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Abstract. We investigate weak solutions to the two-dimensional quasi-geostrophic equa-
tions without dissipation. We establish global existence of weak solutions for temperature
bounded and lacking spatial decay and velocity in the space L2

ul(R2). Our methods rely on
a spectral Serfati identity, which we use to establish uniform L2

ul bounds on a sequence of
velocities satisfying the dissipative equations. These bounds, combined with a maximum
principle on the scalar temperature, allow us to pass to the zero-dissipation limit, giving
global-in-time weak solutions.
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1. Introduction

In [2], the current authors established the well-posedness of non-decaying regular viscous
solutions to the SQG equations in the plane with fractional subcritical diffusion, which
includes the following case of classical diffusion (see Theorem 1.5 below):

∂tθ + u · ∇θ = ν∆θ in [0, T ]× R2,

∆̇ju = (∆̇jK) ∗ θ in [0, T ]× R2, ∀ j ∈ Z,
θ|t=0 = θ0, u|t=0 = u0 in R2.

(SQGν)
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The scalar function θ, often associated with the temperature of a fluid, is transported by the

velocity field u. K is the kernel for ∇⊥(−∆)−
1
2 , formally a Riesz operator. The Littlewood-

Paley operator ∆̇j isolates a specific range of frequencies, and ∆̇ju = (∆̇jK) ∗ θ for all j
is a form of the constitutive law, which we refer to as the homogeneous constitutive
law, appropriate for non-decaying data. For θ having sufficient decay, say θ ∈ L2, the
homogeneous constitutive law follows from the now classical form of the constitutive law,

u = K ∗ θ = ∇⊥(−∆)−
1
2 θ.

Here, we leverage this result from [2] to obtain, via a vanishing viscosity argument, the
existence, for non-decaying data, of weak solutions to the inviscid SQG equations,

∂tθ + u · ∇θ = 0 in [0, T ]× R2,

∆̇ju = (∆̇jK) ∗ θ in [0, T ]× R2, ∀ j ∈ Z,
θ|t=0 = θ0, u|t=0 = u0 in R2.

(SQG0)

This leads to our main result, Theorem 1.1, which we prove in Section 6. The equivalent for
decaying data was first proved by Resnick in his PhD thesis [20], and later, using a different
proof, by Marchand in [19]. Our approach is closer to that of Marchand.

Theorem 1.1. Assume the pair (θ0, u0) belongs to L
∞(R2)×L2

ul(R2) and satisfies ∆̇ju0 =

(∆̇jK) ∗ θ0 for all j ∈ Z, div u0 = 0. Then for every T > 0, there exists a non-unique weak
solution (θ, u) to (SQG0) on [0, T ] with initial data (θ0, u0). Furthermore, the following
Serfati identity (discussed below) holds:

u(t, x)− u0(x) = −
∫ t

0
(SN∇K∗·(θu)) (s, x) ds+ (HNK) ∗ (θ(t)− θ0)(x). (1.1)

Remark 1.2. Given (θ0, u0) satisfying the assumptions of Theorem 1.1, T > 0, and a
continuous function U∞ : [0, T ] → R2, one can show more generally that there exists a weak
solution (θ, u) satisfying (1.1) with U∞(t) added to the right hand side. See Remark 6.8 for
details.

Our weak solutions are defined as follows:

Definition 1.3. Let T > 0. A weak solution to (SQG0) on [0, T ]× R2 is a pair

(θ, u) ∈ L∞([0, T ];L∞(R2))× L∞([0, T ];L2
ul(R2)) (1.2)

which, on all of [0, T ] × R2, has div u = 0 and satisfies the homogeneous constitutive law,
and for all ϕ ∈ C∞

c ([0, T ]× R2),∫ T

0

∫
R2

∂tϕ θ dx dt+

∫ T

0

∫
R2

∇ϕ · uθ dx dt =
∫
R2

ϕ(T )θ(T ) dx−
∫
R2

ϕ(0)θ0 dx. (1.3)

Remark 1.4. We require our test functions in Definition 1.3 to lie in C∞
c ([0, T ] × R2)

for later convenience, but requiring that they lie in C1
c ([0, T ) × R2) yields an equivalent

definition. Allowing a change in θ(t) on a set of measure zero in [0, T ], an equivalent form
of weak solution—that used, for instance, by Resnick in [20]—is obtained by replacing the
condition in (1.3) with requiring that for all ϕ ∈ C∞

c (R2) and all t ∈ [0, T ],∫
R2

ϕθ(t) dx−
∫ t

0

∫
R2

∇ϕ · uθ dx dt =
∫
R2

ϕθ0 dx.

Remark 6.7 describes the time continuity of θ and u.
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Our approach. Our proof of existence in Theorem 1.1 proceeds in three phases:

I Establish a Serfati identity separating the solutions into low and high frequen-
cies.

II Identify a candidate weak solution as a limit of a subsequence of smooth solu-
tions to (SQGν) as ν → 0.

III Prove that the candidate solution is, in fact, a solution.

In more detail, the phases are as follows:

Phase I. We obtain a Serfati identity, (4.1), for the classical solutions to (SQGν) obtained
in [2]. This type of identity was first employed by Serfati in [21] to obtain existence and
uniqueness of solutions to the 2D Euler equations with both the velocity and vorticity
bounded. In its original form (see also [4]), the identity was based on a decomposition in
space of a solution to the 2D Euler equations, allowing separate control of the near field
and far field of the Biot-Savart kernel. This was also the approach taken in [1,4,7,8,13,17].

We employ a parallel approach, decomposing the solutions to (SQGν) into low and high
frequencies using classical Littlewood-Paley operators. This spectral method of decompo-
sition works more efficiently with the underlying function spaces we employ, particularly
L2
ul, the space in which the velocity for our weak solutions lie. We note that in [22] p. 178,

Taniuchi, though not explicitly using a Serfati identity, uses a spectral decomposition of the
velocity formulation of solutions to the 2D Euler equations for somewhat similar purposes.

Whether decomposed by physical space or frequency space, an identity like that of Serfati
in [21] we refer to as a Serfati identity. Although designed for, and especially suited to,
non-decaying data, these types of identities are also quite useful in applications to decaying
solutions and, at least for spatial decompositions, solutions in domains.

Phase II. We employ the Serfati identity from Phase I along with the results of [2] to
establish sufficient control on smooth, non-decaying solutions to (SQGν). From this control
we obtain, in the limit as ν → 0, a candidate weak solution to (SQG0). We use non-decaying
solutions to (SQGν), given by Theorem 1.5, because these solutions make it possible to
obtain uniform bounds on the smoothed initial data (as in Proposition 5.1). The following
theorem is proved in [2] (here, Ck

b (R2) denotes the space of k-times differentiable functions
on R2 with continuous, bounded derivatives up to and including order k):

Theorem 1.5 ( [2]). Let k ≥ 2 be an integer. Assume θ0, u0 belong to Ck
b (R2) and

(θ0, u0) satisfies the homogeneous constitutive law, with div u0 = 0. Then for each T > 0,
there exists a classical solution (θ, u) to (SQGν) in C1((0, T ];Ck

b (R2))×C((0, T ];Ck
b (R2)).

Moreover, θ satisfies
∥θ(t)∥L∞ ≤ ∥θ0∥L∞ for all t ∈ [0, T ], (1.4)

(θ, u) satisfies the homogeneous constitutive law on (0, T ]×R2, and div u = 0 on (0, T ]×R2.

Phase III. As is usually the case, the main difficulty is showing that the nonlinear term
of the approximating solutions converges to that of the candidate solution. The key to this
is Lemma 2.9, which we employ in the proof of Proposition 6.4. Lemma 2.9 is analogous
to Marchand’s Lemma 2.1 in [19] and to (2.11) in [20]; both are similarly used to establish
convergence of the nonlinear term.

A brief history of SQG. The non-diffusive SQG equations, (SQG0) with the constitutive

law u = K ∗ θ = ∇⊥(−∆)−
1
2 θ, were introduced by Constantin, Majda, and Tabak [10],

further expounded upon by the same authors in [9], to model atmospheric fluid flows and
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as a 2D analogy to the 3D Euler equations. This excited a great deal of work among
theoreticians to investigate analytically properties of solutions to SQG with and without
diffusion: existence of weak solutions, well-posedness of smooth solutions, decay of solutions
in time, etc.. It is impossible to give even a limited account here of the full range of activity;
we mention only those results having a more direct impact on the present work.

Resnick [20] was the first to establish the existence of weak solutions to the non-diffusive
SQG equations, for θ ∈ L∞(0, T ;L2(R2)), though our proof of existence for non-decaying
data is closer to that of Marchand in [19]. Resnick also established the maximum principle,
∥θ(t)∥Lp ≤ ∥θ0∥Lp , 1 < p ≤ ∞, for smooth solutions to dissipative SQG on the torus. The
decay of ∥θ(t)∥Lp over time, including p = ∞, for diffusive equations was demonstrated by
Córdoba and Córdoba [11].

The vanishing viscosity limit, in which the diffusive parameter (ν here) is taken to zero,
has been studied in two ways. In one, such as in [5,23], the solution to non-diffusive SQG is
already known, and the convergence of the diffusive to non-diffusive SQG is demonstrated,
typically with a rate of convergence. In the other, uniform-in-ν control is obtained on
the solutions to the diffusive equations, and a compactness argument of some sort leads
to the existence of solutions to the non-diffusive equations. This approach is taken by
Marchand [19] and here, as well as in the recent [14].

Organization of the paper. In Section 2, we define the Littlewood-Paley operators,
establish a number of lemmas related to the Riesz kernel K that we will use throughout
the rest of the paper, and explore the homogeneous constitutive law. We prove the non-
uniqueness of weak solutions to (SQG0) in Section 3. We implement Phases I, II, and III
in Section 4, 5, and 6, respectively.

2. Definitions and preliminary lemmas

In this section, we give some notation, definitions, and lemmas that will be useful in what
follows.

We set
Λ = (−∆)1/2.

We use Φ to denote the fundamental solution of the fractional Laplacian Λ on R2; that is,

Φ(x) =
1

2π|x|
,

and we set
K = ∇⊥Φ.

Definition 2.1. We define the space L2
ul(Rd) by

L2
ul(Rd) := {f ∈ S ′(Rd) : ∥f∥L2

ul
<∞},

where

∥f∥L2
ul
:= sup

x∈Rd

(∫
|x−y|<1

|f(y)|2dy

)1/2

. (2.1)

Definition 2.2. Let R > 0. Define the set HR(Rd) to be the set of η ∈ C∞
c (Rd) for which

supp(η) ⊂ BR(x) for some x and ∥η∥L∞ ≤ 1.

It is easy to see that for each R > 0, there is the equivalence of norms

∥f∥L2
ul
= sup

η∈HR

∥ηf∥L2 .
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2.1. The Littlewood-Paley operators. We now give an overview of the Littlewood-
Paley operators and some of their properties. It is classical that there exist two functions
χ, φ ∈ S(Rd) with supp χ̂ ⊂ {ξ ∈ Rd : |ξ| ≤ 5

6} and supp φ̂ ⊂ {ξ ∈ Rd : 3
5 ≤ |ξ| ≤ 5

3}, such
that, if for every j ∈ Z we set φj(x) = 2jdφ(2jx), then

χ̂+
∞∑
j=0

φ̂j = χ̂+
∞∑
j=0

φ̂(2−j ·) ≡ 1.

For f ∈ S ′(Rd) and j ∈ Z, define the homogeneous Littlewood-Paley operators ∆̇j by

∆̇jf = φj ∗ f.
For n ∈ Z, define χn ∈ S(Rd) in terms of its Fourier transform χ̂n, where χ̂n satisfies

χ̂n(ξ) = 1−
∞∑
j=n

φ̂j(ξ)

for all ξ ∈ Rd. For f ∈ S ′(Rd), define the operator Sn by

Snf = χn ∗ f.
For each n ∈ Z, we set

Hn = Id− Sn.

We will make use of Bernstein’s Lemma in what follows. A proof of the lemma can be
found in [6], Chapter 2. Below, Ca,b(0) denotes the annulus with inner radius a and outer
radius b centered at the origin.

Lemma 2.3. (Bernstein’s Lemma) Let r1 and r2 satisfy 0 < r1 < r2 <∞, and let p and q
satisfy 1 ≤ p ≤ q ≤ ∞. There exists a positive constant C such that for every integer k, if
u belongs to Lp(Rd), and supp û ⊂ Br1λ(0), then

sup
|α|=k

||∂αu||Lq ≤ Ckλ
k+d( 1

p
− 1

q
)||u||Lp . (2.2)

Furthermore, if supp û ⊂ Cr1λ,r2λ(0) then

C−kλk||u||Lp ≤ sup
|α|=k

||∂αu||Lp ≤ Ckλk||u||Lp . (2.3)

We now state a lemma giving boundedness of Littlewood-Paley operators on L2
ul(Rd).

Lemma 2.4. Assume f belongs to L2
ul(Rd). There exists a constant C > 0 such that for

all n, j ∈ Z,
∥Snf∥L2

ul
≤ C∥f∥L2

ul
, ∥Hnf∥L2

ul
≤ C∥f∥L2

ul
, ∥∆̇jf∥L2

ul
≤ C∥f∥L2

ul
.

Proof. A proof of the first inequality in Lemma 2.4 can be found in [3], from which the
estimate for Hn follows immediately. The proof of the final inequality in Lemma 2.4 is
identical to the proof for Sn. □
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2.2. Riesz kernel estimates. We establish several useful estimates involving the Riesz
kernel and Littlewood-Paley operators.

Lemma 2.5. For all j ∈ Z, ∥x⊗ ∆̇jK(x)∥L1 , ∥ |x| ∆̇jK(x)∥L1 ≤ C2−j.

Proof. Using that K̂(ξ) = K̂(2−jξ) and setting η = 2−jξ, for n = 1, 2,

F
(
∆̇jK

n(x)x
)
(ξ) = i∇ξF

(
∆̇jK

n
)
(ξ) = i∇ξ

(
φ̂j(ξ)K̂n(ξ)

)
= i∇ξ

(
φ̂(2−jξ)K̂n(2−jξ)

)
= 2−jg(η),

where g(η) := i∇η(φ̂K̂n)(η) ∈ S(R2). Hence, F−1(g) ∈ S(R2) ⊆ L1(R2), and

∥x⊗ ∆̇jK(x)∥L1 ≤
2∑

n=1

∥∆̇jK
n(x)x∥L1 ≤ 2−j∥F−1(g)∥L1 = C2−j .

The radial symmetry of φj preserves the property that K(x) · x⊥ = |x| |K(x)|; that is,

∆̇jK(x) · x⊥ = |x| |∆̇jK(x)|. Hence, the second inequality follows from the first. □

Lemma 2.6. Given ψ ∈ C∞
c (R2) and f ∈ L∞(R2), for every j ∈ Z,

∥[ψ, ∆̇j ]f∥L∞ ≤ C2−j∥f∥L∞ ,

∥[ψ, (∆̇jK)∗]f∥L∞ ≤ C2−j∥f∥L∞ .

Proof. For the first inequality, note that for any function f ∈ L∞(R2), using a change of
variables, ∣∣∣[ψ, ∆̇j ]f(x)

∣∣∣ = ∣∣∣∣∫
R2

φj(x− y)(ψ(x)− ψ(y))f(y) dy

∣∣∣∣
≤ C∥f∥L∞

∫
R2

|φj(x− y)||x− y| dy ≤ C2−j∥f∥L∞ .

(2.4)

For the second inequality, note that by Taylor’s formula,

|[ψ, (∆̇jK)∗]f(x)| =
∣∣∣∣ ∫

R2

∆̇jK(x− y)(ψ(x)− ψ(y))f(y) dy

∣∣∣∣
≤
∫
R2

∣∣∣∣∣∆̇jK(x− y)f(y)

2∑
m=1

∫ 1

0
(∂mψ)(x+ τ(y − x))(xm − ym) dτ

∣∣∣∣∣ dy
≤ ∥∇ψ∥L∞∥f∥L∞

2∑
m=1

∫
R2

∣∣∣∆̇jK(x− y)(xm − ym)
∣∣∣ dy

≤ ∥∇ψ∥L∞∥f∥L∞

2∑
m=1

∫
R2

∣∣∣∆̇jK(y)ym

∣∣∣ dy.

(2.5)

Lemma 2.5 then gives the second inequality. □

Lemma 2.7. Let k ∈ Z. There exists C > 0 such that for any multi-index α with |α| > 0,

∥∂αxSkK∥L1 ≤ C2k|α|,

while for any multi-index β with |β| ≥ 0,

∥∂βx ∆̇kK∥L1 ≤ C2k|β|.
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Proof. By the definition of Sk,

F(∂αxSkK) = 2k|α|∂̂αxχ(2
−kξ)K̂(2−kξ),

where we used that K̂(ξ) = K̂(2−kξ). Taking the inverse Fourier transform gives

∂αxSkK(x) = 2k|α|[22k(∂αxχ ∗K)(2kx)].

Letting a : R2 → R denote a smooth, compactly supported bump function, we have

∥∂αxχ ∗K∥L1 = ∥∂αxχ ∗ ∇⊥Φ∥L1

≤ ∥∂αx∇⊥χ∥L1∥aΦ∥L1 + ∥χ∥L1∥∂αx∇⊥(1− a)Φ∥L1 ≤ C,
(2.6)

so ∥∂αxSkK∥L1 ≤ C2k|α|. The proof of the second inequality is identical when |β| > 0, with
χ replaced by φ. When |β| = 0, we apply (2.3) to write

∥∆̇kK∥L1 ≤ C2−k∥∆̇k∇K∥L1 ≤ C.

□

Lemma 2.8. Suppose that (fk) is a sequence in Cb([0, T ]× R2) with

fk
∗
⇀ f in L∞([0, T ]× R2)

for some f ∈ L∞([0, T ] × R2), with the additional property that for all h ∈ C2
c (R2) there

exists Ch > 0 such that∣∣∣∣∫
R2

h(x)(fk(t, x)− fk(s, x)) dx

∣∣∣∣ ≤ Ch |t− s| for all k ∈ N, t, s ∈ [0, T ].

Then

fk(t)
∗
⇀ f(t) in L∞(R2) for all t ∈ [0, T ].

Moreover, after changing f(t, ·) on a set of measure zero in [0, T ], for all s, t ∈ [0, T ],∫
R2

h(x)f(s, x) dx→
∫
R2

h(x)f(t, x) dx for all h ∈ L1(R2),∣∣∣∣∫
R2

h(x)(f(s, x)− f(t, x)) dx

∣∣∣∣ ≤ Ch |t− s| for all h ∈ C2
c (R2).

(2.7)

Proof. For any h ∈ L1(R2), define

Fk(t) :=

∫
R2

h(x)fk(t, x) dx.

Then fk(t)
∗
⇀ f(t) in L∞(R2) if and only if Fk(t) →

∫
R2 h(x)f(t, x) for all such h ∈ L1(R2).

We start by assuming that h ∈ C2
c (R2).

Because any weak-∗ convergent sequence must be norm-bounded, for some C0 > 0,

∥fk∥L∞([0,T ]×R2) ≤ C0, ∥f∥L∞([0,T ]×R2) ≤ C0

for all k, and so both

|Fk(t)| ≤ ∥h∥L1 ∥fk(t)∥L∞ ≤ C and

|Fk(t)− Fk(s)| ≤ Ch |t− s| for all t, s ∈ [0, T ].



8 DAVID M. AMBROSE, RYAN ASCHOFF, ELAINE COZZI, AND JAMES P. KELLIHER

That is, (Fk) is a bounded equi-Lipschitz family on [0, T ]. Hence by Arzelà-Ascoli, every
subsequence of (Fk) has a further subsequence converging uniformly on [0, T ] to some F
with the same Lipschitz constant Ch on [0, T ].

We can identify F explicitly by observing that for any ψ ∈ L1([0, T ]), ψ(t)h(x) is in

L1([0, T ]× R2), so fk
∗
⇀ f in L∞([0, T ]× R2) gives∫ T

0
ψ(t)Fk(t) dt =

∫ T

0

∫
R2

[ψ(t)h(x)]fk(t, x) dx dt

→
∫ T

0

∫
R2

[ψ(t)h(x)]f(t, x) dx dt =

∫ T

0
ψ(t)F (t) dt

for some further subsequence, where

F (t) =

∫
R2

h(x)f(t, x) dx.

Hence, the full sequence (Fk) converges (uniformly) to F—as long as h ∈ C2
c (R2). This

gives (2.7)2.
Now assume only that h ∈ L1(R2), and choose a sequence (hn) in C

2
c (R2) converging to

h in L1. Then

|Fk(t)− F (t)| =
∣∣∣∣∫

R2

h(x)(fk(t, x)− f(t, x)) dx

∣∣∣∣
≤
∣∣∣∣∫

R2

(h(x)− hn(x))(fk(t, x)− f(t, x)) dx

∣∣∣∣+ ∣∣∣∣∫
R2

hn(x)(fk(t, x)− f(t, x)) dx

∣∣∣∣
≤ 2C0 ∥h− hn∥L1(R2) +

∣∣∣∣∫
R2

hn(x)(fk(t, x)− f(t, x)) dx

∣∣∣∣ .
Let ε > 0. First fix n large enough that 2C0 ∥h− hn∥L1(R2) < ε/2, then choose k large

enough that the final integral above is less than ε/2, which we know is possible since
hn ∈ C2

c (R2). We conclude that Fk(t) → F (t) for all h ∈ L1(R2). As noted earlier, this

means that fk(t)
∗
⇀ f(t) in L∞(R2)—for all t ∈ [0, T ]. (A bound similar to this gives the

weak time regularity of f in (2.7)1.) □

Lemma 2.9. Fix N ∈ Z and for any ϕ ∈ C∞
c (R2), define the operators A, B on scalar

functions f , g by,

A(f, g) :=

∫
R2

f(x)∇ϕ(x) · ((HNK) ∗ g(x)) dx,

B(f, g) =

∫
R2

(HNK)∗·(f(∇ϕ(·)−∇ϕ(x)))g(x) dx.
(2.8)

We have,

A(f, g) = B(f, g)−A(g, f),

A(f, f) =
1

2
B(f, f).

(2.9)

Moreover, for a constant C depending on ϕ, for f, g ∈ L∞(R2),

∥B(f, g)∥L∞ ≤ C ∥f∥L∞ ∥g∥L∞ 2−N ,

∥A(f, f)∥L∞ ≤ C ∥f∥2L∞ 2−N .
(2.10)
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Proof. Define Aj , Bj as in (2.8) but with ∆̇j replacing HN , so that A =
∑∞

j=N Aj , B =∑∞
j=N Bj . We have, (∆̇jK)(−x) = −(∆̇jK)(x) because K(−x) = −K(x) and Kn, n = 1, 2,

and φj are radially symmetric. Hence,

Aj(f, g) =

∫
R2

∫
R2

f(x)∇ϕ(x) · (∆̇jK)(x− y)g(y) dy dx

=

∫
R2

[∫
R2

(∆̇jK
n)(x− y)f(x)(∂nϕ(x)− ∂nϕ(y)) dx

]
g(y)dy dx

+

∫
R2

[∫
R2

(∆̇jK
n)(x− y)f(x) dx

]
∂nϕ(y)g(y)dy dx

= Bj(f, g)−Aj(g, f).

Summing over j gives (2.9)1, and (2.9)2 follows from setting g = f .
Now,

∆̇jK(x) = 22j(∆̇0K)(2jx),

and ∆̇0K ∈ S(R2), which decays at infinity faster than the reciprocal of any polynomial.
In particular, this means that for some constant C > 0, for all |x| ≥ 1,

|∆̇jK(x)| ≤ C
22j

|2jx|3
= C2−j |x|−3 .

Also, ∣∣∣(∇ϕ(t, x)−∇ϕ(t, y))(∆̇jK)(x− y)
∣∣∣ ≤ ∥ϕ∥C2([0,T ]×R2) |x− y| |(∆̇jK)(x− y)|.

Hence, letting BR, R ≥ 1, be a ball centered at the origin containing supp∇ϕ, we have

|B(f, g)| ≤ 1

2
∥f∥L∞ ∥g∥L∞

{
C

∫
B2R×B2R

|x− y| |(∆̇jK)(x− y)| dy dx

+ C2−j

∫
(BR×BC

2R)∪(BC
2R×BR)

1

|x− y|3
dy dx

}
.

For the first integral, we make the change of variables, w = x− y, z = x+ y (the Jacobian
being 1/2), giving∫

B2R×B2R

|x− y| |(∆̇jK)(x− y)| dy dx ≤ 1

2

∫
B4R

∫
B4R

|w| |∆̇jK(w)| dw dz

≤ π(4R)2∥ |w| |∆̇jK|(w)∥L1(R2) ≤ C2−j ,

where we applied Lemma 2.5 in the final inequality. Also,∫
(BR×BC

2R)∪(BC
2R×BR)

1

|x− y|3
dy dx = 2

∫
BR

∫
BC

2R

1

|x− y|3
dy dx

≤ 16

∫
BR

dx

∫
BC

R

1

|y|3
dy ≤ CR,

where we used the rough estimate on BR × BC
2R that |x− y| ≥ ||y| − |x|| ≥ |y| − |x| ≥

|y| −R ≥ |y| /2 ≥ R. Summing over j gives (2.10)1, and setting g = f gives (2.10)2. □
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2.3. The homogeneous constitutive law.

Definition 2.10. We say (θ, u) satisfies the homogeneous constitutive law if

∆̇ju = (∆̇jK) ∗ θ for all j ∈ Z.

In Lemma 2.11, we establish an important property of a pair (θ, u) satisfying the homo-
geneous constitutive law.

Lemma 2.11. Assume u ∈ L∞([0, T ];L2
ul(R2)) satisfies the homogeneous constitutive law

with θ at each t ∈ [0, T ]. Then there exists a function A : [0, T ] → R2 such that, up to a
subsequence,

u(t, x)− lim
N→−∞

(HNK) ∗ θ(t, x) = A(t),

where the limit holds in L∞([0, T ]×K) for each compact set K ⊂ R2.

Proof. Let η ∈ C∞
c ([0, T ] × R2). Since (θ, u) satisfies the homogeneous constitutive law at

each t ∈ [0, T ], it follows that for each (t, x) ∈ [0, T ]× R2,

(HNK) ∗ θ(t, x) =
∞∑

j=N

(∆̇jK) ∗ θ(t, x) =
∞∑

j=N

∆̇ju(t, x) = u(t, x)− SNu(t, x), (2.11)

so that
u(t, x)− (HNK) ∗ θ(t, x) = SNu(t, x).

We claim that
∥η∇SNu∥L∞([0,T ]×R2) −→ 0 as N → −∞. (2.12)

Fix N < 0. Let ψ ∈ C∞
c (R2) denote a smooth bump function with ∥ψ∥L∞ = 1 satisfying

ψ ≡ 1 on ∪ {supp η(t, x) : t ∈ [0, T ]} ⊆ R2.

By Minkowski’s inequality for integrals,

∥η(t, x)∇SNu(t, x)∥L2
x
=

∥∥∥∥∫
R2

η(t, x)∇χN (y)u(t, x− y) dy

∥∥∥∥
L2
x

≤
∫
R2

∥η(t, x)∇χN (y)u(t, x− y)∥L2
x
dy

=

∫
R2

|∇χN (y)| ∥u(t, x− y)η(t, x)∥L2
x
dy

≤ ∥∇χN∥L1 sup
y∈R2

∥u(t, x− y)ψ(x)∥L2
x

≤ C2N∥u(t)∥L2
ul
−→ 0

(2.13)

as N approaches negative infinity, where convergence is uniform over all t ∈ [0, T ]. By a
similar argument using the product rule, one can show that for all multi-indices α with
|α| ≥ 1,

sup
t∈[0,T ]

∥Dα(η(t, x)∇SNu(t, x))∥L2
x
≤ sup

t∈[0,T ]
C2N∥u(t)∥L2

ul
−→ 0. (2.14)

Therefore, for every m ≥ 0,

∥η(t, x)∇SNu(t, x)∥L∞([0,T ];Hm
x ) −→ 0. (2.15)

By the Sobolev Embedding Theorem, (2.12) follows.
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Now note that by an argument identical to (2.13),

∥ηSNu∥L∞([0,T ];L2
x)

≤ C∥u∥L∞([0,T ];L2
ul)
.

Moreover, by (2.14) and the product rule, we have

∥ηSNu∥L∞([0,T ];Hm
x ) ≤ C∥u∥L∞([0,T ];L2

ul)
(2.16)

for each m ≥ 0. Thus, by the Sobolev Embedding Theorem, (ηSNu) is uniformly bounded
with respect to N < 0 on [0, T ] × R2, which implies that there exists a point (t0, x0) and
a subsequence of (η(t0, x0)SNu(t0, x0)) which converges. This subsequence, defined on all
of [0, T ] × R2, must converge in L∞([0, T ] × R2) to a function whose spatial gradient is 0,
completing the proof. □

3. The non-uniqueness of solutions

With lack of spatial decay, we cannot have uniqueness of solutions to (SQGν) or (SQG0)
without an additional uniqueness criterion. We show why this is the case in Propositions 3.1
and 3.3, adding an important piece of the puzzle later in Proposition 4.5.

In establishing this non-uniqueness, we will make the change of variables,

x = x(t, x) = x+

∫ t

0
U∞(s) ds (3.1)

and set

θ(t, x) = θ(t, x),

u(t, x) = u(t, x)− U∞(t).
(3.2)

Note that (3.1) is a Galilean transformation when U∞ is constant in time. These transfor-
mations are the same as those used in a periodic domain to allow the assumption that the
average flow vanishes for the Navier-Stokes or Euler equations (see pages 31-32 of [16].)

In the context of bounded data solutions in the full space, the transformations in (3.1)
and (3.2) yield distinct solutions to (SQGν), ν ≥ 0, having the same initial data, demon-
strating a type of non-uniqueness of solutions. This was shown by Kukavica for the Navier-
Stokes equations in [18] and later for solutions to the 2D Euler equations in [17].

Proposition 3.1. Assume that θ ∈ C1(0, T ;C2(R2)), u is a divergence-free vector field
in C(0, T ;L2

loc(R2)), and (θ, u) satisfy (SQGν), ν ≥ 0. Assuming that U∞ ∈ C([0, T ]),

the transformations in (3.1) and (3.2) yield another solution (θ, u) to (SQGν), which, if
U∞(0) = 0, has the same initial data.

Proof. By Lemma 3.2, (θ, u) satisfies the homogeneous constitutive law. Using that

∂tx = U∞(t),

∇x = ∇x = Id,

applying the chain rule gives

∂tθ(t, x) = ∂tθ(t, x) +∇θ(t, x) · ∂tx = ∂tθ(t, x) + U∞(t) · ∇θ(t, x),
∇θ(t, x) = ∇θ(t, x),
∆θ(t, x) = ∆θ(t, x),

where here and below ∇ and ∆ are with respect to x. Hence,

∂tθ(t,x) + u(t, x) · ∇θ(t, x) + ν∆θ(t, x)
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= ∂tθ(t, x) + U∞(t) · ∇θ(t, x) + (u(t, x)− U∞(t)) · ∇θ(t, x)
+ ν∆θ(t, x)

= ∂tθ(t, x) + u(t, x) · ∇θ(t, x) + ν∆θ(t, x) = 0.

Thus, (θ(t, x), u(t, x)) is also a solution to (SQGν). Moreover, if U∞(0) = 0, then, by (3.1)
and (3.2), (θ̄0, ū0) = (θ0, u0). □

We used Lemma 3.2 in the proof of Proposition 3.1, above.

Lemma 3.2. With the change of variables in (3.1) and θ, u as in (3.2), for any j ∈ Z,
(∆̇jK) ∗ θ = ∆̇ju if and only if (∆̇jK) ∗ θ = ∆̇ju.

Proof. Let us suppose that (∆̇jK) ∗ θ = ∆̇ju. Then, with α :=
∫ t
0 U∞(s) ds (see Section 2.1

for the precise definition of ∆̇j),

F
(
(∆̇jK) ∗ θ

)
(ξ) = φ̂j(ξ)K̂(ξ)θ̂(ξ) = φ̂j(ξ)K̂(ξ)F (θ(·+ α)) (ξ)

= eiα·ξφ̂j(ξ)K̂(ξ)θ̂(ξ) = eiα·ξF
(
(∆̇jK) ∗ θ)

)
(ξ),

while, using that ∆̇jU∞(t) = 0,

F
(
∆̇ju

)
(ξ) = F

(
∆̇j(u(·+ α)− U∞(t))

)
(ξ) = F

(
∆̇j(u(·+ α))

)
(ξ)

= eiα·ξφ̂j(ξ)û(ξ) = eiα·ξF
(
∆̇ju

)
(ξ).

But (∆̇jK) ∗ θ = ∆̇ju, so equating the expressions for their Fourier transforms above, we

see that (∆̇jK) ∗ θ = ∆̇ju. The proof of the converse implication proceeds in the same
manner. □

Proposition 3.3. Let (θ, u) be a weak solution to (SQG0) on [0, T ]×R2 as in Definition 1.3.
Assuming that U∞ ∈ C([0, T ]), the transformations in (3.1) and (3.2) yield another weak
solution, (θ, u), which, if U∞(0) = 0, has the same initial data.

Proof. Defining z(t) :=
∫ t
0 U∞(s) ds, we can write

x = x(t, x) = x+ z(t), θ(t, x) = θ(t, x), u(t, x) = u(t, x)− U∞(t),

so,

∂tϕ(t, x) = ∂tϕ(t, x− z(t)) = (∂tϕ)(t, x− z(t))− (∇ϕ)(t, x− z(t)) · U∞(t),

∇ϕ(t, x) = ∇xϕ(t, x− z(t)) = ∇xϕ(t, x− z(t)).

We can write this as

∂tϕ(t, x) = ∂tϕ(t, x)−∇ϕ(t, x) · U∞(t),

∇ϕ(t, x) = ∇ϕ(t, x),
ϕ(t, y) := ϕ(t, y − z(t)),

and hence ϕ ∈ C1
c ([0, T )× R2). Using these expressions, we have∫ T

0

∫
R2

(∂tϕ θ)(t, x) dx dt−
∫ T

0

∫
R2

(∇ϕ · u θ)(t, x) dx dt
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=

∫ T

0

∫
R2

(
∂tϕ(t, x)−∇ϕ(t, x) · U∞(t)

)
θ(t, x) dx dt

−
∫ T

0

∫
R2

∇ϕ(t, x) · (u(t, x)− U∞(t)) θ(t, x) dx dt

=

∫ T

0

∫
R2

∂tϕ(t, x)θ(t, x) dx dt−
∫ T

0

∫
R2

∇ϕ(t, x) · u(t, x) θ(t, x) dx dt

=

∫
R2

ϕ(T )θ(T )−
∫
R2

ϕ(0)θ0 =

∫
R2

ϕ(T )θ(T )−
∫
R2

ϕ(0)θ0,

the second-to-last equality holding because (θ, u) is a weak solution with the same initial
data as (θ, u). This shows, in light of Remark 1.4, that (θ, u) is a weak solution. □

The non-uniqueness of Proposition 3.3 arises from allowing non-decaying data; left open
is whether non-uniqueness still holds if we assume the initial data decays rapidly at infinity.

4. A Serfati identity and a priori estimates

In this section, we establish a Littlewood-Paley version of a Serfati identity satisfied by
smooth non-decaying solutions to (SQGν) with ν > 0. We utilize this identity to prove the
necessary a priori bounds on smooth, non-decaying solutions, as given by Theorem 1.5. In
Section 6, we will apply these bounds to an approximation sequence of smooth solutions
and pass to the limit as ν → 0 to yield a weak solution to (SQG0).

We begin with a statement of the Serfati identity and an a priori estimate on the L2
ul-norm

of the velocity.

Theorem 4.1. Let k ≥ 2, ν > 0, T > 0, N ∈ Z, and let (θ, u) be a smooth, non-
decaying solution to (SQGν) on [0, T ] with initial data u0, θ0 ∈ Ck

b (R2). Then there exists
U∞ ∈ C([0, T ]) independent of N , with U∞(0) = 0, such that for all t ∈ [0, T ],

u(t, x)− u0(x) = U∞(t)−
∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds

+ (HNK) ∗ (θ(t, x)− θ0(x)).

(4.1)

Moreover, the following estimate holds for each t ∈ [0, T ]:

∥u(t)∥L2
ul
≤ C

(
∥u0∥L2

ul
+ ∥θ0∥L∞ + |U∞(t)|+ ν

)
exp (Ct∥θ0∥L∞) . (4.2)

Before proving Theorem 4.1, we establish the following lemma, which estimates the low
frequencies in (4.1).

Lemma 4.2. Let θ, u be as in Theorem 4.1 above. For any N ∈ Z, (t, x) ∈ [0, T ]×R2, and
η ∈ C∞

c (R2), if we set

lN (t, x) = −η(x)
∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds,

then

∥lN (t, x)∥L2
x
≤ C(2N + 22N )∥θ0∥L∞

(
tν +

∫ t

0
∥u(s)∥L2

ul
ds

)
.
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Proof. First write
lN (t, x) = l1N (t, x) + l2N (t, x),

where

l1N (t, x) := −η(x)
∫ t

0
SN∇K∗·(θu)(s, x) ds,

l2N (t, x) := νη(x)

∫ t

0
SN∆K ∗ θ(s, x) ds.

Note that, by Minkowski’s inequality for integrals,

∥l1N (t, x)∥L2
x
=

∥∥∥∥η(x) ∫ t

0
SN∇K∗·(θu)(s, x) ds

∥∥∥∥
L2
x

=

∥∥∥∥η(x) ∫ t

0

∫
R2

SN∇K(y) · (θu)(s, x− y) dy ds

∥∥∥∥
L2
x

≤
∫ t

0

∫
R2

∥η(x)SN∇K(y) · (θu)(s, x− y)∥L2
x
dy ds

=

∫ t

0

∫
R2

|∇SNK(y)| ∥(θu)(s, x− y)η(x)∥L2
x
dy ds

≤
∫ t

0
∥θ(s)∥L∞ sup

y∈R2

∥u(s, x− y)η(x)∥L2
x
ds

∫
R2

|∇SNK(y)| dy

≤
∫ t

0
∥θ(s)∥L∞∥u(s)∥L2

ul
ds

∫
R2

|∇SNK(y)| dy.

(4.3)

By Lemma 2.7, ∥∇SNK∥L1 ≤ C2N . It then follows from (4.3) and (1.4) that

∥l1N (t, x)∥L2
x
≤ C2N

∫ t

0
∥θ(s)∥L∞∥u(s)∥L2

ul
ds ≤ C2N

∫ t

0
∥θ0∥L∞∥u(s)∥L2

ul
ds. (4.4)

To estimate l2N , we observe that

∥l2N (t, x)∥L2
x
≤ ν∥η∥L2

∥∥∥∥∫ t

0
(SN∆K ∗ θ)(s, x) ds

∥∥∥∥
L∞
x

≤ ν∥η∥L2

∫ t

0
∥θ(s)∥L∞ ds

∫
R2

|∆SNK(y)| dy.
(4.5)

Again by Lemma 2.7,
∥SN∆K∥L1 ≤ C22N .

Substituting this estimate into (4.5) and applying (1.4), we obtain

∥l2N (t, x)∥L2
x
≤ Ct22Nν∥θ0∥L∞ . (4.6)

Combining the estimates for l1N and l2N gives

∥lN (t, x)∥L2
x
≤ ∥l1N (t, x)∥L2

x
+ ∥l2N (t, x)∥L2

x

≤ C(2N + 22N )∥θ0∥L∞

(
tν +

∫ t

0
∥u(s)∥L2

ul
ds

)
. □
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Proof of Theorem 4.1. We first establish (4.1) for a fixed N ∈ Z. We begin with
(SQGν)1,

∂θ

∂t
+ u · ∇θ = ν∆θ. (4.7)

We integrate in time and use the divergence-free property of u to get

θ(t, x)− θ0(x) = −
∫ t

0
(div(θu)− ν∆θ)(s, x) ds.

The above equality, the fact that (θ, u) satisfy the homogeneous constitutive law, and inte-
gration by parts give

∆̇j (u(t, x)− u0(x)) = SN

(
(∆̇jK) ∗ (θ(t)− θ0)(x)

)
+HN

(
(∆̇jK) ∗ (θ(t)− θ0)(x)

)
= −SN

(
(∆̇jK) ∗

∫ t

0
(div(θu)− ν∆θ)(s, x) ds

)
+HN

(
(∆̇jK) ∗ (θ(t)− θ0)(x)

)
= ∆̇j

(
−
∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds+ (HNK) ∗ (θ(t)− θ0)(x)

)
.

As the above inequality holds for all j ∈ Z, we conclude that

u(t, x)− u0(x) = −
∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds

+ (HNK) ∗ (θ(t)− θ0)(x) + P (t, x),

where for each fixed t ∈ [0, T ], P (t, x) is a polynomial in the spatial variable. Now note that
by Lemma 2.7, SN∇K and SN∆K belong to L1(R2). Since θ, u are in L∞([0, T ];L∞(R2))
by Theorem 1.5, we can apply Young’s inequality and conclude that the time integral above
lies in L∞([0, T ]× R2). Moreover, by the argument in (2.11),

u(t, x)− u0(x)− (HNK) ∗ (θ(t)− θ0)(x) = SN (u(t)− u0)(x) ∈ L∞([0, T ]× R2),

again by Theorem 1.5. We conclude that P (t, x) ∈ L∞(R2) for each fixed t ∈ [0, T ], implying
that P (t, x) = U∞(t), where U∞ is constant in x. Continuity of U∞ in time again follows
from regularity properties of u and θ given by Theorem 1.5. This gives (4.1).

To show that U∞ is independent of N , subtracting the second and third terms on the
right side of (4.1) for N = N1 from the corresponding terms for N = N2 with N1 < N2

gives

N2∑
j=N1+1

[
−
∫ t

0
((∆̇j∇K)∗·(θu)(s)− ν(∆̇j∆K) ∗ θ(s)) ds− (∆̇jK) ∗ (θ(t)− θ0)

]

= −
N2∑

j=N1+1

∫ t

0
(∆̇jK) ∗ (div(θu)(s)− ν∆θ(s) + ∂sθ(s)) ds = 0,

from which it follows that U∞ does not depend on N .
We now show (4.2). Let η ∈ HR(R2) for some R > 0, and multiply (4.1) through by η,

which gives

η(x)u(t, x)− η(x)u0(x) = −η(x)
∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds

+ η(x)((HNK) ∗ (θ(t)− θ0))(x) + η(x)U∞(t).

(4.8)
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For ease of notation, for each N ∈ Z, set the low frequency term and high frequency term
as follows:

lN (t, x) = −η(x)
∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds,

hN (t, x) = η(x)((HNK) ∗ (θ(t)− θ0))(x).

(4.9)

By Lemma 4.2 with N = 0,

∥l0(t, x)∥L2
x
≤ C1∥θ0∥L∞

(
tν +

∫ t

0
∥u(s)∥L2

ul
ds

)
.

To estimate h0, let ψ ∈ C∞
c (R2) be equal to one on the support of η and observe that

ψ(x)η(x)((H0K) ∗ θ(t, x)) = ψ(x)η(x)

∫
R2

(H0K)(x− y)θ(t, y) dy

= η(x)[ψ, (H0K)∗]θ(x) + η(x)

∫
R2

(H0K)(x− y)ψ(y)θ(t, y) dy

:= h1(t, x) + h2(t, x).

(4.10)

Since K is a Calderon-Zygmund kernel and therefore bounded on L2(R2), the second term
h2 is estimated as follows:

∥h2(t, x)∥L2
x
≤ C∥(Id− S0)K ∗ (ψθ(t))∥L2

≤ C∥K ∗ (ψθ(t))∥L2 + C∥S0(K ∗ (ψθ(t)))∥L2

≤ C∥ψθ(t)∥L2 ≤ C∥θ(t)∥L∞ ≤ C∥θ0∥L∞ .

For h1, first write

∥h1(t)∥L2
x
≤ ∥η∥L2∥[ψ, (H0K)∗]θ∥L∞

≤ ∥η∥L2

∑
j≥0

∥[ψ, (∆̇jK)∗]θ∥L∞ . (4.11)

An application of Lemma 2.6 and (1.4) then gives

∥h1(t, x)∥L2
x
≤ C∥θ0∥L∞ .

Combining the estimates for h1 and h2 gives

∥η(x)((H0K) ∗ θ(t, x))∥L2
x
≤ C∥θ0∥L∞ . (4.12)

Similarly, we have
∥η(x)((H0K) ∗ θ0(x))∥L2

x
≤ C∥θ0∥L∞ .

Thus, from the definition of h0(t, x), it follows easily that

∥h0(t, x)∥L2
x
≤ C2∥θ0∥L∞ . (4.13)

Finally, substituting the above estimates for l0 and h0 into (4.8) and taking the supremum
over η ∈ HR(R2), we have

∥u∥L2
ul
≤ ∥u0∥L2

ul
+ |U∞(t)|+ C2∥θ0∥L∞ + C1∥θ0∥L∞

(
tν +

∫ t

0
∥u(s)∥L2

ul
ds

)
. (4.14)

We are now in a position to use a linear Gronwall inequality (see Theorem 6 of [15]) to give
the final result,

∥u∥L2
ul
≤ ν exp(C1∥θ0∥L∞t−1)+

(
∥u0∥L2

ul
+ |U∞(t)|+ C2∥θ0∥L∞

)
exp(C1∥θ0∥L∞t). (4.15)
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□

The next lemma, giving smoothness of the low frequency term in (4.1), will allow us to
conclude that the low frequency term vanishes uniformly on [0, T ] × R2 as N approaches
negative infinity.

Lemma 4.3. Let m ≥ 1 be an integer. Let (θ, u) be a smooth solution to (SQGν) on [0, T ],
given by Theorem 1.5. Define lN (t, x) as in (4.9) with N < 0. That is,

lN (t, x) = −η(x)
∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds.

Then for t ∈ [0, T ],

∥lN (t, x)∥Hm
x

≤ C2N∥θ0∥L∞

(
tν +

∫ t

0
∥u∥L2

ul
ds

)
. (4.16)

Proof. By Lemma 4.2 with N < 0,

∥lN (t, x)∥L2
x
≤ C2N∥θ0∥L∞

(
tν +

∫ t

0
∥u∥L2

ul
ds

)
. (4.17)

To estimate first order derivatives of lN , as in the proof of Lemma 4.2, let

l(t, x) = l1N (t, x) + l2N (t, x),

where

l1N (t, x) := −η(x)
∫ t

0
SN∇K∗·(θu)(s, x) ds,

l2N (t, x) := νη(x)

∫ t

0
SN∆K ∗ θ(s, x) ds,

and note that for 1 ≤ j ≤ 2,

∂jl
1
N (t, x) = ∂j

(
η(x)

∫ t

0
(SN∇K∗·(θu))(s, x) ds

)
= ∂jη(x)

∫ t

0
(SN∇K∗·(θu))(s, x) ds︸ ︷︷ ︸

=:i(t)

+ η(x)

∫ t

0
((∂jSN∇K)∗·(θu))(s, x) ds︸ ︷︷ ︸

=:ii(t)

.

Thus,
∥∂jl1N (t, x)∥L2

x
≤ ∥i(t)∥L2

x
+ ∥ii(t)∥L2

x
.

We note,

∥i(t)∥L2
x
≤ C2N

∫ t

0
∥θ0∥L∞∥u∥L2

ul
ds

by an argument identical to that used to bound ∥l1N (t)∥L2
ul

in the proof of Lemma 4.2. For

ii, we apply Lemma 2.7 and, again, and argument similar to that used to bound ∥l1N (t)∥L2
ul

in the proof of Lemma 4.2, which yields

∥ii(t)∥L2
x
≤ C22N

∫ t

0
∥θ0∥L∞∥u∥L2

ul
ds.
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As N < 0, we conclude that

∥l1N (t, x)∥H1
x
≤ C2N

∫ t

0
∥θ0∥L∞∥u(s)∥L2

ul
ds.

By a similar argument,

∥∂jl2N (t, x)∥L2
x
= ν

∥∥∥∥∂j (η(x)∫ t

0
SN∆K ∗ θ)(s, x) ds

)∥∥∥∥
L2
x

≤ ν

∥∥∥∥∂jη(x) ∫ t

0
SN∆K ∗ θ(s, x) ds

∥∥∥∥
L2
x

+ ν

∥∥∥∥η(x)∫ t

0
(∂jSN∆K) ∗ θ(s, x) ds

∥∥∥∥
L2
x

.

We apply the estimate (4.6) from Lemma 4.2 to bound the first term. This gives

ν

∥∥∥∥∂jη(x) ∫ t

0
SN∆K ∗ θ(s, x) ds

∥∥∥∥
L2
x

≤ Ct22Nν∥θ0∥L∞ .

For the second term, utilizing the compact support of η and Young’s inequality, we have∥∥∥∥η(x) ∫ t

0
(∂jSN∆K) ∗ θ(s, x) ds

∥∥∥∥
L2
x

≤ C∥η∥L2∥θ0∥L∞

∫ t

0
∥(∂jSN∆K)(x)∥L1

x
ds.

By Lemma 2.7, we conclude that

ν

∥∥∥∥η(x) ∫ t

0
(∂jSN∆K) ∗ θ(s, x) ds

∥∥∥∥
L2
x

≤ 23NCtν∥θ0∥L∞ . (4.18)

Combining the estimates for the first and second term and noting that N < 0, we have

∥∂jl2N (t, x)∥L2
x
≤ 2NCtν∥θ0∥L∞ .

This completes the proof of Lemma 4.3 for the case m = 1. The lemma can be extended to
general m by induction. □

The next theorem gives an alternative to the Serfati identity.

Proposition 4.4. Let (θ, u) be a smooth solution to (SQGν) on [0, T ], given by Theo-
rem 1.5. Then

u(t)− u0 − U∞(t) = lim
N→−∞

(HNK) ∗ (θ(t)− θ0) (4.19)

uniformly on compact subsets of [0, T ]× R2.

Proof. Multiplying (4.1) by η ∈ C∞
c ([0, T ]× R2) gives

η(t, x)(u(t, x)− u0(x)− U∞(t)) = η(t, x)

∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds

+ η(t, x)((HNK) ∗ (θ(t, x)− θ0(x))).

By Lemma 4.3, (4.2), and the Sobolev Embedding Theorem,∥∥∥∥η(t, x) ∫ t

0
(SN∇K∗·(θu)− νSN∆K ∗ θ) (s, x) ds

∥∥∥∥
L∞([0,T ]×R2)

→ 0 (4.20)

as N approaches negative infinity, giving (4.19). □
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Proposition 4.5. Let (θ, u) be as in Theorem 4.1 and, assuming U∞(0) = 0, make the
transformations in (3.1) and (3.2) to yield another solution (θ, u) with initial data (θ0, u0−
U∞(0)). If (θ, u) satisfy the Serfati identity in (4.1) for the vector field V∞, then (θ̄, u)
satisfy (4.1) in the form

u(t)− u0 =W∞(t)−
∫ t

0

[
(SN∇K)∗·(θu)− ν(SN∆K) ∗ θ

]
(s) ds

+ (HNK) ∗ (θ(t)− θ0),

where W∞ = V∞ − U∞.

Proof. By Proposition 3.3 and Theorem 4.1 we know that (θ, u) satisfy the Serfati identity
for some continuous-in time-vector fieldW∞(t) that is independent of N . Because U∞(0) =
0, we have u(t, x) = u(t, x) − U∞(t), θ(t, x) = θ(t, x), u0 = u0, θ0 = θ0, and x(0, x) = x.
Applying Proposition 4.4 gives

u(t,x)− u0(x) =W∞(t) + lim
N→−∞

(HNK) ∗ (θ(t, x)− θ0(x))

=⇒ u(t, x)− U∞(t)− u0(x) =W∞(t) + lim
N→−∞

(HNK) ∗ (θ(t, x)− θ0(x))

=⇒ W∞(t) = u(t, x)− lim
N→−∞

(HNK) ∗ (θ(t, x)

− [u0(x)− lim
N→−∞

(HNK) ∗ θ0(x)]− U∞(t)

= V∞(t)− U∞(t). □

The following is an immediate corollary of Propositions 3.3 and 4.5.

Corollary 4.6. In Theorem 4.1, we can choose the vector field U∞ to be any continuous-
in-time vector field as long as U∞(0) = 0.

Remark 4.7. Each choice of U∞ in Theorem 4.1 will yield a distinct solution to (SQGν)
having the same initial conditions.

5. Construction of candidate for a weak solution

In this section, we assume our initial data (θ0, u0) belongs to L
∞(R2)×L2

ul(R2), satisfies
the homogeneous constitutive law, and satisfies div u0 = 0.

5.1. Preparing the initial data. To establish existence of weak solutions, we will generate
a sequence of smooth solutions (θk, uk) to (SQG1/k) from the initial data

(θk,0, uk,0) = (Skθ0, Sku0).

Note that by Young’s inequality and Lemma 2.4,

∥θk,0∥L∞ = ∥Skθ0∥L∞ ≤ C∥θ0∥L∞ ,

∥uk,0∥L2
ul
= ∥Sku0∥L2

ul
≤ C∥u0∥L2

ul
.

(5.1)

As a consequence of Theorem 1.5, for an arbitrary time T > 0, there exists a sequence of
smooth, non-decaying solutions (θk, uk) to (SQG1/k) with initial data (θk,0, uk,0). Moreover,
by (1.4) and (5.1),

∥θk∥L∞([0,T ];L∞) ≤ ∥θk,0∥L∞ ≤ ∥θ0∥L∞ . (5.2)

We now show that uk,0 converges to u0 locally in L2(R2).
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Proposition 5.1. Let η ∈ C∞
c (R2). Then

ηSku0 → ηu0 in L2(R2) as k → ∞.

Proof. Let ψ be a smooth, nonnegative, compactly supported function which is identically
1 on the support of η. Write

∥ηSku0 − ηu0∥L2 ≤ ∥ψ[η, Sk]u0∥L2 + ∥Sk(ηu0)− ηu0∥L2 .

Since ηu0 belongs to L2(R2), the second term on the right hand side approaches 0 as k
approaches ∞ by a standard approximation to the identity argument. To see that the first
term approaches 0, we expand the commutator, which gives

|ψ(x)[η, Sk]u0(x)| =
∣∣∣∣ψ(x)22k ∫

R2

χ(2k(x− y))(η(x)− η(y))u0(y) dy

∣∣∣∣
≤ |ψ(x)| ∥∇η∥L∞22k

∫
R2

|χ(2k(x− y))||x− y||u0(y)| dy

≤ |ψ(x)| ∥∇η∥L∞2−k

∫
R2

|χ(z)||z||u0(x− 2−kz)| dz.

Thus, by Minkowski’s inequality for integrals,

∥ψ[η, Sk]u0∥L2 ≤ ∥∇η∥L∞2−k

∫
R2

|χ(z)||z|
(∫

R2

|ψ(x)|2|u0(x− 2−kz)|2 dx
)1/2

dz

≤ C2−k sup
z∈R2

(∫
R2

|ψ(x)|2|u0(x− 2−kz)|2 dx
)1/2

≤ C2−k∥u0∥L2
ul
.

The desired convergence follows. □

5.2. Passing to the limit of smooth solutions. We now establish convergence of a
sequence of smooth, non-decaying solutions (θk, uk) to (SQG1/k), generated from initial
data (Skθ0, Sku0), to a candidate for a weak solution to (SQG0).

In what follows, to simplify calculations, for each k, given initial data (Skθ0, Sku0), we
will choose the corresponding solution (θk, uk) satisfying (4.1) with

U∞ ≡ 0 on [0, T ]. (5.3)

This choice is justified by Corollary 4.6.

Proposition 5.2. Suppose (θ0, u0) ∈ L∞(R2) × L2
ul(R2) satisfies the homogeneous consti-

tutive law, with div u0 = 0, and let (θk, uk) be a solution to (SQG1/k) on [0, T ] with initial
data given by (θk,0, uk,0) = (Skθ0, Sku0). Then there exists a pair (θ, u) such that, up to a
subsequence,

θk → θ weak-⋆ in L∞([0, T ]× R2),

and
uk → u weak-⋆ in L∞([0, T ];L2(K)) for each compact K in R2.

Further,
θ ∈ L∞([0, T ]× R2),

and
u ∈ L∞([0, T ];L2

ul(R2)).
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Proof. Let η ∈ C∞
c (R2) be a standard bump function, and, for each R > 0, set ηR(x) =

η(x/R). Note that with (4.2) and (5.1), for each R > 0, t ∈ [0, T ], and z ∈ R2, we have the
uniform bound

∥ηR(· − z)uk(t)∥L2 ≤ CR∥uk(t)∥L2
ul

≤ CR(∥uk,0∥L2
ul
+ ∥θk,0∥L∞ + 1/k)eCt∥θk,0∥L∞

≤ CR(∥u0∥L2
ul
+ ∥θ0∥L∞ + 1)eCt∥θ0∥L∞ .

(5.4)

Restricting to z = 0, it follows from a standard diagonalization argument that there exists
u belonging to L∞([0, T ];L2

loc(R2)) such that, up to a subsequence,

uk → u weak-⋆ in L∞([0, T ];L2(K)) for each compact K in R2. (5.5)

We claim that u ∈ L∞([0, T ];L2
ul(R2)). To see this, let z ∈ R2. By (5.5), (5.4), and (5.1),

∥u∥L∞([0,T ];L2(B1(z))) ≤ sup
k

∥uk∥L∞([0,T ];L2(B1(z))) ≤ C0,

where C0 depends on norms of the initial data and T and is independent of k and z. Taking
the supremum over z, we find that that u ∈ L∞([0, T ];L2

ul(R2)).
By (5.2), there also exists θ ∈ L∞([0, T ]× R2) such that, up to a subsequence,

θk → θ weak-⋆ in L∞([0, T ]× R2).

Finally, the fact that θ satisfies

∥θ∥L∞([0,T ]×R2) ≤ ∥θ0∥L∞

follows from (5.2). □

It follows immediately from Proposition 5.2 that uk → u in D′([0, T ]×R2). In fact, (uk)
converges to u in S ′([0, T ]× R2), as a consequence of the following lemma.

Lemma 5.3. Let (θk, uk) and (θ, u) be as in Proposition 5.2. Then uk → u in S ′([0, T ]×R2).

Proof. Let ρ ∈ S([0, T ] × R2), and for R > 0 let aR : R2 → R be a smooth compactly
supported function such that aR ≡ 1 on BR(0), 0 ≤ aR ≤ 1 on BR+1(0), and aR ≡ 0
elsewhere. Then∫ T

0

∫
R2

(uk − u)ρ =

∫ T

0

∫
R2

(uk − u)aRρ+

∫ T

0

∫
R2

(uk − u)(1− aR)ρ. (5.6)

For the second term on the right hand side, set Ck,R = B(k+1)R(0)\BkR(0) and write∣∣∣∣∫ T

0

∫
R2

(uk − u)(1− aR)ρ

∣∣∣∣ ≤ ∫
[0,T ]×BR(0)c

|uk − u||ρ| ≤
∑
k≥1

∫
[0,T ]×Ck,R

|uk − u||ρ|

≤
∑
k≥1

CkR
(
∥uk∥L1([0,T ];L2

ul)
+ ∥u∥L1([0,T ];L2

ul)

)
∥ρ∥L∞([0,T ];L2(Ck,R))

≤ C

R

(
∥uk∥L1([0,T ];L2

ul)
+ ∥u∥L1([0,T ];L2

ul)

)
≤ C

R
,

where we used decay properties of ρ ∈ S([0, T ] × R2) and the uniform bound on ∥uk∥L2
ul
,

which follows from (4.2) and (5.1). The factor of kR in the second inequality above results
from scaling; see for example Proposition 1.5 of [22]. Now the second term on the right
hand side of (5.6) can be made small by choosing R sufficiently large. Since uk → u in
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D′([0, T ]× R2) by Proposition 5.2, given this choice of R, the first term on the right hand
side of (5.6) is small for sufficiently large k. Thus∫ T

0

∫
R2

(uk − u)ρ→ 0.

We conclude that uk → u in S ′([0, T ]× R2). □

Proposition 5.4. Let (θk, uk) be as in Proposition 5.2. For any h ∈ C2
c (R2) there exists

Ch > 0 such that∣∣∣∣∫
R2

h(x)(θk(t, x)− θk(s, x)) dx

∣∣∣∣ ≤ Ch |t− s| for all k ∈ N, t, s ∈ [0, T ].

Proof. Each (θk, uk) satisfies

θk(t, x)− θk(s, x) = −
∫ t

s
(div(θkuk)− (1/k)∆θk)(r, x) dr.

Multiplying through by a function h ∈ C2
c (R2) and integrating over R2 gives∣∣∣∣∫

R2

h(x)(θk(t, x) dx− θk(s, x)) dx

∣∣∣∣
=

∣∣∣∣∫ t

s

∫
R2

(∇h · θkuk + (1/k)∆hθk)(r, x) dr

∣∣∣∣
≤ |t− s| ∥∇h∥L2 ∥θk∥L∞([0,T ]×R2) ∥uk∥L∞(0,T ;L2(supp(∇h)))

+ |t− s| ∥h∥C2 ∥θk∥L∞([0,T ]×R2)

≤ Ch |t− s| . □

The following is an immediate corollary of Proposition 5.4 and Lemma 2.8.

Corollary 5.5. Let θ be as in Proposition 5.2. Then, after changing θ on a set of measure
zero, for all h ∈ L1(R2) and all t ∈ [0, T ],∫

R2

h(x)θ(s, x) dx→
∫
R2

h(x)θ(t, x) dx as s→ t.

Moreover, for all x ∈ R2,∣∣∣∣∫
R2

h(x)(θ(s, x)− θ(t, x)) dx

∣∣∣∣ ≤ Ch |t− s| for all h ∈ C2
c (R2).

We are now in position to show that the limit (θ, u), as given in Proposition 5.2, satisfies
the homogeneous constitutive law in Definition 1.3.

Lemma 5.6. Let (θ, u) be as in Proposition 5.2. Then for a.e. (t, x) ∈ [0, T ] × R2, (θ, u)
satisfies the homogeneous constitutive law.

Proof. Note that by Lemma 5.3, for each j ∈ Z,
∆̇juk −→ ∆̇ju

in S ′([0, T ]× R2). Similarly, by weak-⋆ convergence of (θk) to θ in L∞([0, T ]× R2),

(∆̇jK) ∗ θk −→ (∆̇jK) ∗ θ
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in S ′([0, T ] × R2). Thus, since for each k, (θk, uk) satisfies the homogeneous constitutive
law, and by uniqueness of weak limits, (θ, u) satisfies

∆̇ju(t, x) = (∆̇jK) ∗ θ(t, x)
for a.e. (t, x) ∈ [0, T ]× R2. □

We can in fact show that, after changing θ and u on a set of measure zero, ∆̇ju and

(∆̇jK) ∗ θ are continuous and equal on [0, T ]× R2.

Corollary 5.7. Let (θ, u) be as in Proposition 5.2. Then, after changing θ and u on a set

of measure zero, we have for each j ∈ Z, (∆̇jK) ∗ θ ∈ C([0, T ]× R2) and

∆̇ju(t, x) = (∆̇jK) ∗ θ(t, x) for all (t, x) ∈ [0, T ]× R2.

Proof. Continuity of (∆̇jK) ∗ θ with respect to the spatial variable holds because ∆̇jK ∈
S(R2), while continuity in time, after changing θ on a set of measure zero, follows from

Corollary 5.5 with h = ∆̇jK. The equality in Corollary 5.7 then follows from Lemma 5.6.
□

The following lemma will be useful when passing to the limit of the nonlinear term in
the weak formulation.

Lemma 5.8. Let (θ, u) be as in Proposition 5.2. Then, up to a subsequence,

u(t)− u0 = lim
N→−∞

(HNK) ∗ (θ(t)− θ0)

uniformly on compact subsets of [0, T ]× R2.

Proof. By Lemma 2.11, there exists a function A : [0, T ] → R2 such that, up to a subse-
quence,

SNu(t, x)− SNu0(x) → A(t)−A(0)

uniformly on compact subsets of [0, T ] × R2. We claim that A = 0. To see this, we will
show that SNu(t, x)− SNu0(x) → 0 pointwise on [0, T ]×R2. Note that by Proposition 4.4
and our choice of U∞ ≡ 0 in (5.3), for each fixed k ∈ N,

uk(t)− uk,0 = lim
N→−∞

(HNK) ∗ (θk(t)− θk,0) (5.7)

uniformly on compact subsets of [0, T ]× R2, so that, by an argument similar to (2.11),

lim
N→−∞

SN (uk − uk,0) = 0 (5.8)

uniformly on compact subsets of [0, T ]× R2. Moreover, by Lemma 5.3, for each fixed N ,

SNuk → SNu (5.9)

pointwise on [0, T ]× R2.
We write, for fixed (t, x),

lim
N→−∞

[SN (u(t, x)− u0(x))]

= lim
N→−∞

lim
k→∞

[SN (u(t, x)− u0(x))− SN (uk(t, x)− uk,0(x))]

+ lim
N→−∞

lim
k→∞

[SN (uk(t, x)− uk,0(x))]

= lim
N→−∞

lim
k→∞

[SN (uk(t, x)− uk,0(x))],

(5.10)
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where we used (5.9) to get the last equality. To see that the last limit in (5.10) equals
zero, note that it follows from Lemma 4.3 and (5.1) that the limit in (4.20) is uniform in k.
Thus SN (uk(t, x)− uk,0(x)) converges to zero as N → −∞ at a rate which is uniform in k,
allowing us to interchange the limits and apply (5.8).

We conclude that the desired limit holds pointwise, and therefore uniformly on compact
subsets of [0, T ]× R2. This completes the proof. □

We are now in position to establish weak time continuity of u.

Proposition 5.9. Let (θ, u) be as in Proposition 5.2. After changing u on a set of measure
zero, for all compactly supported g ∈ L2(R2) and all t ∈ [0, T ],∫

R2

g(x)u(s, x) dx→
∫
R2

g(x)u(t, x) dx as s→ t.

Proof. First assume g ∈ C∞
c (R2). For fixed N < 0 and s, t ∈ [0, T ], write∫

R2

g(x)(u(t, x)− u(s, x)) dx =

∫
R2

g(x)SN (u(t, x)− u(s, x)) dx

+

∫
R2

g(x)HN (u(t, x)− u(s, x)) dx.

(5.11)

For the second term on the right hand side of (5.11), we apply the homogeneous consti-
tutive law to write∫

R2

g(x)HN (u(t, x)− u(s, x)) dx =

∫
R2

g(x)(HNK) ∗ (θ(t, x)− θ(s, x)) dx

=

∫
R2

((HNK) ∗ g(x))(θ(t, x)− θ(s, x)) dx.

By Bernstein’s Lemma, Young’s inequality, and Lemma 2.7,

∥(HNK) ∗ g∥L1 ≤
−1∑
j=N

∥(∆̇jK) ∗ g∥L1 +
∑
j≥0

∥(∆̇jK) ∗ g∥L1

≤ −N∥g∥L1 +
∑
j≥0

2−j∥(∆̇jK) ∗ ∇g∥L1 ≤ −CN∥g∥W 1,1 .

(5.12)

We now invoke Corollary 5.5 to conclude that

ess lim
s→t

∫
R2

g(x)HN (u(t, x)− u(s, x)) dx = 0.

Now note that by Lemma 5.8, the first term on the right hand side of (5.11) converges to
0 as N approaches negative infinity, where the convergence rate is uniform in t. With this
in mind, let ε > 0, and choose N so that for almost every s, t ∈ [0, T ],∣∣∣∣∫

R2

g(x)SN (u(t, x)− u(s, x)) dx

∣∣∣∣ < ε

2
.

Given this N , let δ > be such that for almost every t,s with |t− s| < δ,∣∣∣∣∫
R2

g(x)HN (u(t, x)− u(s, x)) dx

∣∣∣∣ < ε

2
.
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Applying these inequalities to (5.11) gives∣∣∣∣∫
R2

g(x)(u(t, x)− u(s, x)) dx

∣∣∣∣ < ε.

Now consider g ∈ L2(K) for K ⊂ R2 compact. By density of C∞
c (K) in L2(K) and the

uniform-in-time bound

∥u(t)− u(s)∥L2(K) ≤ C(∥u(t)∥L2
ul
+ ∥u(s)∥L2

ul
) ≤ C(T, ∥u0∥L2

ul
, ∥θ0∥L∞),

we can conclude that

ess lim
s→t

∫
R2

g(x)(u(t, x)− u(s, x)) dx = 0.

□

Having established the existence of weak limits, we turn to evaluating the convergence
of the time derivative.

Lemma 5.10. Up to a subsequence, for every Ψ ∈ C∞([0, T ]× R2),∫ T

0

∫
R2

∂tθk(t, x)Ψ(t, x) dx dt→
∫ T

0

∫
R2

∂tθ(t, x)Ψ(t, x) dx dt

as k → ∞.

Proof. By (1.4), up to a subsequence, (θk) converges weak-⋆ in L∞([0, T ]× R2). Thus, for
Ψ ∈ C∞

c ([0, T ]× R2),∫ T

0

∫
R2

∂tθk(t, x)Ψ(t, x) dx dt = −
∫ T

0

∫
R2

θk(t, x)∂tΨ(t, x) dx dt

converges to

−
∫ T

0

∫
R2

θ(t, x)∂tΨ(t, x) dx dt =

∫ T

0

∫
R2

∂tθ(t, x)Ψ(t, x) dx dt,

as desired. □

6. Existence of a weak solution

We devote this section to showing that (θ, u), given by Proposition 5.2, is a weak solution
to (SQG0) as in Definition 1.3. The resulting series of Propositions leads, at the very end
of this section, to the proof of Theorem 1.1.

Convergence of the nonlinear term. As one would expect, the key step in showing
that (θ, u) is a weak solution to (SQG0) is establishing convergence of the nonlinear term.
We address this convergence in the following proposition.

Proposition 6.1. Let (θk, uk) and (θ, u) be as in Proposition 5.2. Then for any ϕ ∈
C∞
c ([0, T ]× R2), up to a subsequence,∫ T

0

∫
R2

θk∇ϕ · uk dx dt→
∫ T

0

∫
R2

θ∇ϕ · u dx dt (6.1)

as k → ∞.
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Proof. Fix N ∈ Z with N < 0. We apply (4.1) with ν = 1/k and U∞ ≡ 0 to expand uk and
write∫

R2

θk∇ϕ · uk dx =

∫
R2

θk∇ϕ · uk,0 dx−
∫
R2

θk∇ϕ ·
∫ t

0
(SN∇K∗·(ukθk)) ds dx

+
1

k

∫
R2

θk∇ϕ ·
∫ t

0
(SN∆K ∗ θk) ds dx

+

∫
R2

θk∇ϕ · ((HNK) ∗ (θk(t)− θk,0)) dx

=

∫
R2

θk∇ϕ · uk,0 dx+

∫
R2

θklk,N dx+

∫
R2

θkhk,N dx,

(6.2)

where, similar to (4.9), we set

lk,N (t, x) = −∇ϕ(t, x) ·
∫ t

0
(SN∇K∗·(ukθk)− 1/kSN∆K ∗ θk) (s, x) ds,

hk,N (t, x) = ∇ϕ(t, x) · ((HNK) ∗ (θk(t)− θk,0))(x).

(6.3)

To complete the proof, we appeal to Propositions 6.2 to 6.4 below, which address conver-
gence of the three integrals on the right hand side of (6.2). We first apply Propositions 6.2
and 6.3 to write

lim
k→∞

∫ T

0

∫
R2

θk∇ϕ · uk dx dt = lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θk∇ϕ · (uk,0 − u0) dx dt

+ lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θk(∇ϕ · u0 + lk,N + hk,N ) dx dt

= lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θk(∇ϕ · u0 + lk,N + hk,N ) dx dt

= lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θk(∇ϕ · u0 + hk,N ) dx dt.

By weak-⋆ convergence of (θk) to θ in L∞([0, T ]× R2), Proposition 6.4, and Lemma 5.8,

lim
k→∞

∫ T

0

∫
R2

θk∇ϕ · uk dx dt =
∫ T

0

∫
R2

θ∇ϕ · u0 dx dt

+ lim
N→−∞

∫ T

0

∫
R2

θ∇ϕ · ((HNK) ∗ (θ(t)− θ0)(x)) dx dt =

∫ T

0

∫
R2

θ∇ϕ · u0 dx dt

+

∫ T

0

∫
R2

θ

(
lim

N→−∞
∇ϕ(t, x) · ((HNK) ∗ (θ(t)− θ0)(x))

)
dx dt

=

∫ T

0

∫
R2

θ∇ϕ · u dx dt,

where we used that the convergence in Lemma 5.8 is uniform to move the limit inside the
integral. □

We now state and prove Propositions 6.2 to 6.4. Throughout the proofs, we let ψ ∈
C∞
c (R2) denote a smooth bump function with ∥ψ∥L∞ = 1 satisfying

ψ ≡ 1 on ∪ {supp∇ϕ(t, x) : t ∈ [0, T ]} ⊆ R2.
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In particular, we will apply many of the preceding estimates from Sections 4 and 6 with
η = ψ. We begin with Proposition 6.2.

Proposition 6.2. Let (θk, uk) and (θ, u) be as in Proposition 5.2. Then for any ϕ ∈
C∞
c ([0, T ]× R2),

lim
k→∞

∫ T

0

∫
R2

θk(t, x)∇ϕ(t, x) · (uk,0(x)− u0(x)) dx dt = 0. (6.4)

Proof. By (5.2) we have∣∣∣∣∫ T

0

∫
R2

θk∇ϕ(uk,0 − u0) dx dt

∣∣∣∣ ≤ ∥θk∥L1([0,T ];L∞) sup
t∈[0,T ]

∫
R2

|ψ(x)∇ϕ(t, x)(u0 − uk,0)(x)| dx

≤ ∥θk∥L1([0,T ];L∞) sup
t∈[0,T ]

(∥∇ϕ(t)∥L2∥ψ(u0 − uk,0)∥L2)

≤ CT∥θ0∥L∞∥ψ(u0 − uk,0)∥L2 .
(6.5)

By Proposition 5.1, the claim follows. □

Proposition 6.3. Let (θk, uk) be as in Proposition 5.2. Then

lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θk(t, x)lk,N (t, x) dx dt = 0. (6.6)

Proof. An application of Lemma 4.3 to lk,N (t, x) with η = ψ gives, for each t ∈ [0, T ],

∥lk,N (t, x)∥H1
x
≤ C2N∥θk,0∥L∞

(
t

k
+

∫ t

0
∥uk∥L2

ul
ds

)
.

Moreover, by (4.2),

∥uk(t)∥L2
ul
≤ C

(
∥uk,0∥L2

ul
+ ∥θk,0∥L∞ +

1

k

)
exp (Ct∥θk,0∥L∞) .

Thus, by (5.1), for each fixed N < 0 we get a uniform bound in k on ∥lk,N (t, x)∥H1
x
. Since

for each k, lk,N (t, x) has support contained in the support of ∇ϕ(t, x), for each N and each
t ∈ [0, T ], we can apply Rellich’s theorem to the sequence (lk,N )k∈N and conclude that there
exists a subsequence of (lk,N )k∈N, relabeled (lk,N )k∈N, converging strongly in L2(R2).

We must show that there exists a single subsequence of (lk,N )k∈N which converges strongly
in L2(R2) for all t ∈ [0, T ] and for all N < 0. To this end, note that for each k and N < 0
and for fixed τ, t ∈ [0, T ],

∥lk,N (t)− lk,N (τ)∥L2

≤ ∥∇ϕ(t, x)−∇ϕ(τ, x)∥L∞
x

∥∥∥∥ψ(x) ∫ t

0
(SN∇K∗·(ukθk)− (1/k)SN∆K ∗ θk) (s, x) ds

∥∥∥∥
L2
x

+ ∥∇ϕ(τ, x)∥L∞
x

∥∥∥∥ψ(x) ∫ t

τ
(SN∇K∗·(ukθk)− (1/k)SN∆K ∗ θk) (s, x) ds

∥∥∥∥
L2
x

.

(6.7)

By Lemma 4.2, (4.2), and smoothness of ∇ϕ, keeping in mind that N < 0, we can bound
the first term on the right hand side of (6.7) above by

C(∥u0∥L2
ul
, ∥θ0∥L∞ , T )|t− τ |.
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Moreover, following the proof of Lemma 4.2, one can show that the second term on the
right hand side of (6.7) can be bounded above by

C(∥u0∥L2
ul
, ∥θ0∥L∞ , T )|t− τ |.

We conclude that

∥lk,N (t)− lk,N (τ)∥L2 ≤ C(∥u0∥L2
ul
, ∥θ0∥L∞ , T )|t− τ |. (6.8)

We can use (6.8) and diagonalization to show that there exists a subsequence of (lk,N )k∈N
(relabeled (lk,N )k∈N), which converges strongly in L2(R2) at each t ∈ [0, T ] and for each
N < 0 to a function FN ∈ L1([0, T ];L2(R2)) with spatial compact support. Indeed, by
Lemma 4.2, for each t ∈ [0, T ],

∥FN (t)∥L2 ≤ C(∥θ0∥L∞ , ∥u0∥L2
ul
, T )2N . (6.9)

Now note that

lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θk(t, x)lk,N (t, x) dx dt

= lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θk(t, x)(lk,N (t, x)− FN (t, x)) dx dt

+ lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

(θk(t, x)− θ(t, x))FN (t, x) dx dt

+ lim
N→−∞

lim
k→∞

∫ T

0

∫
R2

θ(t, x)FN (t, x) dx dt.

(6.10)

We show that the limit of each term on the right hand side of (6.10) is zero. Beginning with
the second term, since for each t ∈ [0, T ], FN (t) has spatial compact support, FN belongs
to L1([0, T ] × R2). Thus by weak-⋆ convergence of (θk) to θ in L∞([0, T ] × R2), for each
fixed N ,

lim
k→∞

∫ T

0

∫
R2

(θk − θ)FN dx dt = 0.

For the first term on the right hand side of (6.10), note that

lim
k→∞

∫ T

0

∫
R2

θk(lk,N − FN ) dx dt ≤ lim
k→∞

∫ T

0
∥ψθk∥L2∥lk,N (t)− FN (t)∥L2 dt

≤ C∥θ0∥L∞

∫ T

0
lim
k→∞

∥lk,N (t)− FN (t)∥L2 dt = 0,

where we applied the Dominated Convergence Theorem to move the limit inside the integral.
Finally, for the third term on the right hand side of (6.10), we use (6.9) to write∣∣∣∣∫ T

0

∫
R2

θ(t, x)FN (t, x) dx dt

∣∣∣∣ ≤ ∥ψθ∥L1([0,T ];L2)∥FN∥L∞([0,T ];L2)

≤ C(∥u0∥L2
ul
, ∥θ0∥L∞ , T )2N → 0

as N → −∞. Combining the limits for the three terms, the claim follows. □
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Proposition 6.4. For each fixed N ∈ Z and any ϕ ∈ C∞
c ([0, T )× R2),

lim
k→∞

∫ T

0

∫
R2

θk(t, x)∇ϕ(t, x) · ((HNK) ∗ (θk(t)− θk,0))(x) dx dt

=

∫ T

0

∫
R2

θ(t, x)∇ϕ(t, x) · ((HNK) ∗ (θ(t)− θ0))(x) dx dt.

(6.11)

Proof. We can write (6.11) in the form

lim
k→∞

[A(θk, θk − θk,0)−A(θ, θ − θ0)] = 0,

where

A(f, g) :=

∫ T

0

∫
R2

f(t, x)∇ϕ(t, x) · ((HNK) ∗ g(t))(x) dx dt,

which we note is the integrated-in-time form of the operator in (2.8). We have,

A(θk, θk − θk,0)−A(θ, θ − θ0)

= A(θk, θk − θk,0)−A(θk, θ − θ0) +A(θk − θ, θ − θ0)

= A(θk, θk − θ) +A(θk, θ0 − θk,0) +A(θk − θ, θ − θ0)

= A(θk, θ0 − θk,0) +A(θk − θ, θ − θ0)

+A(θk − θ, θk − θ) +A(θ, θk − θ).

(6.12)

We bound each of the four terms on the right hand side of (6.12) in turn.

A(θk, θ0 − θk,0): We have,

|A(θk, θ0 − θk,0)| ≤ ∥θk∥L∞([0,T ]×R2) ∥∇ϕ∥L1(0,T ;L2) ∥HN (u0 − uk,0)∥L2(Σ) ,

where Σ is a compact set in R2 containing the support of ∇ϕ(t) for all t ∈ [0, T ]. But, for all
k > N , HN (u0 − uk,0) = HN (Hku0) = Hku0 = u0 − Sku0 → 0 in L2(Σ) by Proposition 5.1.

A(θk − θ, θ − θ0): Because (θ, u) satisfies the homogeneous constitutive law, (HNK) ∗
(θ(t)− θ0)) = HN (u(t)− u0) ∈ L2

ul(R2), and hence

ρ(t, x) := ∇ϕ(t, x) · ((HNK) ∗ (θ(t)− θ0))(x) ∈ L1([0, T ]× R2).

Proposition 5.2 gives

A(θk − θ, θ − θ0) =

∫ T

0

∫
R2

(θk − θ)(t, x)ρ(t, x) dx dt→ 0.

A(θk − θ, θk − θ): Define,

vk := (HNK) ∗ θk(t) = HNuk(t),

v := (HNK) ∗ θ(t) = HNu(t).

The second expressions for vk and v hold because (θk, uk) and (θ, u) satisfy the homogeneous
constitutive law. Then, A(θk − θ, θk − θ) → 0 can be written as

lim
k→∞

∫ T

0

∫
R2

(θk − θ)(t, x)∇ϕ(t, x) · (vk − v)(t, x) dx dt = 0. (6.13)

Define, for M ≥ N ,

HM
N :=

M∑
j=N

∆̇j , (6.14)
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and let HM
N = 0 for M < N . Then HM

N K ∈ L1(R2) because each ∥∆̇jK∥L1 = ∥∆̇0K∥L1 .
Fixing N , define

vMk := (HM
N K) ∗ θk(t),

vM := (HM
N K) ∗ θ(t).

Using that HM
N K ∈ L1(R2) and ∥θk(t)∥ ≤ ∥θ0∥L∞ , we know that vM ∈ L∞([0, T ]×R2) and

(vMk )∞k=1 is bounded in L∞([0, T ]× R2).

By Proposition 5.2, θk
∗
⇀ θ in L∞([0, T ] × R2) (here, and in what follows, we take

subsequences without further comment). By Lemma 2.8 with Proposition 5.4, then, we

know that θk(t)
∗
⇀ θ(t) in L∞(R2) for all t ∈ [0, T ]. Hence, using that (HM

N K)(x − ·) ∈
L1(R2), for all (t, x) ∈ [0, T ]× R2,

vMk (t, x) =

∫
R2

(HM
N K)(x− y)θk(t, y) dy

→
∫
R2

(HM
N K)(x− y)θ(t, y) dy = vM (t, x).

Fixing both N and M ≥ N , we have∣∣∣∣∫ T

0

∫
R2

(θk − θ)(t, x)∇ϕ(t, x) · (vMk − vM )(t, x) dx dt

∣∣∣∣
≤ ∥θk − θ∥L∞([0,T ]×R2) ∥∇ϕ∥L∞([0,T ]×R2) ∥v

M
k − vM∥L1(supp(∇ϕ))

≤ C
∥∥vMk − vM

∥∥
L1(supp(∇ϕ))

.

As we noted, (vMk )∞k=1 is bounded in L∞([0, T ]×R2) and vM ∈ L∞([0, T ]×R2), so vMk −vM
is bounded above by an L1 function on supp(∇ϕ): applying the dominated convergence
theorem, the pointwise convergence of vMk − vM to 0 yields

lim
k→∞

∫ T

0

∫
R2

(θk − θ)(t, x)∇ϕ(t, x) · (vMk − vM )(t, x) dx dt = 0. (6.15)

It remains to show that (6.15) holds in the limit as M → ∞—uniformly in k—giving
(6.13). Applying Lemma 2.9 gives∣∣∣∣∫ T

0

∫
R2

(θk − θ)(t, x)∇ϕ(t, x) · (vMk − vM − (vk − v))(t, x) dx dt

∣∣∣∣
=

∣∣∣∣∫ T

0

∫
R2

(θk − θ)(t, x)∇ϕ(t, x) · (HM+1K) ∗ (θk − θ))(t, x) dx dt

∣∣∣∣
≤ C ∥θk − θ∥2L∞([0,T ]×R2) 2

−M ≤ C2−M ,

(6.16)

independent of k. What we have shown is that

|A(θk − θ, θk − θ)| ≤ Lk,M + C2−M ,

where Lk,M is the magnitude of the integral in (6.15). Let ε > 0 and chooseM large enough

that C2−M < ε/2. Then choose n large enough that Lk,M ≤ ε/2 for all k ≥ n for the given
choice ofM . Then |A(θk − θ, θk − θ)| < ε for all k ≥ n, showing that |A(θk − θ, θk − θ)| → 0
as k → ∞.
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A(θ, θk − θ): Recalling that N is fixed, for any M ≥ N we can write HN = HM
N +HM .

Then, applying Lemma 2.9, A(θ, θk − θ) = Ik,M +RM , where

Ik,M :=

∫ T

0

∫
R2

((HM
N K) ∗ θ(t, x)) · ∇ϕ(t, x)(θk − θ)(t, x) dx dt

+

∫ T

0

∫
R2

((HMK) ∗ θ(t, x)) · ∇ϕ(t, x)(θk − θ)(t, x) dx dt

and |RM | ≤ C2−M independently of k. But, (HMK) ∗ θ = HMu ∈ L∞([0, T ];L2
ul(R2)) by

Lemma 2.4, so ((HMK) ∗ θ(t, x)) · ∇ϕ(t, x) ∈ L1([0, T ]×R2), as also is ((HM
N K) ∗ θ(t, x)) ·

∇ϕ(t, x), since HN
MK is Schwartz-class.

Hence, for any given M , Ik,M → 0 as k → ∞, though at an unknown rate.
Let ε > 0 and chooseM large enough that |RM | < ε/2. Then choose n large enough that

Ik,M ≤ ε/2 for all k ≥ n for the given choice of M . Then |A(θ, θk − θ)| < ε for all k ≥ n,
showing that |A(θ, θk − θ)| → 0 as k → ∞. □

With Proposition 6.1 in hand, we show that (u, θ) are, in fact, our desired weak solution.

Proposition 6.5. Let (θk, uk) and (θ, u) be as in Proposition 5.2. Then (θ, u) satisfies
Definition 1.3.

Proof. First note that (θk, uk) satisfies

∂tθk + uk · ∇θk =
1

k
∆θk

pointwise on [0, T ]× R2, so it satisfies∫ T

0

∫
R2

∂tϕθk dx dt+

∫ T

0

∫
R2

∇ϕ · ukθk dx dt = −1

k

∫ T

0

∫
R2

∆ϕθk dx dt

+

∫
R2

ϕ(T )θk(T ) dx−
∫
R2

ϕ(0)θk,0 dx

(6.17)

for all ϕ ∈ C∞
c ([0, T ]× R2). By Lemma 5.10,∫ T

0

∫
R2

∂tϕθk dx dt −→
∫ T

0

∫
R2

∂tϕθ dx dt.

By Proposition 6.1, ∫ T

0

∫
R2

∇ϕ · ukθk dx dt −→
∫ T

0

∫
R2

∇ϕ · uθ dx dt.

By Lemma 2.8 and Proposition 5.4,∫
R2

ϕ(T )θk(T ) dx −→
∫
R2

ϕ(T )θ(T ) dx.

By weak-⋆ convergence of (θk,0) to θ0 in L∞(R2),∫
R2

ϕ(0)θk,0 dx −→
∫
R2

ϕ(0)θ0 dx.

Finally, by (1.4),
1

k

∫ T

0

∫
R2

∆ϕθk dx dt ≤
C

k
∥θ0∥L∞ −→ 0.



32 DAVID M. AMBROSE, RYAN ASCHOFF, ELAINE COZZI, AND JAMES P. KELLIHER

By Lemma 5.6, (θ, u) satisfies the homogeneous constitutive law in Definition 1.3. Since
(uk) converges to u in S ′([0, T ]×R2) and div uk = 0 on [0, T ]×R2, it follows that div u = 0
on [0, T ]× R2. Thus, (θ, u) satisfies Definition 1.3. □

Proposition 6.6. Assume (θ, u) is as in Proposition 5.2. Then (θ, u) satisfies the Serfati
identity (4.1) with ν = 0 and U∞ ≡ 0.

Proof. Fix N ∈ Z and t ∈ [0, T ]. By the homogeneous constitutive law,

(u(t)− u0)(x) = SN (u(t)− u0)(x) +HN (u(t)− u0)(x)

= SN (u(t)− u0)(x) + (HNK) ∗ (θ(t)− θ0)(x).
(6.18)

Let (θk, uk) be as in Proposition 5.2. Since (θk, uk) satisfies (4.1), we have

SN (uk(t)− uk,0)(x) =

∫ t

0
(∇SNK∗·(θkuk)− (1/k)∆SNK ∗ θk)(s, x) ds. (6.19)

We take the limit in D′([0, T ]× R2) of each term in (6.19).
First, note that since uk → u in S ′([0, T ]× R2),

SNuk → SNu (6.20)

inD′([0, T ]×R2). Moreover, SNuk,0 → SNu0 inD′([0, T ]×R2), as SNuk,0 = SNSku0 = SNu0
for k sufficiently larger than N .

For the right hand side of (6.19), we will take the pointwise limit on [0, T ]×R2 and apply
the Dominated Convergence Theorem.

We first show that∫ t

0
∇SNK∗·(θkuk)(s, x) ds→

∫ t

0
∇SNK∗·(θu)(s, x) ds (6.21)

pointwise on [0, T ]×R2 as k → ∞. Let R > 0 and let aR be as in the proof of Lemma 5.3.
Note that by, for example, (2.3) of [12], for all δ ∈ (0, 1), there exists Cδ > 0 such that

|∇SNK(x)| ≤ Cδ

(1 + |x|)3−δ
.

Using this spatial decay, membership of aRSNK to C∞
c ([0, T ] × R2), and Proposition 6.1,

we can apply an argument virtually identical to the proof of Lemma 5.3, but with aRρ
replaced by ∇((aRSNK)(x − ·)), (1 − aR)ρ replaced by ∇(((1 − aR)SNK)(x − ·)), and uk
and u replaced by θkuk and θu, respectively. The convergence in (6.21) follows for each
(t, x) ∈ [0, T ]× R2.

For the dissipation term, observe that by Young’s inequality and the uniform L∞ bound
on (θk), ∣∣∣∣∫ t

0
(1/k)∆SNK ∗ θk(s, x) ds

∣∣∣∣ ≤ t(1/k)∥∆SNK∥L1∥θ0∥L∞ → 0 (6.22)

as k → ∞.
One can quickly check, again using the proof of Lemma 5.3 and (6.22), that∥∥∥∥∫ t

0
∇SNK∗·(θkuk) ds

∥∥∥∥
L∞([0,T ]×R2)

≤ C,∥∥∥∥∫ t

0
(1/k)∆SNK ∗ θk ds

∥∥∥∥
L∞([0,T ]×R2)

≤ C
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uniformly in k, allowing us to apply the Dominated Convergence Theorem and conclude

that the right hand side of (6.19) converges in D′([0, T ] × R2) to
∫ t
0 ∇SNK∗·(θu)(s, x) ds.

Thus,

SN (u(t)− u0)(x) =

∫ t

0
∇SNK∗·(θu)(s, x) ds

pointwise almost everywhere. Substituting this identity into (6.18) gives (4.1) with ν = 0
and U∞ ≡ 0. □

Proof of Theorem 1.1. Follows from combining Proposition 6.5, 6.6, and 3.3. □

Remark 6.7. Time continuity of θ as in Corollary 5.5 follows directly for our weak solutions
from that corollary, but also directly from the alternate formulation of a weak solution noted
in Remark 1.4. Time continuity of u would then follow as in Proposition 5.9.

Remark 6.8. Because we chose to set U∞ ≡ 0 in (5.3), the Serfati identity we obtained in
Proposition 6.6 and hence in Theorem 1.1 has U∞ ≡ 0. Had we chosen another continuous
value of U∞ in (5.3)—the same value for each (θk, uk)—that U∞ would be added to the right
side of the Serfati identity in (1.1). The continuity of U∞ is required to obtain the weak
continuity in time of the velocity, as given in Proposition 5.9.
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