| Duality -
Every Cortegory C has an gpposive (T CT has the same dbjecks as C,
but  Yhe worphisms ace “tumed aropnd” Do theres o 1=V coccespondence
between morphisms in C & mocphisms  1n CF, with "@'»x—%j m C
CGrMSQDﬂdMﬂ Yo a wmorphism £OF: Y = x v (7, We Comnyp ose mo"'r\h‘ismg

w CT byt gt - (g

The B’S‘Uds; of Wow Ca%eggriegg j ¢ re\a)c‘e ‘o dheir parimers C* = called
dua\i:\:}{. |

Note - (C@F>G? = (. Justv like for  finite - dimensitnal  vector spaces,
(VY 2V via a natural isomorphise.

T4 duens o thay  THE DUAL OF GEOMETRY 'S ALGERRA .

Tn %&emﬁr\, wil S‘\U(A‘( : po‘\f\‘\”sl(} n a\ﬁ@bf“‘q weé S'\Ud\{ addtion g m\}‘ﬁ\(‘)‘?(a‘wﬁﬂ.

Doscartes realized we Can educe (a lot of ) ﬁ@;‘gme%%\, ‘o algebca J(%f“aug\n

“gma\\i“ﬁc qeeme,w

We can associate fo any fivive divmensignal vechor Space over T

A Comm Utaive i 6/(\/3 congisting of all P‘ﬂ*f*”f‘mmi Functsons

on . I N=R" Hhe algebra GOV conssys of  poymmiale in +he

Cogrdinate funcyions X.},.,,X,\ : @/(\h:‘» R[%;,,..,XJ*

30 we o ‘me a “SPacfesQ \/ (a bunch of pa?m‘rs\) % (M‘f a‘geﬁém (9’(\5

Then we can destribe Q&r‘\ﬂ!n Subspaces A 4 Vo Xi}*") V' oas "[UUH%%“
o N

Q\Cﬂ@bﬁm (7(\/3: @/(\DP}Z’* O’(XBZ @(\/)/I for an \6(65{‘ L.

E’xam?\et dhe Un Circle TS a S%S?@CQ r&% Ahe p\ahez Sg‘:——ﬂ?\z, wker@
§ = Sl xiryi-) = 03 Then theres an algebra O(S) of paynvmials
on S with (8" = R[X)ﬂ/<xl*\{"~\7, So the 1) wmap S —R" gofs
Yurned around, giving G(RY) — O(S) which ™ jJusy  ceshricion
\C"‘"ﬂsh Mﬁféov’ef {36 @'(@3\) cesievey to Yhe Same funchion  on S
'ng e Lyt -\7.

A‘@@ba’*az’g ‘3€%m€*‘f\{ i the SWG%»% of geemﬁfr\l Ush‘wg Cororryyraive (“‘mﬂg,




Our idea is: Subspaces o \ sheld correspond  To  quotignt r‘mjg oF

o), or ideals of O

Problems:

N What aboyd <ﬂ7+\;1%i\7 c O(R* 2
lﬂxe imcﬁw\ x%\"%\ doesvn'y vantsh on TR", so ¥ seeme the CWfSPOndmj
Sbspace of B* T 4}
Buok  Yheres another | simpler tdeal cor Fespowd?‘ﬁﬁ o @6‘@2, ﬂoimek/ <17,
Ve @ - géﬁﬁh‘ | = OE by were gg-kéh\nﬁ 2 ideals Cm‘r‘espmdmﬁ o the

Same %u\a:‘;?ac@, One wa\( ovY 5 Yo vse € iastread ot R

2) Mas, ”‘L)S‘m% C doesn'y ’C&m?le%&g\\l‘ iLIxj the problem of 2 differeny
deals cOrFonv\c\mﬁ Yo Yhe Same svbspace.
Theres a complex e in €' given by x =y, with ideal {u-y7 € Cleyl,

)///%”“fﬁ‘@
A ) @ﬁ
BU;\V (X”\i\}l Q\SO VGMYS\’\@S ﬁ‘f’i’\\\! on U \Yﬁ%, So Wﬁlr@ 6@_\&\»@(\5 0 dwé@éﬂ*&
tdeal oi@%\n”mg Mee same Svbepace @ L (x=9F7 € QL.

A\%Q\bra‘\(, gewmeters came UD wWith g way afoond thic... bud Grothendieck

came a\wﬁ & found a betrer Solytion.

e dedined a new kind ok Space called an fone scheme Such Yt
Yhe cocre g@@ﬂdeﬂc@ between aiﬁ@%f@ A cjeame%, [ Ferged«.
\Were going Yo wake Up a C&‘!&*@gﬁr‘«’ MESchh whose objecks are “alfene
Schemes" & MrphismS  are maps between them, I Such o way Hhat

AFF Sn P = CommBing . Jusy Yake AR Sch = Commiing P
dhe commutatrive rir\j

EXQmP\e“ “\1’\(& circle & an C&H{ne SC\ﬂéime) ﬂ@me\\!

Z IV =17. The ceal plane T e afbine Scheme Zlxyl.
\\/\\{\Q CW\C\Q Te tf'\d\)dé’,(ﬁ T %e Pé@ﬁe‘,” means we E’\Qﬁf@ a \;’\@mcmaf“?\wzsm 0‘?

Covnmnviadiv ¢ Pt\nﬁs fosﬂw Z&}ﬂ/{ﬁ&ﬂzwpt
Te “noncommyrative Gevmerry’, we Come Up with a new kind of space

So %6’5‘\” P = Rmﬁq




GEOMETRY ALGEBRA (CommuTATIVE)

A\gé\am‘ﬁc géame_,—‘cmf; R’H\g R eury:
C = [afbfine Sc\r\emes\ C® = [ commutradive ‘“mﬁs]
Tﬁpo\oﬁ : C*- a\%e\sf“o\ Mgf\(i
C= [(cm@ac—% Haysdor&f CoP= | Commutarive Cé”mlﬁ?ghmg\!
: SFacag] '
Set W_Gﬁ“, Log\‘c:
= [Se»‘rﬂ | (%= {afi’ﬁm‘\c Boolean @2%@%%31

| ook ot CHaus = Lcompact Havsdorbe spaces, convinuous maps) -
From a Compack Hausdockt space K, we gex a  Commurocive @\ﬁé\af“a
C(Y\\:i{}(‘m%ﬁ: I Corﬁr‘muoo‘éz)* T *‘”ﬁ\géb"a wWith (’F*)(A:?(‘%J
| * % * X g

meanng a0 algebra A with e A=A St (1C+g)ch g J(chﬁ Mﬁﬂ
= zf" Abo, €O has & moem IFIL= su \F, whith  makes
Sense by Compactness. Ths makes C()ﬁ} oo @ C-algebra, meaning:
Mgl tbiigh, WE= e, &0 £ = AN 56 COX) & a commutative
Cx- a\ﬂebf&.

Nest can We Yurn o mm"?h'i'ém @)W(-—%ﬂ in CHays nto a mnr?\n*‘?gm
of  commn. C*wa\ﬁs? A ‘V"emamer“?\ﬁ?am FA—>R ' between C"wa\gs, is
a wmap St. Flavh)= F(aﬁ*’?(&) Flab\ = F(Q\)?(Q)) F(Ccﬁmcp(ﬁ\)’
Fla)= F@F, IF@N ¢ Klall foc some K> 0. Al Hhese imgly WECa = lai,
S(} we %e&» a Ca‘«"\‘fgem{ CommC“A%: [éﬁ'mm, C*,@!ﬁf&,}(*_&[% \’\mqmar@hgm)}
How does o Coryinvoud map ¢ X—Y b/w Compaty Haysdorét Spaces
Qive  a C&a\,ﬂ. \Wmmahorp\\rsm C(){\ % C(\ﬂ? We'\l (3@% one,

*+ C)=>C Q) defmed by ¢7(£) = £-4, the “pull back” of £ dong $.
Nove (o) = #% 4" So wefe gettng a funchor

(Havs —S Comemn CAI4T
Yo C(){}
=N q;*:g(xhwag(@




GeMand ~Naimack Then: This fuactor TS an e;cigimiémfé of C@%‘éﬁgi\igg, NS
heres o Funchr Spec: (ommC"A%%@?,_.,QHMS such thatr  Spece C
2 s ¥ CoSpec ™ 1&%0&%@ are  natyral TSomor phitsms.
What s S?ec? Given o Compn, (- aiﬁ_ A how do we got S??QC(A})?
Le¥s do A= CO0) . Then Spec(C(X) shoold be X How do we cecover
e points of X sYuriing fepen COX 7 Bot whatd o pont (0 K
W Yeems of CHavs? T a map ¢ IxL— Y where 3%73 75 Yhe
one- peint space , which 3 an object in CHaus. So qiven xé)(,
S = x, ¥ covgsely any map br{¥] =X devermines a point
in K. Our dvactor € CHaus — Come. CRYT will urn ¢: 543 X
inte a hmoemorphism  F: C(K\MC(%S@%) Tn '&Zﬁ«()r) C(§«f) = €
where qe C(34) gves gUIEC. So 472 CO)—C is ¢ (A= Fod(")
=£Ry. Thos a pomny X€ K gives a Womom 00phism C(X\w‘?{j

£ £y, whith B just “ovalvabion at x

Lomma @ Dishinct poins of X give d?ﬁmc% homomarphisme C()(\—-MQ
(There ace eng ""’3\“ conkinuous funthions to Separate PONTS, for a Cempati-
Mavsdoc b space).
Lemma: AY\\{ C‘«a\g. \f‘w\m&mw?%%sm () i»ﬁ comes o Some xeX
via P = £lx).
Together thete lemmas yield a  1-) correspondence between  ponts
xeX ¥ hemos. V() —C. So Jven any Comm. C“-mﬁ, A
define Sp@c (A = iV A— T Vs a ﬁ:&cﬂﬁ, mmf?
Theres a *\m?a\a% malkang Spec(Ay ind0 a Compacy Mausdu & space.
Tn e Sopogy, Vi Converges o Pk Y (@) conveges o Y(a)
for all aeA. V
Finally, gven a Chalg, hun. F:A— B, we defoea map of spaces
Spec (F\)’- Spec(B) = Spec(A) \"“! Spec (F\)(W\)“ﬁ“ b-F.




C
ST,

So  we gex funckors CHavs ' Comm TR which  are Taverses
Spec
vp Yo Natural TSmO Cphigwn, -
Nove :
W%(e
T
SP‘“‘% Comm. ‘Z?ﬁﬁs
SPectmpm

points in a ™
space <___“

\’\OV“GNGFP\\?SWS ‘Cf‘em o Compo. (‘?nﬂ ‘o a jgie\d

Subspace *‘;:? fustient ciag. or ideal




7@3 (x\ = \0 ¥ xg§ & Cmv@"se\j an\t such 4uﬂc-ﬁ‘~m Nes @
T TN e
Jubsek ot X . So 2% 1% ngﬁv angYher way ‘o Hhnk o {he Power

sex ot X,
The ’O?efmm U, N, ¢ on Subsers of R correspond Yo e ackions
V, A, = on functions @X%?O;V&, We  haye:

XS{}-{ = Xs N Xﬂg" ‘\N&’\QFG Xs\/ XT(X\) = XS(%3 VXT(X\.) & so on.

(25,0, 0,1) will be @ Boolean algebra

Mso: S&T & XA = Ay le A=\ =7 (D=1, Nove “e” s
not o Separate Concepy, SO ac—h;a\\\’ we Con Say

X,ﬁf“—XT C-""??Xg{\zy:xs ®XS\1XTmXT

Defn A po&r’n‘a\\\( ordered s (As‘-‘:\) s called a latvice ¢ every pair
abeA hes a leasy Upper bound avb & a greatesy lower bound al\b
o least elemeny 0=F & a greotesy elemenmy 1= T,

also
Defa A dutibutive lattice 5 one where A &V disteibute over
cath other. |

Q;‘?:ff F\ %QO\QC&V\ @;\_gﬁ}g%m 1% a d?&%"f’;b@’rwe latd-iee IA\ N\\@fﬁ @xf@f&; ¥ E A %aﬁg
S‘uc\r\%e\% %{’\*’“’\x:ﬂF % ‘ﬁ‘\ll“"’%x ”;T‘(ETCGCampv

0 c@mg\@meﬂ%’ X

lomeont exisys, WS Unique).
+ 9, 7% o Bodean a\gebr‘a with — powntwize defrned <.

Meantg fat given ‘F.ﬂ € ZSJ we  Say géﬁ f“"‘hemé\f@f f(ﬂéﬁ(i’} ¥ xeS.
Ty Yhus has PQWVNR@ defined /\)\/,OA\J & s efj. Q’WQ(XB’*’-—‘*’ “‘"‘JF(K\
ESemarp\nk +o one @?Mﬂ?& %‘»ﬂm?

Ex Foc a’f"aﬁ/’ =13

Aas, not every Beolean a(«g@‘bm s
“The Boolean algebras of the form 25 are \‘Comp\e’re oYomic  Boolean

algebras ' |
Defn A Complere Boolean aﬁ\ﬁeﬁm A W ene  where every subser S A g
a lub Ve & o glb A sveh thar Hhey distrivere over each oher

xe$ xeS

e

Defn An atom in o Boolean algobra A 15 an eemeny xeR such that

x40 & & y<ex Yhen y=0.




Ex Tn 'Zsj e atomns are Yhe elements m{ 3} or Siﬁgigﬁﬂs 233%3’
Defn A Boolean aiﬁabm Soavomie i ¥ xeA, x= Vs, where
- — AeA

\a € A are atimns.

Theres a C&%’@ﬁgr\{ CABA of complete atomic Boolean a
morphisms ¢ A —r B preserve VN, 0\, VA
Theres  of Course a CM’%W\{ Set of sets & % Unchons,
Th Seris equivalewy 4 CABAT™ vie Yhese functore

% ﬁ@‘ﬁw"’ag whose

Set — (ABA™ % CABAT — Set
S +— 9% = Homg, (5,2) A= Hom, (A 2)

where morphisms  ace guen via  pullback in Yhe  obyys way.

Ex ?_-'?é L%{@;ﬂ SR =0 o | Y xe [OJHE s o CompleXe hod ot
o\'\'Om'i’"(, go@\ﬁgﬂ @%g 6% a Uﬂd&{“ Pgm%”w?se GP@'W%’\“‘M’XS.




The opposite of + Yhe coteqory of all Boolean algebras 15 the Cateqory
of Stone Spaces i cgmpacry Hausdortt spaces Yhad are Yokall

AT

dis connected | in which wery  open €Y i closed (& vice versay.

The Boolean aigﬁ*&am of a Stone Space X Consis’s ot e open SUbse ks,
W AUB as VAN as CAT AT as T
et FinVeer Lo e (‘@%’é‘ﬁ@f\?/ o fiove - dimensional vector Seaces oveor
yoor favorwe field b Ninear waps. Whaté FinVeer ™7 A +ypical
morpiism e FinVeeh s T RN R", se a mocphism i FiVect™
s TR S R Thes w suspiciously similar o e *‘T"msﬁase:
TR R FinVect. Tn -ﬁ,’l@%} EiVect < FinVec "“ﬂf e
TRSR = O R—R o THR-E
in FinVeex n FiaVeck © o FinVect
We can also %g% Ahe é({uwaémge of FinVeck & FinVeer™ ysmn ﬁ e Fm\/ec%

as  the dualizing object :

FinVeer — FinVeet™
N+ Hom (V,R) =V
TV=W = THW— v oe (TP YW
n Ft“VQC% T F";‘ﬁifég%é?
So  FiaVecr  straddies he WOFMS of @Q@W‘?Q"%’*W & Gkgé‘bf‘a ”‘Dj \aéiﬁﬁ t4s
own Gweai%é.
Mg(}) Yhe C{Hregcmf o fvive abelian 4oups X grovy Wmom@ﬁrh’%ms e s
Own ep?aswe,

Qalois ﬂf\aeri

Qalos Theory s secrefly about dualties between posets (partially
ocdered SevS).

T6 (5,4) T a puser, then we geda Cetegor y with elementys ot S
as objects Kk Hrere @ATBYS a Unique  MICphism {J:XW%\! £ .ty
foc % eSS X L no maf‘p\ﬂ?ﬁv%g oHhecwise.

“;‘.‘XQ Cﬂ’l’@ﬂ(}fiﬁ% J(L/\av% W ﬁ@j&“ ?ﬁ 4;%”;“3, W&&’xf are P recrs e\\’ «.h@{}se w ;"H/\ .

) a*  wmosk one mocphism from Ay Objecy x o any dhect




23 it there are or phisvS ?:x;ﬂ%\’ & 3:«,.@%%% X =y

do Yo & Cﬂ'\’eﬁaf’\/ Hheorisy, o Poser s o Cai“éﬁor\} Wity these *wo
plroperties,

Gg\feﬁ Ca*\_eﬁeﬁe_c of “hig k’ﬂﬁd; o) 'gb‘ﬂ(ﬁ"ﬂ}f s ‘F@aﬂ\! Jug% an @rd@_(”w
preserving wap £+(8,8) =512

Given @ C:ﬁ‘eﬁer‘«i of Hhis Sory (y@m;ﬁ% from the posetr (Sj,g}j its Opposite
Comes  From the poser (S,4%) where x €Ty i xz [

this Sors 7

Whot  are adj@m*‘r fonetors betweeorn cgz&fgamg s of
Detn: Griven Q“’%‘%@f‘*eg C,D, we soy a functor L:C—D e left adjont
of a funcror P{'QW*C) or R % ﬁ‘%%% gd')nmﬁf ot L.) if %@f@’} .,

+ - : . - N
natveal |- corfespondence HW%(LX)Y) ~ HDMC(X)Qx}\} Y Xec)i@D,
Example: Led L Setr — Grp  Send dﬁ\f ced S Yo e free %%W o
[L= teerty] = freedom]
H@(é, H%{YX@FF(L%J‘ (:?\) = Hﬁmgﬁ (3} E’E(ﬁ;}

g R Grp — Set send any gqrop G to s underlying sex.
J

Ex‘afﬂ?\ﬁz‘WHa* are adjoiny funciocs between POSEYs (SJ{:\) L (T,4)7
L

145 a pair of ofdec-presecving functions (S,4) "“”’ER.. (T,£) such that

Ly & v i ox £ Kx;, which Comes from \L«'lomT(L,()% & HQMS(K}RD,

Dofo: A paic of adyoin fyncrors  between Dosets is Called Q%'

cocrespondence

L

“ﬂ(\m; Suppogg (‘g)éx);;ﬁwsﬁ i @& Galois @Wéf’&?(?ﬁdﬁﬂfﬁu #ﬂ/\é‘iﬁ We 3@-\»
an O(‘deﬁ' ?reser\jty\g ‘(\"MLP RL: (g,éﬁ W")(S‘bé\) LQ'!Y!S Wp‘a‘%’ﬁ ")Z ;0(’" RLX
fhon x % ¥ €S (becasse Lx&lx =7 xeRlx) & X=X ¥ xel.
S wWe Sa\{ T i o glgggjm g@gﬁg_ﬁ_@f on Ythe Posex (S,4). S\\ml‘mf'\\f)
weive Y0 For LRy, Thea  yoéy Yo oyeT & N =Yy ¥ yeT.

S, ° \QQ\N@‘JQS fke *Hf‘sg, “ievecier” OPQM&”HBW oy SU\OSQ*”S O{/ a *{“bp
Space — i*5 & closyre operatec on (7, 2)°F Finally, L& R give

0 \D‘{)e(,%\(}ﬂ \:né.'%wé@v‘\ @a}geﬁ_ ¢ lewyenes O‘C § (rr‘\emmﬂ xéS 'w/

e

x=%) X open elements of T (meamng yeT wl y'=y).




Galois Theary

Suppose Nou have any kind of a\ﬁg‘omt(ﬁ gadge% - o set wivh some OperaXions

o\gg\{‘mg Some axioms . For example : monoids , §Coups , Cings, fredds, They We
cann define a “Su\::gohdg@%" a(“ a 6@5{3@;\/ K Yo be a svbser kX which
s closed vnder o\ Yhe operations.

The %adgczv%ﬁ F osuth Yhat k€ Fe¥X form a poser wivh S as Yhe
pactial orderlﬁa. Levs call his Poset D Galows ﬂ%@&f'\i use s ga}@f?g
Ao %*“udxg D.

A(\\i 3@&1%@% K has a qrovp Au*(\é\] of aufomorphisms | ie. - & onto
£unctions %;\(ws,\{ which presecve all Yhe operations, For example,
(3(1&.\{\ = gl + 3(\{) 3 3(;@{3 = %{%g(«,@x}) 3(03 =0, 3(D =1 when K 15 a
ring. We say on element yeK s fixed by ge AuY (k) f
%(x)"::%. We Say a S\j\gﬁddgg-\( FaX s fixed by g€ Aw\“(K\)

s i

W g6 = % fic each xe F. Notice Yhe subset §%€ Aus((g;\);ﬂ

fixes F§ i a Svbqroup of A (), The SU\J%FGUP of  Au (¥)

fixing the Subgadges ke K s called ¥he Galois geoup G(K|W).

Ley € be the poset of Sukﬁrww of G(K\k\ with the partial
L

order Q ﬂ“\@ ‘dea Vs Yo vse C Yo SWd\, D.
ST

we' '\t do Hhs \;.\{ COhS\‘Tud“?ﬂi a Galovs Coccespondence C o 2 D"P)
%

ie. ocder- Pf’eﬁe,fvmg MApS &Ee\%mi LGeF& G2 PF.
wWhats R?7 I+ Maps  qadgers ke FeX +o Swhﬁé"@u\fﬁ of e Qalow
qrovp GV, T4 works of follows: RF = {3% Avy(K) : ﬂfxxgs F‘E_

TO S\nov&? R’. D“?MC S (}f"(ﬁ@?i’*«w?{\eﬁ;éﬁ“\i?ﬁﬁ (i.@. a ‘ggﬁ{ﬁr\)) W v"g@({d:

keve Feg =2 RF2RV, Ths T Frve: it Says thar it g fixes
F' & FSF, Yhen q tices ©

Whats L? TF maps Subgrovps G € G(KIKY) to gadgers  between
L% KTy works as folows: LG = Jxe K G fixes x §:7 §yek
\ %QG; q Fives ><7§, To show L:(— DT 1 Qf“de%g:*reaef“v“mﬁb we
need: G G'CG(K) =2 LG2LE T s drve: v says that
HoxeF s bived by all ge @’ then 45 ficed by all g€ 6.




L
Nexd | why v CZ2DT a Qalos comnection? That is, why s
R B
LGS F & G2RF? LGeF means every €lement of K fixed by Q
e in Fo G 2RF means every element of ﬁv*(K\ 'Fi‘}(?‘ﬂ(j Fois in G
These are jus% Two ways ot 5m‘mﬁ Yhe Same %‘m%,
Now we can felate nice subgadgets keFe ¥ nice Subgrovps GE GKI)
sing the dheoremn we Saw last Yime... but now e s¥vdc in an “op”!
b
Thn. = Sugpose  C L 3D is a Galore connecrion. Dekine € =Ric
@
VeeC & d=LRd ¥V deD. These are cospre gperators : c2E 4 g=%
and d2d & d=d. we say ceC w closed if c=% &s:mt\m\‘ For
deD. L L R 31\;@ o 1=\ Cofrespond@nce between  clysed elements
of C & closed elementrs of D

Ta our application, whats a “closed” subgadqet keFCK? ITH one with
E=\RF = L%gé f\u+(6\):3 fixes ‘?@ = §><e}<‘- x s fixed by all 9 that
fix F§. So, a subgadger Fis cloased f v contvains all xe K Hax are
Ficed by all ge@(KVK) Hhar fix T

Whats o close d” Subgloup e G ? T+ one with G=RLG =
nge\(i G fixes x § = 3%@ Aut (K) - 9 hixes al x e K diyed by Gg

So, & Subgroyp G ¢ closed s the gfovp ot all fiérﬁu%(‘t«i\)

Yhat fix all xe K Fixed by G. |

The hard part ot Galoys %eer\{ nclydes :

D frnding o more Concrete characterizarion of the “closed subfields”

ke FEK

23 X‘am;\@ﬂ\ﬁ for e closed gsjkarag?g“

2) Uﬁderﬁaﬂd%ﬁa Yre poser C of Subgrovps of the Galors 4tovp
£ PF of Thn=We kngw: c&¢ =7 Lezbd 5 dzd = Rd4Rd; & e 2d @ cerd.
(1) Lezle = c€Rie=T () R €Rd = d=LRd=2d; G) T=T by
M % Ric z2Ric = LRLe 2 Le =5 RLRLc € RLe = Tz2g = C=2; @)
nte Lz=1¢ & soc=z = lc=Li=lc, (A?E’\‘f similar arguments To d?}

(5 Re=t & LRd=d becavse T-z R 3381 sp | % R are iaverses en
closed elowenys.




Grou‘bo‘\dg

Def = A morphism 'f:’(""»\! oo C&%f’g&f\[ has an TovelSe gy-wy {33;‘1

, , ‘ .y 1
& g'g =l IF £ hes an inverse, W5 unique | S0 we weive Wt as f

-4
. {3( merP\q?’sm
Wi¥h  an tavecse s Called an Yﬁemﬁw?@x’%m. 1f Mecet an *g‘gﬁmgr?\h%m

frxory,we Say x &y are Tsomorphic.

Def - A gﬂ&@:‘ﬁ [N Ca-%egmi where  all Mo phisms  are ‘i’samgrg;kigmgb

Example - Aﬂ\' 3(01;? G gives a %mupoza{ with  ome e‘bjé?cr‘v} *. 3 & mm“pk?sms
%:%--%% Corf‘es‘:o\nd?‘m% o elements 36(’1} Wih composition Cam%ﬁj from
ruliphicatton Q. “Conversely any  1-object  groupoid gives a groyp. So
a grovp T a XWQ%E@@% %ﬁ”ﬁupm'{é, Mace %@a@mﬁ\g) e s any c«ﬁfeﬁﬁry

L oxe (), Yhe wsomoecphsms fix 5y form a geoup  uvnder (oM poSittun
called the avhomprphism %EQQE F\d}t(\é

Example - Given aoy categary C, Soered . geuwpod, fhe core C, of C

¥ T k] )
hose O\)}@C%S ace Yhose of C 4 whose MO phisms  are Yhe \‘somafP\fﬁEmS
Cﬁ{: (:j C@mg@ﬁéd as \ae‘(jgre,

EKQMP\Q - ‘FMSQ,% = Hmi’%é Se4s, \Cunc%{‘aﬂs\ . Ahea F?ﬂgﬁ*c = [1[ inite sets, ‘b\fi%?@vx%]‘
And o ¥s \our favoriYe n-elemeny SO, dhen  Aur(n) = Sa | e Symme Tric
grovp. So FinSet, “unihies” all the symmerric  qrovps.

Example - SUPFOSC G | T a qcovp m:%m% on a sex L3 G —A (33\&-@7%%,
Ofren people form Yhe sex K[G Yhe quotient sex where an elv. (]

s an equivaluence Class of als yeX whee x~y W y=gx for some
qe @, Bot a “beter” "W\?\r\ﬁ s to  from the Translation 9Coupoid

K//G’ where: Objects are elements XGX} L a werphisyn from x o N

(o) " . The Compesive

s a paic (g%) where 9¢G bogr=y,

(b, _ (hg, 1)
of 'x‘;{.?i,if\}w 2 Y .‘Wﬁz e w e lyz

In X/g we soy x &y are equal” W ogemys e KNG we say Yhey

S St

are ?st‘m(;rgfbgg , O MQgre p%\ee:aekf) we have O C\nﬁsm &QMM?\WESM

(g,%\é e -‘-—«%\;‘




To a éwg;\” QP??QXZM@%}“&V\& a “m(}duh Spqc@" %o Séx X\/G) 3{\/@\ Some
dovisys Topolegy, while a “modyl: stack” s a grovpoid U[q , where

Yhe ot c}‘@ ijécfkg & MOrphiswng haye ﬁ?&\oﬁ?@_s,

Example = Letr X be The e+ et line S@ﬁmmﬁwg in Yhe Euclidogn P\&%'
Lev G be the Eudidean drove of Yhe plane : all ba}é’ﬂ"‘{’}“ﬁgﬂg 3‘2‘2"@@‘2

"H,w%” resec distrances. G acts on X,‘
P ve s / Y *//égi

More precisely, X = R'x R" & G acs oo i via 3(9{5‘"(3?,?1)
We'ce not Cg\)fﬁ‘?ﬂﬁ (\3{\ 4he same as (q?\) We're aiaumﬁ P=9.

[G s Yhe “modol space of \ine s%meﬂ*& X/G = {03%3.
Gen a e seqment (p.q), Yheres a line seqmeny (9,p), bo¥
(£,9) "“(‘b\"\ So %\g\i have Yhe Same equivalence class & hence give
Yoe same elemeny of X[g.

Nexty consider K[| . Now dbjecks are line 363""‘6""‘*’5 % Morphisms are

\ike (pq) 2Ly (g. (P} LRLLNERD! where gp=F & 99=q" as n the pictyre.
Gwen o grovpeid C we can form:

D e ser € of Tsomorphism classes ob obyecrs [x| where {;&:;E\ﬁ
o =Y.

"Z) for any el o grovp Aut(x wWhere X TS any fepresentative
of <], Note if xZy then AW AUly) as grovps.

’“\m*‘vagﬁ a %{’@c}pg‘d C Canv  CeCover ( up o &:lu*\m\enge wcrgm
C 3 al +he groups A,Jlsf(ﬁ\ one for Qach Somorphism Class in C |

Example - C = FinSet QEE& & for each nelN we 9er @ grovp S..

whithh  we've Seen T35 Tsemof phic ‘o /Aw*\"(%\) for any KeFmggﬁ Wity
n elements,

Example- C=KIG where X Ka %e ser ot e Segments & (4 15 Yhe
Bucti dean qrovp ot Yhe plane. C = [0,*).

Tn general | XJIG = X[G becavse both are names Yor Yhe sey o
equivalence  classes O whaee oy A 1 =4% for some 3@(7”




Rovr X[ lhas ware i‘!”x‘g’&(m&%ﬁ}ﬂﬁ namely all the avtomorphism groups
AY(X), one Yor each equivalence class. Se n our example, whatk
Avx((eg))7? e Z, i P#q Since theres o re Flection preserving
(p. T p=q., ¥ Hhe grovp 0(2) of all otthogonal 2x7 matcices
e, a\l roradons & cetlections *F‘Emnf} pe I




Rot XJ[G has wmare taficmarion, namely all Yhe  avtomorphism Groups
AuY (), one Yor each equvalence clagg. So I our example, wWhais
Avx((p)) 7 e Z, P#q swce theres o reflection. preservin
(e, . 23 P=q . s e group @(2\} ot all Q(%gﬁaﬁ@i
e, all rovatigns & reflectiong 'ﬁﬁ?ﬂﬁ pe I

y

127 marricee
J

Modoli Spaces & Modohi Sracks

Given a %mt)‘golé C, ley C be the sex ot TS0 OT phism Classes of objects.
Often C will have Yhe s¥ructure of a space (eq. %Paiegi‘(a? Space,
manifld, algebraic variehy, scheme, ete) Then € 15 called a modul; space.

Ey;c&m?\e'- If G ™ 0 qrop aliag ona sex X, we get a groupeid )(/}@g
~\’\,\e Franslaion 3(‘@39@@\& , where A

-o\:t:je,c%s are elements of X
Rt P‘m‘smg (%)ﬂ\)
X —2—3 Y
are  pairs (g wWith %%,%@X}& =g
Then WG = K[G  whert Kg has elements [k} with Ky FF
\’:Sy\ “?M Sne éjé@
Recall:

T\p‘ﬁ}/ﬁ%e Sfou?oid KIG s eqw\faﬂeﬁ‘%‘ Yo the ﬂrao?g‘;& with -

- oneg 0\33@65{ Y)ﬂ ?or each [ﬂe K/G;
© One marp\f\gm { {ﬂw”’[ﬂ for eath morPh’ﬁ.m 'F'-xm»x wheee % 1o
any chosen (epresentaive of Yhe equivalence class [x].

Nove: it Yﬂﬂﬂ}%\@x\e are o wmorphisms  between Yhem.

We obfen call X[G o wmofuli space, & XJlg the wodohi Stack .

Lasy dime  we lodked at an Q%&,W\g?‘e:

Example: “The moduli sYack of Ime seqments" wn Euclidean geomerey. Here,
L=R=*xR > (g::}cD
G = O@D)x R s Yhe Eucidean grouvp of the plane

Here we Phink of (@{) as a line Segment wWith a chosen 1s¥ & Znd
andpoi, whidh can be equal.




Then the modvli space 1s X[@ = [ od) | the space of i%ﬁ%\&
The woduh shack XJ[G  keeps Yrack of symwmednies:

AU“V [(P,éiﬁ = Au¥ ((g,«{\ﬁ
1S ‘\4/\6 %U\BCS(GU’? Gg 6 CéﬁS?&*{“ﬁg O‘{/ Cl.“ 66@ it (%Pﬁac@:(?jq}

Arlp. ) & Z/2 1 piq P s
Aoy g\{?,{%ﬁ = O(’Z\ iF P=9 P=1
X SO Z
(?;} / ) Ogé oD 0 ceflection
So the modol s¥acke looks bke- w«»«ww%mngmm

Example: “The wodoli space ot %Yaﬁgiég"
Let @ be the Evclidean grovp 45 bedore, bvtr now ler X be Hhe ser of
*\'ﬁfkﬂ@lé&i A= R x K« R These are %?aﬁﬁ\es Wit named vertizes
Yhayx Con be equal.
The woduh space WG 1 he sex ot TSOMOrphisve Classes of Frvan gles,
Now WG % [0,
(g (p-ql1g-), \e- pY)
Here W seems thar i £.4,¢ are all dievinet, then (p,%pﬁ has as apyo-
Mucphisms oy the ideonviyy, T we dedine o iangle Yo be an un-
ordered Tiple ot pownys n B then aﬂ’eqm\a%emi %?gmg\@ would have

S; as avvomocphisims , & isesceles wiould have S, £Z/  This gives a

' J
moce "\ﬂ%re&”ﬁw@ moduli SYack.

Excample: N Remann surkace s a Z-dim. Smooth manitold  wivh Charys
b U — € such Hhat &8 s anayhic (=holomorphic). Every Riemann
Suckace Yhats Xq@mgam@rp\q‘:—c o the Plane 13 somofphie (as a Rie-
M 3@(‘-@&(@ Yo €. E,ver\{ Riemann Qur%cf hs«neama(p}m, tp the
Sphere T3 TSawmor phic o the Riemann sphece €= CUYOY.

fhere are loke o NOATS Bng Fohic Wy ‘o make a Yorvs indo a Rievnann
surface — Yhese are ellighc cyeves .

one of this Yerm:

E**J@,ﬂf eliphic Corve T semocphie Yo




fake a latvice LeC ) le o S(}Bﬂ(gg)? of (€, +,0) Yhats somorphic to
7 & foeen €/ ’ q@{i\ﬂmﬁ a Yorus with obvious charte @;: U — G:)
I Yot an elliptic Curve.

when do two lathices L)L give Tsowmorphic elliphe Corves Cf 2 ¢/ 2
Preswer: IF£ L'=dL for some nonzeso A€,

! * \
L - ’
Theres a gf‘oupo“\d C Wt

-elighic Cufves as  objects

.\‘somorp\\"»tsm§ & \Ztemaﬂn Sur—?a(“ as gr F\f”‘n%ms

and were Seeing C=X/6G where Y e the set of latkvcee §

G= ¢ *'(}ﬂmzam Complex Nymbers under m}hgiim%mﬂ)
So KNG s called e m\%@i cpace gf’ eliphic corves | &

X//G e the  moduh stack ok é’,\itp*j?z corves

it

ﬂ/‘@fﬁ are two e\hp"ﬁ‘c curves with a }3\&33@@ iﬁﬁGM{)r’%b%i‘avm %(@L}”f):

/ , ‘
'\“\{?ka ‘3“;@%% Curve [ | }fw@.ﬁ, Z/z s C{u\”omarp\\\‘smg
7

ﬁi‘ (1800 covation (-y=1)

S

/ / ;"M
/ 4

i

Gausstan ellipyic Curye X» 1.%}:{'» has Z/ﬁ as Autpenor Phisms

) I\ (343\)

G- .
Eicensyein eliphie cyrve: L350 has Z/Q a8 aw’mmaq;‘mgmg

S T



Klein Qeemszw\'

Def, = A homogeneous G-space for Some grovp G vs a set K pn which
G acks +ran31+tve\\?l e, theres a map G* X =Y such that

(3} K) = gr
%t(%zx\:(g\g,)x Jle=n, bV oxyeX 3 geG oW gy,

Ex. — In Euclidean pant %éﬁ‘ffié’%f\!) G = O R ¢ the Eud?de%ﬁ jrou

T

‘l —
LY =R o M Tuclidean plane  wivh 62((‘,%\)6G aa:»%'m% on xe X

\o\i g% = rr+t.

Tan pon-Tucidean %gaf‘w&‘%rﬁ,‘ Hhe Qﬁ&r@ﬁ@i ?ﬁs‘i’y?ﬁ"@ fans, Here e EUC\Edw
ean grovp ¢ Cep\aced by Some other J-dimensional Lie 9Covp.

Ex. In SP\‘\&(”?{,@\ ﬁ@@w&e%@f”\’ X G= 0(3\ = 53 i?}w@)ﬁ@\ 9 s bnear & gxs\’ =%y
v x)\'eﬁ?g & = 8t= %xé R x-n= l%, Here we can define o Set of

\nes | namely great ciccles: Buk any 7 disginck  lines iatec-

Sect o 71 points, So the p&mﬁd postulate {:ai\s) yer other axioms of
Euelidean %e,em%\, hold.

Ex.~ Iﬂ k\\ip@jﬂgn\?ﬁ g@gw\&&(\i) we ey Y’Rz)\ L}@. %3 Wi %Q d{}*" PFM\}(A/
/ 7,4 L,

(‘A‘\’}'ZS' (x’,\ﬁ, z“) = X)ﬁ' %'\f\i'—'zz’k )"L ‘Q“” G = O(?'s\\) - 36@ - K& ' \ 3 X3

1(“!\6(1("‘ & %x.g\'z )(~\’ \d ‘A}\{ € “2\2"35 & ‘Q%@ X = HZZ %XG‘ W:l’\ \ XK= “‘)i

= i(x,\’jzﬁ)\ Xl*\fi" 2" = \E be the L’*\g P@ﬂmﬂ@i‘di @

As vn Spherical gevmetry, we Can ‘de\(mé a lme 46 be dn Tntersection
of K wivh Some P\aﬁ@ %F@ug‘ﬂ e Qf’iﬁm‘ The PQFO\“Q\ Puﬁu\a%e
fats because for any ke ¢ k any powy P notr on £ Yhere are
’m%m"‘s%@\\i nany Wnes [7 containmng P oyex ot }*ﬁ‘\”éf’géﬁ“\“\\ﬂﬁ (.




In projective (Pane) gevmeny, vy pare ok disvinct ltnes iateccoct
in e)«a(;\a\\( 1 po“m\—@ a “poiot at wdinivy”

In projecrive qeometey, K= TP = Fhnes Harough the origim in R &

G= GL(B;‘Rj = %3’ R*— R\ 9 \tnear k a'~we,r“%*i\>\e§ or, since transfocm -
aXtons X = Ak for some O#de B ack *\‘rwta\\xl on X, we Can use Yhe
pjective qeneral near grovp @ = PAL(3,R) = GLIARY/ fAl :deRY,

B

which 15 @0 §-dimensional grovp, as opposed 4o Fhe previoys groups,
Whith  were  3-dimensigaal.

RE? can be enikied With §%/a whee  xay Hoy=tx or, Ynerefore
with DY~ where Kooy iff x &y are on the b&md@gy of dhe dic
0 ¢ diavme‘\*r?(a\l\{ opposite. So RP? can be seen ay R (homemmr?%«
ic Yo the wnterior of @% togediner  With “points at »\mﬁ?m*r\/ "oc Gmi*ﬂﬁ
‘(ﬁ)\m e %auﬁd&ﬁ“\! a%' the dise

W can dekne a ling n RPE to be a plane ﬂnrcuﬁh Yhe ofign

Z
R*, which contains lots ol points N RP® (which  weee  fines "W”@wj\'x
' p\ane 13 @3

Nine in RP?

J

Amg pas- of dittiack bines intecsect wn a unique point, 3 Gy pair
of distincy pointg lie 0n a vnique line. Tndeed 1o Projecrive plane
9evmesry any Yncorem has a “dyal” versven whete Yhe ple of
ponks 1 baes are Switched,




This s a Sg:»ec‘mk case o-@ dua\‘;bf\{ for ?{35&%33 with P<£ mgaﬁ?ﬁﬁ
P \?ﬁs on {.
Vlewy no¥ied Hhat in all Yhe konds of geomexry mentimed So @m’“‘ we

have *wy homoqeneous Q-spaces: Hhe ser X of poiers Lot alg,
e Sex Y ob Wnes. We also gre nterested in other ‘\wmgmm%
G - spaces, €4, n 3d ‘3€®mg4‘f‘x, we'd have a Sex of planes  of in
7d  Eudidean Oeomesey we have the sex of ﬁaﬁsa i.e. Pa“m%‘-ﬂ\me
pairs  where  the point lies on Yhe le et

So VWlens idea was: & Oeomeiey ic S““P“i a gcoup, L oa w Qf
fiqure  (porox, Yine, Hlag, ¥evangle, exc) T & Momogencos G- space XK,
whose elements wek are —Q‘rjures of Ahar Yype.

We Can C\qssiﬂ all Yhese \”\W’ﬁi}ﬁﬁﬂe&(}g 6“5?&&(@& ‘G\!:

Q - .
Thm. = Suppose X 75 a \‘*‘Wmﬁéﬁwus G- space. Pick an elomeny

weX. Ly HS G be Yhe Svabivizer of « Je. the subqCovp
H:‘gcjé{@;%ﬂzﬂ‘g, Thew lex G/H be e sexr of €quivalence
classes [6\ where gwf i g.':g\y Then G/ w5 o mmaﬁgﬂéws
G -space with glgl=lgg’). & K& as G-spaces via

o &{31 ) 366‘ (Here d &5 & Wap of G-spaces, W@Mwﬁﬁ
A = gae) - Y 9€Q.

T\WS mi\@wéd K\éi‘"ﬁ ‘o f‘@dé-f‘\‘ng a ‘\;\igg gg %’5upe +b Zbe S}?WQ‘E\, a
SUE\%C\)U? O'? @ ) 3Tncee a QUE{EFGU?’ HC 6 g?ve S '\”ﬁ%ﬁ:ﬁ*@\/e G"SP@CQ
G/H\ & exier‘\{ %ﬂﬁg?@we GI "‘39&5@, 16 ?S@m@rp‘ﬁ‘:g +O ong Q{’ “\%GQ&_




Klew Geo me ey

Welve seen Yhat

L2 qeametry T o govp G

o Hpe of figure in Yhis geametry is a subgrovp wee

. Hhe set of —?:gureﬁ of Yhayx Hype TS G/H : h“moﬁﬁﬁeﬁﬂs G“’SP&{@

How Can we do %@ome*r\f Xhve wéﬂ?
we need (& -immvariand colabiens between ??gures.

Examgle: plojective ?\ane eomery

G = PAL(2,R), X = Jlnes Yheough Yhe origin in R = {powmrs in RPHY

Yoo \wmo@weous G - space, so K = G/H where HEGQ 7 dhe

| SYalyivizer of Nour favorive poiny PC'K - H:Z\"\éﬁf k?:?}'

An iavariant relation between points s a relavion Te. a sbset REXK
Such ¥hat  (pg)e R =7 (cj\v,ﬁ\)@ ROV pgeX & 4ea.

Botr Yhe only Invaciant relatipns 10 This example ace P=q & P #q
becaps disvance TS nok  preserved by G.

More inYerestingly, lex Y = fAcR: A s 1-dw. subspace & B v 2-dm,
‘Subspace ot W}E = H\aagg) where  a “aﬁ s a Poink pé RP* \"'mﬂ on
a line | < RP% B ;
Q acks "\”‘”af'ﬁ?“”i\fé\\f on N {even Yhe Euclidean grovp &0@5\} & Where are

vatiops Ywarignk  celations between “ﬂgsi le. Subsets REN =Y tavarieny
under Q. L

For example: B
P=P

One invariany Celation bekween (?,\5 % (P"SU‘) S&\fg “P:P’ g LEV"

O : . L= “1=1U & Pi?;“
P '
O{"f \‘{’ " \\Pi:f; ‘& L:Li & ?%L‘ & F,gLn
P L ~

=4
b T Noiow Ler




Oc: % spel! but Ll ) pep”

P ==
Finall - / e o S L+l % pep”
FR 0 L
AV 6 o hese re\q+r0n$ are visive here: ‘ ) G'ﬂass"

For any  group G, we n make uvp a Ca+e3¢r\{ QRe\ where:

-ob;\eci—s are Q- sets
- morphisms  afe dwariat relations
where an TOVar vany redarion X -PY ?rom Yhe G-se+ Lo Yhe G-set V

% o Celotvon , ie. o subser RE XxY sy Yhat (x,HER =7 (3*,313612
\ xex,\{e\{,ﬂeﬁ.

How do we Compose vnoryh‘fsmg?
Guen any felakuns RX 4N 4 S YasZ (not necessaril vavariant
Y N t

We Can Compose them o gexr S-R:X shwif

SR =ik e RE e sk, DR & [4,2)€ Ri
1F RAS are iavaciany Yhen so s SeR.

Theres a Cotegory Rel where :

- objecxs are setsg
- morphisms o relations

Hece hom (3(,\!\ = 2“\(
Recall For any Sex .Y T complete atomic beolean a\gebrq (CABA
witha, € as &, N as /\(‘—‘gﬂﬂ, Uas VERB), © as = :
Su v Rel, \r\om(ﬁ(,\f\ T hoy Merely a Se, Ws a CABA. The same 3
Yeve foc GQRel: eq it RK-PN S: K -PY are ivatiany Sp 75
RNS. RuS, R"

Tn 'Fac{—, Re\ & GRe\ are “CARA - entidned Qa*eger":es L




Whats an enriched Cm\'egor\,?

1n Cm\—eso‘\\ J(\"e""‘l . WNe WGENY Yv OVQS“‘W\WW ‘W\e -\-\l(‘ann\f of Setg-

instead of work\\nj in Sex all Yhe tme | we +ry Yo prove regylts
Maxr hold  in many Ca*egorie:, Box  Yhe very  definivon of Catego
Uses sers. The idea in enfiched datequry Yheory s Yo genecalize
re\,\ac\“a Se \o\’ some other (‘a*egor\! \] & SOLY: )

A N-enciched Cm‘egor\, iCoa class of objects & for ench

PQ\\F
of dbjects LY An object hom(

%.\he V, ¥ a ComposSition Morphism
o hom (%) ® hom(y,2) = hom(x2) w V  evc.

Here we need V Yo be a " monoidal Ca'\'egar\,") e .l Ca+egor\1 witl,
Some Sory  0f “Yensor producy” ®,

T4 fumms ouY Yhat  CABAs foemn a  Mongidal Ca‘fegor\/, So ik
Semse Yo falk abovt a4 (AGA - enct
are  Svch.

make s

ded C“‘\?Sof\]‘ g G ] GRe )\

R AR s a
T T T e e




Emf‘géiﬁﬁéﬁ C%‘%‘%%@(%ﬁg é; }ﬁ%@rﬁ@% m@‘ﬁéédﬁ

A monoid 5 Vdhe same! as a i”@‘i@jg@ {Z@}%:%j?%ga? . i% \{w have ., %’%%wy
C with one object x, theret a mongid homl(x ) with myligheation

b \h%mé‘m‘ﬁ\aﬁhﬁm@gﬁﬁ%w@%‘%@m{%%}A Cem\j@*ggk\f ﬁt;a;\g% A monoid M \;OU
Can byild a fﬁ%g’%@ﬁf Wt gne objeck % % Mm(%&%ﬁmé with ‘comp

0500
h@m% myWpkication W M. |

More ﬁa?,ﬁé,mﬁﬁ\i Suppose N 75 a4 monoidal f@ﬁ’@g@ﬁg with fensor product
® Then recal a V-enriched covegory Chas a clese of obyecks & for
any @E\iéfﬁv& %ﬁg@éc) a hDMwe‘ajéﬁwm %cm(xjﬂév & Comyp 088 oy {}‘?
morphisvns  ° \'\M(xﬁﬁ ® hom(y,2) — hom(x,2).
A gmw@s@jm \ - enrich ed @@L%"f%@f‘&; vs the Stme as a mon0id tnderpal
Yo Y, of monoid in Vij e, \am'ob’:}ég% MeV  with a multiphcation

o MEM - M thats  associative & ynival.

Examples:
| S’U??Qgé N = A‘ﬁ@% Wivh @ = ®, . Thea a meagtd e Vo ie called a cing.
7. TF = RMed with @=@, , thea a monoid n V i ailed an @wm\ﬁé%m;‘

30T V= Top with @= %, Hhon a wvaoid N i aq ‘%’@?’ngﬁ?cgﬂ wonpid.

Back %o our favecwe example : Klew qeometry. Lot G be a grogp, 8 lek
GRel  be Yhe ff&%ﬂgg@w i

“ (- se¥s as objecks

« Q- lewac tapy  rela¥ions  as morphisms
This & a CABK ~ onriched cateqory. So, it we take owe Gesed % e
Can ‘%‘ia(m a 1- 0%}@@% CABA - entiched CQ"‘%@@M‘;’ w ¥y

K oas the only objeck

. %wﬁ{%j‘}@} e Yhe ﬁmxe ﬁ%ﬁmm{jﬁg@gw

EK&M?%QZ P(%@@ﬁ% Fgﬁﬁé %Qﬁmé“%m?
T G PEL(R) & Y= 61): peR s a Ldmwbspace, LS
a 1-dim. subspace, pELY, the sex of ‘g‘%@%&




hom (Y, f} is a monoid in CABA. Whavt i+ \ike? L“"“i"‘*’”%é o describie

J

In %a@w?m gven any  groyp G % any G- ses KN, whatr are Jhe atpems

Cdﬁi ﬂf\;e @%Qs@%@%‘%’“ﬁg é@%i JUS* (;E@gw%@ %@é a‘pms

in hom (L \5\‘9 i%ﬁ? “ﬂﬁ@{f’g nWariany reladions R }{%\{ Le. ReEXxY
Svch Yhat (sc%ﬁ&f =7 {gx gkﬂgﬁ But %Q\im Hae Smﬁ%w% mﬂ@mm
Subsets oF Y focem . Sa, any gYern R musy Convain a POy (x

3\53
Yot all ?@‘m% ot Yhe %&Hﬁ (%%A%ﬁb} %g’ ﬁfgﬁgﬁc Iﬁoiéééﬁ Qﬂ\i orbiv

P )
So. i G= P6LI2.B) b Y= ?iﬁ%aﬁg%) Yhen  the atevng  n hom(}{}‘\?} are
the orbirs ot G ﬁ{%%aﬁ on N * N %fj the ofbiv o thi pair of *ﬁagﬁ

\\\ | /M,;”" o= (%3‘ L }

P%é\;\‘m\% ‘mé = g %Bs Lk‘}

.

s Mhe ser of all paifs of Haﬁ§ S\mgmﬁ the Same ?Géﬁ% (bt o m@w@}.
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