HOMEWORK PROBLEMS

Due Tuesday Feb. 5th -

1.0.7 (a) Let R be a normal domain with field of fractions K and let S C R be a
multiplicative subset. Prove that the localization Rg is normal.

(b) Let R, a € A be normal domains with the same field of fractions K. Prove
that the intersection Nyea R is normal.

1.1.11 Let Ty be a torus with character lattice M. Then every point t € T gives
an evaluation map ¢; : M — C* defined by ¢.(m) = x™(t). Prove that ¢; is a
group homomorphism and that the map ¢ — ¢; induces a group isomorphism

TN = HomZ(M, (C*)

Due Thursday Feb. 7Tth -
1.1.6 Different sets of lattice points can parametrize the same affine toric variety,
even though these parametrizations behave slightly differently. In this exercise you
will consider the parametrizations

Dy (s,t) = (5%, st, st%) and Py(s,t) = (s°, s, t%).
(a) Prove that ®; and ®, both give the affine toric variety Y = V(zz — 3%) C C3.
(b) We can regard ®; and ®5 as maps

o, :C2P Y and by C2 Y.

Prove that ®5 is surjective and that ®; is not. The images are called toric sets - the
text gives references to papers studying when a toric set equals the corresponding
affine toric variety.

1.1.12 Consider tori 7} and Ty with character lattices M; and M>. As we saw in
class (Example 1.1.13 in the book), the coordinate rings of 77 and T3 are C[Mj]
and C[Ms]. Let ® : Ty T be a morphism that is a group homomorphism. Then ®
induces maps

d:My— M, and & :C[My] — C[M]
by composition. Prove that ®* is the map of semigroup algebras induced by the
map P of affine semigroups.
Here is another problem to think about. You do not need to write it up:
1.1.10 Prove that I = (2% — 1,2y — 1,yz — 1) is the lattice ideal for the lattice
L={(a,b,c) €Za+b+c=0 mod?2}C Z>

Also compute the primary decomposition of I to show that I is not prime.

Due Tuesday Feb. 12th -
1.2.1 Let 7 be a face of a polyhedral cone o. If v,w € ¢ and v + w € 7, show that
v,w € 7. Hint: Write 7 = H,,,N for m € oV.
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2 HOMEWORK PROBLEMS

1.2.13 Consider the cone o = Cone(3e; — 2ea, e2) C R2.

(a) Describe ¢V and find generators of o N Z2. Draw both cones together with
facet normals for each edge.

(b) Compute the toric ideal of the affine toric variety U,. Note the connection to
problem 1.1.6 from the last problem set.

Here is another problem to think about. You do not need to write it up:

1.2.2 Let o0 C Ny be a cone.

(a) Show that if u € o, then u € Relint(o) if and only if (m,n) > 0 for all
m € oV — ot if and only if oV Nut = ot.
(b) Let 7 < o and fix m € ¢". Prove that

meT < 71CHy,No,
m € Relint(7*) <= 7= H,, No.

Due Thur. Feb. 14th -

1.3.7 Let p be a point of an irreducible affine variety V. Then p gives the maximal
ideal m = {f € C[V]|f(p) = 0} as well as the maximal ideal my,,, C Oy,,. Prove
that the natural map m/m? — my,/ m%/’p is an isomorphism of C-vector spaces.

Due Thur. Feb. 19th -

1.3.11 Let d > 1 be an integer and pg = {¢ € C*|¢? = 1}. Consider the lattices:
N'=7*C N ={(a/d,b/d)|a,b € Z,a/d —b/d € L},

and the cone o = Cone(eq, e2) C Nj = Ng.

Show that U, ny = C, = C?/pa = Uy Nt/ 1a where g acts on C2 by ¢ - (z,y) =

(¢, Cy)-




