MATH 046 - Spring 2018
Worked Problems - Chapter 12

1. Use variation of parameters to find the general solutions of the following differential
equation

(&
V' -2ty =3

Solution: Note that homogeneous solution to the ODE is y,(x) = (¢1 4+ cox)e®. There-
fore, the particular solution is chosen as

Yp(z) = v1(x)e” + vo(z)xe”
and the system of equations from the method of variation of parameters gives

vi(x) (€7) + vy(x) (ze”) = 0

V(@) (") + v(x) (€ + we®) = =

8

8

where we used ¢(x) = 6—5 to be the non-homogeneous factor in the ODE. Subtracting the
x

top equation from the bottom equation in the above system, we get

vh() (" + we”) — vy(w) (ze”)

which means that v (z) = ——. Then we solve for v,(x) and vy(z) to get
x

vl(x):/ ()dx—/——d 3;
vg(x):/ /—dx——4—m4

Therefore the solution is

y(z) = yn(x) + yp(z)

T x

. € ze
= (c1 + cox)e” + 58 1
= (c1 + coz)e” + 1225



2. Use variation of parameters to find the general solutions of the following differential
equation

y' +y = sec(z)
Solution: Note that homogeneous solution to the ODE is y,(x) = ¢; cos(z) + ¢z sin(x).
Therefore, the particular solution is chosen as
Yp(z) = v1(x) cos(x) + vo(z) sin(x)
and the system of equations from the method of variation of parameters gives

vy (x) (cos(x)) + vy(x) (sin(z)) = 0
vi(z) (—sin(x)) + vh(z) (cos(z)) = sec(x)
where we used ¢(z) = sec(z) to be the non-homogeneous factor in the ODE. Multiplying

the top equation by sin(x) and the bottom equation by cos(z), then adding the equations
together, we get

vp(z) =1
. , sin(z)
which means that v (z) = — @) = —tan(z). Then we solve for v;(z) and vo(z) to get
cos(x
vi(z) = /vi(x) de = | —tan(z) de = —(—In|cos(x)|) = In |cos(z)|

Therefore the solution is

y(@) = yn(@) + yp(2)
= ¢ cos(x) + ¢y sin(z) + cos(x) In |cos(z)| + = sin(z)



3. Use variation of parameters to find the general solutions of the following differential
equation

1 1
Vi /
+ oy — —y=1
v~y = 5y =1n(2)

Solution: From the hint, the homogeneous solution to the ODE is y,(z) = cjz + 02%.
Therefore, the particular solution is chosen as

1
Yp(z) = vi(x)T + vg(x)z
and the system of equations from the method of variation of parameters gives

(o) 0) + ) (1) =0

i(a) (1) + (o) (- ) = Inte)

where we used ¢(x) = In(z) to be the non-homogeneous factor in the ODE. Multiplying
the bottom equation by —z, and then adding the equations together, we get

() (é) + vl(z) (i) — —zln(z)
() (2> — 2ln(x)

vh(x) = —%xQ In(x)

1
which means that v (z) = 5 In(x). Then we solve for v;(z) and vy(x) to get

1 1 1
vi(x) = /v’l(:c) dr = /—ln(:c) dr = —=x + —zIn|z|

2 2 2
afe) = [ o) do = [~ (o) do = o~ L'l
i ? 2 8" 76

Therefore the solution is

y(@) = yn() + yp(2)

Fety 1+11\|+113131|]

= = ——x+ -zln | =2’ —=2’In

az+e_+a|—gr+ ol g ¢ nle
1 1 4

=cxr+ c2— + §m2 In|z| — §x2



4. Use variation of parameters to find the general solutions of the following differential
equation

372y” o :Cy/ — x3ez

Solution: First, we need to have the ODE in standard form to solve this question. So,
we use the ODE form

1
y//_ _y/ — et
T

From the hint, the homogeneous solution to the ODE is y;(x) = ¢; + cox?. Therefore, the
particular solution is chosen as

Yp(x) = v1(x) + va()2”

and the system of equations from the method of variation of parameters gives

vi(z) (1) + vh(z) (%) =0
0+ v)(x) (22) = xe®

where we used ¢(x) = ze® to be the non-homogeneous factor in the ODE. Solving the

1
bottom equation directly, we get that vi(x) = iex. Solving the top equation, we get

Then we solve for vy(x) and ve(z) to get
! 1 2 x 1 T(,.2
vi(z) = [ vi(x) de = —5ae dx:—ge (z° — 2z 4 2)

1 1
vo() = /v;(x) dr = / 567” dr = 569”

Therefore the solution is
y(z) = yn(x) + yp()
1 1
=c; + o’ + (1) (—563‘”(952 — 2z + 2))) + (5693)

=1 + cox® + ze® — €



5. Use variation of parameters to find the general solutions of the following differential
equation

e3$
y' =6y +9y=—
i

Solution: Note that homogeneous solution to the ODE is yj,(z) = (¢ +coz)e®”. There-
fore, the particular solution is chosen as

Yp(2) = v1(2)e* + vy(x)we™
and the system of equations from the method of variation of parameters gives

vi(z) (%) + vi(z) (ze®*) =0

3z
vi(2) (3¢°) + vh(z) (€% + 3we™) = 2—2
63x
where we used ¢(z) = — to be the non-homogeneous factor in the ODE. Multiplying

the top equation by -3, then adding the equations together, we get

3z

vy(x) (€% + Bwe™) + vy(z) (—3ze®) = —

, - 631

vy(z) (%) = —

1

vy(z) = 22

1
which means that vj(z) = ——=. Then we solve for v;(x) and vy(x) to get

x

vl(x):/ Wz )dx—/—l dr = —In|z|
vg(x):/ /—dx——

Therefore the solution is
y() = yn(x) + yp(z)
1
= (1 + cpz)e*™ + e (—In |z|) + ze <——>
T

= (c1 — 1)e¥ + cywe®™ — € In |z



6. Use variation of parameters to find the general solutions of the following differential
equation

T

//_4/ 3:
y -y 3y =

Solution: Note that homogeneous solution to the ODE is yy,(z) = ¢1€” + coe3*. There-
fore, the particular solution is chosen as

Yp(x) = v1(2)e” + vo()e™

and the system of equations from the method of variation of parameters gives
vi(z) (€*) + vh(z) (e*) =0
vi(z) (%) + vh(z) (3e*) =

ed}

1+e”

where we used ¢(x) =

— to be the non-homogeneous factor in the ODE. Multiplying

1+e
the top equation by -1, then adding the equations together, we get
! 2 3z — e’
U2(@( € ) 11 oo
1 6—250
! — —
%(®) = 515 e
1 1
which means that v}(x) = s1re (x) and vo(z) to get
1 1 1
= —— = —— —In(1+4¢€*
vi(®) / / 21+ew p¢ T+l
1 e 2 1 1 1
'UQ(.Z‘) = / /5 © —1672x + §€7m — § 11](1 + €7x>

Therefore the solution is

y(x) = yn(x) + yp(2)

1 1 1 1 1
= c1€” + e + €” (—éx + 5 In(1+ e”’)) + 37 <—16_2$ + 56_“’ ~ 5 In(1 + e‘””))

1 1 1 1 1
= (01 - Z) e® + cpe®® — Exe“" + 56”” In(1+¢€%)— 56376 In(1+e™)+ 5629”



