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People have liked the numbers 12 and 24 for a long time:

But their real magic is only becoming clear now.

Around 1735, Leonhard Euler gave a bizarre ‘proof ’ that
1
1 + 2 + 3 + 4 + ··· = −
12
Later the mathematician Abel wrote:
The divergent series are
the invention of the devil,
and it is a shame to base on them
any demonstration whatsoever.

But Euler’s equation has been made rigorous —
and it explains why bosonic string theory works well
only in 24 + 2 = 26 dimensions!

In 1875, Édouard Lucas challenged his readers to prove this:
A square pyramid of cannon balls contains a square
number of cannon balls only when it has 24 cannon
balls along its base.

12 + 22 + · · · + 242 = 702

Indeed, the only integer solution of
12 + 22 + · · · + n2 = m2
not counting the silly ones n = 0 and n = 1, is n = 24!

It looks like a curiosity, but this solution gives the densest
lattice packing of spheres in 24 dimensions! And when we
combine this idea with bosonic string theory in 26
dimensions, all heaven breaks loose!
But we’re getting ahead of ourselves....

EULER’S CRAZY CALCULATION
Euler started with this:
1 + x + x2 + x3 + · · · =

1
1−x

He differentiated both sides:
1 + 2x + 3x2 + · · · =

1
(1 − x)2

He set x = −1 and got this:
1 − 2 + 3 − 4 + ··· =

1
4

Then Euler considered this function:
ζ(s) = 1−s + 2−s + 3−s + 4−s + · · ·
He multiplied by 2−s:
2−sζ(s) = 2−s + 4−s + 6−s + 8−s + · · ·
Then he subtracted twice the second equation from the first:
(1 − 2 · 2−s)ζ(s) = 1−s − 2−s + 3−s − 4−s + · · ·

Taking this result:
(1 − 2 · 2−s)ζ(s) = 1−s − 2−s + 3−s − 4−s + · · ·
and setting s = −1, he got:
−3(1 + 2 + 3 + 4 + · · · ) = 1 − 2 + 3 − 4 + · · ·
Since he already knew the right-hand side equals 1/4, he
concluded:
1 + 2 + 3 + 4 + ··· = −

1
12

Euler’s calculation looks crazy, but it can be made rigorous!
The sum
1−s + 2−s + 3−s + 4−s + · · ·
converges for Re(s) > 1 to an analytic function: the Riemann
zeta function, ζ(s).
This function can be analytically continued to s = −1, and
one can prove
ζ(−1) = −

1
12

But why does this make bosonic string theory work well in
26 dimensions?

GROUND STATE ENERGY
According to quantum mechanics, a harmonic oscillator
that vibrates with frequency ω can have energy
1

1

1

1

ω, (1 + )ω, (2 + )ω, (3 + )ω, . . .
2
2
2
2
in units where Planck’s constant equals 1.
The lowest energy is not zero! It’s 21 ω. This is called the
ground state energy of the oscillator.

A violin string that only wiggles up and down can still
vibrate with different frequencies:

In suitable units, these are ω = 1, 2, 3, . . .

So, a string that can only wiggle in one direction is the
same as an infinite collection of oscillators with frequencies
ω = 1, 2, 3, . . . .
When we have a bunch of oscillators, their ground state
energies add. So, the ground state energy of the string
seems to be:
1
2

(1 + 2 + 3 + · · · ) = ∞

This is the simplest example of how quantum theory is
plagued by infinities.

But Euler’s crazy calculation gives a different answer!
1
2

(1 + 2 + 3 + · · · ) = −

1
24

Indeed, this seems to be the correct ground state energy
for a string that can wiggle in one direction!
Experiments have confirmed equally crazy-looking
calculations.

A string that can wiggle in n directions has n times as
much ground state energy.
A string in 26-dimensional spacetime can wiggle in all
24 directions perpendicular to its 2-dimensional surface.
So, its ground state energy is simply
−1
But what’s so great about this?

If a string loops around in time, its surface will be a torus:

Different shapes of torus happen with different
probabilities, or more precisely, amplitudes.
Let’s see the formula for these amplitudes —
and see why it’s only consistent when the string can wiggle
in 24 directions perpendicular to its surface!

If our torus is formed by curling up this parallelogram:

then its amplitude is
Z(t) =

X

e−iEk t

k

where Ek are the energies the string can have,
summed over all states with a definite energy.

This function:
Z(t) =

X

e−iEk t

k

is called the partition function of the string.
To calculate it quickly, we’ll use two facts:
1) The partition function makes sense for any system with
discrete energy levels.
2) When we combine a bunch of systems, we can multiply
their partition functions to get the partition function of the
combined system.

First: what’s the partition function of a harmonic oscillator?
An oscillator with frequency ω can have energies
1

1

1

1

ω, (1 + )ω, (2 + )ω, (3 + )ω, . . .
2
2
2
2

So, its partition function is:
∞
X

−i(k+ 21 )ωt

e

k=0

Summing the geometric series, we get:
− 2i ωt

e

1 − e−iωt

Next, what’s the partition function of a string that can wiggle
in one direction? It’s just like a bunch of oscillators with
frequencies 1, 2, 3, . . . , so its partition function is a product:
∞
Y
n=1

e

− 2i nt

1 − e−int

=

− 2i (1+2+3+··· )t
e

∞
Y

1

−int
1
−
e
n=1

According to Euler’s crazy calculation, this equals
∞
i t Y
1
24
e
−int
1
−
e
n=1
This is the reciprocal of the Dedekind eta function —
which was introduced in 1877, long before string theory!

However, the torus coming from this parallelogram:

is the same as the torus coming from this one:

So: our calculation only gives consistent answers if the
partition function
∞
i t Y
1
24
Z(t) = e
−int
1
−
e
n=1
is unchanged when we add 2π to t. Alas, it does change:
Z(t + 2π) = e

2πi
24

Z(t)

But Z(t)24 does not change! This is the partition function of
24 strings with one direction to wiggle — which is just like
one string with 24 directions to wiggle.
So, bosonic string theory works best
when spacetime has 24 + 2 = 26 dimensions!

The function Z(t)24 was famous long before string theory.
Its reciprocal is called the discriminant of an elliptic curve.
An elliptic curve is a torus formed by curling up a
parallelogram.
The discriminant is the simplest function of elliptic curves
that vanishes when the parallelogram gets infinitely skinny.

Why does the number 24 automatically show up
when we study these ideas?
The answer is easy to state...
but not easy to grasp.

Two types of lattice in the plane
have more symmetry than the rest!
One has 4-fold symmetry:

One has 6-fold symmetry:

...and believe it or not, it all boils down to this:
4 × 6 = 24

A full explanation would be quite long... so instead, let’s
see how Lucas’ cannonball puzzle gets involved!

12 + 22 + · · · + 242 = 702

THE LEECH LATTICE
A lattice is a discrete subset L ⊂ Rn that’s closed under
addition and subtraction.
We can use any lattice as a recipe for packing spheres.

The lattice that gives the densest sphere packing in 24
dimensions is called the Leech lattice.
In the Leech lattice, each sphere touches 196, 560 others!
How can we get this lattice?

Start with this dot product for vectors in R26:
a · b = a1b1 + · · · + a25b25 − a26b26
Sitting inside R26 there’s the lattice II25,1, where the ai are
integers or all integers plus 1/2, and a1 + a2 + · · · + a25 − a26
is even. This contains the vector
v = (0, 1, 2, 3, . . . , 24, 70) ∈ Z26
Let

v ⊥ = {a ∈ II25,1 : a · v = 0}

This is a 25-dimensional lattice. Since
v · v = 02 + 12 + · · · + 242 − 702 = 0
we have v ∈ v ⊥. The quotient v ⊥/v is a 24-dimensional
lattice: the Leech lattice, Λ.

THE MONSTER
Bosonic strings like 24 extra dimensions — besides their
own 2 — to wiggle around in! So, let’s cook up a theory
where these extra directions form a 24-dimensional torus
built from the Leech lattice:
T = R24/Λ
Even better, let’s use T /Z2, where we count points x and
−x as the same. In 1986, Richard Borcherds showed the
resulting string theory has a colossal group of symmetries.
This group is called the Monster.

The Monster has
808017424794512875886459904961710757005754368000000000
or approximately
8 × 1053
elements.
It’s the largest ‘sporadic finite simple group’. Fischer and
Griess predicted its existence in 1973, and Griess
constructed it in 1981.
The Monster has profound but puzzling connections to
elliptic curves. People call this subject
Monstrous Moonshine.
It may take another century to fully understand this.

So: different numbers have different ‘personalities’.
Some seem boring.
Others take us on amazing journeys.
My favorite is

APPENDIX: QUATERNIONS,
THE TETRAHEDRON, AND THE NUMBER 24
In the second appendix of my talk on the number 8, we saw
how the unit quaternions link the dodecahedron to the E8
lattice. Now let’s see how unit quaternions link the tetrahedron to the number 24 and elliptic curves.
Rotational symmetries of a regular tetrahedron give all even
permutations of its 4 vertices, so these symmetries form what
is called the ‘alternating group’ A4, with
4!/2 = 12
elements.

Since the group of unit quaternions is the double cover of the
3d rotation group, there are
2 × 12 = 24
unit quaternions that give rotational symmetries of the tetrahedron. These form a group usually called the binary tetrahedral group.
(In case you’re wondering, the binary tetrahedral group is not
isomorphic to the 24-element permutation group S4, just as
the binary icosahedral group is not isomorphic to the 120element permutation group S5.)

The 24 unit quaternions in the binary tetrahedral group are
also the Hurwitz integers of norm 1, which I described in my
last talk. There are 8 like this...

±1, ±i, ±j, ±k

and 16 like this...

1

i

j

k

± ± ± ±
2
2
2
2

...for a total of 24:

These 24 points are also the vertices of a regular polytope
called the 24-cell.

But the really interesting thing is how the binary tetrahedral
group is related to elliptic curves!
The space of all elliptic curves is H/SL(2, Z), where H is
the upper half of the complex plane, where our variable t
lived. But SL(2, Z) doesn’t act freely on H, because there
are elliptic curves with extra symmetries corresponding to
the square and hexagonal lattices.

However, the subgroup Γ(3) does act freely. This subgroup
consists of integer matrices


a b
c d
with determinant 1, such that each entry is congruent to the
corresponding entry of


1 0
0 1
modulo 3.
The quotient H/Γ(3) is a nice space without any ‘points of
greater symmetry’. In the theory of elliptic curves it’s called
X(3): it’s the space of elliptic curves equipped with a basis
for their 3-torsion.

The group
SL(2, Z)/Γ(3) = SL(2, Z/3)
acts on H/Γ(3). To get the moduli space of elliptic curves
from H/Γ(3), we just need to mod out by the action of this
group.
But in fact, this group has 24 elements.
It’s the binary tetrahedral group!
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