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.
Setting

A differential graded vector space, for homotopy.
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.
Definition
Let A be a Z-graded vector space A= ,., A" and suppose that there
exists a collection of degree one multi-linear maps
m .= {mk . A®k — A}kZI

(A, m) is called an A algebra when the multi-linear maps my satisfy the
following relations

K
> D (=nttoimy(or,. .., 0im1, mi(0i, -, 0 i—1), Oy - - - 5 Op)
ktl=n+1 i=1

for n > 1, where o; on (—1) denotes the degree of o;.
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Definition

Definition (Lo Algebra)

Let L be a graded vector space and suppose that a collection of degree one
graded symmetric linear maps / := {ly : LK — L},>1 is given. (L, /) is
called an L., algebra if and only if the maps satisfy the following relations:

Z (_1)E(U)I1+I(Ik(ca(l)7 sy Co‘(k))7 Co‘(k—f—l)a sy Co‘(n)) =0 (2)

0ESkyi=n

for n > 1, where (—1)<(?) is the Kozsul sign of the permutation.
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Maps

n=3:
For vi ® w®2:

(—1)0( 1)0/3(/1(V1) wy, wo) + (=1)°1 (1) (A (w1), vi, wa) +

(=12 (=)' (=1)2B(h(wa), vi, w1) + (=1)°(=1)°h(h(v1, w1), wa) +
(—1)MH(=1) h(h(v1, wa), W1)+( 1)1 (=1)21(=1)2h(h(wi, wa), v1) +
(=1)°(=1)°h(B(v1, w1, w2)) =
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Define the maps m, : V" — V by
mi(vi) = m(v2) =w

Forn>2:my(v1 ® w® Qv ® W®(”’2)*k) = (—1)ksnv1, 0<k<n-2

mn(Vl & W®(n_2) ® V2) = Sp+1V1

(n+1)(n+2)
where s, = (—1)" 2, and m, = 0 when evaluated on any element of

V®" that is not listed above.

= Sp+1W
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.
A Finite L., Example

Consider the graded vector space V = Vp @ V4 where Vj has basis
< vi,v» > and Vj has basis < w >. We show that this space has an L,
structure given by:

= w

= S3

)

)
h(i@w) = s3w

) = (n—=1)lspaw

)

(n—2)spy1vy

(n+1)(n+2
2

)
where s, = (—1) and /, = 0 when evaluated on any element of

V®" that is not listed.
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-
Strong Homotopy Derivations

Definition
A strong homotopy derivation of degree one of an Ay.-algebra (A, m)
consists of a collection of multi-linear maps of degree one

0= {0q|A®C’ — Alg>1
satisfying the following relations:

Z Z ’8(5 ’)9 (o1,...,0i,ms(0i+1,.-.,0its),...,0q)

r+s=q+1 i=0 (3)
+ (—I)B(S’i)m,(ol, oo, 0i,05(0j41, ..., Oits)s .., 0q)

Here the sign (s, /) = o1 + - - + o; results from moving ms, respectively
0s, past (o1,...,0;).

v
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-
Strong Homotopy Derivations

From a comment, we show [m, 6] = 0 is equivalent to (3).

[m, 0] =mof—(—1)™Plgom=mof+00om
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-
Strong Homotopy Derivations for L., Algebras

Definition
A strong homotopy derivation of degree one of an L., algebra consists of a
collection of multi-linear maps of degree one

= {9q|L/\q — L}g>1

satisfying relations:

Z 6(0)(9 —J+1(/ (X "7X0(j))7XU(j+1)7-"7Xa(n))
j=1 (4)

ocU(,n—J)
+(_1)6(0)Infj+1(9j(xo(l)7 s 7X0(j))7 Xo(j+1)s - - - )Xa(n))

where (—1)¢(?) is the product of the permuted elements.
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N —
Derivations

[0,1=00!—(—1)Wjog=001+100

[0,10¢,y) = 0(h(x,y)+h(x) Ay + (~)MM(y) A x)

+H(020x,¥) +61(x) Ay + (=1)61(y) A x)
= O1h(x,y) + 02(h(x),y) + 01h(x) Ay

(=) () 1 () + (<185 (1), %)
+(=D)X03 1 (y) A x + (= 1)XIVHEOIIX G, () A 1 (y)
ThO2(x,y) + k(01(x),y) + ho1(x) Ay +
(—1)# MW (y) A b1 (x) + (=1) ¥ (61(y), %)
(=DM R0, () A x + (=1)XIHEDIX L () A 61 (y)
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Relating Strong Homotopies

Let (V, m) be an A structure and extend this to an L, structure given

by (V, 1), where [ is found by skew-symmetrizing m, as we did before in
Theorem 3. This gives us the diagram:

/\CVL TV

%4
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Relating Strong Homotopies

Now we let (V/, ) give a strong homotopy derivation structure and we
define 6’ to be the skew-symmetriczation of 6, again using Theorem 3.
This gives the picture:

~ ~ 1
0 =0o0x 0
X
NV —— TV %
' =6o0x
Loo and Ao Algebras

January 10, 2012 13 /20



Derivations

To show that [1,6'] = 0:

Melissa Tolley (NCSU)

x[hoT = x(
1

[T
=, =<
>332

3 =
= T

=<
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Example of A, Algebra HD

Jacobson [6] defines an inner derivation to fix an element a, then
D,(x) = xa — ax
Define 6, for a generic n and show this works with (3). Define
On(X1, -y Xn) = Mpr1(X1, .oy Xny @) + Mup1(x1, -« oy Xn—1, @, Xn)

+o+ mppi(x,a,x0, ..y X0) + mMpy1(a, xa, .oy Xn)

where my(a) = 0 and |a| = 2k for some k € Z.
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-
L, Algebra HD

Let O0n(x1, .-y Xn) i= lnt1(X1, ..., Xn, @) where /1(a) = 0 and |a| = 2k for
some k € Z.
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.
Concrete A, Homotopy Derivation Example

Example

Let V = V_; + V be given by V_1 = (vi, v2) and Vo(w), where an Ay
algebra structure has been given by

m(vi) =m(vn) = w
Forn>2m,,(vl(§§W(§<>k(§§>v1<§§>w"2 ) = yfor0<k<n-2
(i @wP" 2 @ v) = v

An(vi @ w® 1) w

Then the following gives a strong homotopy derivation on this coalgebra:

91(V1) = w
Forn>20,(vi @ w®*@vi @ w"2°K) = nv; where 0 < k<n—2
(v @ w® 1) = nw

v

Melissa Tolley (NCSU) Loo and Aso Algebras January 10, 2012 17 /20



.
Concrete L., Homotopy Derivation Example

Example

Let W = W_;1 + Wy be given by W_1 = (x1,x2) and Wy = (y) with maps
given by [, : WA" — W where

71(X1):71(X2) =Yy
hCa AyMl = (=1)" T (n—1)ly
LA AYy™2Ax) = (=1)"T(n—2)lx

as an Ly structure. Then a strong homotopy derivation on W is given by
the following symmetric maps 6 : WA" — W:

bi(x1) = y
Da(xa Ay Yy = (1) nly
On(xa AY "2 A X)) = (=1)"(n—1)x

V.
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]
Current Work

@ Continue studying derivations and the connection between typical
algebras and those that have been suspended.
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