Rot XJ[G has wmare taficmarion, namely all Yhe  avtomorphism Groups
AuY (), one Yor each equvalence clagg. So I our example, wWhais
Avx((p)) 7 e Z, P#q swce theres o reflection. preservin
(e, . 23 P=q . s e group @(2\} ot all Q(%gﬁaﬁ@i
e, all rovatigns & reflectiong 'ﬁﬁ?ﬂﬁ pe I

y
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Modoli Spaces & Modohi Sracks

Given a %mt)‘golé C, ley C be the sex ot TS0 OT phism Classes of objects.
Often C will have Yhe s¥ructure of a space (eq. %Paiegi‘(a? Space,
manifld, algebraic variehy, scheme, ete) Then € 15 called a modul; space.

Ey;c&m?\e'- If G ™ 0 qrop aliag ona sex X, we get a groupeid )(/}@g
~\’\,\e Franslaion 3(‘@39@@\& , where A

-o\:t:je,c%s are elements of X
Rt P‘m‘smg (%)ﬂ\)
X —2—3 Y
are  pairs (g wWith %%,%@X}& =g
Then WG = K[G  whert Kg has elements [k} with Ky FF
\’:Sy\ “?M Sne éjé@
Recall:

T\p‘ﬁ}/ﬁ%e Sfou?oid KIG s eqw\faﬂeﬁ‘%‘ Yo the ﬂrao?g‘;& with -

- oneg 0\33@65{ Y)ﬂ ?or each [ﬂe K/G;
© One marp\f\gm { {ﬂw”’[ﬂ for eath morPh’ﬁ.m 'F'-xm»x wheee % 1o
any chosen (epresentaive of Yhe equivalence class [x].

Nove: it Yﬂﬂﬂ}%\@x\e are o wmorphisms  between Yhem.

We obfen call X[G o wmofuli space, & XJlg the wodohi Stack .

Lasy dime  we lodked at an Q%&,W\g?‘e:

Example: “The moduli sYack of Ime seqments" wn Euclidean geomerey. Here,
L=R=*xR > (g::}cD
G = O@D)x R s Yhe Eucidean grouvp of the plane

Here we Phink of (@{) as a line Segment wWith a chosen 1s¥ & Znd
andpoi, whidh can be equal.




Then the modvli space 1s X[@ = [ od) | the space of i%ﬁ%\&
The woduh shack XJ[G  keeps Yrack of symwmednies:

AU“V [(P,éiﬁ = Au¥ ((g,«{\ﬁ
1S ‘\4/\6 %U\BCS(GU’? Gg 6 CéﬁS?&*{“ﬁg O‘{/ Cl.“ 66@ it (%Pﬁac@:(?jq}

Arlp. ) & Z/2 1 piq P s
Aoy g\{?,{%ﬁ = O(’Z\ iF P=9 P=1
X SO Z
(?;} / ) Ogé oD 0 ceflection
So the modol s¥acke looks bke- w«»«ww%mngmm

Example: “The wodoli space ot %Yaﬁgiég"
Let @ be the Evclidean grovp 45 bedore, bvtr now ler X be Hhe ser of
*\'ﬁfkﬂ@lé&i A= R x K« R These are %?aﬁﬁ\es Wit named vertizes
Yhayx Con be equal.
The woduh space WG 1 he sex ot TSOMOrphisve Classes of Frvan gles,
Now WG % [0,
(g (p-ql1g-), \e- pY)
Here W seems thar i £.4,¢ are all dievinet, then (p,%pﬁ has as apyo-
Mucphisms oy the ideonviyy, T we dedine o iangle Yo be an un-
ordered Tiple ot pownys n B then aﬂ’eqm\a%emi %?gmg\@ would have

S; as avvomocphisims , & isesceles wiould have S, £Z/  This gives a

' J
moce "\ﬂ%re&”ﬁw@ moduli SYack.

Excample: N Remann surkace s a Z-dim. Smooth manitold  wivh Charys
b U — € such Hhat &8 s anayhic (=holomorphic). Every Riemann
Suckace Yhats Xq@mgam@rp\q‘:—c o the Plane 13 somofphie (as a Rie-
M 3@(‘-@&(@ Yo €. E,ver\{ Riemann Qur%cf hs«neama(p}m, tp the
Sphere T3 TSawmor phic o the Riemann sphece €= CUYOY.

fhere are loke o NOATS Bng Fohic Wy ‘o make a Yorvs indo a Rievnann
surface — Yhese are ellighc cyeves .

one of this Yerm:

E**J@,ﬂf eliphic Corve T semocphie Yo




fake a latvice LeC ) le o S(}Bﬂ(gg)? of (€, +,0) Yhats somorphic to
7 & foeen €/ ’ q@{i\ﬂmﬁ a Yorus with obvious charte @;: U — G:)
I Yot an elliptic Curve.

when do two lathices L)L give Tsowmorphic elliphe Corves Cf 2 ¢/ 2
Preswer: IF£ L'=dL for some nonzeso A€,

! * \
L - ’
Theres a gf‘oupo“\d C Wt

-elighic Cufves as  objects

.\‘somorp\\"»tsm§ & \Ztemaﬂn Sur—?a(“ as gr F\f”‘n%ms

and were Seeing C=X/6G where Y e the set of latkvcee §

G= ¢ *'(}ﬂmzam Complex Nymbers under m}hgiim%mﬂ)
So KNG s called e m\%@i cpace gf’ eliphic corves | &

X//G e the  moduh stack ok é’,\itp*j?z corves

it

ﬂ/‘@fﬁ are two e\hp"ﬁ‘c curves with a }3\&33@@ iﬁﬁGM{)r’%b%i‘avm %(@L}”f):

/ , ‘
'\“\{?ka ‘3“;@%% Curve [ | }fw@.ﬁ, Z/z s C{u\”omarp\\\‘smg
7

ﬁi‘ (1800 covation (-y=1)

S

/ / ;"M
/ 4

i

Gausstan ellipyic Curye X» 1.%}:{'» has Z/ﬁ as Autpenor Phisms

) I\ (343\)

G- .
Eicensyein eliphie cyrve: L350 has Z/Q a8 aw’mmaq;‘mgmg

S T



