THE BEAUTY OF ROOTS

1. Roots
One of the charms of mathematics is that simple rules can generate fascinating
patterns which raise questions whose answers require profound thought. For example, suppose we plot all the roots of polynomials whose coefficients are 1 or −1.
Suppose we do it for polynomials of some large fixed degree, say degree 24. We get
this astounding picture:

Here the brightness shows the number of roots per pixel. A naive approach to
creating this picture would require solving 224 polynomial equations, each with 24
roots (possibly repeated), for a total of about 400 million roots. However, there
are various tricks we can use to reduce our work. For example, the picture has an
evident 4-fold symmetry: it is easy to see that if z is one of our roots, so are −z
and z. In fact, it has 8-fold symmetry, since z −1 will be a root as well.
We leave proving these facts as a small puzzle for the reader. Let us dive into
this set and look at it close up! Certain regions seem particularly interesting:
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2. Closeups
Here is a closeup of the hole at 1:

Note the line along the real axis. It exists because many more of these polynomials
have real roots than nearly real roots. Next, here are the holes at i and eiπ/4 :
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Note how the density of roots increases as we get closer to these points, but then
suddenly drops off right next to them. The subtle patterns in the density of roots
are quite beautiful.
But the delicate structures that appear as we move further inside the unit circle
are even more spectacular. Here is what they look near the real axis—this plot is
centered at the point 45 :
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They have a very different character near the point 54 i:

The region near 12 ei/5 is especially appealing:
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This image could be a metaphor of how mathematical patterns emerge from confusion, like sharply defined figures looming from the mist as you drive past at night
with your headlights on.
3. Basic Facts
Each of these pictures seems to call for a theorem to explain it! Let us start
with some basic facts about the set we are studying. The reader eager to see more
pretty pictures is urged to skip this section, or perhaps just read the statements of
the theorems.
First, let us define a Littlewood polynomial to be a polynomial whose coefficients are all 1 or −1. These were indeed studied by the famous number theorist
Littlewood, who posed a still unsolved problem about them [3, 11], which however
seems unrelated to our concerns here. Let
Dd = {z ∈ C : z is the root of some Littlewood polynomial of degree d}
and let
D=

∞
[

Dd = {z ∈ C : z is the root of some Littlewood polynomial}.

d=1

What does the set D look like? That is the question we wish to address. We start
by trapping D in an annulus:
Theorem 1. The set D is contained in the annulus 1/2 < |z| < 2.
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Proof. It is easy to see that z cannot be the root of any Littlewood polynomial if
|z| < 1/2. After all, suppose that
1 = ±z ± z 2 ± · · · ± z n
with |z| < 1. Then
|z|
1 − |z|
so |z| < 1/2. Since z is the root of a Littlewood polynomial and only if z −1 is,
D is contained in the annulus 21 < z < 2. It is easy to see that these radii are
optimal.

1 ≤ |z| + |z|2 + · · · + |z|n <

On the other hand, Thierry Bousch, the leading expert on this subject, showed
that the closure of D contains an annulus:
Theorem 2. The closure D contains the annulus {2−1/4 ≤ |z| ≤ 21/4 }.
Proof. This was proved by Bousch [4].



This result means that the holes near roots of unity in the sets Dd must eventually fill in as we take the union over all degrees
S d. One may wonder, though, why
Dd for a single large d should look like D = d Dd . This would be obvious if we
had Dd ⊆ Dd0 when d ≤ d0 , but that is not the case.
We do, however, have Dd−1 ⊆ Dd0 −1 when d divides d0 , since if d0 = nd and p
is a Littlewood polynomial of degree d − 1, then q(z) = (1 + z d + · · · + z nd )p(z) is
a Littlewood polynomial of degree d0 − 1 whose roots include those of p. So, any
point of D will eventually lie in Dd−1 as we let d → ∞ in the directed set of natural
numbers partially ordered by divisibility.
The topology and geometry of D are our main concerns here. However, since
z ∈ D if and only if z −1 ∈ D, we only need to understand the portion of D inside
the unit disc, since conformal inversion gets the rest. Furthermore, since D contains
all points in a neighborhood of the unit circle, by Theorem 2, it is enough to study
the intersection of X with some slightly smaller disc.
For this, a crucial trick is to replace Littlewood polynomials with power series.
Define a Littlewood series to be a power series all of whose coefficients are 1 or
−1. Let L be the set of Littlewood series. We may identify L with the product of
countably many copies of {−1, 1}, and give it the product topology. The space L
is then homeomorphic to the Cantor set! This turns out to be a powerful tool.
Any Littlewood series converges to a holomorphic function in the disc {|z| < 1}.
This theorem explains why Littlewood series are interesting to us:
Theorem 3. A point z ∈ C with |z| < 1 lies in D if and only if some Littlewood
series vanishes at this point.
Proof. First, every zero of a Littlewood series in the open unit disc {|z| < 1} lies
in D. To see this, note that we can take any Littlewood series f and truncate it
to obtain Littlewood polynomials fd of any desired degree d. As d → ∞, fd → f
uniformly on any disc {|z| < r} with r < 1. By Lemma 5, there is a finite upper
bound on the number of zeros of any Littlewood series or Littlewood polynomial
inside this disc. By a standard result in complex analysis, namely Rouché’s theorem,
it follows that as d → ∞, the roots of the polynomials fd converge to the zeros of
f in this disc. Since r < 1 is arbitrary, all the zeros of f in the open unit disc lie in
D.
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Second, every point z ∈ D in the open unit disc the zero of some Littlewood
series. We must have p(z) = 0 for some Littlewood polynomial
p(z) = a0 + · · · + ad−1 z d−1 .
Then
p(z)
= a0 + · · · + ad−1 z d−1 + a0 z d + · · · + ad z 2d−1 + a0 z 2d + · · ·
1 + zd
is a Littlewood series with the same zeros as p.
THE REST IS UNFINISHED!!!
Finally, we claim every point z ∈ D in the disc {|z| < 1} is the zero of some
Littlewood series. To prove this we first choose any any number 0 < r < 1. Lemma
5 gives a finite upper bound on the number of zeros any Littlewood series can have
in the disc {|z| ≤ r}. Let M be the set of finite multisets of this disc. There is
a map f : L → M sending each Littlewood series to its multiset of zeros in this
disc. We can show that f is continuous when we give M the right topology. Since
L is compact, its image under f is closed. With further work we conclude that
the set of zeros of Littlewood series in {|z| ≤ r} is closed. Since this set contains
D ∩ {|z| ≤ r}, it thus includes D ∩ {|z| ≤ r}. In short, every point z ∈ D with
|z| < 1 is the root of some Littlewood series.

Lemma 4. (Jensen’s Theorem) Suppose f is a holomorphic function on the disk
|z| ≤ R with f (0) = 1 and no zeros on the boundary. If z1 , . . . , zn are the zeros of
f with |zi | < R, with multiple zeros listed repeatedly, then
Z 2π
n
X
1
R
=
ln |f (Reiθ )| dθ
ln
|z
|
2π
i
0
i=1
Proof. Integrating over a straight line from z = 0 to z = Reiθ , we have
Z r=R
df (reiθ )
= ln(f (Reiθ )) − ln(f (0)).
f (reiθ )
r=0
Using the fact that f (0) = 1, and taking the real part of both sides, we get
Z r=R
df (reiθ )
= ln |f (Reiθ )|.
Re
f (reiθ )
r=0
Then, integrating over θ, we obtain
Z 2π Z r=R
Z 2π
df (reiθ )
ln |f (Reiθ )| dθ.
Re
dθ
=
f (reiθ )
0
r=0
0
Interchanging the limits of integration on the left side, writing z = reiθ , and dividing
both sides by 2π, we obtain
Z r=R Z
Z 2π
1
1 f 0 (z)
1
Re
dzdr =
ln |f (Reiθ )| dθ.
2π 0
r=0 r |z|=r 2πi f (z)
But this integral around the circle |z| = r is well-known to compute the number of
zeros of f in the enclosed disk, so carrying out the integral over r we obtain
Z 2π
n
X
R
1
ln
ln |f (Reiθ )| dθ
=
|z
|
2π
i
0
i=1
as desired.
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Lemma 5. Suppose f is a Littlewood series. Then the number of zeros of f in the
disc |z| < 1− N1 , counted with multiplicity, is less than CN ln(N ) for some constant
C ≥ 0.
Proof. This is Proposition 2.1 of Odlyzko and Poonen [12], who consider more
general power series with coefficients ±1 or 0. First choose 0 < r < R < 1 and let
n be the number of zeros of f in the smaller disc |z| < r. Applying Lemma 4 on
the larger disc |z| ≤ R, but summing only over zeros in the smaller disc, we get
Z 2π
R
1
n ln ≤
ln |f (Reiθ )| dθ.
r
2π 0
Since f is a Littlewood series,
|f (z)| ≤

∞
X

|z|j =

1
1 − |z|





j=1

so
R
n ln ≤ ln
r

1
1−R

or
n≤−

ln(1 − R)
ln(R/r)

so choosing R = r1/2 we obtain the bound
n≤
Taking r = 1 −

1
N

ln(1 − r1/2 )
.
ln r1/2

this gives a bound
n ≤ CN ln(N )

for some constant C.



It may not be visually obvious that D is connected, but it is true! The key is to
use the fact that L, the set of Littlewood series, can be identified with the Cantor
set.
Theorem 6. The set D is connected.
Proof. Again this was proved by Bousch [6]. Thanks to Theorem 2 and the fact that
D is mapped to itself via z 7→ 1/z, it suffices to show that the intersection of D with
the open disc {|z| < r} is connected, where r is any number with 2−1/4 < r < 1.
Thus in this proof when we speak of a ’root’, we always mean a root in this open
disc.
For any subset U ⊆ D ∩ {|z| < r} that is both closed and open in the relative
topology, let LU be the set of Littlewood series that have a root in U . Since LU is
a closed and open subset of L, we can determine whether some series in L lies in
LU by looking at only its first d terms for some integer d, which we choose to be
the smallest with this property.
However, we can get a contradiction if U is nonempty, thus showing D∩{|z| < r}
is connected. Suppose
∞
X
f (z) =
an z n
n=0
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is in LU . This means that there exists c ∈ U such that f (c) = 0. By multiplying
by −1 if necessary, let us assume that a0 = 1.
Now, suppose ad = 1. Then we can construct another power series with the
same first dth terms:
!
d−1
X
1
n
g(z) =
an z
1 − z d n=0
Pd−1
so that g(c) = 0 also. Hence n=0 an cn = 0, and we can construct a different
power series h that also evaluates to 0 at c but differs in the dth place: namely,
!
d−1
X
1
n
.
h(z) =
an z
1 + z d n=0
This contradicts the minimality of d. For the case ad = −1, the same method
1
1

works, switching 1−z
d and 1+z d .
Bousch goes further and shows that D is locally path-connected. In fact, given
any neighborood of any point D, and any other point of D in this neighborhood,
he proves there is a path in D from one point to the other that stays in this
neighborhood and is Hölder continuous for some positive exponent [6].
4. Dragons
Here is the key to understanding the beautiful patterns in the set D. Define two
functions from the complex plane to itself, depending on a complex parameter q:
f+q (z) = 1 + qz
f−q (z) = 1 − qz
When |q| < 1 these are both contraction mappings, so by a theorem of Hutchinson
[8] there is a unique nonempty compact set Dq ⊆ C with
Dq = f+q (Dq ) ∪ f−q (Dq ).
We call this set a dragon, or the q-dragon to be specific.
The marvelous fact is this: the portion of the set D in a small neighborhood of
the point q tends to look like Dq .
To make this precise, much less prove it, would take real work. But let us start
by
S24looking at some examples! In these examples we will not draw D, but rather
d=1 Dd . This turns out to be a good approximation, at least on the length scales
of our pictures. We compute the q-dragons using another result of Hutchinson [8].
If we start with the point 0 ∈ C and repeatedly apply the functions f+q and f−q ,
freely choosing either one each time, we always get a sequence that converges to a
point in Dq . Moreover, any point in Dq arises as the limit of such a sequence.

q = 0.66 + 0.1i
but only D24
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q = 0.375453 + 0.544825i
but only D20

q = 0.594 + 0.254i

Theorem 7. For q ∈ C with |q| < 1, we have 0 ∈ Dq if and only if q ∈ X.
Proof. This was proved by Bousch [6].



Theorem 8. For q ∈ C with |q| < 1, if 0 ∈ Dq then Dq is connected.
Proof. Yet again this was proved by Bousch [6]. He notes that the converse is false,
and that in fact for |q| < 1, the set Dq is connected if and only if q is the root of a
power series whose coefficients are all 1, −1 or 0.
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