˘-Calculus Expressions

Jeff Morton

1. The λ-calculus expression (((λf.λx.f(f (f (x))))(λg.λy.g(g(y)))(λz.z + 1))(0) is evaluated in several steps. First, we do a β-reduction where the expression (λf.λx.f(f (f (x)))) absorbs the “redex” (λg.λy.g(g(y))) with the λ-term λf so that the redex takes the role of the function f. This f thus takes a function g and input y and then composes g with itself. Iterating this three times (as the first expression does to f), we get doubles: first f (f(y)) which takes g iterated four times, then f (f (f (y))) which iterates g eight times (that is f(f (y)) doubled). The first β-reduction gives (up to αequivalence): ((λx.(λk.λy^{00}.k(k(y^{00})))((λh.λy^0.h(h(y^0))(λg.λy.g(g(y)))(x))))(λz.z + 1))(0) and then another β-reduction on the second two copies of f = λg.λy.g(g(y)) gives: ((λk.λy^0.k(k(y^0)))(λg.λy.g(g(g(g(y)))))(λz.z + 1))(0) and then another with the result as the redex substituted for k: ((λg.λy.g(g(g(g(g(g(g(g(y)))))))))(λz.z + 1))(0) and finally with (λz.z + 1) as the redex for g, we end up (after arithmetic) with:

(λz.z + 8)(0) or just: 0 + 8 = 8 � 2. We take the expression ω = (λx.x(x)), and then find that: ω(ω) = (λx.x(x))(λy.y(y)) but taking (λy.y(y)) as the redex in a β-reduction (taking the place of x in the first copy of ω), we get: (λy.y(y))(λz.z(z)) which is α-equivalent to the original form of ω(ω). Thus, the only possible β-reduction on this λ-calculus expression produces the expression itself as a result. If we wish to eliminate all λ-terms as in question 1, we find ω(ω) to be defined, as it were, recursively, with no base case to reach. ω tells us to take its argument and apply it to itself. Doing this with ω yields ω(ω) again, and we would have to repeat the process, in a loop which will never halt (!).