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Affine algebraic varieties

An algebraic variety is a geometric object that /ocally resembles the zero locus of
a collection of polynomials.

We

Yltetoofrbetilbte consideriglg this local picture in detail.

Definition

An affine algebraic variety is the common zero set of a collection {F;};c/ of
complex polynomials on C".

We write V({F;}ic/) C C" for this set of common zeros.
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Here are some important examples of affine algebraic varieties:

e V(0)=Cn
o V(1) =10;
o V(x,— a1, xg— a2,...,X—an) = (a1, a,...,an) € C";

o V(x1,x) is the z-axis in C3.

The variety C" is usually referred to as affine space.

In geometry it's common to refer to C as the (complex) affine line, instead of
complex plane! Similarly, we'll refer to C? as the complex affine plane.

Affine varieties are closed subsets of C" in the Euclidean topology. Indeed,
polynomials are continuous functions from C"” to C. Their zero locus is the

inverse image of 0 € C.
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The Zariski topology

Two ways to do algebraic geometry: studying holomorphic manifolds with the
Euclidean topology, or taking the algebraic path. The starting point of the latter
is the Zariski topology. (These two approaches are not independent, they're

connected through a series of results by Serre that go under the blanket name
“GAGA".)

Let's motivate the Zariski topology.

Consider two collections of polynomials S = {F;} and T = {G;}.
@ First note that
V(S)NnV(T)=V(SUT).
o Similarly,
V(S)u V(T) = V(ST),
where ST = {F;G;: i€ | and j € J}.
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Example: The twisted cubic
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Definition

By the two previous observations we find the following:
@ The intersection of arbitrarily many affine varieties is an affine variety.
@ The union of finitely many affine varieties is an affine variety.
@ The whole space C" is an affine variety.

@ The empty set is an affine variety.

The Zariski topology on C”

The Zariski topology on C" is the topology defined by the open sets of the form
V(S)€ for some set of polynomials S.

The variety C" endowed with the Zariski topology is usually denoted by A" or AZ.
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Some remarks

Definition

Given any affine algebraic variety Z C A", we endow it with the subspace
topology coming from the Zariski topology of A".

The Zariski topology is very different from the Euclidean topology.

@ Every open set in the Zariski topology is also open in the Euclidean topology,
but the converse is false.

@ Open sets in the Zariski topology are very large. They are in fact dense (in
both topologies). In particular, they are unbounded.

@ Our intuition of product spaces needs to adapt: The closed subsets of Al are
finite collections of points, however those of /A? are not!

sl
oq wo  cowsidned f.o&uA“G? an A=K %mﬁo&m
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Morphisms of algebraic varieties

In topology, one studies continuous maps;
In differential geometry, one studies smooth maps;

In complex geometry, one studies holomorphic maps;

In algebraic geometry, varieties are defined by polynomials, so we study
polynomial functions on them.

A function F : A" — A™ is a morphism if each component F; of F is a polynomial
in n variables. F) = “:‘ ), T, \:mun

More generally, let V C A” and W C A™ be affine varieties. Amap F:V — W
is a morphism of algebraic varieties if it is the restriction of a polynomial map
F:A" —» A™,
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Examples

@ A linear map L: A" — A" is an example of a morphism of affine varieties. It

is an isomorphism if the matrix corresponding to L is invertible.
T

&
@ Let C be the plane parabola defined by the vanishing of y — x?. The map
Al - Cce p

defined via t — (t, t?) is an isomorphism. Its inverse is given by the
(restriction of) the projection map

A C—AY (x,y)—x

@ Morphisms don't send subvarieties to subvarieties. Consider the projection
map 7 : A2 — A to the first component. Note that the hyperbola
V(xy —1) = {(t,t71) : t # 0} gets mapped to AM\{0}, which is not
Zariski-closed.

1§
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Correspondence of ideals and affine varieties
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|deal associated to a variety

Given a subvariety V C A", we define its corresponding ideal /(') as follows:
I(V)={f €C[x1,...,xq] : f(P)=0forall P e V}.

We have:
o If VC W, then I(V) D I(W);
o /(0) =C[x,...,x,] and I(C") = 0;
o I(UV) =NIV).
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Hilbert's Nullstellensatz

Nullstellensatz

For any ideal a C C[xq, ..., x,], we have
I(V(a)) = Va,

where v/a is called the radical of the ideal.

Definition
The radical of an ideal | C C[xq, ..., xy] is defined as follows:

VI={f eCx,...,xs): " €1 for some r > 1}.
Ex. T= (k) = V1'=x).
= _{‘(Lxl k Feccx(/“/x’n-]/ﬁ
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Punchline of Nullstellensatz

The theorem tells us that there is a one-to-one correspondence between affine
varieties and radical ideals of C[xq, ..., Xp]

i&“mdss LN )\«ng,\o

"\ Gl Xw |

Just like the fundamental theorem of algebra, the Nullstellensatz fails if we work
with real polynomials: You can check that / = (x? + 1) and J = (1) are both
radical and correspond to the same variety.
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The coordinate ring of a variety

As we mentioned before, we study varieties through functions on them. In this
setting, we study polynomial functions.

Let V C A" be an affine variety. Given a polynomial in n variables, it's restriction
to V defines a function V — C.

These functions define a C-algebra which we call the coordinate ring of V' and
denote it by C[V].

Example. C[A"] = Clxy,.. ., X4].
Note that there is a surjective ring homomorphism
Clx, ..., xa] = C[V],
with kernel precisely the ideal /(V) of functions vanishing on V. In other words,

C[V] = Clxt, ..., x:)/I(V).
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The pullback map

A map F : V — W of affine algebraic varieties defines a map
F# . C[W] — C[V]

v wd
via precomposition: g+ go F. (3' W=c ) — ( eF V2w C\

Equivalence of categories

Every finitely generated reduced C-algebra is isomorphic to the coordinate ring of
some affine variety.

Idea of proof. Given V C A" its associated C-algebra is C[V]. Conversely, any
finitely generated reduce C-algebra is of the form C[xq, ..., x,]// for some fixed n
and ideal /. Its corresponding variety is V/(/). oy
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