Math 260: Tribonacci, k-bonacci, co-bonacci
Miguel Carrién Alvarez

1. Recursive definition of T'.

A T-structure on S is either S being the empty set, or a block of length 1, 2, or 3 followed by a
T-structure on the rest. It follows that

T~14+(Z4+2%4+ 2% xT.

2. Generating function (implicit).

The decategorification of the preceding isomorphism is
IT|(2) = 1+ (2 + 22 + 2°)|T|(2).

3. Recurrence relation.

Let [T|(2) = >, tn2". Then,

Z thzt =1+ Z tnz" T 4 Z tn2" T2 4+ Z 2" 3

n>0 n>0 n>0 n>0
SO
Z th2" =1+ Z tno12" + Z thooz" + Z tn_32"
n>0 n>1 n>2 n>3
and
to=1
t1 =to
ta =1t1 + 1o

lp =th_1+ln2+tn3 n=>3

4. Generating function (explicit).
The equation in part 2 can be solved for |T|(z) to obtain |T(z)] = (1 — 2z — 22 — 23)~L.
5. The closest pole to the origin.

We need to find the root of 23 + 22 + 2z — 1 = 0 closest to the origin. To eliminate the 22 term, we let
z = w—1/3, obtaining w3 + 2w /3 — 34/27 = 0. By Descartes’ sign rule, there is at most one positive root wq
and no negative roots. To find the unique real root, we need to put a hyperbolic spin on Viete’s trigonometric

method. Observe that 4sinh® 7+ 3sinh ) = sinh 3. Letting w = QT‘@ sinh 7, we get sinh 3n = -7, Call this

2v2°
number a. Then, €37 =a+ 1+ a2 = %\?’/‘;7 In other words,

2 | v/3vV33+17 2 1
20 = V2 T . V2 — 2~ 0.54369
3 V2 3v33+17| 3

This is the root closest to the origin because the product of the three roots is the negative of the independent
term of the polynomial, namely 1, and the two complex roots must then have absolute value %, /2 ~1.3562.
We can factor 22 + 22 + z — 1 as

1—|—z0)2+3+220+32§

(z—zo)(22+(1+zo)z+(1+zo+z§)):(z—zo)Kz—f— 3 1 ,

so the complex roots are

_ ; 2
(L+20) £0v/3+220 +32 o omion 41 11514

Z4 = ~ —
2



6,7. Asymptotics.

We have
1 1 A Bz+C

= P +
B4242-1 (z—zo)(ZQ+(1+zo)z+(1+zo+z§)) z—20 224+ (1+4z20)z+ (1+20+22)

where

A + B = 0
(1 + Zo) A —20 B + C =0
(I+20+23) A -z C =1

We have 1+ 229 + 322A = 1. The term 2 A_ dominates the asymptotic behaviour of the coefficients of the

Z
power series expansion because the complex roots are larger in absolute value than zg, so

() ! S e

~ 142204328 2—20 20+2234+3251—(2/20) 20+ 222 +32 =

Hence, 7 = 2z, ' ~ 1.8393 and ¢ = (2o + 222 + 323) 7! ~ 0.61842

The following Octave code

a=zeros[0:100];

a()=1; a(2)=1; a(3)=2;

for i=4:101

a(i)=a(i-1+a(i-2)+a(i-3);

endfor;

a[101]
finds #100 ~ 1.8040 - 10%%, while 2, % ~ 2.9171 - 10%6. The ratio of the two is, indeed, ¢ ~ 0.61842.
8,9. k-bonacci.

If K is the k-bonacci structure type,

Keol+(Z+2% 4+ +2Z°x K

o) .
|K‘(z)_ 1727227,,,721(
The recurrence relation for the nth k-bonacci number, k,, is
t, =0 n <0
{to =1
tp =tp—1+tno+ -+t Tl21

This recurrence relation produces the following numbers:

n=0 n=1 n=2 n=3 n=4 n=>5
k=1 1 1 1 1 1 1
k=2 1 1 2 3 5 8
k=3 1 1 2 4 7 13
k=4 1 1 2 4 8 15
k=5 1 1 2 4 8 16
10, 11. oo-bonacci.
Using the fact that -1~ =1+ 244 2" + -+, we can write z + 2% + -+ + 2" 4+ --- = 7%, and so the
generating function of the co-bonacci numbers satisfies
1 1—2
I = = .
16) = === 1,
—Zz

We can write this as
() = (1—2) ) (22)" = (22)" = > 2%"Th =143 272" = > 2" =14 ) 27712,
n>0 n>0 n>0 n>1 n>1 n>1
So the n-th oo-bonacci number is 1 when n = 0, and 2"~ ! for n > 1. This is because an co-bonacci structure

is an arbitrary partition of an ordered set, and for n > 1, an n-element set has n — 1 possible positions where
a block boundary can be present or absent.



