Configuration spaces and operad actions

Joint with K. Hess




Configurations

Definition CxX = {k-tuples of distinct points in X}

@ C.X a symmetric sequence
@ study its homotopy type

v

@ functorial for embeddings
o C,(XUY)=CXKC.Y (exponential)
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Basic question
@ C.(XxY)=7? (super exponential??)
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Looking for algebra M a framed m-manifold

Points fuzzed up to disks
CxM ~ Emb'S(k - D™, M)

Little m-disk operad E(m)
E(m)x ~ Emb'(k - D™, D™)

Composition action
C.M a right module over E(m)
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Using the algebra M™ N" framed

Boardman-Vogt operad @ product

E(m) @" E(n) ~ E(n+ m)

External right module O product P, Q operads
APDBQ S MOdp@Q

Main theorem

C.(M x N) ~ C.MO'C.N  in Modg(mn)
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Determining [

O for free modules (Superexponential)
Freep(x;) Freeg(x;) = Freepgo(X;)

0 in general (Lurking adjointness)
A O B commutes with colimits in A and B

FreeE(m)(x,-) ~ C*(I Dm)
C.(i- D™ O C.(j- D") ~ Cy(i- j - D™+N)
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Patching configurations (Get ready for proof)

C.(X x R) a graded A,, monoid Juxtaposition
2. (XxR) <= XxR
Ci(X x R)¥2 — Cy(X x R)

v

The monoid acts X C M, codim 1, separating

M=AUx.r B
AUXxR)—= A (XxR)UB< B
C.(X x R) acts on C,A, C.B

Mayer-Vietoris (J. Francis)
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Proof by slicing

Theorem: C.(M x N) ~ C.MOC.N

@ OKifM=i-D"and N=j-D" (example)
@ OKifM=ij-D" (slice N to pieces, use MV)
@ OKin general (slice M to pieces, use MV)
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