NON-DECAYING WEAK SOLUTIONS TO THE 2D
QUASI-GEOSTROPHIC EQUATIONS

DAVID M. AMBROSE, RYAN ASCHOFF, ELAINE COZZI, AND JAMES P. KELLIHER

ABSTRACT. We investigate weak solutions to the two-dimensional quasi-geostrophic equa-
tions without dissipation. We establish global existence of weak solutions for temperature
bounded and lacking spatial decay and velocity in the space L2, (R?). Our methods rely on
a spectral Serfati identity, which we use to establish uniform L?; bounds on a sequence of
velocities satisfying the dissipative equations. These bounds, combined with a maximum
principle on the scalar temperature, allow us to pass to the zero-dissipation limit, giving
global-in-time weak solutions.
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In [2], the current authors established the well-posedness of non-decaying regular viscous
solutions to the SQG equations in the plane with fractional subcritical diffusion, which

includes the following case of classical diffusion (see Theorem 1.5 below):

O +u-VO=vA0  in[0,T] x R?

Aju=(A;K) %6 in [0,7] x R%, Vj € Z, (SQG,)

9’15:0 = 90, u]t:(] = Up in RQ.
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The scalar function 6, often associated with the temperature of a fluid, is transported by the
velocity field u. K is the kernel for VL(—A)fé, formally a Riesz operator. The Littlewood-
Paley operator Aj isolates a specific range of frequencies, and Aju = (AJK ) * 0 for all j
is a form of the constitutive law, which we refer to as the homogeneous constitutive
law, appropriate for non-decaying data. For # having sufficient decay, say § € L2, the
homogeneous constitutive law follows from the now classical form of the constitutive law,

u=Kx*0=VL(—A)"z20.
Here, we leverage this result from [2] to obtain, via a vanishing viscosity argument, the
existence, for non-decaying data, of weak solutions to the inviscid SQG equations,
00 +u-VOo=0 in [0, 7] x R2,
Aju=(A;K) %6 in [0,7] x R%, Vj € Z, (SQGy)
9|t:0 = 90, u|t:0 = Up in R2.
This leads to our main result, Theorem 1.1, which we prove in Section 6. The equivalent for

decaying data was first proved by Resnick in his PhD thesis [20], and later, using a different
proof, by Marchand in [19]. Our approach is closer to that of Marchand.

Theorem 1.1. Assume the pair (6g, ug) belongs to L>®(R?) x L2,(R?) and satisfies Ajug =
(AjK) x 0y for all j € Z, divug = 0. Then for every T > 0, there exists a non-unique weak
solution (6,u) to (SQGy) on [0,T] with initial data (0p,up). Furthermore, the following
Serfati identity (discussed below) holds:

u(t,z) —up(x) = —/0 (SNVEKx-(0u)) (s,z)ds + (HNK) * (0(t) — 6p)(x). (1.1)

Remark 1.2. Given (0y,ug) satisfying the assumptions of Theorem 1.1, T > 0, and a
continuous function Us : [0,T] — R2, one can show more generally that there exists a weak
solution (0,u) satisfying (1.1) with Ux(t) added to the right hand side. See Remark 6.8 for
details.

Our weak solutions are defined as follows:

Definition 1.3. Let 7' > 0. A weak solution to (SQGy) on [0,7T] x R? is a pair
0,u) € L((0, T); L (R?)) x L((0, T; Ly (R*)) (1.2)

(
which, on all of [0, 7] x R?, has divu = 0 and satisfies the homogeneous constitutive law,
and for all ¢ € C°([0,7] x R?),

[

T T
/ 8t¢9dxdt+/ Vo - ufdedt — ¢(T)9(T)d:c—/ S0 dz.  (L.3)
0 JR2 0 JR2 R2 R2

Remark 1.4. We require our test functions in Definition 1.3 to lie in C°([0,T] x R?)
for later convenience, but requiring that they lie in C([0,T) x R?) yields an equivalent
definition. Allowing a change in 0(t) on a set of measure zero in [0,T], an equivalent form
of weak solution—that used, for instance, by Resnick in [20]—is obtained by replacing the
condition in (1.3) with requiring that for all ¢ € C°(R?) and all t € [0,T),

t
PO(t) dx — / Vo-ubdrdt = / @b dzx.
R2 0 JR2 R2

Remark 6.7 describes the time continuity of 6 and u.
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Our approach. Our proof of existence in Theorem 1.1 proceeds in three phases:

I Establish a Serfati identity separating the solutions into low and high frequen-
cies.

IT  Identify a candidate weak solution as a limit of a subsequence of smooth solu-
tions to (SQG,) as v — 0.

III Prove that the candidate solution is, in fact, a solution.

In more detail, the phases are as follows:

Phase I. We obtain a Serfati identity, (4.1), for the classical solutions to (SQG),) obtained
in [2]. This type of identity was first employed by Serfati in [21] to obtain existence and
uniqueness of solutions to the 2D Euler equations with both the velocity and vorticity
bounded. In its original form (see also [4]), the identity was based on a decomposition in
space of a solution to the 2D Euler equations, allowing separate control of the near field
and far field of the Biot-Savart kernel. This was also the approach taken in [1,4,7,8,13,17].

We employ a parallel approach, decomposing the solutions to (SQG)) into low and high
frequencies using classical Littlewood-Paley operators. This spectral method of decompo-
sition works more efficiently with the underlying function spaces we employ, particularly
L2, the space in which the velocity for our weak solutions lie. We note that in [22] p. 178,
Taniuchi, though not explicitly using a Serfati identity, uses a spectral decomposition of the
velocity formulation of solutions to the 2D Euler equations for somewhat similar purposes.

Whether decomposed by physical space or frequency space, an identity like that of Serfati
in [21] we refer to as a Serfati identity. Although designed for, and especially suited to,
non-decaying data, these types of identities are also quite useful in applications to decaying
solutions and, at least for spatial decompositions, solutions in domains.

Phase II. We employ the Serfati identity from Phase I along with the results of [2] to
establish sufficient control on smooth, non-decaying solutions to (SQ)G,). From this control
we obtain, in the limit as v — 0, a candidate weak solution to (SQG(). We use non-decaying
solutions to (SQG)), given by Theorem 1.5, because these solutions make it possible to
obtain uniform bounds on the smoothed initial data (as in Proposition 5.1). The following
theorem is proved in [2] (here, CF(R?) denotes the space of k-times differentiable functions
on R? with continuous, bounded derivatives up to and including order k):

Theorem 1.5 ( [2]). Let k > 2 be an integer. Assume 0o, ug belong to CF(R?) and
(6o, up) satisfies the homogeneous constitutive law, with div ug = 0. Then for each T > 0,
there exists a classical solution (0,u) to (SQG,) in CL((0,T]; C¥(R?)) x C((0,T); CE(R?)).
Moreover, 6 satisfies

161~ < 6ol for all £ € 0,71, (1.4
(0, u) satisfies the homogeneous constitutive law on (0, T] x R2, and divu = 0 on (0,T] x R2.

Phase III. As is usually the case, the main difficulty is showing that the nonlinear term
of the approximating solutions converges to that of the candidate solution. The key to this
is Lemma 2.9, which we employ in the proof of Proposition 6.4. Lemma 2.9 is analogous
to Marchand’s Lemma 2.1 in [19] and to (2.11) in [20]; both are similarly used to establish
convergence of the nonlinear term.

A brief history of SQG. The non-diffusive SQG equations, (SQG() with the constitutive

law v = K %0 = VL(—AY%@, were introduced by Constantin, Majda, and Tabak [10],
further expounded upon by the same authors in [9], to model atmospheric fluid flows and
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as a 2D analogy to the 3D Euler equations. This excited a great deal of work among
theoreticians to investigate analytically properties of solutions to SQG with and without
diffusion: existence of weak solutions, well-posedness of smooth solutions, decay of solutions
in time, etc.. It is impossible to give even a limited account here of the full range of activity;
we mention only those results having a more direct impact on the present work.

Resnick [20] was the first to establish the existence of weak solutions to the non-diffusive
SQG equations, for § € L>(0,T; L?(R?)), though our proof of existence for non-decaying
data is closer to that of Marchand in [19]. Resnick also established the maximum principle,
N0 » < 100ll», 1 < p < o0, for smooth solutions to dissipative SQG on the torus. The
decay of ||0(t)||;, over time, including p = oo, for diffusive equations was demonstrated by
Cérdoba and Cérdoba [11].

The vanishing viscosity limit, in which the diffusive parameter (v here) is taken to zero,

has been studied in two ways. In one, such as in [5,23], the solution to non-diffusive SQG is
already known, and the convergence of the diffusive to non-diffusive SQG is demonstrated,
typically with a rate of convergence. In the other, uniform-in-v control is obtained on
the solutions to the diffusive equations, and a compactness argument of some sort leads
to the existence of solutions to the non-diffusive equations. This approach is taken by
Marchand [19] and here, as well as in the recent [14].
Organization of the paper. In Section 2, we define the Littlewood-Paley operators,
establish a number of lemmas related to the Riesz kernel K that we will use throughout
the rest of the paper, and explore the homogeneous constitutive law. We prove the non-
uniqueness of weak solutions to (SQGy) in Section 3. We implement Phases I, 11, and III
in Section 4, 5, and 6, respectively.

2. DEFINITIONS AND PRELIMINARY LEMMAS

In this section, we give some notation, definitions, and lemmas that will be useful in what
follows.

We set
A= (=A)2,
We use ® to denote the fundamental solution of the fractional Laplacian A on R?; that is,
1
®(x) = F@V
and we set
K =V'o.

Definition 2.1. We define the space L2,(R?) by
L2(RY) = {f € SR : | fll 2 < o},

where

1/2
1z, = sup (/ f<y>12dy> . (2.1)
z€R4 lze—y|<1

Definition 2.2. Let R > 0. Define the set Hr(R?) to be the set of n € C°(R?) for which
supp(n) C Br(z) for some z and ||n||r~ < 1.

It is easy to see that for each R > 0, there is the equivalence of norms

1fllz2, = sup [InflL2.
“ neEHR
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2.1. The Littlewood-Paley operators. We now give an overview of the Littlewood-
Paley operators and some of their properties. It is classical that there exist two functions
X, € S(R?) with supp ¥ C {¢ € R?: [¢] < 2} and supp § C {£ € R?: 3 < [¢] < 2}, such
that, if for every j € Z we set ;(z) = 2/4p(27x), then

[o.¢] o

Y FH=R+Y 827 =1
j= 0 j=0
For f € S'(R?%) and j € Z, define the homogeneous Littlewood-Paley operators Aj by
Ajf = (pj * f

For n € Z, define x, € S(R?) in terms of its Fourier transform ¥X,,, where X,, satisfies

(€)= 1-2 35

for all ¢ € R%. For f € S'(RY), define the operator S, by
Snf = Xn* [.

For each n € Z, we set
H,=1d-S,.
We will make use of Bernstein’s Lemma in what follows. A proof of the lemma can be
found in [6], Chapter 2. Below, C,;(0) denotes the annulus with inner radius a and outer
radius b centered at the origin.

Lemma 2.3. (Bernstein’s Lemma) Let r1 and ro satisfy 0 < 1 < ro < 00, and let p and q
satisfy 1 < p < g < o0o. There exists a positive constant C such that for every integer k, if
u belongs to LP(RY), and supp @ C B,,»(0), then

1 1
sup |0%u||ze < CENFTGTD) |y | o (2.2)
|a|=k

Furthermore, if supp w C Cy x r,2(0) then
C’_k)\kHuHLp < sup ||0%l|pr < C’k/\kHuHLp. (2.3)

la|=k
We now state a lemma giving boundedness of Littlewood-Paley operators on L2 (Rd)

Lemma 2.4. Assume f belongs to Lil(Rd). There exists a constant C > 0 such that for
alln,j € Z,

1Sufllzz, < CUf iz, NHaflliz, < Clfllzz, 18581z < Clflga -

Proof. A proof of the first inequality in Lemma 2.4 can be found in [3], from which the
estimate for H,, follows immediately. The proof of the final inequality in Lemma 2.4 is
identical to the proof for S,. O
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2.2. Riesz kernel estimates. We establish several useful estimates involving the Riesz
kernel and Littlewood-Paley operators.

Lemma 2.5. For all j € Z, ||z @ A K ()| 11, || |2] AjK ()]0 < C277.
Proof. Using that K (¢) = K(279¢) and setting n = 279¢, for n = 1,2,
F (&K @)z) (&) = iVeF (8,67) (§) = iVe (5O K™(E))
= iV (FTIOEM278)) =27 7g(n),
where g(n) := iV, (FK™)(n) € S(RQ) Hence, F~1(g) € S(R?) C L'(R2), and

lz ® AjK (2)] 1 < Z 1A K™ ()]l < 277 FH(g) 2 = C277.

The radial symmetry of ¢, preserves the property that K(z) -2+ = |z||K(x)|; that is,
AjK(z) -2+ = |z||AjK (z)|. Hence, the second inequality follows from the first. O

Lemma 2.6. Given ¢ € C°(R?) and f € L™(R?), for every j € 7Z,
I, Al fllzee < C277 fllzoe,

[, (A K fll o < C277| f .

Proof. For the first inequality, note that for any function f € L°°(R?), using a change of
variables,

8010 = | [ wste = 0(0(a) = st )y

(2.4)
<Clili [ losto = n)llo = yldy < €27l
For the second inequality, note that by Taylor’s formula,
[, (A K)#] f (2)] = / AGE (x = y) () = ¢(y) f(y) dy'
g/ AK:U— Z/ ) (x 4+ 7(y — ) (Xm — ym) d7| dy
RQ

(2.5)

< Vol 3 /R &K@ = )@ )| dy

m=1
2 .
< IVetoslfle 3 85w dy
Lemma 2.5 then gives the second inequality. g

Lemma 2.7. Let k € Z. There exists C > 0 such that for any multi-index o with |a| > 0,
109 Sk K || < €281,

while for any multi-index § with |3] > 0,
182 ApK || < C2KIP1.
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Proof. By the definition of S,
F(028:K) = 2Felday (27 R K (27%),
where we used that K (¢) = K (27%¢). Taking the inverse Fourier transform gives
%S K (x) = 2811228 (92 y « K)(2Fx)].
Letting a : R? — R denote a smooth, compactly supported bump function, we have
105X * K| 2 = 08x * V=@ 1
<102V X la®@llr + [l 105 V(1 = @)@l < C,

s0 [|09SLK || 1 < C2Flel. The proof of the second inequality is identical when || > 0, with
X replaced by ¢. When |3| = 0, we apply (2.3) to write

ALK |2 < C27F|AVE]| 1 < C.

(2.6)

Lemma 2.8. Suppose that (fi,) is a sequence in Cy([0,T] x R?) with
fi = f in L(0,T] x R?)

for some f € L>([0,T] x R?), with the additional property that for all h € C*(R?) there
exists Cy, > 0 such that

/ h(x)(fr(t,x) — fr(s,x))dx| < Cp |t —s| for all k € N,t,s € [0,T].
R2

Then
fe(t) = £(t) in L®(R?) for all t € [0,T].

Moreover, after changing f(t,-) on a set of measure zero in [0,T], for all s,t € [0,T],

/ h(zx)f(s,x dm—>/ f(t,z)dx for all h € L*(R?),

< Cy |t —s| for all h € C%(R?).

/R (@) (F(s ) — f(t,2)) do
Proof. For any h € L*(R?), define
Fr(t) = /R W) felt, ) d

Then fi,(t) = f(t) in L>(R?) if and only if Fy(t) — [g. h(z)f(t, z) for all such h € L*(R?).
We start by assuming that h € C?(R?).
Because any weak-* convergent sequence must be norm-bounded, for some Cy > 0,

||fk;||Loo([O,T]><R2) < CO, Hf”LOO([O,T]XR?) <Co
for all k, and so both
[FR(@)] < IRl 1fx(®)] Lo < C and
|Fi(t) — Fr(s)| < Cp |t — s| for all t,s € [0,T].
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That is, (F}) is a bounded equi-Lipschitz family on [0,7]. Hence by Arzela-Ascoli, every
subsequence of (Fj) has a further subsequence converging uniformly on [0,7] to some F
with the same Lipschitz constant C}, on [0, T7].

We can identify F explicitly by observing that for any » € L'([0,T]), v (t)h(z) is in
LY([0,T] x R?), so f, — f in L°([0,T] x R?) gives

/w VEy(t) dt = //RQ 2)|fn(t, ) da dt

R / [ [w(n@)ft.0) dods - /0 L F®) di

for some further subsequence, where
F(t) = / h(z)f(t, x) dx.
R2

Hence, the full sequence (Fy) converges (uniformly) to F—as long as h € C2(R?). This
gives (2.7)a.

Now assume only that h € L!(R?), and choose a sequence (h,,) in C?(R?) converging to
h in L'. Then

[Fe(t) = F(t) = | | h@)(fu(t,z) = f(t x))de

<

/RQ(h@) — hn(2))(fr(t,z) — f(t,2)) dx| +

[ hal@)Gitt.a) = fit.a) da

< 2C0 ||h = hnll 1 g2y +

[, me)fett) = 0,2)) dal.

Let ¢ > 0. First fix n large enough that 2Cy [[h — hn| 11 g2y < €/2, then choose k large

enough that the final integral above is less than ¢/2, which we know is possible since
h, € C?(R?). We conclude that Fj(t) — F(t) for all h € L'(R?). As noted earlier, this
means that fi(t) — f(t) in L=°(R?)—for all t € [0,T]. (A bound similar to this gives the
weak time regularity of f in (2.7);.) O

Lemma 2.9. Fiz N € Z and for any ¢ € C°(R?), define the operators A, B on scalar
functions f, g by,

A(f,g) == /]R2 f(@)Vo(z) - (HNK) x g(x)) dz,

(2.8)
B(f.g) = [ (HxK)=(/(V() = Vo(w)a(o) do.
We have,
A(fv )_ (fv ) (7f)7

(2.9)

Moreover, for a constant C depending on ¢, for f,g € L>(R?),

—-N
IB(fs )l oo < CNFllpoe 19l oo 277, (2.10)

VA, D)l < Ol 2w 27N
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Proof. Define A;, Bj as in (2.8) but with A; replacing Hy, so that A = denAj, B =

> 72N Bj. We have, (A;K)(—z) = —(A;K)(z) because K (—z) = —K(x) and K", n = 1,2,
and ¢; are radially symmetric. Hence,

/ / f@)V(x) - (AjK)(x — y)g(y) dy da
—/RZ URQ(A Nz —y) f(z)(Ono(x )anqb(y))dx] g(y)dy dz

# L] L@@ = i@ de] a0matiyaa
= Bj(f,9) — A;(g. f)-
Summing over j gives (2.9)1, and (2.9)y follows from setting g = f.

Now,
AjK (z) = 27 (AgK) (2 x),

and AgK € S(R?), which decays at infinity faster than the reciprocal of any polynomial.
In particular, this means that for some constant C' > 0, for all |z| > 1,
. 22j
AjK (@) < C

, =277 2|73,
27z’ .

Also,
(Vo(t,2) ~ Vo(t,9) (A K)w — 9)| < 19l caoyeas 7 — o1 (A5 (@ — ).

Hence, letting Br, R > 1, be a ball centered at the origin containing supp V¢, we have

1 ,
1B(f,9)l < 5 [[fll e lgll oo {C/ . |z =yl [(A; K)(z = y)| dy dz

+ C27/ / %dyd:c :
(Brx BS,)U(BS,xBr) |7 — ¥

For the first integral, we make the change of variables, w = x — y, 2 = x + y (the Jacobian
being 1/2), giving

. 1 .
[ el - pldyde <5 [l @) dods
ByrxBar Byr Y B4gr

< w(AR)?| |w| |A; K| (w)]| 12y < €277,

where we applied Lemma 2.5 in the ﬁnal inequality. Also,
/ ———=dydr = / / ——=dydx
(BrxBSy $wxBr) |$—y| Br JBS |$_y‘

§16/ dx/ —3dy§C’R,
Br B |y’

where we used the rough estimate on Bp x BSy that |z —y| > |jy| —|z|| > |y| — |=| >
ly] — R > |y| /2 > R. Summing over j gives (2.10)1, and setting g = f gives (2.10)a. O
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2.3. The homogeneous constitutive law.

Definition 2.10. We say (6, u) satisfies the homogeneous constitutive law if
Aju= (A;K) %6 for all j € Z.

In Lemma 2.11, we establish an important property of a pair (6, u) satisfying the homo-
geneous constitutive law.

Lemma 2.11. Assume u € L°°([0,T]; L?,(R?)) satisfies the homogeneous constitutive law
with § at each t € [0,T). Then there exists a function A : [0,T] — R? such that, up to a

subsequence,
u(t,x) — Nlim (HNK) % 0(t,x) = A(t),
——00

where the limit holds in L>=([0,T] x K) for each compact set K C R?.

Proof. Let n € C°([0,T] x R?). Since (6, u) satisfies the homogeneous constitutive law at
each t € [0,T], it follows that for each (¢,x) € [0,T] x R?,

(HNK) *0(t,x) = Y (A;K) «0(t,x) = Y Aju(t,x) = u(t,x) — Syult,z),  (2.11)

J=N Jj=N

so that

u(t,x) — (HNvK) *0(t,z) = Syu(t, x).

We claim that
NV Snull e jo,rxr2) — 0 as N — —oo0. (2.12)

Fix N < 0. Let ¢ € C2°(R?) denote a smooth bump function with ||¢)||p~ = 1 satisfying
¢ =1on U{suppn(t,z):tec0,T]} C R

By Minkowski’s inequality for integrals,

In(t, ) VSyu(t,z)| 12 = H/W n(t, 2)Vxn(y)ult,z —y) dy

LE

< [ Intt.o)Vxnutt.o = o)z dy
(2.13)
= [ 9l e = gyt dy
< [[Vxwllpr sup [lu(t,  —y)p(2)] L2
yeR2
< 02V u(®)ll 2, — 0
as N approaches negative infinity, where convergence is uniform over all ¢ € [0,7]. By a

similar argument using the product rule, one can show that for all multi-indices a with
laf > 1,

sup || D%(n(t,x)VSyu(t,z))||;2 < sup CQNHu(t)HLz — 0. (2.14)
te[0,T7] “ telo.T) u
Therefore, for every m > 0,
[n(t, ©)VSnu(t, z)|| Lo jo,19;5m) — O- (2.15)

By the Sobolev Embedding Theorem, (2.12) follows.
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Now note that by an argument identical to (2.13),
SN ullpee(o,13;02) < Cllull oo (po,73;22,)-
Moreover, by (2.14) and the product rule, we have

[nSnull Lo o710y < CHUHLOO([O,T];Lil) (2.16)

for each m > 0. Thus, by the Sobolev Embedding Theorem, (nSywu) is uniformly bounded
with respect to N < 0 on [0,T] x R?, which implies that there exists a point (to,z0) and
a subsequence of (n(to, zo)Snu(to, o)) which converges. This subsequence, defined on all
of [0,T] x R2, must converge in L°°([0,T] x R?) to a function whose spatial gradient is 0,
completing the proof. O

3. THE NON-UNIQUENESS OF SOLUTIONS

With lack of spatial decay, we cannot have uniqueness of solutions to (SQG,) or (SQGy)
without an additional uniqueness criterion. We show why this is the case in Propositions 3.1
and 3.3, adding an important piece of the puzzle later in Proposition 4.5.

In establishing this non-uniqueness, we will make the change of variables,

T =17(t,x) ::C—i—/o Uso(s) ds (3.1)

and set
o(t,x) = 0(t,7),
u(t,x) = u(t,) — Uso(2).

Note that (3.1) is a Galilean transformation when Uy is constant in time. These transfor-
mations are the same as those used in a periodic domain to allow the assumption that the
average flow vanishes for the Navier-Stokes or Euler equations (see pages 31-32 of [16].)

In the context of bounded data solutions in the full space, the transformations in (3.1)
and (3.2) yield distinct solutions to (SQG, ), v > 0, having the same initial data, demon-
strating a type of non-uniqueness of solutions. This was shown by Kukavica for the Navier-
Stokes equations in [18] and later for solutions to the 2D Euler equations in [17].

(3.2)

Proposition 3.1. Assume that § € C1(0,T;C%(R?)), u is a divergence-free vector field
in C(0,T;L? (R?), and (0,u) satisfy (SQG,), v > 0. Assuming that Uy, € C([0,T)),

loc

the transformations in (5.1) and (3.2) yield another solution (0,7) to (SQG,, ), which, if
Uso(0) = 0, has the same initial data.

Proof. By Lemma 3.2, (6,%) satisfies the homogeneous constitutive law. Using that
T = Ux(t),
Vz =Vzx =1d,
applying the chain rule gives
0 0(t, ) = 0,0(t,T) + VO(t,T) - T = 0,0(t, %) + Uoo(t) - VO(t,7T),
Vo(t,r) = VI(t,Z),
AO(t,x) = AO(t,T),
where here and below V and A are with respect to x. Hence,
0 0(t,x) +u(t, ) - VO(t,x) + vAO(t, x)
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= 6t9(t7§) + Uoo(t) ’ ve(taj) + (U(t,f) - Uoo(t)) ’ VH(t,T)
+ vAl(t,T)
= 00(t,7) + u(t, @) - VO(t,T) + vAI(t,T) = 0.

Thus, (0(t, ), u(t,x)) is also a solution to (SQG,). Moreover, if Uy (0) = 0, then, by (3.1)
and (32)7 (90,@0) = (eoau())' O

We used Lemma 3.2 in the proof of Proposition 3.1, above.
Lemma 3.2. With the change of variables in (3.1) and 0, u as in (3.2), for any j € Z,
(A;K) %0 = Aju if and only if (A;K) %60 = Aju.
Proof. Let us suppose that (A;K) x0 = A;u. Then, with o := fo s) ds (see Section 2.1
for the precise definition of A; )5
F ((A5K) +8) (€) = BHOR©A(E) = FOR©F (6 + )) (¢)

= CGHOR©BE) = & F ((AK)«0)) (©),

while, using that A;Us(t) =0,
F (4 ) 0) = Usc(t))) (€) = F (By(u(- + ) (&)
5@(5)@(5) = ¢ F (A u) (©):

But (AjK Yx 0 = Ajﬂ, so equating the expressions for their Fourier transforms above, we
see that (A;K) 6 = Aju. The proof of the converse implication proceeds in the same
manner. ]

Proposition 3.3. Let (0,u) be a weak solution to (SQGy) on [0, T]xR? as in Definition 1.5.
Assuming that U, € C([0,T1), the transformations in (5.1) and (3.2) yield another weak
solution, (0,u), which, if Use (0) =0, has the same initial data.

Proof. Defining z(t fo s) ds, we can write
T = E(t,m) =2+ z( ), O(t,z) = 0(t,7), u(t,x) = u(t,T) — Uso(t),
Oho(t,z) = 011, — 2(1)) = (0:@) (£, T — 2(1)) — (VO)(t, T — 2(1)) - Uss (1),
Vo(t,x) = Ved(t,T — 2(t)) = Vzo(t, T — 2(1)).

We can write this as

0rp(t,x) = 0p(t,7) — Vp(t,T) - Uso(t),
Vo(t,x) = Vo(t, @),
o(t,y) = o(t,y — 2(t)),
and hence ¢ € C1([0,T) x R?). Using these expressions, we have

T . T .
/ (Orp 0)(t, z) dx dt — / (Vo -ub)(t,z)dxdt
0 R2 0 R2
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T
:/ (0:6(t,T) — Vo(t,T) - Uso(t)) 6(¢,T) dT dt
0 R2
T
- / Va(t,T) - (ult,T) — Uso(t)) 6(t,7) d dt
0 R2

T T
:/ ath(t 7)0(t,7) dxdt—/ ng(t T)-u(t,7)6(t, =) dz dt
0

- 7~ [ 50 90—/0¢ o) - [ G0,

the second-to- last equahty holding because (6, u) is a weak solution with the same initial
data as (0,u). This shows, in light of Remark 1.4, that (0,7) is a weak solution. O

The non-uniqueness of Proposition 3.3 arises from allowing non-decaying data; left open
is whether non-uniqueness still holds if we assume the initial data decays rapidly at infinity.

4. A SERFATI IDENTITY AND A PRIORI ESTIMATES

In this section, we establish a Littlewood-Paley version of a Serfati identity satisfied by
smooth non-decaying solutions to (SQG,) with v > 0. We utilize this identity to prove the
necessary a priori bounds on smooth, non-decaying solutions, as given by Theorem 1.5. In
Section 6, we will apply these bounds to an approximation sequence of smooth solutions
and pass to the limit as v — 0 to yield a weak solution to (SQG)).

We begin with a statement of the Serfati identity and an a priori estimate on the Lil-norm
of the velocity.

Theorem 4.1. Let k > 2, v > 0, T > 0, N € Z, and let (6,u) be a smooth, non-
decaying solution to (SQG,) on [0,T] with initial data ug,0y € CF(R?). Then there exists
Uso € C([0,T]) independent of N, with Us(0) = 0, such that for all t € [0,T],

u(t,z) —up(z) = Uso(t) — /Ot (SNVEKx*-(0u) — vSNAK % 0) (s, x) ds

(4.1)
+ (HNK) * (0(t,x) — 0p(z)).
Moreover, the following estimate holds for each t € [0,T):
lu(®llzz, < € (lollze, + 6ol + [Ueol®)] + ) exp (Cellfoll =) . (42

Before proving Theorem 4.1, we establish the following lemma, which estimates the low
frequencies in (4.1).

Lemma 4.2. Let 0, u be as in Theorem 4.1 above. For any N € Z, (t,z) € [0,T] x R?, and
n € C(R?), if we set

¢
In(t,x) = —n(m)/ (SNVEKx*-(0u) — vSNAK % 0) (s, x)ds,
0
then

t
e,z < €@+ 2ol (14 [ o)z, ds).
0
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Proof. First write
In(t,z) = Iy (t,2) + 1§ (¢ 2),
where

IN(tz) = —77(3:)/0 SNV EKx-(0u)(s,x)ds,

t
% (tx) = 1/77(3:)/ SNAK % 60(s,x)ds.
0

Note that, by Minkowski’s inequality for integrals,

) /0 SNV EKx-(0u)(s,z)ds

1 ()2 = ‘ .

L3

- Hn(:ﬂ) /Ot [ SNVE () (0u)(s,2 —y) dy ds

L2
< [ [ ISy K@) - 00)(s. )z dy s
-/ t [, VSN 1(0u) (5.2 = (o)l dyds
< [ 180 s sl s [ v ay
< /0 0=l 12, ds [ | 19SwK W)l do
By Lemma 2.7, ||[VSyK||p1 < C2N. Tt then follows from (4.3) and (1.4) that

t t
5t )llpz < C2 /0 10() 1z lfu(s)ll 2, ds < 2™ /0 100l lu(s)ll 2, d.

To estimate ZJQV, we observe that

t
13,6, 2) 12 < vllnze /0 (SNAK % 6)(s, z) ds

Lge

t
<vlalle [ 10 ds [ 1ASNK )] dy

Again by Lemma 2.7,
|SNAK |1 < C22V,
Substituting this estimate into (4.5) and applying (1.4), we obtain

1% (1, ) 22 < CE22V v 6o| oo
Combining the estimates for ljlV and ZJQV gives

lin(t @)l 2 < NNt 2)le + 10t 2) ) 2

t
< 02" +22M) o]l (tu + [ Il ds) |
0

(4.4)

(4.5)

(4.6)
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Proof of Theorem /.1. We first establish (4.1) for a fixed N € Z. We begin with
(SQGY)1,
00

E+U-VHZVA9. (4.7)

We integrate in time and use the divergence-free property of u to get

0(t, ) — B () = — /0 (div(0u) — vAO) (s, 2) ds.

The above equality, the fact that (0, u) satisfy the homogeneous constitutive law, and inte-
gration by parts give

Aj (ult, ) — uo(w)) = Sx ((A7K) + (0(5) — 60)(x) ) + Hy ((A;K) * (6(2) — o) (=) )
= Sy <(AJK) * /Ot(div(eu) —vAf)(s, ) ds> + Hy ((AJK) * (0(t) — 90)(1‘))

t
=A; (—/ (SNVEK*(0u) — vSNAK % 0) (s,z)ds + (HyK) = (0(t) — 00)(az)> .
0
As the above inequality holds for all j € Z, we conclude that
t
u(t,z) —up(x) = —/ (SNVKx*-(0u) — vSNAK % 0) (s, x) ds
0

+ (HNK) % (0(t) — 00)(x) + P(t,x),
where for each fixed t € [0, T], P(t,z) is a polynomial in the spatial variable. Now note that
by Lemma 2.7, Sy VK and SyAK belong to L'(R?). Since 0, u are in L>([0, T]; L°(R?))
by Theorem 1.5, we can apply Young’s inequality and conclude that the time integral above
lies in L>([0, T] x R?). Moreover, by the argument in (2.11),
u(t, ) — up(z) — (HNK) * (0(t) — 6p)(z) = Sn(u(t) — up)(z) € L¥([0,T] x R?),

again by Theorem 1.5. We conclude that P(t,z) € L>®(R?) for each fixed ¢ € [0, T, implying
that P(t,2) = Uso(t), where Uy is constant in z. Continuity of Us in time again follows
from regularity properties of u and 6 given by Theorem 1.5. This gives (4.1).

To show that Uy is independent of NV, subtracting the second and third terms on the
right side of (4.1) for N = Nj from the corresponding terms for N = Ny with N7 < No
gives
N2 t . . .

Z {—/0 ((A;VE)*(0u)(s) — v(AFAK) % 6(s)) ds — (A;K) * (0(t) — 6p)

Jj=Ni+1

No t
=— Z / (A K) * (div(Ou)(s) — vAb(s) + 0560(s)) ds = 0,
j=Ni1+1 0
from which it follows that U,, does not depend on N.
We now show (4.2). Let n € Hr(R?) for some R > 0, and multiply (4.1) through by 7,
which gives

n(x)u(t,z) — n(x)up(x) = —17(;1:)/0 (SNVEKx*-(0u) — vSNAK % 0) (s,2)ds
+ (@) (HNK) % (0(t) — 60))(x) + n(2)Uso ().

(4.8)
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For ease of notation, for each N € Z, set the low frequency term and high frequency term
as follows:

In(t,z) = —n(x) /Ot (SNVEK+*-(0u) — vSNAK % 0) (s, ) ds,
h(t,x) =n(z)(HvK) * (0(t) — 60))(x).
By Lemma 4.2 with N =0,
ot )iz < Calloll= (w+ [ o)z, a5

To estimate ho, let 1) € C°(R?) be equal to one on the support of 7 and observe that
V(@) (oK) «0(t.2)) = 6(w)n(a) [ (k)@ = 1)0(t.) dy

(4.9)

= n(x) [, (HoK)+]0(z) + n(x) /R2(H0K)(:c — )(y)0(t, y) dy (4.10)

= hl(t,x) + h*(t, x).

Since K is a Calderon-Zygmund kernel and therefore bounded on L?(IR?), the second term
h? is estimated as follows:

IR2(t, @)l < CII(Id — So) K + (0(8)] 12
< C[|K = (@0(t)) [l L2 + CllSo (K * (¥0(t)))]| 2
< ClOW)llze < CIOW = < Cl6ollioe.
For h!, first write
1K)z < Inll 2 [, (HoK)*]6]| 1<
< lInllza D Ik, (A K) 416 = (4.11)
Jj=0
An application of Lemma 2.6 and (1.4) then gives
Ih*(t, )| 2 < Clifoll 2o
Combining the estimates for A' and h? gives
In(z)(HoK) * 0(t, %))l 2 < Cl|bol| Lo (4.12)
Similarly, we have
[n(z)(HoK) * bo(x)) [ 2 < Cll0o]| -
Thus, from the definition of hy(t, x), it follows easily that
[ho(t, z)[| 2 < Ca|fo]| L~ (4.13)

Finally, substituting the above estimates for [y and hg into (4.8) and taking the supremum
over 1 € Hp(R?), we have

t
lullyz, < lluollyz, + [Uno(®)] + Callfollz= + Cioll = (m / |ru<s>||Lglds). (4.14)

We are now in a position to use a linear Gronwall inequality (see Theorem 6 of [15]) to give
the final result,

lull gz, < vexp(Cillollzt—1)+ (l[uoll2, + [Use(t)] + Collfoll 2 ) exp(Ca ol z-<1). (4.15)
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g

The next lemma, giving smoothness of the low frequency term in (4.1), will allow us to
conclude that the low frequency term vanishes uniformly on [0,7] x R? as N approaches
negative infinity.

Lemma 4.3. Let m > 1 be an integer. Let (6,u) be a smooth solution to (SQG,) on [0,T],
given by Theorem 1.5. Define In(t,x) as in (4.9) with N < 0. That is,

In(t,x) = —n(z) /Ot (SNVEKx*(0u) — vSNAK % 0) (s, ) ds.

Then fort € [0,T],

t
1N (8, )| < C27]|6p]| oo <tu+/ llull 2, ds) . (4.16)
0 u
Proof. By Lemma 4.2 with N < 0,
t
e,z < €2 ol (10 + [l as). (417)
O u

To estimate first order derivatives of [, as in the proof of Lemma 4.2, let
U(t,x) = Iy (t, @) + 1 (¢, @),

where

IN(tz) = —n(a:)/o SNV Kx-(0u) (s, x)ds,

t
% (t,z) == l/n(x)/ SNAK % 6(s,x)ds,
0

and note that for 1 < j < 2,

9l (t,z) = 0, (n(:c) /0 t(SNVK*-(Hu))(s,x) ds)

= j’l?(x)/o(SNVK*-(H’U,))(S,I)CZS—FT]($)/0((ajSNVK)*-(GU))(S,x)dS.

—i(t) —ii(t)

Thus,
1815 (8, )| 22 < i) 22 + [16d(1) |2
We note,

t
Jitzz < €2 [ 160l sz, ds

by an argument identical to that used to bound |[|I}; (t)HLzl in the proof of Lemma 4.2. For

ii, we apply Lemma 2.7 and, again, and argument similar to that used to bound ||} (¢)|| 12,
in the proof of Lemma 4.2, which yields

t
W@@gmmlwmww%w
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As N < 0, we conclude that
t
Ity < €2 [ 60l o)1z, ds.
By a similar argument,

10;1% (t, 2) || 2 = v

9, <17(:L“) /0 " SNAK % 6)(s.2) ds)

LE
<v +v

t
8]'77(96)/ SNAK % 6(s,x)ds
0 L2

17(:):)/0 (0;SNAK) % 0(s, ) ds

L3
We apply the estimate (4.6) from Lemma 4.2 to bound the first term. This gives
t
8j77(:1:)/ SNAK % 6(s,z)ds
0

v < Ct2*N v || oo -

L3
For the second term, utilizing the compact support of 7 and Young’s inequality, we have

t t
n(z) /0 (@S5 AK) « 0(s,2)ds|| < Clal 0ol /0 10,3 AK) (@), ds.
Lﬂ')

By Lemma 2.7, we conclude that

t
v n(:v)/ (0;SNAK) % 0(s,2) ds|| < 23N Ctv||6p]| o (4.18)
0

12

Combining the estimates for the first and second term and noting that N < 0, we have
1015 (¢, 2) | 2 < 2N Ctw||6o| oo

This completes the proof of Lemma 4.3 for the case m = 1. The lemma can be extended to
general m by induction. O

The next theorem gives an alternative to the Serfati identity.

Proposition 4.4. Let (0,u) be a smooth solution to (SQG,) on [0,T], given by Theo-
rem 1.5. Then

u(t) —Uug — Uoo(t) = lim (HNK) * (H(t) — 90) (4'19)

N——o0
uniformly on compact subsets of [0, T] x R2.
Proof. Multiplying (4.1) by n € C°([0,T] x R?) gives

t
n(t, z)(u(t,z) —uo(x) — Uso(t)) = n(t,x)/ (SNVEKx*-(0u) —vSNAK % 0) (s, x) ds
0
+0(t, ) (HyK) * (0(t, ) — Oo(x))).

By Lemma 4.3, (4.2), and the Sobolev Embedding Theorem,

-0 (4.20)

t
Hn(tja:)/ (SNVEKx*-(0u) — vSNAK % 0) (s, x) ds
0 Lo ((0,T]xR?)

as N approaches negative infinity, giving (4.19). O
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Proposition 4.5. Let (0,u) be as in Theorem 4.1 and, assuming Ux(0) = 0, make the
transformations in (5.1) and (5.2) to yield another solution (0,7) with initial data (8o, uo —
Uso(0)). If (0,u) satisfy the Serfati identity in (/.1) for the vector field Vi, then (0,7)
satisfy (4.1) in the form

t
u(t) —up = Woo(t) — / [(SNVEK)*-(0u) — v(SNAK) % 0] (s) ds
0
+ (HNK) = (0(t) — 00),
where Wao = Voo — Uso.
Proof. By Proposition 3.3 and Theorem 4.1 we know that (0, %) satisfy the Serfati identity
for some continuous-in time-vector field W (¢) that is independent of N. Because U (0) =
0, we have u(t,x) = u(t, =) — Ux(t), O(t,z) = O(t,T), Up = up, 6o = by, and T(0,x) = x.
Applying Proposition 4.4 gives
u(t,x) —up(x) = Woo(t) + Nlim (HNK) * (0(t,z) — 0p(x))
——0c0
= u(t,T) — Uso(t) — up(x) = Wo(t) + Nlim (HNK) % (6(t,) — Op(x))
——00
= Wul(t) = u(t,T) — Nlim (HyK) = (6(t,T)
——00
—[up(z) = lim (HNK)*6p(x)] — Uso(t)
N——o0
= Voo(t) — Uso(t). O
The following is an immediate corollary of Propositions 3.3 and 4.5.

Corollary 4.6. In Theorem 4.1, we can choose the vector field Uy, to be any continuous-
in-time vector field as long as Ux(0) = 0.

Remark 4.7. Each choice of Uy in Theorem 4.1 will yield a distinct solution to (SQG,)
having the same initial conditions.

5. CONSTRUCTION OF CANDIDATE FOR A WEAK SOLUTION

In this section, we assume our initial data (6, u) belongs to L>°(R?) x L2 (R?), satisfies
the homogeneous constitutive law, and satisfies div ug = 0.

5.1. Preparing the initial data. To establish existence of weak solutions, we will generate
a sequence of smooth solutions (6, uy) to (SQG ) from the initial data

(0k,0, uk,0) = (Skbo, Skuo).
Note that by Young’s inequality and Lemma 2.4,
[10k,0llLoe = [[Skbol| L= < C|00]| Lo,

5.1
22, = ISkl 2, < Clluoll 2. (51)

[|2k.0

As a consequence of Theorem 1.5, for an arbitrary time 1" > 0, there exists a sequence of
smooth, non-decaying solutions (0, ux) to (SQG ;) with initial data (60, u,0). Moreover,
by (1.4) and (5.1),
10kl oo (f0,77;150) < [[0k,0llLoe < [[6o][ 0w (5.2)
We now show that ug o converges to ug locally in L?(R?).
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Proposition 5.1. Let n € C°(R?). Then
nSpug — Nuy  in LQ(RZ) as k — oo.

Proof. Let 1 be a smooth, nonnegative, compactly supported function which is identically
1 on the support of . Write

1nSkuo — nuollzz < [1¥[n, Skluoll 22 + 1Sk (nuo) — nuoll 2.
Since nug belongs to L?(R?), the second term on the right hand side approaches 0 as k

approaches oo by a standard approximation to the identity argument. To see that the first
term approaches 0, we expand the commutator, which gives

(o)l Sl = [6(@)2% [ x4 = ) 0(o) = o)t dy
< W@/ 9l=2 [ 2 = )l ylluo(w)] dy
R2

< [(@)| | Vl| 27" /Rz x(2)l|zluo(x — 27%2)| dz.

Thus, by Minkowski’s inequality for integrals,
1/2
o Siuolle < 19al=2 [ il ([ Pt 24P ae) - a:

1/2
< C27% sup < () [ ug (2 — 2_kz)]2d:1:) < C2_kHu0HL2l'
zeR? \JR? “

The desired convergence follows. 0

5.2. Passing to the limit of smooth solutions. We now establish convergence of a
sequence of smooth, non-decaying solutions (0, ux) to (SQG1 ), generated from initial
data (Sibo, Skup), to a candidate for a weak solution to (SQGy).

In what follows, to simplify calculations, for each k, given initial data (S, Skug), we
will choose the corresponding solution (6, ux) satisfying (4.1) with

Us, =0 on [0,7T]. (5.3)
This choice is justified by Corollary 4.6.

Proposition 5.2. Suppose (6p,up) € L>=(R?) x L%, (R?) satisfies the homogeneous consti-
tutive law, with div ug = 0, and let (0, ux) be a solution to (SQG ) on [0,T] with initial
data given by (00, uk0) = (Skbo, Skuo). Then there exists a pair (6,u) such that, up to a
subsequence,

O — 0 weak-x in L°°([0,T] x R?),

and
up — u weak-+ in L>°([0,T); L*(K)) for each compact K in R,
Further,
0 € L>=([0,T] x R?),
and

u € L([0,T]; Ly (R?)).
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Proof. Let n € C>°(R?) be a standard bump function, and, for each R > 0, set ng(x) =
n(z/R). Note that with (4.2) and (5.1), for each R > 0, t € [0,7], and z € R?, we have the
uniform bound

Inr(- = 2)uk(t)l[ L2 < CR[ur(t)l 1z,
< CR(|luroll 2, + 1k0llo + 1/k)e  IProllees (5.4)
< CR(||uoll 2, + [|6o| o + 1) 1%l

Restricting to z = 0, it follows from a standard diagonalization argument that there exists
u belonging to L>([0,T]; L2 (R?)) such that, up to a subsequence,

loc

up — u weak-x in L°°([0,T]; L?(K)) for each compact K in R2. 5.5)
We claim that u € L>([0,T]; L?(R?)). To see this, let z € R%. By (5.5), (5.4), and (5.1),

—~

lell e o2 ) < sUP ke (o122 29 = Co

where Cjy depends on norms of the initial data and 7" and is independent of k£ and z. Taking
the supremum over z, we find that that u € L>([0, T]; L2 (R?)).
By (5.2), there also exists § € L>([0,T] x R?) such that, up to a subsequence,

0 — 0 weak-x in L=([0,T] x R?).
Finally, the fact that 6 satisfies
101 oo 0,71x2) < |60l Lo
follows from (5.2). O

It follows immediately from Proposition 5.2 that uz — u in D'([0,T] x R?). In fact, (uy)
converges to u in S’([0, 7] x R?), as a consequence of the following lemma.

Lemma 5.3. Let (0, u;) and (6,u) be as in Proposition 5.2. Then uy — u in S'([0, T]xR?).

Proof. Let p € S([0,T) x R?), and for R > 0 let ag : R*> — R be a smooth compactly
supported function such that agp = 1 on Bg(0), 0 < ar < 1 on Br4+1(0), and agp = 0
elsewhere. Then

/OT/RQ(uzc—u)p_/OT/R2(uzg—u)aRer/OT/RQ(uk—u)(l—aR)p. (5.6)

For the second term on the right hand side, set Cy r = B(41)r(0)\Brr(0) and write

T
Iy <uk—u><1—aR>p\s / =l <Y | fu — ullpl
0 R2 [0,T]xBr(0)° [O,T}XC;“R

k>1

< > CkR (gl proryazy + el oz ) el omyzzci n)
E>1

© C

< E (HukHLl([O,T];Lil) + HUHLI([O’T]?L?LL)> < E’

where we used decay properties of p € S([0,T] x R?) and the uniform bound on |u|| 2,

which follows from (4.2) and (5.1). The factor of kR in the second inequality above results
from scaling; see for example Proposition 1.5 of [22]. Now the second term on the right
hand side of (5.6) can be made small by choosing R sufficiently large. Since ux — u in
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D'([0,T] x R?) by Proposition 5.2, given this choice of R, the first term on the right hand
side of (5.6) is small for sufficiently large k. Thus

/ / (ug, —u)p — 0.
R2

We conclude that uy — u in S’([0,T] x R?). O

Proposition 5.4. Let (0, uy) be as in Proposition 5.2. For any h € C%(R?) there exists
Ch, > 0 such that

[ 1) 0ntt.) = 00,2 d
R2
Proof. Each (0, uy) satisfies

Or(t, z) — O (s,x) = — /t(diV(Hkuk) — (1/k)Abk)(r, z) dr.

< Chlt—s| forallk € N,t,s €[0,T].

Multiplying through by a function h € C%(R?) and integrating over R? gives

/R2 h(z)(0x(t, z) do — Ok (s, x)) dzx

t /R?(Vh <Opug + (1/k)AhOy) (r, z) dr

< [t = sIIVAll 22 10k Lo (0,77 xr2) 1k ]| oo (07512 (supp(wh)))
+ [t = sl |2l o2 10| oo 0,77 xR2)
< Ch ‘t - S‘ . O
The following is an immediate corollary of Proposition 5.4 and Lemma 2.8.

Corollary 5.5. Let 0 be as in Proposition 5.2. Then, after changing 6 on a set of measure
zero, for all h € L*(R?) and all t € [0,T),

/ h(z)f(s,x)dx — h(z)0(t,x)dx ass—t.
R2 R2

Moreover, for all z € R?,
/ h(z)(0(s,x) — 0(t,x)) dx
RQ

We are now in position to show that the limit (6, u), as given in Proposition 5.2, satisfies
the homogeneous constitutive law in Definition 1.3.

Lemma 5.6. Let (0,u) be as in Proposition 5.2. Then for a.e. (t,x) € [0,T] x R%, (0,u)
satisfies the homogeneous constitutive law.

< Cu |t —s| for all h € C2(R?).

Proof. Note that by Lemma 5.3, for each j € Z,
Ajur, — Aju
in S’([0,T] x R?). Similarly, by weak- convergence of (6;) to 8 in L>([0,T] x R?),
(AK) % 0 — (A;K) %6
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in 8'([0,T] x R?). Thus, since for each k, (f,uy) satisfies the homogeneous constitutive
law, and by uniqueness of weak limits, (6, u) satisfies

Aju(t,z) = (A;K) * 0(t, x)
for a.e. (t,x) € [0,T] x R2. O

We can in fact show that, after changing 8 and v on a set of measure zero, Aju and
(A;K) * 6 are continuous and equal on [0, T] x R

Corollary 5.7. Let (0,u) be as in Proposition 5.2. Then, after changing 6 and u on a set
of measure zero, we have for each j € Z, (A;K)* 60 € C([0,T] x R?) and

Aju(t,z) = (A;K) + 0(t, z) for all (t,x) € [0,T) x R%

Proof. Continuity of (AjK ) * 6 with respect to the spatial variable holds because AjK €
S(R?), while continuity in time, after changing 6 on a set of measure zero, follows from

Corollary 5.5 with h = AjK . The equality in Corollary 5.7 then follows from Lemma 5.6.
O

The following lemma will be useful when passing to the limit of the nonlinear term in
the weak formulation.

Lemma 5.8. Let (6,u) be as in Proposition 5.2. Then, up to a subsequence,
U(t) — U = lim (HNK) * (Q(t) - 90)
N——o0

uniformly on compact subsets of [0, T] x R2.

Proof. By Lemma 2.11, there exists a function A : [0,T] — R? such that, up to a subse-
quence,

Snu(t,z) — Syuo(x) — A(t) — A(0)
uniformly on compact subsets of [0,T] x R%. We claim that A = 0. To see this, we will
show that Syu(t,z) — Syuo(z) — 0 pointwise on [0, T] x R%. Note that by Proposition 4.4
and our choice of Uy, =0 in (5.3), for each fixed k € N,

uk(t) — Ug,0 = N]_i)r{loo(HNK) * (Qk(t) — 9&0) (5.7)

uniformly on compact subsets of [0, 7] x R?, so that, by an argument similar to (2.11),
lim SN(uk — ukyo) =0 (5.8)
N——o0

uniformly on compact subsets of [0, 7] x R2. Moreover, by Lemma 5.3, for each fixed N,
SNU,k — SNU (5.9)
pointwise on [0,7] x R2.
We write, for fixed (¢,x),
lim [Sn(u(t,z) — uo(z))]

N——oc0

= lim lim [Sy(u(t,z) —uo(z)) — Sn(uk(t, ) — ugo(z))]

N——o0 k—o0

+ lim  lim [Sy(up(t, 2) — upo(z))]

N——o0 k—o0

(5.10)

= lim lim [Sy(uk(t, z) — ugo(z))],
N——o00 k—o0
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where we used (5.9) to get the last equality. To see that the last limit in (5.10) equals
zero, note that it follows from Lemma 4.3 and (5.1) that the limit in (4.20) is uniform in k.
Thus Sy (uk(t,z) — ugo(x)) converges to zero as N — —oo at a rate which is uniform in £,
allowing us to interchange the limits and apply (5.8).

We conclude that the desired limit holds pointwise, and therefore uniformly on compact
subsets of [0,7] x R?. This completes the proof. O

We are now in position to establish weak time continuity of w.

Proposition 5.9. Let (0, u) be as in Proposition 5.2. After changing u on a set of measure
zero, for all compactly supported g € L*(R?) and all t € [0,T),

/ g(x)u(s,z)dr — / g(z)u(t, =) dx as s — t.
R2 R2
Proof. First assume g € C2°(R?). For fixed N < 0 and s,t € [0, T], write

/ g(x)(u(t,z) —u(s,z)) dx = / g(x)Sn(u(t,z) — u(s,z)) dx
R R (5.11)

+ /11@2 g(x)Hy(u(t,z) — u(s,x)) d.

For the second term on the right hand side of (5.11), we apply the homogeneous consti-
tutive law to write

/ g(x)Hy (u(t,z) — u(s,z)) dx = / g(x)(HNvK) * (0(t,z) — (s, x)) dx
RQ

RQ
— [ () 9(a))Olt,3) ~ 05 ) da
R
By Bernstein’s Lemma, Young’s inequality, and Lemma 2.7,

-1
IHNE) * gl < Y IAK) * gl + Y (A K) * gl

=N 70 (5.12)
< —Nlgllpr + D277 (A;K) % VgllLr < =CNllgllya.
j=0

We now invoke Corollary 5.5 to conclude that

esslim [ g(x)Hn(u(t,z) — u(s,z))dz =0.

s—t R2

Now note that by Lemma 5.8, the first term on the right hand side of (5.11) converges to
0 as N approaches negative infinity, where the convergence rate is uniform in ¢. With this
in mind, let £ > 0, and choose N so that for almost every s,t € [0,T],
€
< —.

/g(x)SN(U(t,x)—u(s,m))dx 5
R2

Given this N, let § > be such that for almost every ¢,s with |t — s| < 0,

/ g(x)Hn(u(t,z) —u(s,z))dz
RQ

<<
5"
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Applying these inequalities to (5.11) gives

[ s ute.) s, ) ] < =
RQ

Now consider g € L?(K) for K C R? compact. By density of C2°(K) in L?(K) and the
uniform-in-time bound

() = u(s) a0y < CUu®llgz, + luls)llzz,) < O, Jullgz, . 6]l ).

we can conclude that

esslim | g(z)(u(t,z) — u(s,z))dx = 0.
s—t R2

0

Having established the existence of weak limits, we turn to evaluating the convergence
of the time derivative.

Lemma 5.10. Up to a subsequence, for every ¥ € C°([0,T] x R?),

T T
/ 004 (1, )W (¢, 2) da i — / 0,0(t, )01, 2) da dt
0 R2 0 R2
as k — oo.
Proof. By (1.4), up to a subsequence, (f;) converges weak-x in L°°([0, T] x R?). Thus, for
¥ e C2([0, T x B?),

T T
/ 00k (t, 2)V(t, z) dx dt = —/ Or(t, )0V (t, z) dx dt
0 R2 0 R2

converges to
T T
_ / O(t, 2)000 (1, 2) da di / 0,0(t, )01, x) da dt,
0 R2 0 R2
as desired. O

6. EXISTENCE OF A WEAK SOLUTION

We devote this section to showing that (6, u), given by Proposition 5.2, is a weak solution
to (SQGy) as in Definition 1.3. The resulting series of Propositions leads, at the very end
of this section, to the proof of Theorem 1.1.

Convergence of the nonlinear term. As one would expect, the key step in showing
that (0,u) is a weak solution to (SQGy) is establishing convergence of the nonlinear term.
We address this convergence in the following proposition.

Proposition 6.1. Let (6x,ux) and (0,u) be as in Proposition 5.2. Then for any ¢ €
C([0,T] x R?), up to a subsequence,

T T
/ / 0LV ¢ - up dx dt —>/ OV ¢ - udz dt (6.1)
0 JR2? 0 JR2

as k — oo.
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Proof. Fix N € Z with N < 0. We apply (4.1) with v = 1/k and Uy, = 0 to expand uy and
write

t
R2 R2 R2 0

1 t
+ - / 0NV o - / (SNAK * Hk) dsdx
k Jre 0

(6.2)

+ [ 070 (K 5 (0u(t) = O10)) da

= / AR U0 dx + / eklk,N dx + / Hkhk,N dzx,

R2 R2 R2
where, similar to (4.9), we set
t
lkJV(t, IL’) = —V(b(t, :L’) . / (SNVK*(quk) — 1/kSNAK * Hk) (S, 37) dS, (6 3)
0 .

hin(t2) = Vo(t x) - (HNEK) * k(1) = Ok0))(2)-

To complete the proof, we appeal to Propositions 6.2 to 6.4 below, which address conver-
gence of the three integrals on the right hand side of (6.2). We first apply Propositions 6.2
and 6.3 to write

T
lim / / 0LV - updrdt = lim hm/ / 0LV - (ug,o — uo) dr dt
k—oo Jo JR2 N——o00 k—o0 R2

T
+ lim lim 0,(Vo - ug + lg, N + by, ) da dt

N——o0k—oo J R2

T
= lim lim 0k(Vo - uo + le,n + hk,N) dx dt

N——o0k—oo J R2

N——o00 k—o00

T
= lim lim/ / 0L(Vo - ug + hy,n) dx dt.
R2

By weak-% convergence of (f) to 6 in L>([0,T] x R?), Proposition 6.4, and Lemma 5.8,

lim/ / 0NV @ - up dx dt = / / OV - ugdxdt
k—o0 R2 R2

T
+ lim / /R2 OVo - (HNK) * (0(t) — 0p)(x)) dxdt :/0 /R2 OV - ugdx dt

N——c0 0

+ /OT /M( lim Vo(t, ) <<HNK>*<9<t>—eo><x>>> da dt

N——o0

T
:/ / OV ¢ - udx dt,
0 JR2

where we used that the convergence in Lemma 5.8 is uniform to move the limit inside the
integral. 0

We now state and prove Propositions 6.2 to 6.4. Throughout the proofs, we let @ €
C>(R?) denote a smooth bump function with |||~ = 1 satisfying

Y =1on U{suppVe(t,z):t €[0,T]} C R
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In particular, we will apply many of the preceding estimates from Sections 4 and 6 with
n = 1. We begin with Proposition 6.2.
Proposition 6.2. Let (0x,ur) and (0,u) be as in Proposition 5.2. Then for any ¢ €
Ce([0,T) x R?),

T
lim / /R2 Or(t,x)Vo(t,z) - (ugo(x) —uo(z)) dedt = 0. (6.4)

k—o00 0

Proof. By (5.2) we have

T
[ 0wt = woy et < 10l sup [ 1660, 2) 00 = o))
0

< 10kl L1 (0,170 tS[léI;}(||V¢(t)HL2W(UO —uko)lr2)
€10,

< CT|0o]| Loe 10 (uo — ur,0) || L2

(6.5)
By Proposition 5.1, the claim follows. O
Proposition 6.3. Let (0, uy) be as in Proposition 5.2. Then
T
lim lim / / Or(t, )k N(t,x) dedt = 0. (6.6)
N——o00 k—0o0 R2 ’

Proof. An application of Lemma 4.3 to I n(t, ) with n = ¢ gives, for each t € [0,T],

e (. 2)lmn < C2Y oo ( / el ds)
Moreover, by (4.2),

1
Jur(®)l 2, < C <Huk:,0||Lgl + 10,0l e + ) exp (O[O ol o) -

k

Thus, by (5.1), for each fixed N < 0 we get a uniform bound in k on [|ly n(t,2)| f1. Since
for each k, I n(t, x) has support contained in the support of V¢(t, x), for each N and each
t € [0,T], we can apply Rellich’s theorem to the sequence (I n)ren and conclude that there
exists a subsequence of (I n)ken, relabeled (I n)ken, converging strongly in L?(R?).

We must show that there exists a single subsequence of ({j 5 )ren which converges strongly
in L?(R?) for all t € [0,7] and for all N < 0. To this end, note that for each k and N < 0
and for fixed 7,t € [0,T7,

10, (8) = L, (7) || 2

<|IVé(t,z) — Vo(r,x)| L 11}(3:)/0 (SNVEK*-(upby) — (1/k)SNAK * 0;) (s,x) ds

L3

+ || Vo(r, 2)| ree (|10 (x) /t (SNV K- (ugby) — (1/k)SNAK * 0y) (s,x) ds

12
(6.7)

By Lemma 4.2, (4.2), and smoothness of V¢, keeping in mind that N < 0, we can bound
the first term on the right hand side of (6.7) above by

C(llwollz,, 0]l =, Tt — 71
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Moreover, following the proof of Lemma 4.2, one can show that the second term on the
right hand side of (6.7) can be bounded above by

Cllluoll gz, Mol Tt — 7.
We conclude that
1l (8) = le,n (T) || 22 < C(lluoll 2, 100l e, Tt — 7] (6.8)
We can use (6.8) and diagonalization to show that there exists a subsequence of (Ix N)keN
(relabeled (lj n)ren), which converges strongly in L?*(R?) at each ¢ € [0,7] and for each
N < 0 to a function Fiy € L'([0,T]; L?>(R?)) with spatial compact support. Indeed, by
Lemma 4.2, for each ¢ € [0,T],
1EN ()22 < C(l6o]| 2o, [[uoll 2, T)2". (6.9)
Now note that
T
lim  lim / / Ot )l (1, 2) da dt
R2

N——o00 k—o0 J

T
= lim lim Or(t,z)(lp n(t, ) — Fn(t, x)) dedt
N——o0 k—oo J R2

. (6.10)
+ lim lim/ /RQ(Gk(t,x)—G(t,az))FN(t,x)dxdt

N——oo k=0 J

T
+ lim lim 0(t,z)Fn(t, z)dx dt.

N——o0 k—oo J R2

We show that the limit of each term on the right hand side of (6.10) is zero. Beginning with
the second term, since for each ¢ € [0,T], Fn(t) has spatial compact support, Fiy belongs
to L1([0,T] x R?). Thus by weak-x convergence of (f;) to 6 in L>([0,T] x R?), for each

fixed N,
lim/ / (0 — 0)Fn dxdt = 0.
k—oo R2

For the first term on the right hand side of (6.10), note that

lim/ / Ol n — ) da dt < lim/ 1661l 2 i (8) = E ()] 2 dt
R2 k—oo Jo

k—o0 0

T
< C||0o|| 1,0 / lim |[lg,n(t) — En(t)|| 2 dt =0,
0 k—o0

where we applied the Dominated Convergence Theorem to move the limit inside the integral.
Finally, for the third term on the right hand side of (6.10), we use (6.9) to write

T
/ - 0(t, ) Fn (t, ) de dt| < (|90 Lo, 1y,22) [ FN | oo o,17:22)

< C([luoll 2, 16oll <, T)2Y = 0

as N — —oo. Combining the limits for the three terms, the claim follows. O
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Proposition 6.4. For each fized N € Z and any ¢ € C°([0,T) x R?),

T
lim /0 /R () 6(1,2) - (N E) * 00(t) — Oro)) () de e

k—o0

T (6.11)
- /0 |, 0(6:2)Vo(t,2) - (HNE) * (8(t) = 60)) () de dt.

Proof. We can write (6.11) in the form
khm [A(eka O — 9k,0) - A(97 0 — 90)] =0,
—00

where

T
A= [ [ Vo) - (HK) « o) @) do .

which we note is the integrated-in-time form of the operator in (2.8). We have,
A0k, 01, — O 0) — A(0,0 — o)

= A0k, O — O,0) — A(Ok, 0 — 60) + A(6 — 6,0 — 6o)

= A0, 0, — 0) + A0k, 00 — Or0) + A0 — 0,0 — 0) (6.12)

= A0y, 00 — O0) + A(6), — 0,0 — 6)

£ AO) — 6,05 — 0) + A6, 0, — 0).
We bound each of the four terms on the right hand side of (6.12) in turn.
A(Ok,00 — O 0): We have,
|A(Ok 00 = Or,0)| < [10kll Lo jo,11xr2) IVl L1 (0,7522) [HN (w0 — e 0) | 1253y
where ¥ is a compact set in R? containing the support of V¢(t) for all ¢ € [0,7T]. But, for all
k> N, Hy(uo — uko) = Hyn(Hguo) = Hiup = ug — Sgup — 0 in L?(X) by Proposition 5.1.
A(Or — 0,0 — 0y): Because (0,u) satisfies the homogeneous constitutive law, (HyK) *
(0(t) — 09)) = Hn(u(t) — up) € L?;(R?), and hence
p(t,z) = Vo(t,z) - (HNK) * (0(t) — 00))(z) € L([0,T] x R?).

Proposition 5.2 gives
T
A(O — 0,0 — 00) — / / (O — 0)(t, 2)p(t, ) dz dt — 0.
0 R2
A6 — 0,04, — 0): Define,
vg = (HNK) * 0 (t) = Hyug(t),
v:=(HNyK)*0(t) = Hyu(t).

The second expressions for vg, and v hold because (g, uy) and (6, u) satisfy the homogeneous
constitutive law. Then, A(0; — 6,0, — 0) — 0 can be written as

T
lim /0 /R (B~ 0)(1,2)V(t,) - (o — 0)(t, ) vt = 0. (6.13)

k—o0

Define, for M > N,

Hy =Y A, (6.14)
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and let HY =0 for M < N. Then HY K € L'(R?) because each | A; K |11 = [|AoK]| 11.
Fixing N, define
oM = (HMK) * 0,(t),
oM = (HYK) «0(t).
Using that HY K € LY(R?) and [|0x(t)|| < [|00]| o, We know that v € L>([0,T] x R?) and
()%, is bounded in L>=([0,T] x R?).
By Proposition 5.2, 6, — 6 in L>([0,T] x R?) (here, and in what follows, we take
subsequences without further comment). By Lemma 2.8 with Proposition 5.4, then, we

know that 0 (t) = 0(t) in L>®(R?) for all t € [0,T]. Hence, using that (H¥ K)(z — ) €
LY(R?), for all (¢,z) € [0,T] x R,

oM (t,z) = / (HYK) (@ — y)0u(t. ) dy
R2
= | (HNK)(z —y)0(t,y) dy = v™ (t,z).

R2
Fixing both N and M > N, we have

T
/0 /R (61— O0)(1,2) V(8 2) - (o} — M)t ) v

< ”916 - HHLOO([O,T]XRQ) HVQSHLOO([O,T}X]RQ) Hvl]c\/[ - UMHLl(supp(Vd)))

<C Hvljg\/[ - UMHLl(supp(Véb)) '

As we noted, (v2)2° | is bounded in L*°([0, 7] x R?) and v™ € L*°([0,T] x R?), so v} — oM
is bounded above by an L' function on supp(V¢): applying the dominated convergence
theorem, the pointwise convergence of v,fc‘/[ — oM to 0 yields

T
: - V(L 2) - (M — oMY(t 2) da dt = 0. '

k—o0

It remains to show that (6.15) holds in the limit as M — oco—uniformly in k—giving
(6.13). Applying Lemma 2.9 gives

T
/0 /R2(9k —0)(t,x)Vo(t,x) - (v,]y —oM— (v —v))(t,z)dz dt'

(6.16)

T
/0 /RQ(ek —0)(t,x)Vo(t,x) - (Hpy1K) * (0 — 0))(t, x) dzx dt‘

< C 10k = Ol (jo.rperey 2 < C27Y,
independent of k. What we have shown is that
|A(6 — 0,0 — 0)| < Ly as + C27M,
where Ly, pr is the magnitude of the integral in (6.15). Let € > 0 and choose M large enough
that C27M < £/2. Then choose n large enough that Ly s < /2 for all k > n for the given

choice of M. Then |A(6y — 0,0 — 6)| < € for all k > n, showing that |A(0; — 0,6, — 0)| — 0
as k — oo.
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A(6,60y — 0): Recalling that N is fixed, for any M > N we can write Hy = HA + Hyy.
Then, applying Lemma 2.9, A(0,0), — 0) = Iy pr + Ry, where

I = /OT RQ((H]]\\,/[K) x0(t,x)) - Vo(t,x)(0r — 0)(t, z) dedt

T
—|—/ (HuK)*0(t,x)) - Vo(t,z)(0r —0)(t,x) dxdt
0 Jr2

and |Rys| < C27M independently of k. But, (HyK) 0 = Hyu € L2([0,T); L%, (R?)) by
Lemma 2.4, so (Hy K) * 0(t,2)) - Vo(t,z) € L1([0,T] x R?), as also is (HY K) x0(t, z)) -
Vé(t, x), since HY K is Schwartz-class.

Hence, for any given M, I}, ,y — 0 as k — oo, though at an unknown rate.

Let € > 0 and choose M large enough that |Rys| < €/2. Then choose n large enough that
I < g/2 for all k > n for the given choice of M. Then |A(0,0; — 0)| < € for all k > n,
showing that |A(6,0; — 0)| — 0 as k — oo. O

With Proposition 6.1 in hand, we show that (u, ) are, in fact, our desired weak solution.

Proposition 6.5. Let (0k,ux) and (0,u) be as in Proposition 5.2. Then (6,u) satisfies
Definition 1.5.

Proof. First note that (6, uy) satisfies
1
00y, +uy, - VO, = %Agk
pointwise on [0, T] x R?, so it satisfies

T T 1 T
/ 000y, dx dt + / qu cuplp dr dt = —— / Ay, dx dt
0 Jr2 kJo Jre

/¢ )0 (T d:z—/<b )0k.0 dz

for all ¢ € C°([0,T] x R?). By Lemma 5.10,

/ / 01Oy dx dt — / Oyl dzx dt.
0 R2 0 R2

(6.17)

By Proposition 6.1,

T T
/ / V¢-uk0kdxdt—>/ V¢ - ub dx dt.
0 R2 0 R2
By Lemma 2.8 and Proposition 5.4,

qb(T)Gk(T) dx — o(T)0(T) dx.
RQ
By weak-x convergence of Hk 0) to By in L>®(R?),

/ #(0)0y,0 de — »(0)6p dz.

R2
Finally, by (1.4),

1 (T C
k 0 R2 k‘
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By Lemma 5.6, (6,u) satisfies the homogeneous constitutive law in Definition 1.3. Since
(u) converges to u in S'([0,T] x R?) and div u; = 0 on [0, T] x R?, it follows that div v = 0
on [0,7T] x R?. Thus, (,u) satisfies Definition 1.3. O

Proposition 6.6. Assume (0,u) is as in Proposition 5.2. Then (0,u) satisfies the Serfati
identity (4.1) with v =0 and Uy = 0.

Proof. Fix N € Z and t € [0,T]. By the homogeneous constitutive law,
(u(t) — uo)(x) = Sn(u(t) — uo)(x) + Hn(u(t) — uo)(x)

— Sx(u(t) = uo) (@) + (HNK) * (8(t) — 60) (). (6.18)
Let (g, ur) be as in Proposition 5.2. Since (6, ux) satisfies (4.1), we have
SN (ug(t) — uro)(z) = /Ot(VSNK*-(Qkuk) — (1/k)ASNK % 0y)(s,x) ds. (6.19)

We take the limit in D'([0, T] x R?) of each term in (6.19).
First, note that since u, — u in §'([0,T] x R?),

Snuk — Snu (6.20)

in D'([0, T]xR?). Moreover, SNuk,o — Snup in D'([0, T]xRR?), as SNuk,o = SnSkuo = Snug
for k sufficiently larger than N.

For the right hand side of (6.19), we will take the pointwise limit on [0, 7] x R? and apply
the Dominated Convergence Theorem.

We first show that

/t VSN K (Opui) (s, z)ds — /t VSN Kx-(0u)(s,x)ds (6.21)
0 0

pointwise on [0,7] x R? as k — oo. Let R > 0 and let ag be as in the proof of Lemma 5.3.
Note that by, for example, (2.3) of [12], for all 6 € (0, 1), there exists Cs > 0 such that
Cs

(14 [a])3=0
Using this spatial decay, membership of agSyK to C°([0,T] x R?), and Proposition 6.1,
we can apply an argument virtually identical to the proof of Lemma 5.3, but with arp
replaced by V((arSnK)(x —-)), (1 —agr)p replaced by V(((1 — ar)SnK)(x — ), and ug
and u replaced by @xug and Ou, respectively. The convergence in (6.21) follows for each
(t,z) € [0,T) x R2.

For the dissipation term, observe that by Young’s inequality and the uniform L°° bound
on (6),

‘VSNK(Z)‘ <

t
/(1/k)ASNK*0k(s,a:) ds| < t(1/R)|ASN K |1 [8oll e — 0 (6.22)
0

as k — oo.
One can quickly check, again using the proof of Lemma 5.3 and (6.22), that

<C,

t
/ VSNK*(QkUk> ds
0 Lo ([0,T]xR2)

<C

t
/ (1/k)ASNK = 6 ds <
0 Lo ([0,T] xR2)
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uniformly in &, allowing us to apply the Dominated Convergence Theorem and conclude
that the right hand side of (6.19) converges in D'([0,T] x R?) to f(f VSN Kx-(0u)(s,z)ds.
Thus,

S (ult) — uo)(z) = /0 VSn K- (0u) (s, ) ds

pointwise almost everywhere. Substituting this identity into (6.18) gives (4.1) with v = 0
and Uy, = 0. ]

Proof of Theorem 1.1. Follows from combining Proposition 6.5, 6.6, and 3.3. 0

Remark 6.7. Time continuity of 6 as in Corollary 5.5 follows directly for our weak solutions
from that corollary, but also directly from the alternate formulation of a weak solution noted
in Remark 1.4. Time continuity of u would then follow as in Proposition 5.9.

Remark 6.8. Because we chose to set Uy, = 0 in (5.3), the Serfati identity we obtained in
Proposition 6.6 and hence in Theorem 1.1 has Uy, = 0. Had we chosen another continuous
value of Uss in (5.3)—the same value for each (O, ux) —that Uss would be added to the right
side of the Serfati identity in (1.1). The continuity of U, is required to obtain the weak
continuity in time of the velocity, as given in Proposition 5.9.
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