) defines a representation (v,u) of T in U(J)
which induces a homomorphism n : U(T) » U(J) . Clearly, n factors through a

homomorphism ¢ : U(T)/B> U(J) , and ¢ and V¥ are inverses of each other.
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§14. Solvability and nilpotence

14.1. Solvability. Let V be a Jordan pair over the ring k . We define the deri-

ved series of V by

sy YD) (@)

QHY v,

]

(n+l)

V(n) = 0 for some n . Clearly V is an

and say that V 1is solvable if
ideal of V(n) but need not be an ideal of V . Let I be an ideal of V . A

standard argument shows that V is solvable if and only if I and V/I are sol-
vable. Thus if V satisfies the acc on ideals then it contains a maximal solvable

ideal, and the quotient of V by this ideal is free of non-zero solvable ideals.

Note also that solvability is preserved under extension of scalars.

14.2. LEMMA. Let A and B be ideals of V , and let

e = (A% 0% + 8%,479,0%) + (A%, 9,8%) + qua9)B™C
+ QBHA™T + Q) QA™)B + qT)eB™)A% .

Then (C+,C_) = A#B  is an ideal of V .

The proof consists in a tedious but straightforward verification, using

the identities JP1 - JP21.

14.3. V-solvability. Let I be an ideal of V . The V-derived series of T in
V is T = I<0> > T<l>:D ... where T<n+l> = 1y ,and I is called V-

solvable if IV

=0 for some n . By 14.2, the V-derived series of [ con-
sists of ideals of V . Note that V-solvability of T depends on the imbedding

of T into V and is not an intrinsic property of I . Clearly, if I is V-
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solvable then it is I-solvable, and if it is I-solvable then it is solvable in
the sense of 14.1. Let

o -~ i v B oy s o

be an exact sequence of Jordan pairs. An ideal I DVY' of V is V -solvable if

and only if p(I) is V"-solvable and V' 1is V-solvable. From this it follows

as usual that the sum of two UV-solvable ideals is again V-solvable. Hence if

/' satisfies the acc on ideals there exists a maximal /-solvable ideal, and the

quotient of V by this ideal is free of such ideals.

14.4. LEMMA. V contains a non-zero V-solvable ideal if and only if it contains

a non-zero ideal I such that

(1) Q1% =p%,17% =0

Proof. An ideal [ satisfying (1) is V-solvable since 1<l> = 0 . Conversely,

let B be a non-zero V-solvable ideal, and let n be the largest positive in-

teger such that C = g™ # 0 . Then C#C = 0 and hence

c%,079, % = c%,v7%,c% = %% =0
Let 17 = {x € c? |Q(x) =0}, and set 1 = (I+,I—) . In order to show that I # O
we may assume that I+ # C+ . Then there exists a € C+ and b € V~  such that

x = Qa)b # 0 . But x € C+ since C 1is an ideal, and Q(x)V_ = QaQanV_cj QaC_
= 0 shows that x € I+ . Now we show that I is an ideal. Clearly, Tt is clo-
sed under scalar multplication. From {CO,V_G,CG} = 0 it follows that * s
closed under addition, and therefore I is a submodule of V . From JP3 and JP21
it follows that I is an outer ideal, and since it consists of trivial elements

by definition, it is an ideal of V .
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14.5. PROPOSITION. A V-solvable ideal of V is contained in rad / and a sol-

vable ideal is contained in Nil V .

Proof. The first inclusion follows from 14.4, and the second from the formula

Q(x(n,y))-y(n,x) - Q(x(n’y))Q(y).x(n_l’y) -7 -xn—l _ x2n+n—l - x(3n—l,y)

a =
X

(cf. 3.8.1; X = x(n,y) and Ux = Q(x)Q(y) in the Jordan algebra Vi ).

14.6. Nilpotence. Let V denote the k-linear span of all products in V of

(n)

degree 3z n where Q(x)y and {xyz} are considered to be of degree 3 . Thus

V= v cee
"2 Ve 2V 2
and V(n) is an ideal of V , in fact, we have

-

g [¢] e}
Yy ey oyt ©

o -0
Wiy V) < V (mbmtp)

g
@ < Vammy

We say V is nilpotent if V =0 for some n . If V dis nilpotent then it

(n)

is solvable and even V-solvable since

V(n)c: V<n>(: "
€D)

Let M(V) be the multiplication algebra of V (cf. 2.4), and let MO = MO(V) be

the subalgebra of M(V) generated by d,(x,y) and q_(x) as in 2.4; in other

+ —_
words, MO is the image of UO(V) under the homomorphism U(V) - End(V x V)

induced by the regular representation (cf. 13.2). We have MO = GB MgT where

MgT = MO(\MOT(V) and M°T(V) is the image of UOT(V) . We set

- -

14.7. PROPOSITION. V C (MO)“.VC

v
(3n) (2n+1)

Proof. The second inclusion is obvious from the definitions. For the first inclu-
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sion we note that if a € (MS.V)+ and b € ¥ then Q(a) € (M8+1.V)+ . Indeed,

for n =0 this is obvious, and for the induction step one uses JP3 and JP20.

+
= MO.V . Assume that i fat Mg.V and let x € V ol

Now clearly V n
(39 3

(3

Then x 1is a sum of elements of the form Q(a)b and {abc} where a or b or
¢ is in V c My . 1f ac€ V+ then Q(a)b € (Mn+l.V)+ by the remark
n 0 n 0
(39 (39
n+l .+ v

above, and {abc} = D(e,b)a € Mz+.a C:(MO WM L If b or ¢ are in n

3

we have similarly Q(a)b € Mz_'b ' (Mg+l.V)+ and {abe} = Q(a,c)b = D(c,b)a

+ +
8 l.V) . Since all this holds with + and - 1interchanged as well the pro-

position follows.

€ (M

14.8. COROLLARY. V is nilpotent if and only if MO(V) is nilpotent.

The following is the main lemma for the proof of the equivalence of solva-
bility and nilpotence for finite-~dimensional Jordan pairs. We say a Jordan pair

V is finite-dimensional if k is a field and both V¥ and V  are finite-di-

mensional over k .

14.9. LEMMA. Let V be a finite-dimensional Jordan pair over a field k , and

let I be an ideal of V such that the subalgebra of U++(V) generated by

- _ o
d(1+,1 ) and q(1+)q(1 ) is nilpotent. Then the ideal [ of U(V) generated

by 4(1%,v7%, aw,17%, q0%, q@%V% (o =2%) is nilpotent. (Cf. 13.2

for notation).

Proof. By 13.6, the universal enveloping algebra U(V) is finite-dimensional.
~
Clearly, I is the sum of its intersections with the PeiYrce spaces UCT(V) .

Since a finite~dimensional algebra is nilpotent if it is spanned by nilpotent
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elements and since Uc’_G(V)2 = 0 by the Peirce rules it suffices to prove that

771UOG(V) is nilpotent. Now I is invariant under the involution * of U(V)
which interchanges U++(V) and U (V) (cf. 13.2(d)) and hence we only have to
show that 7f1U++(V) is nilpotent. This will be done in several steps. To sim—
plify notation, let U = U++(V) and denote by A the nilpotent subalgebra of

U generated by d(1+,1_)

1°. The subalgebra B of U generated by S = d(V+,1_)\J d(1+,V_) is nilpo-

tent.

Let D be the subalgebra of U generated by d(V+,V_) (which is actually an ide-
al by 13.5). From 13.4.1 and the fact that I is an ideal of V it follows that
DACAD + A . This implies A' = AD + A 1is a nilpotent ideal of D , and it will
therefore be sufficient to show that B/BNA' is nilpotent. Let u u denote

the canonical map D » D/A' . By 13.4.1 we have

[d(usv) ,d(X,Y)] = d({UVX} )Y)

+ - - -
for u,x €1, v,yelV, or x€ 1+, vel, ue V+, y € V, and also

[d(u,v),d(x,y)] = d(-x,{vuy})

for u,x € V+, v,y € I . This proves [g,g] Clg . Furthermore, it follows from
13.4.2 and 2.6.1 that E?;T;)A =0 if x € 1+ or y €1 . By Engel's theorem

(cf. Jacobson[l]) the subalgebra of U/A' generated by s , i.e., B = B/BNA' ,
is nilpotent. (The proof of Engel's theorem given in Jacobson[l] is for algebras

of linear transformations; the general case follows by applying this to the left

regular representation).

2°. The ideal C of U generated by B (resp. S ) is nilpotent.

By 13.4.1 we have DB BD + B . From 2.3.2 - 2.3.4 one derives the identity

[q(w)a(v),d(x,y)] = qw)qv,{vxy}) - q(u,{uyx})q(v)
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= d(u,v)d(u,{vxy}) - d(qu,{vxy}) - d({uyx},v)d(u,v) + d({uyx},Qvu)

This implies [q(u)q(v),d(x,y)] € BD + B whenever x € I+ or y €1 . Since

U is generated by 1 =e,, D , and q(V+)q(V_) it follows that UB < BU, and C

+’
= BU is nilpotent.

Now let W = U/C , and for (x,y) € V set f(x,y) = q(x)q(y) + C . Also
denote by E the subalgebra of W generated by f(l+,1-) which is nilpotent by

hypothesis.

o . + - + - . .

3. The ideal G of W generated by T = £(I ,V)Uf(V ,I ) 1is nilpotent.
From 13.4.3 and 2.3.3 and 2.3.4 it follows that

(€D) [fu,v),f(x,y)] = £{uvx},y) - £(x,{vuy})

whenever one of wu,v,x,y is in I . Hence we have WE CCEW , and therefore E'
= EW is a nilpotent ideal of W . Let F be the subalgebra of W generated by
T . We will show that F/FMAE' 1is nilpotent. Denoting by u® u the canonical

map W -+ W/E' we have by (1), similarly as in the proof of lo,

[£(u,v),f(x,y)] = £({uvx},y)

+

+ - - + -
if u,x€l ,v,ye€V, or x€I ,ve€]l ,ueV,yeVlV , and

[fCu,v),f(x,y)] = f(-x,{vuy})

+ - - - -
for u,x €V, v,y €1 which proves [T,T]JC T . From 2.3.5 it follows that

f(X,Y)3 = f(Qxy,QyX) 0 if x €I or y € I~ . Now Engel's theorem implies
that the subalgebra F=F/FAE generated by T is nilpotent, and therefore F

is nilpotent. Again by (1) we see that WF(C FW0 and hence G = FW is nilpotent.

Note now that ?f1U++(V) is the ideal of ¢ = U++(V) generated by
+ - + - - + -
daa v v a1 uaMaw) UaWNaa”) since by 2.3.3 and 2.3.4 we may

+ - - —
omit q(y )q(I ,v ) and q(I+,V+)q(V ) from the generators. Hence we have that
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Cc TﬂU-H-(V) , and (TnU-H-(V)/C = G . Therefore T/TU-H-(V) is nilpotent, and

the lemma is proved.

14.10. THEOREM. Let V be a finite-dimensional Jordan pair over a field k and

let I be an ideal of V . Then the following conditions are equivalent.

(i) I 1is solvable;

(ii) 1 is I-solvable;
(iii) 1 is V-solvable;
(iv) 1 is nilpotent;

() UO(T) is nilpotent;

(vi) the ideal ? = KRer(U(V) = UV/1)) of U(V) , generated by d(Tc,V_o),

d(VG,T_O), q(lo), q(Tc,Vc) (o=+) 1is nilpotent.

Proof. The implications (iv) -+ (ii) » (i) and (iii) > (ii) are obvious. Since

MO(T) is a homomorphic image of UO(I) and also of a subalgebra of 7J, we have
(v) » (iv) and (vi) » (iv) by 14.8. The implication (v) »+ (vi) follows from 14.9.
We prove (i) + (v) by induction on the length of the derived series of I . First
assume that I is trivial (i.e., T(l) =0 ) and let D(I)C U;+(T) be the ideal
generated by d(1+,1_) (cf. 13.5). By 13.4.1 and 13.4.2 we see that D(I) 1is com-

mutative, and generated by nilpotent elements. Hence D(I) 1is nilpotent. Now

+

Ug+(1)/9(1) is generated by q(x)q(y) + D(I) where x € I , y € I . From 13.4.3

and 2.3.3 and 2.3.4 we see that Ug+(1)/9(1) is commutative, and since O =

(q(x)q(y))2 = q(Qxy)q(y) , it is nilpotent. Thus U++(T) is nilpotent, and by

0

14.9, UO(T) is nilpotent. In the general case, we have UO(T(l)) nilpotent by
/\.J

7D

1
induction, and hence nilpotent by 14.9. Also T/T( ) is trivial and hence

ep o
UO(T/T ) = UO(T)/T is nilpotent. Therefore UO(T) is nilpotent.

Finally we show that (vi) » (iii). Let I = T<O>:D T<l>ZD ... Dbe the

<n> <nt+1> <n>, <1>

V-derived series of I , and assume that I =1 = (1) . Then the
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~
ideal 1™ of U(V) 1is contained in I and is therefore nilpotent. Replacing

+ _—
1% by I we have to show that [ =0 . Let f : U(V) + End(V' x V') denote
the homomorphism induced by the regular representation. From the definitions it

follows easily that I<l><: f(?).l ,and if 1 # 0 then f(?).lﬁ; I by nilpoten-

”~
ce of f(I) . Hence we have I =0

14.11. THEOREM. The radical of a finite-dimensional Jordan pair is nilpotent.

Proof. Since V satisfies all chain conditions we have rad V = Nil V = Rad V
by 10.8. By 14.10, it suffices to show that rad V is solvable. Let S be the
maximal solvable ideal of V which by 14.5 is contained in rad V . After divi-
ding by S, we may assume that V has no non-zero solvable ideals and have to
show that rad V = 0 . If this is not so then V contains non-zero trivial ele-
ments and hence T(V) , the linear span of all trivial elements, is a non-zero
ideal of U (cf. 4.6). Replacing U by T(V) it suffices to show: If V is
spanned by trivial elements then it is solvable. Let B be a subpair of V, maxi-
mal among the subpairs which are both solvable and are spanned by trivial ele-.
ments. Clearly, 0 is such a subpair. Assume that B # V . Then there exists a
trivial element w , say w € V+, which is not in BT . By 14.10, UO(B) is nil-
potent, and hence its image N in MO(V) under the homomorphism induced by the
regular representation is nilpotent. Therefore there exists an integer n > 0

such that N'.w <& B but Nn+l

.w B (by N.w we mean of course the pair
(N++.W,N_+.w) where NOT is the image of UgT(B)). Since B is spanned by
trivial elements N is generated by D(a,b) and Q(a,c) where a,b,c are tri-
vial elements contained in Bi . Hence there exists an element P = Pl... Pm € Nn,
each Pi of the form D(a,b) or Q(a,b) , such that z = P.w, is not in B , say
z ¢ B+ . From JP20 it follows that {uvw} is trivial if u,v,w are trivial.

. - . . + o=
Hence =z is a .trivial element, and we have N.z ¢—B , in particular, {8 ,B8 ,z}
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- B+ and Q(B_)z CjB_ . Let C = (k.z + B+,B_) . Then C 1is spanned by trivial
elements, and Q(CT)C™ = qBNB™ + (87,87,23 c 8", qCT)CT = 8B + QB2
C B™ . Thus C(l)Cf'B which implies C(n+l) C:B(n) and C is solvable, contra-

dicting the maximality of B . This completes the proof.

14.12. COROLLARY. A finite-dimensional simple Jordan pair is semisimple.

14.13. Solvability and nilpotence for alternative pairs. Let A = (A+,A_) be an

-alternative pair over a ring k . The derived series of A is defined by
AL LA ATy, A L)) D)

(n)

We say A is solvable if A = 0 for some n . Obviously A D (AJ)(H)

where AJ is the associated Jordan pair. Let A(n) be the k-linear span of all
products of degree > n where <xyz> is considered to be of degree 3 . Then
A = A(l):j A(3):3 A(S):) ... 1is a sequence of ideals of A , and A is called
. . ) J A
nilpotent if A(n) = 0 for some n . Again we have A(n):D (A )(n) . Also, it is
clear that A(n)CZ A n and hence nilpotence implies solvability.
(3

We define the multiplication algebra MO(A) as follows. Write the ele-

ments of AT x A" as column vectors, and define endomorphisms of At AT by

L (x,y) 0 0 0
A (xy) = » A_(y,x) = >
0 0 0 L_(y,x)
R, (x,y) O 0 0
P (Xy) = > p_(y,x) = ,
0 0 0 R _(y,x)
0 M+(x,y) 0 0
w(xy) = s W_(x,y)
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Then MO(A) is the subalgebra of End(A+ x A7) generated by all AG(AG,A_O),

pG(AG,A_G), uc(AG,AG), and M(A) = k.c, + k.c_ + MO(A) where

+

A proof similar to (but simpler than) that of 14.7 shows that

n
A e MO(A) A CA

3" (2n+l)

and hence A 1is nilpotent if and only if MO(A) is nilpotent.

14.14. THEOREM. For an ideal B of a finite-dimensional alternative pair A

the following conditions are equivalent.

(i) B is nilpotent;

(ii) B 1is solvable;

(iii) B is radical;

(iv) the ideal B of M(A) generated by AG(AG,B_G), AO(BG,A_G), pG(AG,B-G),

pc(BG,A-G), uc(Ac,BG), uc(Bc,AG) (o=2%) is nilpotent.

Proof. The implications (iv) » (i) » (ii) are obvious.

(ii) » (iii): B 1is a solvable ideal of the Jordan pair AJ and hence contained
in Rad AY = Rad A by 14.5.

(iii) » (iv): Let W = wz &)Wl be the standard imbedding of A (8.12). By con-
struction, it is clear that W is finite-dimensional. We have Rad W = Rad Wz

+ Rad wl (cf. 5.8) and hence B¢ Rad A = Rad wlc: Rad W . From the formula

<xyz> = {{xyec}e_cz} (cf. 8.12) it follows that

1) A (x,y) = dc({xye“},e'c)[wl ,

@) o (2,y) = d_(z,e”)d_(e%,)[W; ,
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(3) u (x,2) = da(z,e-o)qo(x,eo)lwl )

where (d,q) 1is the regular representation of W (cf. 2.4). Let I = Rad W which
is solvable by 14.11. By 14.10, the ideal of M(W) generated by do(lo,w_o),

da(wa,l_o), qa(lo,wc) is nilpotent, since it is a homomorphic image of I . Hen-

Y
ce it follows from (1) - (3) that B is nilpotent.

§15. Cartan subpairs

15.0. In this section, k always denotes a field and k its algebraic closure.
Jordan pairs over k are finite-dimensional. If V = (V+,V_) is a Jordan pair

over k then we define the dimension of V as

max(dim V+,dim V.

dim V

We often write V instead of VE = U®k . By finite-dimensionality, V satisfies
all chain conditions. Hence the various radicals coincide (10.8), and Rad V 1is
the maximal solvable (= nilpotent) ideal of V (14.11). Recall also that a frame

of V 1is a maximal orthogonal system of local idempotents (10.12).

15.1. Galois descent. Let X be a finite-dimensional vector space over k , let
K be an extension field of k , and let Y be a subspace of XK = X®K . We say
that Y 1is defined over k if XNY spans Y over K . Here we identify X

with X®&1 in XK . If K is Galois over k (not necessarily of finite degree)
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and T = Gal(K/k) is the (topological) Galois group, acting on XK by semiline-
ar transformations, then VY 1is defined over k if and only if it is stable un-

der T . For a proof, see Borel[l], p. 52ff.

15.2. Separability. Let |/ be a Jordan pair over k , and let K be an extensi-

on field of k . By 4.12 and 10.8 we have
¢H) (Rad V)K < Rad(VK) s

but in general, we will not have equality. If, however, K 1is a separable exten-
sion of k then equality holds in (1). Indeed, let K be the algebraic closure
of K , and let ks be the separable closure of k in K so that K Cjks . It
suffices to prove the assertion for ks instead of K so we assume K = ks .
Let Z(VK) be the Jordan pair over Z obtained from VK by restricting the
scala;; to Z (cf. 0.3). Then T = Gal(K/k) acts on Z(VK) by automorphisms,
and hence Rad(z(VK)) = Rad VK (cf. 4.1) is stable un;ér I . By 15.1, it is de-
fined over k ._éince obviously Rad(VK) AV =Rad V the assertion follows. As a
consequence, we see that Rad VE is defined over kp_ where p = char k .

A Jordan pair V 1is called separable if VK is semisimple, for every

extension field K of k . Obviously, separability is preserved under base field

-0

extension. By the above, / is separable if and only if VRKP is semisimple. In

particular, a semisimple Jordan pair over a perfect field is separable.

15.3. Associators. Let V be a Jordan pair over a ring R and let wu,x,z € ad

and v,y € V"% . The associator of (u,v,x,y,z) 1is defined as
[uvxyz] = {{uvxl}yz} - {uvi{xyz}} .

. . . . - 4+ -
It is clearly linear in each variable. For x = (x+,x ), vy = (y ,y) €V we de-
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fine Ao(x,y) € End(Vc) by
Ac(x,y)'z = [Xc’x_o’yO,y_o’z].

We say V 1is associative if all associators vanish. In this case, V is an as-
sociative pair with <xyz> = {xyz} . Indeed, by JP14, [uvxyz] = {x{vuylz} -
{xy{uvz}}= 0 . A finite-dimensional Jordan pair over a field is called a torus if

it is associative and separable.

As an example of an associative Jordan pair, let U be the subpair of a

+
Jordan pair | generated by a pair (x,y) € V . It is not hard to show that U

X(nsy) y(n,X)

(resp. U~ ) is spanned by all powers (resp. ). From the formula

w®Y @0 0.9), ), (rmip-l,y)
(proved by induction) it follows that U is associative.
Let J be a Jordan algebra. The associator of x,y,z € J is defined by
[xyz] = (xey)ez - xo(yez),

+
and J 1is called associative if all associators vanish. If J = Vv then xoy =
{xvy} and hence [xyz] = [xvyvz] . In particular, if V 1is an associative Jordan

. + R
pair then all the Jordan algebras Vv are associative.

15.4. LEMMA. Let V be a Jordan pair over a ring R . Let (el,...,er) be an
orthogonal system of idempotents, let %7 = Aoec oo+ 2%° , yo = uoeo + ...
— 11 rr 11
o +, - + - -y =
+ ugei where A, ui € R . Set Ay = Agjdy s My = Hily 5 Ag = U = 0, and denote
by Ezj the projection onto the Peirce space Vij (cf. 5.14). Then
AGLY) =T Oy (ume DES
0siSier 3 3774

. . + - . . . .
In particular, if e = (e ,e ) 1is an idempotent then Ao(e,e) is the projection

onto_the Peirce space V;(e)



Proof. Let 2z € Vij . Then it follows from 5.14 that {xc,x—c,z} = (Ai+kj)z .

G,yc} =271 AU e , and

s -
Hence {x ,x Moty

g _~c o -0
Lz = _ , .
Ac(x,y) z Z{Ekgulez,y ,z} {x ,x ,(ui uJ)z}

= (2()‘1“{”‘;‘,“:]) - (Ai+>\j)(ui+uj))z = (Ai—kj)(ui-uj)z .

15.5. LEMMA. (a) Let J be a finite-dimensional Jordan division algebra over k

s

and let K be the subalgebra generated by (1 and) a € J . Then K "is a

field"; i.e., there exists a bilinear multiplication xy on K such that K is

an extension field of k and Uy = ny for all x,y € K .

(b) A finite-dimensional Jordan division algebra (resp. Jordan division pair)

over an algebraically closed field k is isomorphic with kJ (resp. (kJ,kJ) ).

Proof. Let f: k[T] - J be the homomorphism of unital Jordan algebras sending T
into a . It suffices to show that the kernel of f ig an ideal of the associa-
tive algebra k[T] . This follows from Jacobson[3], p. 1.62, since J is non-de-

generate. Now (b) follows immediately from (a).

15.6. PROPOSITION. A Jordan pair V over k is a torus if and only if V is a

finite direct product of Jordan pairs of the form (KJ,KJ) where K 1is a finite

separable extension field of k .

Proof. Clearly a Jordan pair of the indicated form is a torus. Conversely, let V

be a torus, and let E = ( ,er) be a frame of UV . Since V 1is semisimple

epse
the e, are division idempotents (cf. 5.12). By 15.4 and associativity of V we
have Vij =0 for 1i# j in the Peirce decomposition with respect to E , and
hence VUV = Vll & ... 8 Vrr . By the composition rules for the Peirce spaces the

V.. are ideals. Therefore we may assume that V 1is a division pair. Let v € V
ii
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~+
be non-zero, and let J be the Jordan division algebra Vv with unit element

v . Since V% (J,J) it suffices to show that J '"is" a separable extension

of k (in the sense of 15.5). If char k # 2 we simply set xy = (1/2)(xey) .
Assume that k has characteristic 2 and let J = J®k . Since V= (3,:7—) is a

torus over k we may choose a frame (cl,...,cn) and then have as before that

V= vll D ... @Vnn where the Vii are Jordan division pairs over X . By 15.5,

—t — * -

V.. = k.c, and therefore v = v + ...+ vec where v, # 0 . Replacing c,
ii i 11 nn i i
- -1 + - + .
by wv.c. and c+ by v lc. we may assume that 1 =1v L. L ¢, 1is the unit ele-

ii i i1 i

ment of J , and hence J = E.c-{ ® ... ®T<-.c: where the c.; are orthogonal idem-

potents of J . Now we distinguish two cases.

(a) k 1is infinite. Let bl""’bn be a basis of J over k , let b = bl/\
/\bn (which is a basis for the one-dimensional n-th exterior power of J) and
define a polynomial function f on J by £(x).b = 1Ax /\x2/\ .../\xn_1 . Then

f has a natural extension to J , and if x = E;ch + .0+ E;nc: € J them f(x)
is up to a non-zero scalar factor the Vandermonde determinant of gl,...,gn .
Hence f # 0 , and since k 1is infinite there exists x € J such that £(x) # 0.

This means that J 1is generated by x , and by 15.5 it is a field extension of

k which is separable since T=k".

+
(b) k is finite. Since the characteristic is 2 we have Xoy = ZEE;inici =0 for
all x = Zgicz , ¥ = Znicz in J . The map x & x2 from J into itself is in-
jective since J 1is a division algebra, and therefore surjective since J 1is fi~
2 2 2 2 2 . .
nite. Also (xt+y)” = x" + xey + y° = x" +y~ . Thus 1f x » Yx denotes its inver~
se then we have vx+y = vx + vy , and Yix = /A¥x for all X 6 k . We set xy =
U&y . Then this is a k-bilinear multiplication on J making J into an exten-—

sion field of k and such that ny = x2y (the fact that xy 1is associative and

commutative needs to be checked only in J where it is trivial).
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15.7. DEFINITION. Let U be a Jordan pair over k . If X = (X+,X_)<: (V+,V—)
is a pair of subsets we define the centralizer of X , Cent(X) , to be the pair

(C+,C—) where

% =1ze V% | A _(x,y)z = 0, for all x,y € X} .
The normalizer Norm(X) of X is the pair (N+,N_) where

NG = {z € v° I Ao(x,y)z € X, for all x,y € X}.

Clearly, Cent(X) 1is a pair of vector subspaces, and so is Norm(X) provided X

is a pair of vector subspaces.

Generalizing associativity, a Jordan pair is called associator nilpotent

if there exists an integer n such that any product of more than n of the
transformations Ac(x,y) vanishes. Since this is a multilinear condition, asso-
ciator nilpotence is preserved under base field extension. A nilpotent Jordan pair
is obviously associator nilpotent. Finally, a subpair C of U is called a Car-

tan subpair if it is associator nilpotent and equal to its own normalizer.

15.8. THEOREM.(a) Consider the following conditions on a Jordan pair C over k.

1) C 1is associator nilpotent;

(ii) A, (x,x) 1is nilpotent for every x € C ;

(iii) Cl(e) = 0 for every idempotent e of C ;

(iv) C = CO e Cl ®... P Cr (direct sum of ideals) where C,. is nilpotent

0

and Ci is local, for i = 1l,...,r .

Then we have the implications (i) » (ii) > (4ii) » (dv). If k 1is algebraically

closed then also (iv) » (i).

(b) Let k be algebraically closed, and let C be an associator nilpotent Jor-

dan pair, contained in some Jordan pair V as a subpair. Denote by A° C:End(uc)
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the subalgebra generated by all A (x,y), x,y € C . Let (e1’°°’er) be a frame
o Let be a frame

of C , and let Egj be the projection of v’ onto the Peirce space sz . Then

Egj is a central idempotent of A% for 1 # 3, and

(1) A = 7 ke, e R/
ify

where R° is a nilpotent ideal of A .

Proof. Obviously we have (i) + (ii), and (ii) » (iii) follows from 15.4. For (iii)

+ (iv), pick a frame (el,...,er) of C . Then Cij =0 for i# j and hence

C=C, ®C. @ ... ® C_ where we set (., =C.. . By 10.11 and 14.11, C, CRad C
0 1 r i ii 0

is nilpotent. For (iv) - (i) it suffices to prove (b) under the assumption that

C = COO @ Cll ® ... P Crr where ( = % Cij is the Peirce decomposition with re-

spect to a frame (el""’er) of C . Since Cii is local for i > 0 the quo-

tient Cii/Rad Cii is a division pair by 4.4, and therefore isomorphic with

(kJ,kJ) by 15.5. Hence C%. = k-e%'@ Rad C%. and
ii i ii

(2) ¢t = k.e @...@k.ei&9Rad ¢t .

[t

From the Peirce decomposition rules it follows that every transformation in A°
leaves the Peirce spaces Vij invariant. By 15.4 it follows that Ezj is a cen-
tral idempotent of A for i # j . Now (1) follows from (2), 14.10, 14.11, and

15.4.

15.9. COROLLARY. (a) Cartan subpairs are maximal among associator nilpotent sub-

pairs.

(b) Let k be algebraically closed. Then ( 1is a Cartan subpair of V if and

Foir 4 - . - v = )
only if it is of the form C VOO @ Vll @ ... Vrr Cent(T) where T Vlj

,e ) of V

is the Peirce decomposition of V with respect to a frame (el,... r of

and T = (I k.ez, T k.e;) is the torus spanned by (el,...,er) .
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Proof. For the proof of (a) we may assume k to be algebraically closed. Let (
be a Cartan subpair of UV , contained in some associator nilpotent subpair D of
V . Pick a frame (el,...,er) of C . Then by 15.8(a) we have C = ZCiiCD =
1 D,,.CzV,, . Assume that there exists a z in I v but not in C° . Since
ii ii ii
a o g . . . a 53
A",z = R".z and R 1is nilpotent there exists P € R such that w = P.z £ C
but AG(X,y)w e ¢° for all x,y € C , contradicting the fact that C is its own
normalizer. Hence C =D = I Vii ; in particular, (el,...,er) is a frame of V .

This proves (a) and one half of (b). Now let (e ) be a frame of V , and

JEEEEELE
set C = Zvii . Then by 15.8(b), C 1is associator nilpotent, and if =z belongs
to the normalizer of C then A%.z < C’ which by 15.8.1 implies z € C° . This

shows that C 1is a Cartan subpair of UV . Finally, it is clear by 15.4 that the

centralizer of T is C

15.10, PROPOSITION. Let C be a Cartan subpair of |/ ., Then there exists a to-

rus T CC with the following properties.

(i) CK = TK & Rad CK for any perfect extension field K of k .

(ii) € = Cent(T)

Proof. Pick a maximal idempotent e € C so that Co(e) C Rad C .This is possible

by 10.11. Let V= V- and C = Cl: . Then C is a Cartan subpair of U , and by

~1

with respect to a frame (e ,...,e ) of V , Since e
1 r

<l

15.9 we have C = % .
ii

. . . . g o] + - .
is still a maximal idempotent of C we have e = I ey where ¢y = (Ci’ci) is
a non-zero idempotent contained in Vii . Replacing e, by c; we may assume

that e = I e, - Let U=7% E.eiCE be the torus spanned by the e, - Then C

= Cent(l) , and since Vii = E.ei @ Rad Vii we have C = U@ Rad C . Thus if we
can show that { 1is defined over k then T = 4NV 1is the desired torus. We

distinguish two cases.

(a) char k = 0 . Then k is perfect, and by 15.1 we have to show that U is



168 15.11

invariant under the Galois group T = Gal(E/k) . Since e € C it is fixed under

I'. Hence T permutes the ei and leaves U invariant.

(b) char k = p > 0 . Let J be the Jordan algebra C+_ , and let fr: J+7

e
r

xP , r 2 0. Then fr is defined over k (see Borel[l], pp.

be the map fr(x)

— r - .
43). We have J =.3 J., where J,k = k.eT ®© Rad J, 1is local for 1 positive,
izg i i i i

and JO is nilpotent. Thus if x € J we have x = I A,eT + ni where Ai € E,

ii
+ T T4
the n, are nilpotent, and we set AO = ey = 0 . It follows that xF =1 AE e,
r r L +
+ n? , and for sufficiently large r we have ¥ =73 AE e € U . Since we
can extract pr—th roots in k we see that U+ = fr(5+) , and is therefore defi-

ned over k (see Borel[l], p.57, Cor. 14.5). Similarly, one shows that U is

defined over k .

15.11. PROPOSITION. Let x = (x',x7) € V and let N(x) = (N (o N () ¢ (v, V)

be defined by
o o n .
N(x) = {z €V ] Ag(x,x) .z = 0, for some integer n > O}.

Then N(x) is a subpair of V which is equal to its own normalizer.

Proof. From the definition it is obvious that N(x) 1is its own normalizer. To
show that it is a subpair we may assume that k 1is algebraically closed. Let C
be the subpair of V generated by x which is associative by 15.3. Choosing a

frame (el,...,er) of C we have

r
(1) = 2 2%e? +n°

+ -
where n° € Rad C° . Since x generates ( it follows that all Ai = AiAi are

different from zero, and Ai # Aj for i # j . Let s0 =1 Ageg and let s =

+ -
(s ,8 ) . Then it follows from 15.8(b) that Ac(s’s) is the semisimple part in
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the Jordan decomposition of Ag(x,x). By 15.4, N(x) = (Ker A+(s,s), Ker A (s,s))

=z V,, is a subpair of V .
ii

Remark. Formula (1) may be regarded as a "Jordan decomposition" of x . In con-

trast to the familiar Jordan decomposition of matrices, however, nilpotent and

semisimple part are not uniquely determined whereas the Xi = XIX; are
+
uniquely determined by x (although the A; are not) and play the role of eigen-

values of x .

+ -_
15.12. Associator regularity. Let V be a Jordan pair over k . For x = (x ,x )

[ VR and R € k-alg let
n n-1
P(x,T) =T + cl(X)T + ..+ cn(x)

be the product of the characteristic polynomials of A+(x,x) and A_(x,x) (so

+ —_
that n = dim V' + dim V ). Then it is clear that by ''varying R " we have defi-
ned polynomial functions ¢; on V+ x ¥V~ (cf. 18.1), and hence P(T) = ™ +

c, T + ...+ e, is a polynomial in T whose coefficients are polynomial func-

+
tions on V x V | Let m be the largest integer such that P(T) is divisible

by ™ , so that P(T) = T" + ¢ Tn_l + +c 1" where ¢ m #0 but ¢

1 Tt n-m n~-i

[Sa=]

=0 for all i <m . We remark that m > 2 since A+(x,x).x = 0 . An element

x € V is called associator regular if cn_m(x) # 0 . It is clear that the asso-

ciator regular elements form a Zariski open and dense subset of V which is in-
variant under the automorphism group Aut(U} . If k is infinite then V itself

contains associator regular elements but if k 1is finite this need not be so.

+ -
15.13. PROPOSITION. Let m be defined as above, and let x = (x ,x ) €V . Then

+ -
dim ¢ (x) + dim { (%) > m , and equality holds if and only if x 1is associator

regular. In this case, N(x) is a Cartan subpair of { , and it is the only one
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which contains x .

Proof. The first assertion holds since dim N+(x) + dim N (x) 1is the multipli-
city of zero as a root of P(x,T) . Now let x be associator regular. By 15.11
we only have to show that C = N(x) is associator nilpotent. Since we may assume
k to be algebraically closed it suffices (by 15.8(a)) to show that the restric-
tion of Ac(y,y) to (% is nilpotent, for all y € C . Since Ao(x,x) induces
an injective endomorphism on VO/C0 by definition of C , there exists an open
dense subset W of C such that this is still the case for all y € W ; i.e.,
N(y) CC for all y € W . On the other hand, dim N+(y) + dim N (y) 2 m =

dim C+ 4+ dim ¢~ and hence N(y) = C for all y € W . This means that Ao(y,y)
restricted to €% is nilpotent, for all y € W, and since W is dense in C ,
this is true for all y € C . Assume now that x 1is contained in some other
Cartan subpair C' . Then C'C N(x) since (' is associator nilpotent, and

hence C' = N(x) by 15.9(a).

15.14. Let V be a Jordan pair over k , and let V = VE . Let X vt x U7 be
the set of quasi-invertible pairs. Then X is the open and dense subset defined
by det B(x,y) # 0 and is therefore an irreducible smooth algebraic variety de-
fined over k . The map R: X - GL(U}) x GL(U;) (cf. 3.9) is a morphism of k-va-
rieties. By Borel[l], p. 106, the inner automorphism group G = Inn(V) which is
generated by R(X) is a connected algebraic group which is defined over k .

From 3.11 it follows that the Lie algebra g of G contains all inner derivati-
ons §(x,y), (x,y) € V . We recall that a morphism ¢ between smooth irreducible
algebraic varieties is dominant and separable if and only if the differential of

¢ at some point (and hence at all points of a dense open subset) is surjective

(see Borel[l], p. 75, Th. 17.3).
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15.15. THEOREM. Let V be a Jordan pair over an algebraically closed field k ,

and let B be a subpair of UV . Consider the following conditions.

(i) B contains a Cartan subpair of V ;

(i1) B contains the centralizer of some torus of V ;

(iidi) the orbit map ¢: G x B> V is dominant and separable;

(iv) the orbit of B under G contains an open dense subset of U ;

(v) B contains associator regular elements.

Then we have the implications (i)« (ii) - (iii) » (iv) » (v) . If V is semi-

simple then all five conditions are equivalent.

Proof. (i) = (ii): This follows from 15.10.

(ii) » (iii): Let T ©be a torus of V such that € = Cent(T) C B . By 15.6 we

J r
have T = (k ,kJ) and hence there exists an orthogonal system (el,...,er) of

idempotents of V such that T is the torus spanned by the e; - Then € = X Vii

by 15.4. Let x° = x‘iecl’ o+ )\:e: with x(i’ € k be an element of T° and set
_ - . g _ _ . . ..
1= Aixi for i =1,...,r, and AO = AO 0 . Since k 1is infinite we may

choose the A's in such a way that Ai # Aj for i #3, 1i,j = 0,...,r . It will

be sufficient to show that the differential (dq;)a of ¢ at the point a = (Id,
+ -

(x ,x )) € G x B is surjective. The tangent space of G x B at a mway be iden-

tified with g x B, and then (d¢)a is given by
@ (d¢) (b,y) = 4(x) +vy ,

where A= (b,,0) €g and A(x) = (A+(x+),A_(x')) . Since CCB it suffices
to show that every z = (z+,z-) € Vij for 1 # 3j is of the form A(x) for some
- + - -+
A€g . Let w = Zgzez , and let A' = 8(z ,w) = (O ,w ), -D(w ,z') € g .
Then we have by the rules for the Peirce decomposition
ot + -+ -+ -+ +
= = A, +E.A
A ) = {z',w ,x ) = (B0 Ej j)z

and
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MY =~ 2Ky = —(g;AJT + E;EA;){e;,z+,e;} .

Choose now the &'s in such a way that i; =0 for 2 # i,j and

-+ -+
Eghg *EA = L

Eixj + £ Ai = 0.

This is possible since the determinant of this system of linear equations is

+ L+
oA o +
i = XX, = XA, =i, - A, # 0. Then-we have A'(x) = (z ,0) . In a si-
AT iti i3 i 3
i i
milar way, one finds w+ such that for A" = 6(w+,z_) we have A"(x) = (0,z ).

Then A = A' + A" 1is the desired element of g .
(iii) » (iv): This follows from Borel[l], p. 38f.

(iv) = (v): The set Vreg of associator regular elements of U 1is dense and
therefore intersects the dense orbit G.B. Since Vreg is invariant under G it

must intersect B . Therefore B contailns associator regular elements.

(ii) > (1): Let x = (x+,x—) be as in the proof of (ii) » (1ii), and let =z =

v, . vz = -2
rz,, €1V, By 15.4 we have Ac(x,x) z z (Ai Aj) z;

, a o
iy 1 . Since B D> Vii

3
we see that Ag(x,x).z e g implies z € 89 , 1.e., AG(X’X) induces an injec—
tive map on V9/B° . It follows that the set W of all elements in B with this
property is open and dense in B . By (ii) » (v) so is the set of associator re-

gular elements of B . Hence there exists y € W which is associator regular.

Then N(y) 1is a Cartan subpair contained in B (15.13).

Finally, we prove (v) » (1) ip case V 1s semisimple. Let x € B be as-
sociator regular, and let C = N(x) be the Cartan subpair determined by =x .

Then C = % Vii with respect to a frame (el"°"er) , and since U 1is semisim-

ple we have V_ _ = 0 and V9, = k.e? . Also if x° = I 2% then we must have
00 ii 1 i1

. ) _ - _ .
Ai Aj #0 for 0gigjg¢r (where again Ai = AiAi and AO 0) since
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- -1 +
otherwise N(x) would be bigger than C by 15.4. Replacing e; by (Ai) lei
and e, by Ae, we may assume that x = I e, € B and x+ =ZIA eT . Since

i ii i i7i

all powers (x+)(n,x ) belong to 8" a Vandermonde determinant argument shows

+ 4 - - -
that e, € B , and hence e, = Q(e )e; € B . This implies C CB.

15.16. COROLLARY. If k is infinite then every Cartan subpair C of UV con-

tains associator regular elements.

Proof. By 15.15, CE contains associator regular elements and hence the function

€ cm (cf. 15.12) does not vanish on CE . Since k 1is infinite it does not va-

nish on C .

15.17. THEOREM. Let k be algebraically closed. Then any two Cartan subpairs of

a Jordan pair UV over k are conjugate by an inner automorphism of V .

Proof. Let C and (' be Cartan subpairs, and let Ureg be the set of associa~
tor regular elements of  , Then G.C NG.C'N Ureg is not empty by 15.15, and
since Ureg is invariant under G there exists an associator regular element x
in C and g € G such that g(x) € C' . By 15.13 we have C = N(x) and g(C)

=NE&) =C'.

15.18. DEFINITION. Let k be algebraically closed, and let (el,...,er) be a
frame of U . Then C = ¢ Uii is a Cartan subpair, and we have r = dim(C/Rad ().
Since any two Cartan subpairs are conjugate we see that any two frames of U must
have the same number r of elements. The non-negative integer r = rank U is

called the rank of V , If k is not algebraically closed we define rank U =

rank UE . Clearly the rank of UV 4is invariant under extension of the base field.
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If I 4is an ideal contained in the radical of V then
rank V = rank(V/I) .

By 10.12 we have rank V = 0 1if and only if V is radical. From the definition
it is immediate that rank V°P = rank V and that the rank of a direct product of

Jordan palrs is given by rank(V x () = rank V + rank W .

15.19. LEMMA. For any torus T of V we have dim T ¢ rank V . If equality

holds then Cent(7) is a Cartan subpair of V .

Proof. We may assume that k is algebraically closed and, by passing to V/Rad V,

that  1is semisimple. Then T gJ(kJ,kJ)s by 15.6; i.e., 7% =3 k.ez where the

e are orthogonal idempotents of V . Picking in each Vii a division idempotent

di we obtain an orthogonal system (dl""’ds) of division idempotents, and

hence s =dim 7 £ r = rank V . If s = r then the e, are division idempotents,

i.e., Vii = k.ei . Indeed, if (say) e, is not a division idempotent then Vll
is at least of dimension 2 . Picking a frame (cl,...,ct) in Vll we have t 2 2
since otherwise Vll would be one-dimensional. But then (cl,...,ct,dz,...,dr)

is an orthogonal system of more than r division idempotents which is impossible.

Hence Cent(T) 1is a Cartan subpair by 15.9.

Remark. A maximal torus (l.e., a torus not properly contained in any other torus)
need not be a torus of maximum dimension. For example, let V be the Jordan pair
of 2 x 2 symmetric matrices over a field of characteristic 2 , and let T be

4
the torus spanned by e = (0 l) . Then T 1is maximal but not of maximal dimen-

10
sion among the tori of V since rank V = 2 . This phenomenon 1s of course rela-

ted to the fact that a primitive idempotent need not be a local idempotent (cf.

5.12), and occurs only in characteristic 2 .
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15.20. THEOREM. Let V be a Jordan pair over an arbitrary field k . Then V

contains Cartan subpairs. Also, V contains tori of dimension rank v , and the

Cartan subpairs of U are precisely the centralizers of such tori.

Proof. If C is a Cartan subpair of V let T CC be a torus as in 15.10. Then
C 1is the centralizer of T , and dim T = dim(CE/Rad(CE)) =r =rank V/ . Conver-
sely, if T is a torus of dimension r then by 15.19, Cent(T) is a Cartan sub-
pair. Thus we only have to prove the existence of Cartan subpairs. If k is in-
finite then UV contains associator regular elements and hence Cartan subpairs
(15.13)., Assume therefore that k is finite, and let q be the number of ele-
ments of k . Then the Galois group I of k over k is generated (topologi-
cally) by the Frobenius map f: A b 2d . If X 4is an algebraic variety defined

(@)

over k then T acts on X and we denote by x b x the action of £ on X.

(If X k" then x(q) is simply given by raising each coordinate of x to the

g-th power). In particular, consider the inner automorphism group G = Inn (V) .

1 (@)

By 15.14, G 1is connected and defined over k . Hence the map g g g

from G into itself is surjective (Borel[l], p. 369, 16.4). Let C be a Cartan

subpair of V . Since f acting on V is an automorphism of Z(U) which is se-

(XX)(q) = Aqx(q) for A € k ) it is clear that

c(q)

milinear (i.e., is a Car-
tan subpair of V. By 15.17 there exists g € G such that g(C(q)) = (C , and
g = h_lh(q) for some h € G . This implies h(() = h(q)(C(q)) = (h(C))(q) and
hence h(C) is a Cartan subpair of V which is stable under T . By 15.1, h(C)

is defined over k , and therefore h(C)NV is a Cartan subpair of U .
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§16. The generic minimum polynomial

16.0. In this section, k 1s a field with algebraic closure k ,» and k-alg de-
notes the category of commutative unital k-algebras. All Jordan pairs over k
are finite-dimensional. The terminology of § 18 will be used freely. If V = (V+,

V') is a Jordan palr over k then we denote by
+ —_
A=0W) =OW" x V)
the algebra of polynomial functions on V+ x V7, and by

F=8RW) =R x v7)

its quotient field, the field of rational functions on V+ x UV~ . The generic

point of V+ {resp. V~ ) is denoted by X (resp. Y ), and the generic point of
k 1is identified with the indeterminate T (cf. 18.4). Also, V= VE is the set

of geometric points of V (18.10).

16.1. Let V be a Jordan pair over k . For every R € k-alg and (t,(x,y)) €
R x VR we set

W X(E5%,3) = det(tzxdv+ - D (x,y) + Q@A)

This defines a polynomial function x = x(T,X,Y) € Ok x V) = O(VH®K[T] = A[T] ,

called the characteristic polynomial of V . If t is Invertible in R then

tZId = tD(x,y) + Q(x)Q(y) = tZB(t_1X,y) and therefore
@) X(t)xsy) = tzn.det B(t_lx,y)

where n = dim vt . Note that ¥(T,X,Y) is homogeneous of degree 2n in (T,X)

and (T,Y), and also monic in T .
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16.2. DEFINITION. Consider the field ®(k x V) of rational functions on k x V

which may be identified with F(T) . The element (T—lX,Y) e v is quasi-in-

F(T)
vertible since det B(T_lX,Y) = T_znx(T,X,Y) is a non-zero element of F(T) .
Hence q(T,X,Y) = (T-lX)Y is an element of V;(T) , i.e., a rational map from

k x V dinto V+ (cf. 18.7). Note that ¥ is a denominator of q since
-1..Y -1 2
(T "X)" = x(T,X,Y) ".adj(T°Id - D(X,Y) + Q(X)Q(¥)).(IX - Q(X)Y)
where adj denotes the adjoint linear transformation. Now let
q(T,X,Y) = p(T,X,Y)/n(T,X,Y)

be a reduced expression. Since the exact denominator m divides x it is homo-

geneous in (T,X) and (T,Y) and hence we can write

h i h-i
n(T,X,Y) = ] (-1) m, (X,Y)T
i=0
where L = mi(X,Y) € A is homogeneous of bidegree (i,1) and mo =1 . Norma-

lized in this way, m = m(T,X,Y) is called the generic minimum polynomial of V .

The bilinear form m, ¢ V+ x ¥~ > k 1is called the generic trace of V . The num-
ber h is called the height of V . The largest integer s such that m #0
is called the degree of V . Clearly we have 0 ¢ s < h . The difference h - s
is called the excess of . Thus U has excess 0 if and only if mn(0,X,Y) # O.

By 18.9, m is invariant under base field extension, and therefore s and h

are invariant under base field extension.

16.3. Examples. (i) Let U be nilpotent. Then

h . h
e alof = ] kD o ph oy gD
i=1 i=1

(h,Y) _ 4 h

where h 1is the largest integer such that X . Hence m(T,X,Y) =T

and UV has degree zero and height h . Conversely, if U has degree zero
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then m(T,X,Y) = Th , and hence XY = p(1,X,Y) i1s a polynomial in X and Y .

It follows that all (x,y) € V are quasi-invertible, and hence V = Rad V is nil-

potent by 14.11.

(ii) Let V = (J,J) where J 1is a unital finite-dimensional Jordan algebra
over k . Let N(X) be the generic norm of J , i.e., the exact denominator of
the ratiomal map X_l , normalized by N(1) = 1 (see also Jacobson[4] and McCrim-
mon|[ 9]1). Since X_l is homogeneous so is N(X) , and by the degree of J we
mean the degree, say s , of N(X) . By 3.13, we have (T_lX)Y = (TX--l - Y)_l R
and by 18.13, m(T,X,Y) is the exact denominator of the rational map £(T,Y) =
(TX-l - Y)-l from K x JK into JK where K = j?(]) . On the other hand, it is
easily seen that N(TX_l - Y) 1s an exact denominator of £(T,Y) . Hence the two
differ only by a factor in K which is seen to be N(X) by specializing Y =+ 1 .
Thus we have

(2) m(T,X,Y) = N(X)N(Tx_l -Y) .

It follows that the degrees of V! and J coincide. Also, U has height s and

therefore excess zero.

16.4. Let V be a Jordan pair over k , and let (x,y) € V . Then q(T,x,y) =

-1
(T x)y is a rational map from k into V+ whose exact denominator H y(T)
’

€ k[T] , normalized such that the highest power of T has coefficient one, is

called the minimum polynomial of (x,y) . Clearly ux y(T) divides m(T,x,y) ,

>

and by 18.13 there exists a dense open subset W of V such that ux’y(T) =

m(T,x,y) for all (x,y) € W . The minimum polynomial is invariant under exten-
sion of the base field. Also, it follows from 18.13 that the minimum polynomial
of the generic point (X,Y) € VF is just the generic minimum polynomial of v,

i.e., (T) = m(T,X,Y) .

Yx,v
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16.5. PROPOSITION. (a) The minimum polynomial e y(T) of (x,y) € V is unique-

s

ly determined (up to a scalar factor) as the polynomial of smallest degree among

C .
all polynomials £(T) = z AiTC_l € k[T] such that
i=0
(1 S (n-1,y)
Z ALX =i,y =0 for all n>c .
N 1 —_—
i=0
d d-1i -1,y
(b) If ux’y(T) =izouiT then (T "x)? = vx’y(T)/uX’y(T) where
d-1/ i
i+1-3 d-i-1
(@) Ve (M = ] ( I owpxt J’Y)) T :
24 i=0 \ §=0 7

Proof. Write u(T) instead of My y(T) , and let

s

° b-i
w(r) = ] aT
i=0

be the exact numerator of (T_lx)y , where a, € V+ and a, #0 . In VDK(T)

we have (Tx)y = v(T_l)/u(T—l) = Td_bv*(T)/u*(T) where

wr, VR =
1 N
0 i

pi =

| 1 T
[
=
.

Il o~1 0.

i 0

Applying B(Tx,y) to thils we get

d

Wy (mx - T2 y) = 18P B(Tx,y) V(D)

and comparing coefficients at powers of T we see that d - b =1 and a, =x .

Hence it follows that
* vy *
(3) n(T)(Tx)’ = T.v (T)

Now let R = k(g) with er = 0 . Then (ex,y) is quasi-invertible in VR with

quasi-inverse (ex)” =,§lelx(l’Y) (cf. 3.8) and it follows from (3) that
iz

u*(e)(ex)y = Ev*(e) , i.e., we have
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d . r .. d-1 .
( 7 l—l,El) ( ) E1}{(1,}’)) =( 7 a,el+l) .
i=0 * i=1 i=0 *

We compare codficients at powers of ¢ and obtain, since r can be chosen to be

arbitrarily large, that

i . .
(%) a, = ) ujx(l+l 359 for 1=0,0,0..,d -1,
3=0

d .
(3) 0 = Z U,X(H_J’y) for all n >d .
j=0

Now (2) follows from (4), and by (5), u(T) satisfies (1). Conversely, let £(T)
be a polynomial satisfying (1), let S be another indeterminate, and let h(Z,S)

€ k[T,S] be the unique polynomial such that
£(T) - £(S) = (T-S)h(T,S).

Then we have
2 2
(6) (TS-S™) (£(T)-£(S)}y = (T-S)".8.h(T,S)

Consider the Jordan homomorphism from S.k[T,S] into V;Gbk[T] such that S+

x(l’y) for i 2 1 . Applying this homomorphism to (6) and using (1) we get
2, 2
ax - x)(m) = @1d - (,y) + QD)
where g(T) 4is the image of S.h(T,S) . This means that

(T_lx)y = (TZId - TD(x,y) + Qny)’l(Tx-Qxy) = g(T)/£(T)

in V®Kk(T) and shows that £(T) 1is a denominator of (T~lx)y .

16.6. COROLLARY. (a) The generic minimum polynomial m(T,X,Y) of V is uniquely

determined as the polynomial of smallest degree among all monic polynomials £(T)
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[ . C .
= ] £1°7" €FIT] such that fix(“'l’Y) =0 forall n>c
= i=0

(b) The exact numerator of (T_lX)Y is

h-1 ;i ' o '
p(T,X,Y) = ] ( ) (—1)ij(x,y)x(1+l-J,Y)) il

i=0 ‘'j=0

This follows from 16.5 applied to the element (X,Y) € VF since m(T,X,Y)

= by Y(T) (cf. 16.4).

16.7. PROPOSITION. The generic minimum polynomial is invariant under the auto-

morphism group of | ; more precisely: If R € k-alg and g = (g+,g_) is an auto-

morphism of VR then m(T,g+X,g_Y) = m(T,X,Y)

Proof. Consider the equations

h .
@ I D, (x,1X
i=0

(n-1,Y)

Since g € Aut(VR) extends to an automorphism of VR®A = /®A®R we can apply
g to (1) and obtain

h i
@) ] 1m0 (e

i=0

X)(n—i,g_Y)

” =0 for n>h.

Replace (X,Y) by (g+X,g_Y) in (1), subtract (2) from (1) and then replace
(x,Y) by (g;lx,g:ly) . This yields
h-1

i+l (n-1,Y) _ _
(3) iZO(-l) b, X =0, for mn> h-1

where bi = mi(X,Y) - mi(g+X,g_Y) € AR . Here we used the fact that m, = 1.

Now let o be a linear form on R with values in k . Then & induces A-linear

maps A®R ~ A and V®A®R > V®A in the obvious way. Applying o to (3) we
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h-1 i
obtain iZO(—l) m(bi+l)X

(n-1,Y) =0, for n > h-1 . This implies a(bi) =0 by

16.6(a). Since R 1is free over k there exist sufficiently many linear forms on

R and it follows that bi =0 .

16.8. COROLLARY. The coefficients m, of the generic minimum polynomial are Lie

invariant under Der(V) ; i.e., if A = (A+,A_) is a derivation of V then
e)) dm, (X,Y) (4,X,4 Y) = 0

In particular, the generic trace m, satisfies

1
(2) m) ({uvx},y) = m (x,{vuy})
Proof. We have Id + eA € Aut(Vk(E)) where k(e) 1is the algebra of dual numbers

over k . By 16.7, we get mi(X,Y) = mi(X+aA+X,Y+€A_Y) = mi(X,Y) + edmi(X,Y)(A+X,
A_Y) (cf. the definition of the derivative in 18.6). This proves (1). Now (2) is

the special case where A = §(u,v) = (D(u,v),-D(v,u)) 1is an inner derivation.

16.9. DEFINITION. The generic norm of a Jordan pair V over k 1is defined by

S .
L NOGLY) = m(1,X5,Y) = ] (D'm (XY .
i=0

Thus N = N(X,Y) € A , and the degree of V 1is the degree of N in X (or Y ).

If we set P(X,Y) = p(1,X,Y) then by 16.2,

@ X = P(X,Y)/N(X,Y)

We claim that (2) is a reduced expression. Indeed, if P and N had a non-con-

stant factor in common then so would p and m since

@) n(T,X,¥) = T'N(T™IX,¥Y) and p(T,X,¥) = T'P(T X,¥)
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By 16.7, the generic norm is invariant under the automorphism group of UV . Let
R € k-alg and (x,y) € VR . Then (x,y) 1is quasi-invertible if and only if

N(x,y) 1is invertible in R , and then
y -1
(4) x’ = P(x,y)N(x,y) = .

Indeed, if (x,y) 1is quasi-invertible then det B(x,y) = x(l,x,y) is invertible

and since m divides yx it follows that N(x,y) = m(l,x,y) is invertible. If

conversely N{x,y) 1is invertible in R then there exists a unique homomorphism
-1 N

A[N 7] + R extending the homomorphism (x,y): A - R (cf. 18.1). The induced

homomorphism V®AA[N_1] > V®R of Jordan pairs, applied to (2), yields (4).

16.10. PROPOSITION. Let N be the generic norm of V , and let deg V denote

the degree of V .

(a) The generic norm of VP is given by

L N°P(y,X) = N(X,Y) ,

and hence we have deg V = deg yoP

(b) If V= Vl X V2 is a direct product of Jordan pairs Vi with generic norms

Ni(Xi,Yi) then the generic norm of V 1is given by

(2) N(X,Y)

Nl(xl’Yl)'NZ(XZ’YZ) s
and hence deg(Vl x VZ) = deg Vl + deg V2

(¢) If V and voP (resp. Vl and V2 ) have excess zero then (1) (resp. (2))

holds for the generic minimum polynomial instead of the generic norm as well.

Proof. By 3.3 we have XY =X+ Q(X)YX which shows that NP is a denominator

. X
of XY . If we interchange V and VOp we see that N 1is a denominator of Y .

This implies (a) since N 1is the exact denominator of XY by 16.9. Part (b) is
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degl/

obvious, and (c) follows from m(T,X,Y) =T .N(T-lX,Y) (cf. 16.9.3) in case V

has excess zero.

Remark. If U doesn't have excess zero then (c) becomes false (e.g., let V =
(k,0) with trivial multiplication). Also the height of V and of VP will in

general not be the same, although it can be shown that they differ at most by 1 .

16.11. THEOREM. Let R € k-alg , and let (x,y) € VR be quasi-invertible. Then

(1) N(x,y)N(xy,z) N(x,y+z),

(2) N(x,7)N(W,y) = N(xtv,y),

for all (w,z) € VR . (Compare with JP33 and JP34).

Proof. It suffices to prove (1) since (2) will follow by passing to v°P  and

. +
using 16.10(a). By 18.3 there exists an open dense subset U of V  such that

P(x,Y)/N(x,Y) is a reduced expression, for all x € U . Let W< UV be the set

.. . . +
of quasi-invertible elements. Then W 1is open and dense, and the map W > V

given by the quasi-inverse is surjective since xo = x . Hence the inverse image
W= {(x,y) €W | x) €U}

is open and dense in V , and for all (x,y) € W' , the exact denominator of the

. Y
rational map (xy) is N(xy,Y) . On the other hand, by 3.7,

-+
y)Y - Xy Y

(x = P(x,y+Y) /N(x,y+Y)

and therefore N(x,y+Y) is also a denominator. It follows that N(x,ytz) =

N(xy,z).f(x,y) for all z € V° where f(x,y) € k , and for z = 0 we see that

f(x,y) = N(x,y) . Thus (l) folds for all (x,y,z) in the open and dense subset

W' = W' x v:. of U x V: . Every function ¢ € Ow x V_)[N_l] defines a functi-

on ¢ on W', and $=0 implies ¢ = 0 since W" 1is open and dense. In par-



16.12 185

ticular, ¢ = N(X,Y).N(XY,Z) - N(X,Y+Z) vanishes on W" and hence
Y
(3) N(X,Y).N(X',2) = N(X,Y+2) .

(Here (X,Y,Z) 1is the generic point of V+ x UV x V ). Now if R € k-alg and
(x,y,2) € VR x V; is such that N(x,y) is invertible in R then we have a ho-
momorphism Ow x V_)[N(X,Y)-l] -+ R, induced by (X,Y,Z) » (x,y,2) . Applying

this homomorphism to (3) we get (1).

16.12. COROLLARY. The generic trace m satisfies the identities

(l) ml(Q(x)Y9z) = ml(Q(X)Z,Y),

(@) m (x,Q(y)w) = m; (w,Q(y)x),

for all (x,y), (w,z) € V .

Proof. Let R = k(e¢,8) be the commutative k-algebra with generators e and §

and relations €2 = 62 =0 . Then (x,ey) 1is quasi-invertible in VR and we

€y 2,y)

have x 7 = x + ex = x + eQ(x)y . In the same way, XGZ = x + 6Q(x)z . Now

N(x,ey)N(xey,éz) = N(x,ey+8z) = N(x,éz)N(sz,ey) , and if we expand this we get

(l-eml(x,y))(l—dml(x+eQxy,Z)) = (l—dml(x,Z))(l—eml(x+6sz,y))

Comparing the terms at €8 gives (1), and (2) follows by passing to VP,

16.13. COROLLARY. (a) An element y € V  belongs to Rad V- if and only if
N(x,y) =1 for all x € V+ . Analogously, x € Rad V+ if and only if N(x,y) =1

for all y e V .

(b) Let k be infinite, and let y,z € V° , Then z-y € Rad V" if and only if

N(x,y) = N(x,z) for all x € V+ . In the same way, if x and w are in v



186 16.14

then x-w is in Rad V+ if and only if N(x,y) = N(w,y) for all vy € Voo,

Proof. (a) If N(x,y) =1 for all x then (x,y) is quasi-invertible for all

x by 16.9, and hence y € Rad V~ . Conversely,if y € Rad V™ then also y €

o + .. .
Rad V by 15.2. Hence N(x,y) is invertible for all x € V  and this implies

that N(x,y) must be a constant, independent of x . For x = 0 the constant

. o}
turns out to be one. The second statement follows by passing to V P .

(b) Let U= {x¢€ vt | (x,y) 1is quasi-invertible} and U' = x | x € v} .

Then both U and U' are open and dense in V+ (this follows from the fact

that (u_y)y = u and therefore U' = {u € V+ I (u,-y) quasi-invertible} ). If
z-y € Rad V~ then by (a) and 16.11 we have N(x,y) = N(x,y)N(x' ,z-y) = N(x,y+z-y)
= N(x,z) for all x € U, and by density this holds for all x . (Note that so
far we haven't used that k 1is infinite). For the converse, assume that N(x,y)

= N(x,z) for all x € V+ . Since k is infinite this still holds for all x €

V+ . This implies N(xy,z—y) = N(X,Z)N(x,y)_l =1 for all x €U , i.e.,
N(u,z-y) = 1 for all u € U' . By density of U' we have this for all x , and
therefore z-y € Rad V~ by what we proved under (a). Again, the second state-

ment follows by passing to VP,

16.14. PROPOSITION. Let k be infinite and let V be a semisimple Jordan pair

over k . Then g = (g+,g ) € GL(V+) x GL(V™) is an automorphism of V if and

only if

® N(g,x,8_y) = N(x,y)

for all (x,y) € V .

Proof. That (1) is necessary follows from 16.7. Assume that (1) holds, and let

(x,y) € V be quasi-invertible. By 16.9 and (1) so is (g+x,g_y) . Moreover, by

16.11, N(g, x,8_y)N(g,(x)),5_2) = N(x,yING ,2) = N(x,y+z) = N(g,x,8_y + 8.2) =
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N(g+x,g_y)N(g+(x)g—(Y),g_(z)) and therefore N(g+(xy),g_(z)) = N(g+(x)g—(y),g_z)

for all z € I . By 16.13(b) this implies g+(xy) = g+(x)g‘(y) since V is
semisimple, and by 16.9.3 we get g+P(x,y) = P(g+X,g_y) . If we compare homoge-
neous components in (1) (which we are allowed to do since k 1is infinite) we
get ml(g+x,g_y) = ml(x,y) . The homogeneous component of bidegree (2,1) of

P(x,y) is X(Z,y)

- x.ml(x,y) = Qx)y - x.ml(x,y) . Hence we have
g,Qx)y = Qlg,x)g_y

for all quasi-invertible (x,y) . By density and since k is infinite this holds
for all (x,y) . Similarly one proves that g Q(y)x = Q(g_y)g+x , and therefore

g 1s an automorphism.

16.15. THEOREM. (a) Let C be a Cartan subpair of V . Then the generic minimum

polynomial m. of C 1is the restriction of the generic minimum polynomial m

of V to C ; i.e., for all (x,y) € C

of to R’ R € k-alg , we have

(€8] 0, (T,%,y) = m(T,X,y)

(b) Let k be algebraically closed, and let C = V'i with respect to a

Il ~1H

i=0
frame (el,...,er) of V as in 15.9(b). For i = 1,...,r let sy be the degree
of Vii , let s = sy + ...+ 5. > and let e = max(O,hO—s) where ho is the
Iog

height of VOO . Define linear forms Ai: ¢ >k by z = Ai(z).eg mod Rad Vgi .

Then s 1s the degree and e 1is the excess of V , and for all (x,y) € C we

have the formulas

S,
(2) n(r,x,y) = 15 T @ - 2eoaion 5,
i=1 ot
Ir + s,
(3) Neoy) = T @ -ajenen b

i=1
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Proof. (a) We may assume k to be algebraically closed, and then it suffices
to prove (1) for R =k . Let G be the inner automorphism group of V , and let

W< U be an open and dense subset such that m(T,x,y) = L y(T) for all (x,y)

€ W (cf. 16.4). Replacing W by G.W if necessary we may assume that W 1is
stable under G . By 15.15, G.C contains an open dense subset of V . Hence
G.C MW = G.(CNW) 1is not empty, and CNW is an open and dense subset of C .
For (x,y) € CNW we have mC(T,x,y) = ux,y(T) = m(T,x,y) , and since CNW is

dense in C , (1) holds for all (x,y) € C .

+ .
(b) For i=1,...,r let J be the unital Jordan algebra (Vii) _ (whose unit

€

element is 1 = e; ) so that Vii = (J,J) (cf. 1.10). Since e, is a local idem-
potent we have J = k.1 ® N where N = Rad V;i is a nilpotent ideal. Let T

be the unique linear form on J vanishing on N and such that (1) =1 (in

fact, T = k: ) . Also let s; be the index of nilpotency of J , i.e., the smal-

lest integer such that nsi+t =0 for all t € X and all =n € N . Then it is

S
easily seen that the generic norm of J 1is given by N(x) = 1(x) 1 ., Also we have

T(X—l) = T(x)—l and hence it follows from 16.3(ii) that the generic minimum po-

; o
lynomial m, of (J,1) = Vii

isomorphism (J,J)'g Vii given by (x,y) & (x,Q(e;)y) (cf. 1.11) this implies

S:
is given by mi(T,x,y) = (T-1(x)t(y)) * . Under the

- s,
that Vii has generic minimum polynomial mi(T,x,y) = (T—AI(X)Ai(y)) 1 ., By 16.3
(ii), Vii has excess zero, and hence 16.10 implies that the generic minimum po-

R i .. .
lynomial of C Vll ® ® Vrr is gilven by

r

' _ =T + - S1
m' (T,x,5) = {U (T -2, GOA () 7,
i=1

and its degree is s = s + ...+ s, Next consider V00 which is contained in

Rad V and is therefore nilpotent. By 16.3(1), it has degree zero, and its generic
h
minimum polynomial is T 0, Since m' (T,x,y) = % if (x,y) € VOO we get (2),

and for T >+ 1 we have (3).
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.16.16. COROLLARY. Let UV be separable and not zero.

(a) The rauk, degree, and height of V all coincide, and the excess of U is

zero.

(b) The discriminant of m(T,X,Y) (considered as a polynomial in T with coeffi-

clents in A ) is non-zero ( I is "generically unramified").

(c) The generic trace of UV is not zero. If char k # 2 then the generic trace

. +
is a non—-degenerate bilinear formon UV x UV .

Proof. We may assume k to be algebraically closed. Then we have (with the nota-
tions of 16.15) V?, = k.e? for i =1,..0,r , and V.. =0, Hence h, = 0 and
ii i 00 0

s; = 1 which proves r = rank V = s = deg /! , and e = max(0,-r) = 0 . Formula

(2) of 16.15 now reads

r
@ n(mxy) = @ - 21 o) -
i=1

Let d = d(X,Y) € A be the discriminant of m(T,X,Y) € A[T] . If we choose (x,y)
€ C such that xz(x)x;(y) # A;(x)k;(y) for i # j then it follows that the dis—
criminant of m(T,x,y) , which is d(x,y) , is non-zero. Hence d is non-zero as

an element of A , From (1) it follows that the generic trace is given by
ro, _
(2) m (x,y) = izl Ay GOA ()

for (x,y) € C which shows that my # 0 . To prove the last statement, decompose
V into simple factors (10.14). By 16.10, the generic trace of U is just the
direct sum of the generic traces of the simple factors. Therefore we may assume

V to be simple, Let K' = {xe V" | m (V) =0} and K ={yeV [m 'y
= 0} . Then it follows from 16.8.2 and 16.12 that K = (K+,K-) is an outer ideal
of V . If char k# 2 then K is an ideal of V by 1.3, and since m #0

we have K = 0 and m  is non-degenerate.
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16.17. Remark. If char k = 2 then m  may well be degenerate; for example, if

/' is the Jordan pair of symmetric matrices over k . On the other hand, the ge-
neric norm is always non-degenerate in the sense of 16.13. Consequently, if V
has rank one then my is non-degenerate regardless of characteristic, since then

N(x,y) =1 - ml(x,y) . Also, if U 1is outer simple in the sense that it has no

proper outer ideals then m is non-degenerate.

1

16.18. Alternative pairs. Let A = (A+,A_) be a finite-dimensional alternative

pair over k . The generic minimum polynomial, norm, and trace of A are by defi-
nition the generic minimum plynomial, norm ,and trace of the associated Jordan

. J
pair A~ ., Let (u,v) € A . Recall that (L(u,v),-L(v,u)) and (R(u,v),-R(v,u))

are derivations of AJ (cf. 7.5). By 16.8 it follows that

(1) ml(<uvx>,y) = ml(x,<vuy>),

(2) ml(<xvu>,y) = ml(x,<tu>),

for all (x,y) € A . This has the following conseguence.

16.19. PROPOSITION. A finite-dimensional alternative palr A 1is separable if

and only if the generic trace of A 1is non-degenerate.

259953 We may assume that k 1is algebraically closed. Let m1 be non-degenerate.
If y € Rad A then N(x,y) =1 for all x € At , by 16.13. If we replace x

by tx where t € k and compare coefficients at powers of t (which we can do
since k 1s infinite) we get ml(x,y) =0 for all x € A+ and hence y =0 .
Similarly one proves Rad A+ = 0 . For the converse, it suffices (by 10.14) to
show that m;, 1is non-degenerate for A simple. Let K+ = {x € A+ [ ml(x,A_) = 0}

1
and K = {yeA [ ml(A+,y) = 0} . Then it follows from (1) and (2) of 16.18 that
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K 1is an ideal of A which is proper by 16.16(c). Hence K = 0 and m 1is non-

degenerate.

16.20. COROLLARY. For a separable alternatjve pair A (resp. Jordan pair V ) we

have dim AT = dim A” (resp. dim vt < din vy .

Proof. For alternative pairs this is clear by 16.19. In the Jordan case, choose
a maximal idempotent e so that V = Vz(e) D Vl(e) . Then dim V;(e) = dim V;(e)
since Q(e+): V;(e)'> V;(e) is in particular a vector space isomorphism. Also,

Vl(e) is a separable alternative pair and hence dim V;(e) = dim VI(e) .

§17. Simple Jordan pairs

17.0. 1In this section, k is an algebraically closed field, and V denotes a

simple finite-dimensional Jordan pair over k .

17.1. THECREM. Let (cl,...,cr) and (el,...,er) be frames of V . Then there

exists an inmer automorphism g of V such that g(ci) =e; s i=1,...,r .

Proof. Let S and T be the tori spanned by (cl,...,cr) and (el,...,er) .
Since V is semisimple, § and T are Cartan subpairs of V . By 15.17, there
exists an inner automorphism h such that h(S) = T . The (k.e;,k.e;) are the

simple ideals of T , and decomposition into simple ideals is unique up to order.
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Hence h(c?) = t?e0 . where 7 is a permutation of {l,...,r} and the t?
i i m(i) i

are non-zero elements of k ., Since h maps idempotents into idempotents we have
- +,-1 :
t, = . A cee = )

1 (t:l) It follows that 6 (t:l, ,tr)h(ci) e (i) where 6 (t:l, tr) is

the inner automorphism defined as in 5.13. Therefore it suffices to show that

there exists an inner automorphism f such that f(ei) = ew(i) s, 1= 1,000, &

Let e = e1 + ...+ e . Then V = V2(e) 3] Vl(e) and V2 = V2(e) is a simple

Jordan pair (10.14). Let J be the unital Jordan algebra (V;) , with unit ele-
o

ment e = 1 . Then V,= (J,J) and J is simple (1.6). Also, (eJlf,...,e:) 1s

an orthogonal system of idempotents of J , and the Peirce spaces of J are J

+ . . . . .
= Vij (1 sig3jsr). Hence Jij #0 for i# j , and there exists y € Jij

such that y2 =ey + ej (cf. Jacobson[3], p. 3.25 and 3.61). (In other words, the

1]

+ 2

e, are strongly connected idempotents of J ). Let x = e; + e; -~y . Then x =
+ +.2 + +

(ei + ej) - (e:,L + ej)oy + y2 = e; + e; - 2y + e; + e; = 2x by the rules for the

Peirce decomposition. This means
8 Q(x)e = 2x,

by definition of the squaring in J . Now it follows from JP25 that B(x,e_)2 =Id
and B(e_,x)2 = Id , and hence B(x,e ) = (B(x,e-),B(e_,x)_l) is an inner automor-

-+ -
phism of period two of V ., Furthermore, we have Uy.e; = Q(y)Q(e ).ei = Q(y)e:.L
+ +

€ VT. = k.e and similarly U .eT € k.eT . Since e, + = y2 =U .e =U (e, +
33 ki y ] i y y i
+ - - - +
e,) = e, t e, we get e, = e
j) Qy) (ey J) g Qyle; 3

shows that g(x,e”) interchanges ey and ej and leaves all the other idempo-

]
o

+
i ]
- + .
and Q(Y)ej j + An easy computation

tents fixed. Since the symmetric group is generated by transpositions the asser-

tion follows.

17.2. Numerical invariants. Let (el,...,er) be a frame of V . By 17.1, the

. + . . .
Peirce spaces V., 6 (1 ¢ i< jgr) all have the same dimension, and we set

ij
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(1) a = dim VI (L <i<jco.

3

If r=1 we set a = ( . The same holds for the Peirce spaces vt (1 <i <r),

and their common dimension will be denoted by

nA

i<

2) b=dim V@
i0

By 17.1, the numbers a and b depend only on V and not on the choice of the

frame (el,...,er) . Also, a and b are the same for V and VP Indeed,

+ ~ + . . . _
Qe ): Vij > Vij is a linear isomorphism (where we set e = e + ... + er) for
l¢ic<jgr, and br = dim V;(e) = dim V;(e) by 16.20, since Vl(e) is a

semisimple (even simple) alternative pair.

The following relations follow easily from the definitions.

3) 4, = dim Vz(e)=r+—r(r—;1)a,
%) d; = dim V () = r.b ,

(5) d=dim V=4, +4d, .

We define the genus g of UV by

(6) g =2+ a(r-1) +b .

The following relations are easily verified.

@ gr = 2d2 + d1 s

(8) d2 =gr~-d,

9 d; = 2d - gr .

Hence V contains invertible elements (i.e., Vl(e) = 0 ) if and only if

(10) 2d = gr .
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17.3. THEOREM. The generic norm N is irreducible, and we have

e)) det B(X,Y) = N(X,1)5,

d
2) X(T,X,¥) = T L.m(T,X,7)8,

where m (resp. X ) is the generic minimum polynomial (resp. the characteristic

polynomial) (cf. 16.1, 16.2), and dl and g are as in 17.2.

Proof. Let fl(X,Y),...,fn(X,Y) be the different irreducible factors of N(X,Y) .

Since N is invariant under the automorphism group of V we have
£4(h, (0B (D) = p (WE (00 (K1)

for all h in the inner automorphism group G of V , where nm 1s a homomor-
phism from G into the symmetric group of n letters, and oy is a character
of G . The kernel of 7 is a closed normal subgroup of finite index in G , and
since G is a connected algebraic group (cf. 15.14) it is all of G . Thus each
f, is a semi-invariant of G . Now let (e ,,...,e ) be a frame of V , and let
i 1 r
T be the torus (= Cartan subpair since V is semisimple) spanned by (el,..,er).
Then the restriction of fl to T 4is a factor of the restriction of N to T ,
and must therefore be invariant, up to the scalar pl(h) , under all h € G
which leave T invariant. For (x,y) 6 T we have N(x,y) given by 16.15.3
with s, =1, i.e.,
i
r + _
(3) NGLy) = T @ = A G G
i=1

+_ -
Hence the irreducible factors of the restriction of N to T are the (l—AiAi).
By 17.1, every permutation of (el,...,er) is induced by some h € G . Since the
restriction of fl to T is a product of some of the (l—AIA;) it follows that
N and f1 agree (up to a scalar) on T . By 15.15, the orbit of T under G
is denmse. It follows that N and f, agree on this dense orbit, and therefore

1

everywhere., This shows that N = fl 1s irreducible.
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Now we prove (1). Since k is infinite it suffices to prove that det B(x,y)
N(x,y)g for all (x,y) € V , and since both sides are invariant under G and

the orbit of T under G is dense we may assume that (x,y) € T . Let

o4, 4 - -
X = iZlAi(x)ei , y = iZl)\i(y)ei ,
(cf. 16.15), and set Ai = A;(X)A;(y) and AO = 0 . Then a computation shows
that
4) D(x,y)zij = (Aiﬂj)zij and Q(X)Q(y)zij = )‘i)‘jzij >
for z, € VT. . This implies
ij ij
(5) B(X,Y)Zij = (l-li)(l-lj)zij .
Now
L 2 a ot b
det B(x,y) = T (1-2,)%. T (ay a2 Tra-)
is1 % led<jer * i i=1

r r
Manap?2ED® s a8 = wen® .
i=1 i=1

By 16.1.2, 16.9.3, and 17.2 we have

T
(XY = 29 dee 5o lx, 1)

_ gr+d -
- T2(d2+dl).N(T lX,Y)g =T l.N(T ]X,Y)g

d } d
=1 LN %, v))8 = T Lom(T,X,v)8 .

This completes the proof.

17.4. We now wish to classify the simple finite~dimensional Jordan pairs over the
algebraically closed field k . By 15.5, the only finite-dimensional division

pair over k 1is (k,k)J . Also, there is (up to isomorphism) only one Cayley al-



196 17.5

gebra over k . Specializing 12.12 to this situation we see that every simple

finite-dimensional Jordan pair over k is contained in the following list.

1 . (Mp,q(k)’Mp,q(k))’ p x q matrices over k .

Psq
IIn. (An(k),An(k)), alternating n x n matrices over k .
IIIn- (Hn(k)’Hn(k))’ symmetric n X n matrices over Kk .

In these three cases, the Jordan pair structure is given by Q(x)y = x.ty.x .

IVn. (kn,kn), with Q(x)y = q(X,y)x - q(x)y . Here q is the standard quad-

ratic form on k" , given by

m
q(xl,...,xzm) = ileixm+i if n=2m,
m
2
q(xo,...,me) = x5 + z XX if n = 2m+l .
i=1

(There are no outer ideals containing 1 in Jordan algebras of quadratic forms

except the whole algebra since k is algebraically closed; cf. Jacobson[3]).

V. (Ml 2(C),Ml 2(COP)), 1 x 2 matrices over the Cayley algebra ( over
t] t]

with Q(x)y = x(y*x) .

VI. (H3(C,k),H3(C,k)), the Jordan pair associated with the exceptional Jor-

dan algebra of 3 x 3 hermitian matrices over C .

Now we discuss each type in more detail.

I =1 s SO
Psq q,P

we may assume that p < q . A frame (el,...,er) is given by the matrices

17.5. Type Ip q The transpose x P tx defines an isomorphism
s
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eg = 1 (:) i-th 1 =1,0005p »
O
‘
"0

Hence the rank is p . Also we have a =2 if p > 2, b=gq - p, d2 =P ,

dl =p(q -p), d=pqg, g=0p+ q. The generic norm is given by
N(x,y) = det(lp - x.ty),

where lp denotes the p X p unit matrix. The generic trace is ml(x,y) =

t .
trace(x. y) and is non-degenerate.

17.6. Type IIn. The rank is r = [n/2] since the matrices

3. C
~EL

form a frame. We have II2 Q‘(k,k)J, II3 = 11,3, under the map
0 Xy X,
(Xl’XZ’XB) > -X) 0 Xy
K, "Xy 0
and hence we assume n > 4 . Then a =4, b= 2(n-2r) (i.e., b =0 if n is
even, and b =2 1if n is odd), d, = 2r2 -r, d, =2r(n - 2r), d = n(n-1)/2,

2

g = 2n - 2. The generic norm is the 'square root' of det(ln - x.ty) ,

1

N(x,y)2 = det(ln - x.ty) = det(ln + xy).
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If n = 2r 1is even then N(x,y) = Pf(x)Pf(x_l—y) for x invertible where Pf
denotes the Pfaffian (cf. Artin[l], p. l4l). Thus N(x,y) is a kind of Pfaffian
which still makes sense for alternating matrices of odd order. The generic trace
is non-degenerate, and is given by

ml(x,y) = z
i<j

15713

17.7. Type IIIn. Obviously IIIl = (k,k)J so we assume n > 2 . The rank is n

since a frame is given by the matrices

We have a =1, b=0, d=4d, = n(n+l)/2, dl =0, g=n+1 . The generic n

norm is

N(x,y) = det(lr1 - xy).

The generic trace is

)

y..+2 )

ml(xy) = trace(xy) ii L.
i<j

*ii *15713

and is therefore degenerate in characteristic 2.

17.8. Type IV_. Ve have 1V, = (,k)”  and v, ¥ 1V, x IV, is not simple.
Thus assume that n > 3 . Then IV is of rank 2, and we have a =n - 2, b =0,
= n

d=d, =n, d, =0, g=n . The generic norm is

N(x,y) = 1 ~ q(x,y) + q(x)q(y)
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and the generic trace is ml(x,y) = q(x,y) which is degenerate if char k = 2

and n 1is odd.

17.9. Type V. Let ¢y and ¢y be two primitive orthogonal idempotents of the

_f10 _ {0 0} . . . .
Cayley algebra C , e.g., ¢ = (O O) » €y = (0 l) if C 1is realized in vector

matrix form. Then ei = (ci,O) (i =1,2) 4is a frame, and hence the rank is 2 .
We have a =6, b =4, d2 = dl =8, g=12, d = 16. The generic norm and tra-

ce are given by
* *
N(x,y) =n(l - xy") , mxy) =tEy)

where n (resp. t ) denotes the norm (resp. trace) of C . The generic trace is

non-degenerate.

17.10. Iype VI. From well-known facts on the exceptional Jordan algebra H3(C,k)

it follows that the rank is 3, and we have a =8, b =0,d = d2 = 27, dl =0,

g = 18. The generic norm and trace are given by ml(x,y) = T{(x,y) and
NGey) = 1= TGy + TG yh) - NeoN)

where N(x) 1is the generic norm of H3(C,k) and T and x¥ are defined as in

McCrimmon[3]. The generic trace is non-degenerate.

17.11. Isomorphisms in low dimensions. A glance at the three invariants dimension,

rank, and genus in the cases listed above shows that at most the following iso-

morphisms are possible.

[l
]
[l
|l
n
[}
[}
[l
[

e T, T 7,

(2) w, ¥, x 1V,
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"

(3 11’3 I,

(4) i, £ 1V,
= 1v

(5) II4 1\6.

Of these, (1) is obvious, and (2) and (3) were noted before. We show that (4) and
(5) do occur. Indeed, q(x) = det x 1is a non-degenerate quadratic form on

Hz(k) S k3 , and we have =xyx = q(x,y)x - q(x)y where

Y2 o 1 Yo

for y =
_yO yl yO y2

<t
]

Hence the map (x,y) > (x,y) from (Hz(k)’HZ(k)) into (k3,k3) (with the Jordan
structure defined by q ) is an isomorphism (cf. also 12.19, (ii)).

Now we prove (5). Let

x = € A4(k)

Then the Pfaffian Pf(x) = q(x) = x %, + X, Xg + X X is a non-degenerate quadra-
6

tic form on A4(k) = k , and one checks that xtyx = —xyx = q(x,¥)x - ¢(x)¥

where x is defined by

0 X, Xg X

_ 0 Xy =X,
X = %

0 X

0

- 6 6
for x as above. Hence the map (x,y) b (x,y) from (A4(k),A4(k)) into (k ,k)

(with the Jordan pair structure defined by q ) is an isomorphism.

We collect our results in
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17.12. THEOREM.

A simple finite-dimensional Jordan pair over an algebraically

closed field is up to isomorphism uniquely determined by the three invariants

dimension, rank, and genus. The following list is complete and contains no repe-—

titions.
v dimension rank genus 4? invertible
L elements?
Lo,q 12Psa Pq P P+q if p=gq
IIn, n>5 E;i%:ll [%] 2n - 2 if n even
IIIn, n> 2 Eii%ill n n+1 yes
IVn, n >4 n 2 n yes
\ 16 2 12 no
VI 27 3 18 yes
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§18. Appendix: Polynomial and rational functions

18.1. Let k be a commutative unital ring, and k-aglg the category of unital
commutative (associative) k-algebras. For R,S5 € k-alg we denote by

Homk_al (R,8) the set of k-algebra homomorphisms from R to § . Also. let
sets denote the category of sets. By a k-functor we mean a covariant functor
from k-alg to gsets . The forgetful functor, assigning to each R € k-alg the

underlying set, is a k-functor, denoted by Qk and sometimes called the affine
line over k .

Consider a k-module V , and let V be the k—functor defined by

Y@®) = V®kR = Vg

for all R € k-alg . A polynomial function on I/ is a morphism (= natural trans-—

formation) £: U » Qk of k-functors..In other words, giving a polynomial functi-

on on V simply means that we have maps fR: UR + R for each R € k-alg , "'vary-

ing functorially with R "; i.e., if ¢: R > S is a homomorphism of k-algebras

then the diagram

(1) ¢J/ ¢
v

is commutative. Thus a polynomial function on V is not a function in the usual

sense, although it does define a function fk: V >k . In general, f is not uni-

quely determined by £, . This is so, however, if k is an infinite field, and

k
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V is finite-dimensional over k (see 18.7).
Let @(Y) be the set of all polynomial functions on U . Then it is easi~

ly seen that with the obvious definitions

(E+glp=fp+g,, (Fg)p=*f (af)p = of

RER R

>

for all R € k-alg, O is itself a k-algebra. Also, aw) depends functori-
ally on V : if ¢: V » ¢ is a homomorphism of k-modules then we obtain a homo-

morphism o¥*: QW) +@(V) of k-algebras by (q>*f)R= £ (where &_: U >

¢ R' 'R

R %R

WR denotes the R-linear extension of ¢ ). From this one deduces easily that

there is a natural homomorphism
(2) @W x w) > OW) ® oW

for any two k-modules V and W .

For every R € k-alg we have a canonical map
(3 Vg » Hom _ . (@V),R)

defined by x# x where %:@() > R is evaluation at x s x(f) = fR(x) . To

simplify notation, we will write f(x) instead of fR(x) so that we have
%(£f) = £(x)

for all x €V R € k-alg . The maps (3) vary functorially with R ; i.e., for

R ’
¢: R> S the diagram

VR _ Homk_alé(@(v),R)

(4) l Jf

VS — Homk_g(@(l/),s)

is commutative, where the vertical arrows are the obvious ones.
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18.2. With every f € (AV) we associate a family (f(n))nGN of elements of

@) , called the homogeneous components of f , by the equation

) fmx) = § £ Mo,
n=0

for all x € VR » R € k~alg . Here T is an indeterminate and Tx € VR[TJ =

QB TnVR . Hence (1) defines f(n)(x) uniquely, and it is easily checked that
(n)

everything is functorial. We say that £ is homogeneous of degree n if f

= f . This is equivalent with
f(ox) = unf(x)

for all o« €ER, x € V R € k-alg . (Warning: unless V is finitely spanned

R °

f may have infinitely many non-zero homogeneous components; however, for each

x € VR only finitely many of the f(n)(x) are different from zero).

Let ”i (i =1,2) be k-modules, and let T, be indeterminates. For

f Gép(Vl x VZ) the homogeneous components of bidegree (m,n) of £ are defined

by the equation

_ v c(mm) n
f(xl’XZ) = z £ (xl’XZ)TTTZ s
m,n=0
for all (xl’XZ) € (Vl)R x (VZ)R » R € k-alg . Similarly as before, f is called

- f(m,n);

homogeneous of bidegree (m,n) if f equivalently, if

mn
f(ulxl,uzxz) = ulazf(xl,xz)

for all o, €R, x, € (Vi)R , R € k-alg . The total degree of f(m,n) is

m+ n , and we have

GO N R )

itj=n
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All this generalizes in the obvious way to the case of more than two modules.

The polynomial functions of degree zero on V may obviously be identified
with elements of k , and a linear form f on V defines a polynomial function
of degree one on U . Conversely, let f € Oy bve homogeneous of degree one,
and define g € (AV x V) by g(x,y) = f(x+y) . Then g is homogeneous of total
degree one, and hence we have, expanding into bihomogeneous components, that

g = L0, (0,1 0,1)

. But then f(ax+By) = g(ax,By) = ag(l’o)(x,Y) + Bg )

f = g(l’o) = g(o’l) is a linear form on V . Similarly, it can be

implies that
shown that the homogeneous polynomial functions of degree two may be identified

with the quadratic forms on V (see Roby[ll for details).

18.3. PROPOSITION. The following conditions are equivalent.

(1) The map VR > Homk_ 1 (O(V),R) 1s bijective, for all R € k-alg ;

(i1) V 1is a finitely generated and projective k-module.

If these conditions are satisfied &(V) is canonically isomorphic with the sym-

metric algebra over the dual of V .

(Note that (i) just means that the functors V and Homk (@),-) are isomor-

= -alg
phic; i.e., V is representable by ow ).

r

Proof. (i) » (41): Let A = (V) , and let X = Z v,®f, € V, (where f, € A,
—_— 121 i i A i
vy € V) be the unique element such that X = IdA . Let x € VR . Then it follows
from 18.1.3 that

r
1) x= ) v,®f (x) .
121 i i

In particular, for R = k we see that V 1is generated as a k-module by the ele-

WENES  Vy,e..sV ) o If we replace x by Tx in (1) where T 1is an indeterminate
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and compare coefficients at powers of T we see that (1) holds with fi replaced

by )\i = fil) , the homogeneous component of degree one of fi which by 18.2 is
a linear form on V . In particular, we have x = T Ai(x)vi for all x € V , and

by the dual basis lemma, V is finitely generated and projective.

(i) » (1) : Let S be the symmetric algebra over the dual V' of V. 1If RE
k-alg then by well-known properties of finitely generated projective modules we
have VR = Homk(Vv,R) and by the universal property of S we have Homk(VV,R)
I~ : _

= Homk_al (S,R) . Denoting for x € VR the corresponding k-algebra homomorphism
S >R by x we can define a homomorphism s+ & from S into A by setting

$(x) = %(s) , for all x €V R € k~-alg . Conversely, consider the map

R s
Homk—al (S,R) » Homk—al (A,R) defined by the commutative diagram

VR —_—— Homk-g__lg:(S’R)
Homk_g(A,R)

For R =S we obtain a homomorphism A » S corresponding to IdS € Homk_al (s,9).

One checks that the two homorphisms § + A and A + S are inverses of each other.

18.4. Assume that V is finitely generated and projective. The unique element
X € V®@AVYV) such that X = Id@((/) is called the generic point of V ., Thus we
have

£ =X(f) = £(X)
for all f € @(V) , and every x € VR (R € k-alg) is a "speciallsation" of X :
x = ®(X) ,

if =x: V@(V) > VR also denotes the map induced by =x: (Z(V) + R . Depending on the

context, one or the other of the notations f or £f(X) is more convenient, and
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either one will be used.

Let V and W be finitely generated and projective k-modules. It is
well known that the symmetric algebra over V x W is isomorphic with the tensor
product of the symmetric algebras over V and ( . Hence it follows from 18.3
that the homomorphism 18.1.2 is an isomorphism.

Now assume that U is finitely generated and free, and let ViseeesVy
be a basis of V over k . Then we have an isomorphism k[Tl,...,Tn]-> @) as
follows: If f(Tl,...,Tn) € k[Tl,...,Tn] and x = Zuixi € VR (ai € R) we set
f(x) = f(al,...,an) . Under this isomorphism, the generic point X of V cor-

responds to the element I T.v of U

e k[T . In the special case V =k

1,...,Tnj
(with the natural basis 1 ) we will identify (k) and k[T] . Thus the indeter-

minate T 1is the generic point of k .

18.5. For k-modules V¥ and W we define @(V,W) as the set of all morphisms
from Y to W , and call its elements polynomial maps from V to @ (as before,
these are not maps in the usual sense!). The homogeneous components of an element
f € @(V,W) are defined as before. If (W is finitely generated and projective

then the natural map é?(V)Q@kw-$ O,W) is an isomorphism.

18.6. Let f € @XV,W) . The differential of f is the element df € OV x V,W)

defined by
f(x + ey) = f(x) + edf(x,y) ,

for all x,y € VR . Here x + ¢y € U and R(e) is the algebra of dual num-

R(e)
bers over R . To see that df(x,y) = df(x).y is linear in y 1let g € @(UxV,l)
(i,3)

be defined by g(x,y) = f(x +y) , and let g=1I g be the expansion into

bihomogeneous components. Then



208 18.7

fa+ey) =] g0 xymed = s + e g Py .

Thus df(x) = df(x,-) € HomR(VR,wR) for all x € VR . If UV 4s finitely genera-
ted and projective then we may consider df as an element of @KV,Homk(V,W)) .
1f £ 6 W, is homogeneous of degree n we have Fuler's differential

equation:
df(x).x = n.f(x) .

Indeed, f£(x) + edf(x).x = £(x + ex) = £((1+e)x) = (L+e)"£(x) = (L + ne).£(x)

We remark that higher derivatives, partial derivatives, etc. may also be
defined, and that all the usual results of differential calculus (chain rule,

symmetry of higher derivatives,...) hold.

18.7. From now on, let k be a field, and let V be a finite-dimensional vector

space over k . By 18.4, (7(Vy 1is isomorphic with a polynomial algebra k[Tl,..,
Tn] . From this it follows that an element f € @(V) is uniquely determined by
the function f: V - k , provided that k is infinite. Also, (J(V) is an entire
(even factorial) ring, and we can form its quotient field j{(V) , called the field

of rational functions of V . A choice of basis in U gives us an isomorphism

Ry = k(Tl,...,Tn) . Since we have unique factorization in @(V) every £ € R(V)

has a reduced expression f = g/h , with g and h relatively prime, which is

unique up to a non-zero factor in k . The denominator of a reduced expression of

f 1s called an exact denominator of f .

If W is another finite-dimensional vector space we set RV, w) =fQ(V)QDk
! and call its elements rational maps from UV to ¥ (although, again, these are

w_ be a basis of W .

not maps from V to W in the usual sense). Let W.,...,
1 m

Then an element f € R(V,W) can be written uniquely as f = % fiwi where the fi

are rational functions on V , and we can also write fi = gi/h where the
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functions gl,...,gm,h € (V) have no non-constant common divisor. Then g =
b3 8;v; and h are uniquely determined by f (up to a factor in k ) and we call
f = g/h a reduced expression, and h an exact denominator of f .

Let R € k-alg and x € VR . We say that £ € R(V,W) (with exact denomi-

nator h ) is defined in x if h(x) is invertible in R . In this case, we set
-1
f(x) = g(x)h(x) ~ .

In particular, let R =Q(V) . Then f 1is defined in the generic point X € V@(V)

CV’;\,"(V) , and f = f£(X) as before (18.4).

18.8. Let f = g/h € R,W) be a reduced expression, and let f be defined in

v . . . .
x € R Then f 1is also defined in x + ey € VR(e)

h(x+ey)'1 = (h(x) + zdh(x)y)—l = h(x)_l(l - sh(x)_ldh(x)y) . The differential of

for every y € VR . Indeed,

f is defined as usual by f(x + ey) = £(x) + edf(x)y . Now

f(x + ey) g(x + ey)h(x + sy)_l

B0 T - eh(x) lah(0y) (g + edg(x)y)

£(x) + eh(0) 2 (h(x)dg(y - g(x)dh()y)

and thus df = (h.dg - g.dh)/h2 can be considered as an element of R (V,Hom(V,W)).

The usual differentiation rules continue to hold for rational maps.

18.9. Let X be an extension field of k . Then we have @(VK) = QW) ®kK s in
particular, we may consider (V) to be contained in @(VK) . Sometimes, the ele-
ments of @(VK) belonging to @ (V) are said to be defined over k . Also, we
have R(V)C SZ(VK) (but %(V)@kK %ﬂQ(VK) !), and similarly for polynomial or
rational maps with values in some vector space W . If f = g/h 6 R(V,W) 1is a

reduced expression then it remains a reduced expression in &(VK,WK) . This fol-
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lows from basic properties of polynomial rings and is left to the reader.

18.10. Let k be the algebraic closure of k . The elements of V= VE are also

called geometric points of V . Since k 4is infinite every f € o is unique-

ly determined by the corresponding function £: V » k . As usual, V carries the
Zariski topology whose closed sets are the sets defined by finitely many equations
fl(x) = ... 0= ft(x) = 0 , where fi e . 1f fi € (O(V) then the corresponding
set is called k-closed. The (coarser) topology defined by the k-closed sets is
called the k-topology.

Topological terminology will always refer to the Zariski topology. We re-
call the fundamental property that the intersection of any two open and dense
(= open and non—empty) subsets is again open and dense. Also, every £ GCDGB
defines a continuous function on V . If £ = g/h is a reduced expression of a
rational map f eﬁZ(U,w) then f is defined on the open and dense subset of all

x € VU where h(x) # 0 .

18.11. LEMMA. Let k be algebralcally closed, and let fi € DY)y be non-con-

stant (1 = 1,...,m). Then there exists v € ! and a subspace V' of codimension

one of V with the following properties.

@) V=V @&k.v .

(ii) If we identify V with V' x k and correspondingly identify the generic

point X of V with (X',T) (where X' and T are the generic points of V'

and k ) then fi = fi(X',T) e O x k) ¥AvHIT] is, up to a nmon-zero constant,

a monic polynomial of positive degree in T .

This is just a restatement of a classical lemma (cf. van der Waerden II,

§74).,
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18.12. PROPOSITION. Let X and Y be the generic points of the finite-dimensi-

onal vector spaces V and W over k . Let fi = fi(X,Y) eOW xw (1 =1,...,

n) and let f_ = fO(X,Y) be their greatest common divisor. Let F =RW) , and

0
let d)i G@(VF) be defined by ¢>i(X) = fi(X,Y) (i = 0,...,n). Then ¢O is the
greatest common divisor of d)l,...,cbn . Also there exists a dense open subset U

of W such that for all y € U the greatest common divisor of the functions

£, €00 (1=1,...,m) is £,(X,y)

Proof. Since F is the quotient field of the ring A = m(ﬂ)) and @(V x () =
@(V)@A and (Q(VF) = @(V)@F , the first statement follows from Gauss's lemma.
For the second, an easy induction shows that it suffices to prove this for n = 2.
Also we may assume that k = k is algebraically closed. Let fogi = fi (i =1,2)
so that g, and g, are relatively prime in Gw x wy . we may assume that
gl(X,Y) really depends on X . Write gl(X,Y) =3 g:!i (X)g:_]'(Y) with g:; non-con-
stant, and choose a decomposition V = V' x k as in 18.11. Then gl(X,Y) =
gl(X',T,Y) = hl(T) e 0w x Tl is a polynomial in T whose highest coeffici-
ent belongs to @(W) , i.e., it depends only on Y and not on X' . Let hZ(T)
= gz(X,Y) = gz(X',T,Y) . Then the resultant r = r(X',Y) of h, and h, which

1 2

is an element of (V' x W) is not zero. Consequently, the set
U, = {yelw | rX',y) # 0}

is open and dense in (! . Since gl(X',T,y) is monic in T this means that
gl(X,y) = gl(X',T,y) and gz(X,y) = gz(X',T,y) are relatively prime in @X(V) ,

for all y € U, . It follows that the greatest common divisor of fl(X,y) and

1
fz(X,y) is fO(X,y) , for all y €U = Ulﬂ UO where

Uy = {y €W | £,(X,y) # 0} .
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18.13. PROPOSITION. Let V,W,Z be finite-dimensional vector spaces over k ,

and let f be a rational map from V x (U into Z with reduced expression f =

g/h .

(a) There exists an open dense subset U of W such that, for all y €U ,

f(X,y) 1is a rational map from V to 7 and g(X,y)/h(X,y) is a reduced ex-

pression for it.

(b) Let F =RW) . Then ¢(X) = £(X,Y) is a rational map from VF into ZF ,

and ¢ = y/n is a reduced expression for ¢ where v(X) = g(X,Y) €<@(VF,ZF)

and n(O = aXY) eV .

This follows immediately from 18.12.

NOTES

For universal envelopes of Jordan algebras and Jordan triple systems see
Jacobson[ 2], McCrimmon{7], Loos[5]. By classification it is known that the univer-
sal envelope of a finite-dimensional separable Jordan algebra over a field of cha-
racteristic # 2 is separable. It would be interesting to have an a priori proof of
this and also extend it to the Jordan triple system resp. Jordan pair case.

In the case of a linear Jordan pair, the concept of V-solvability (14.3)
was first introduced by Meyberg(l,Z]. It is closely related to solvability in the
Koecher-Tits algebra constructed from V , and is also similar to Penico-solvabi-
lity for Jordan algebras. 14.10 and 14.11 were first proved in Loos{2]}(for char k

# 2) and Loos[5] for Jordan triple systems, using at a crucial point the algebraic
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group associated with the Koecher-Tits algebra of V . Here we give an elementary
proof which requires only Engel's theorem (in 14.9). The proof of 14.11 follows
the lines of the corresponding one for Jordan algebras (McCrimmon(10]) but is
actually somewhat simpler since one doesn't have to worry about squares in a Jor-
dan pair.

For the theory of Cartan subalgebras of Jordan algebras we refer to Jacob-
sonl2], see also Loos(8]. This theory seems to be restricted to linear Jordan al-
gebras over fields of characteristic # 2. In contrast, the theory of Cartan sub-
pairs of Jordan pairs developed here works equally well in all characteristics.
The important "density theorem" (15.15) was inspired by the corresponding result
for Cartan subalgebras of Lie algebras of algebraic groups (Demazure and Grothen-
dieck[1]). Also, the characterization of Cartan subpairs as centralizers of tori
of maximum dimension and the existence proof for Cartan subpairs (15.20) is simi-
lar to the algebraic group case (see Borel[ll).

The approach to the generic minimum polynomial as the exact denominator of
a suitable rational map is due to Springer[l] for the case of a Jordan algebra.
For a different approach which also works in infinite dimensions see Jacobson[4].
The polynomial function N(x,y) = N(X)N(X_l - y) (cf. 16.3) which plays a consid-
erable role in the Jordan algebra case (McCrimmon{9]) appears here as the generic
norm of the associated Jordan pair. It should be noted that the generic minimum
polynomial as defined here differs from the one in Loos[Z] by a factor T .

It is a remarkable fact that the classification of finite-dimensional sim-
ple Jordan pairs over algebraically closed fields is independent of the characte-
ristic of the base field. Indeed, from the list it is obvious that these Jordan
pairs are obtained from Jordan pairs over the integers by reduction modulo p and
extending to the algebraic closure. The classification over arbitrary fields re-
duces (by general principles, cf. Demazure and Gabriel[l]) to a problem in Galois

cohomology since the automorphism group of a separable Jordan pair is smooth in
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the sense of group schemes (Loos[7]). All this is no longer true for quadratic
Jordan algebras which again indicates that Jordan pairs are a more natural concept.
The classification also resembles that of bounded symmetric domains. This is no
accident since there is a natural correspondence between semisimple Jordan pairs
over the complex numbers and bounded symmetric domains under which Jordan pairs
with invertible elements correspond to tube domains. The genus plays an important

role in the theory of these domains (see Koranyi[l] where it is denoted by p ).



215

BIBLIOGRAPHY

Artin, E.

1. Geometric algebra. Interscience, New York, 1957.

Borel, A.

1. Linear algebraic groups. W. A. Benjamin, New York, 1969.

Cohn, P.
1. TUniversal algebra. Harper&Row, New York, 1965.

Demazure, M., and P. Gabriel

1. Groupes algebriques I. Masson, Paris, 1970.

Demazure, M. and A. Grothendieck
1. Schemas en groupes II. Springer lecture notes, Berlin-Heidelberg-New York,

1970.

Hestenes, M. R.
1. A ternary algebra with applications to matrices and linear transformations.

Arch. Rat, Mech. Anal. 11 (1962), 138 - 194.

Jacobson, N.
1. Lie algebras. Interscience, New York, 1962.
2. Structure and representations of Jordan algebras. Amer. Math. Soc. Collogq.

Publ. 39, Providence, 1968.

3. Lectures on quadratic Jordan algebras. Lecture notes, Tata Institute, Bombay,
1969.

4. (with J. Katz) Generically algebraic quadratic Jordan algebras. Scripta Math.
29 (1973), 215 - 227.

Kleinfeld, E.
1. Simple alternative rings. Ann. of Math. 58 (1953), 544 - 547.



216

Koecher, M.

1. Imbedding of Jordan algebras into Lie algebras. Am. J. Math. 89 (1967), 787 -
816, and 90 (1968), 476 - 510.

2. Bber eine Gruppe von rationalen Abbildungen. Inv. Math. 3 (1967), 136 - 171.
3. Gruppen und Lie-Algebren von rationalen Funktionen. Math. Z. 109 (1969), 349
- 392,

4. An elementary approach to bounded symmetric domains. Lecture notes, Rice Uni-

versity, Houston, 1969.

Koranyi, A.
1. Analytic invariants of bounded symmetric domains. Proc. Amer. Math. Soc. 19

(1968), 279 - 284.

Lewand, R.

1. Hereditary radicals in Jordan rings. Proc. Amer. Math. Soc. 33 (1972), 302 -
306.

Lister, W. G.
1. Ternary rings. Trans. Amer. Math. Soc. 154 (1971), 37 - 55.

Loos, O.
1. Jordan triple systems, R-spaces, and bounded symmetric domains. Bull. Amer.
Math. Soc. 77 (1971), 558 - 56l.

2. Lectures on Jordan triples. Lecture notes, The University of British Columbia,

Vancouver, 1971.

3. Alternative Tripelsysteme. Math. Ann. 198 (1972), 205 - 238.

4. Assoziative Tripelsysteme. manuscr. math. 7 (1972), 103 - 112.

5. Representations of Jordan triples. Trans. Amer. Math. Soc. 185 (1973), 199 -
211.

6. A structure theory of Jordan pairs. Bull. Amer. Math. Soc. 80 (1974), 67 - 71.
7. On algebraic groups defined by Jordan structures. To appear.

8. Existence and conjugacy of Cartan subalgebras of Jordan algebras. To appear.

McCrimmon, K.

1. The radical of a Jordan algebra. Proc. Nat. Acad. Sc. 62 (1969), 671 - 678.

2. Non-degenerate Jordan rings are von Neumann regular. J. of Alg. 11 (1969), 111
- 115.



217

3. The Freudenthal-Springer-Tits constructions revisited. Trans. Amer. Math.
Soc. 148 (1970), 293 - 314.

4, A characterisation of the radical of a Jordan algebra. J. Alg. 18 (1971), 103
- 111.

5. Homotopes of alternative algebras. Math. Ann. 191 (1971), 253 - 262.

6. Quadratic Jordan algebras and cubing operations. Trans. Amer. Math. Soc. 153
(1971), 265 - 278.

7. Representations of quadratic Jordan algebras. Trans. Amer. Math. Soc. 153
(1971), 279 - 305.

8. Inner ideals in quadratic Jordan algebras. Trans. Amer. Math. Soc. 159 (1971),
445 - 468.

9, The generic norm of an isotope of a Jordan algebra. Scripta Math. 29 (1973),
229 - 236.

10. Solvability and nilpotence for quadratic Jordan algebras. Scripta Math. 29
(1973), 467 - 483,

Meyberg, K.

1. Jordan-Tripelsysteme und die Koecher-Konstruktion von Lie-Algebren. Habilita-
tionsschrift, M:nchen, 1969.

2. Jordan-Tripelsysteme und die Koecher-Konstruktion von Lie-Algebren. Math. Z.
115 (1970), 58 - 58.

3. Zur Konstruktion von Lie-Algebren aus Jordan-Tripelsystemen. manuscr. math. 3
(1970), 115 - 132.

4, IdentitHdten und das Radikal in Jordan-Tripelsystemen. Math. Ann. 197 (1972),
203 - 220.

5. Von Neumann regularity in Jordan triple systems. Arch. Math. 23 (1972), 589 -
593.

6. Lectures on algebras and triple systems. Lecture notes, The University of

Virginia, Charlottesville, 1972.

7. A characterization of von Neumann regular Jordan triple systems. To appear in

Proc. Amer. Math. Soc.

Roby, N.

1. Lois polynomes et lois formelles en theorie des modules. Ann. Sci. Ecole Norm.

Sup. 3% ser. t. 80 (1963), 213 - 348.



218

Schafer, R. D.

1. An introduction to non-associative algebras. Academic Press, New York-London,

1966.

Slin'ko, A. M.

1. On radical Jordan rings. Alg. i Logika 2 (1972), 206 - 215.

Springer, T. A.

1. Jordan algebras and algebraic groups. Springer Verlag, Berlin-Heidelberg-New

York, 1973.

Stephenson, R. A.

1. Jacobson structure theory for Hestenes ternary rings. Trans. Amer. Math. Soc.

177 (1973), 91 - 98.

van der Waerden, B. L.

1. Moderne Algebra II. Springer Verlag, Berlin, 1931.




