EXPONENTIAL SUM ESTIMATES OVER SUBGROUPS
AND ALMOST SUBGROUPS OF Z;, WHERE ¢
IS COMPOSITE WITH FEW PRIME FACTORS

JEAN BOURGAIN MEI-CHU CHANG

ABSTRACT In this paper we extend the exponential sum results from [B-K]
and [B-G-K] for prime moduli to composite moduli ¢ involving a bounded number
of prime factors. In particular, we obtain nontrivial bounds on the exponential sums
associated to multiplicative subgroups H of size ¢°, for any given 6 > 0. The method
consists in first establishing a ‘sum-product theorem’ for general subsets A of Z9. If
q is prime, the statement, proven in [B-K-T], expresses simply that, either the sum-
set A + A or the product-set A.A is significantly larger than A, unless |A| is near
q. For composite ¢, the presence of nontrivial subrings requires a more complicated
dichotomy, which is established here. With this sum-product theorem at hand,the
methods from [B-G-K]| may then be adapted to the present context with composite
moduli. They rely essentially on harmonic analysis and graph-theoretical results such
as Gowers’ quantitative version of the Balog-Szemeredi theorem. As a corollary,we do
get nontrivial bounds for the ‘Heilbronn-type’ exponential sums when ¢ = p” (p prime)
for all ». Only the case r = 2 had been treated earlier in works of Heath-Brown and
Heath-Brown and Konyagin (using Stepanov’s method). We also get exponential sum
estimates for (possibly incomplete) sums involving exponential functions, as considered

for instance in [Konyagin-Shparlinski]

§0. Introduction.
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It was shown in [B-K], [B-G-K] (see also [B1], [B2]) how ‘sum-product’ theorems
in the prime field F, imply new exponential sum estimates, for instance for small

subgroups H of F, the multiplicative group of F),. More precisely, it was proven that

if H <TF,, |H|>p° then

<|H|p~® (0.1)

Z ep(ax)

r€EH

max
(a,p)=1

where § = §(g) > 0, e,4(y) = e*™¥/% and (a, p) = ged(a, p).

Using Stepanov’s method, see for instance [K-S], estimate (0.1) was only obtained

under the assumption |H| > pite.

It is clear that this new method has many more applications to number theoretic
and cryptographical problems, as demonstrated in [B-G-K], [B1], [B2]. The purpose
of this paper is to explore the case of composite moduli. The initial step consists in
establishing a ‘sum-product’ result in the required context, which is a combinatorial

statement.

We first recall the sum-product theorem in the field IF,, p prime. The sumset of A,
{z+vy : z,y € A}, and productset of A, {zy : x,y € A}, are denoted by A + A and
A.A, respectively. Let A C F, be an arbitrary set and

p° < Al < ptE (0.2)

for € > 0. Then,
|A+ A| + |A.A| > c|A]'T (0.3)
where § = §(e) > 0. This result was established in [B-K-T]. In fact, as shown in
[B-G-K], the assumption 1 < |A| < p!~¢ may replace (0.2). The basic idea here is that
either the sum or product set of a given set A needs to be substantially larger than A.

Recall that in Z (or R) this ‘principle’ is expressed by the well-known Erdos-Szemeredi
conjecture [E-S], stating that if A is an arbitrary finite subset of Z, then always

A+ Al +|AA| > AP (0.4)
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The problem is unsolved at this point, the best result here being obtained by J. Soly-

mosi (using the Szemeredi-Trotter theorem)
|A+ Al + |AA| > AT, (0.5)

Returning to the finite field case, the research in [B-K-T| was originally motivated by
problems around the Kakeya conjecture in R3 and its discrete versions. But differ-
ent and very significant applications of the sum-product theorem in IF, emerged in

connection with exponential sums mod p, as mentioned above.

In [B2] the sum-product problem for product of fields, F, x F, is explored. For
subsets A C F), x F, it turns out that (0.3) holds, unless |A| > p?~¢ or p' ¢ < |A| <

p'*e and A has a ‘large’ intersection with a line.

The motivation of this extension to products was the generalization of the expo-
nential sum estimates from Gauss sum to binomial sums

p

Z ep(az® + bat) (0.6)

r=1

and, more generally, ‘sparse’ exponential sums as considered by Mordell [M]

P
Z ep(a, o + agz™ + - 4+ a,aFr) (0.7)
r=1
where p—1 > ky > ko > -+ > k, and (ay, ... ,a,,p) = 1. In [B2] we establish nontrivial

bounds p' =% on (0.7) under the essentially optimal conditions (k;,p — 1) < p'~¢ and
(ki — kj,p—1) < p'=¢ for i # j.

In this paper, we start investigating this line of thought in the case of composite
moduli ¢ = p{*---p%. We assume ¢ has only a bounded number of prime factors
Pis- .. ,Pr, which are moreover ‘large’, i.e. p; > ¢° for some € > 0 (hence a1+ - -+ a, <

%) In §1 we establish a satisfactory ‘sum-product’ theorem in the residue classes Z,,
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for ¢ as above. Roughly speaking, it states that (0.3) always holds for A C Z,, unless
A has a ‘large’ intersection with a coset of a subring (see Theorem 1.10). The proof
uses ‘modern’ machinery in combinatorial number theory such as the Pliinnecke-Ruzsa

inequalities on iterated sum and product sets and also methods from [B-K-T] and [B2].

In the third section of the paper we clarify in greater generality (the case of a finite
commutative ring R) the relation between exponential sum estimates and the presence
of certain subsets S C R for which both S+ S and S.S are ‘small’ (see Theorem 3.2).
The argument is basically an abstraction of the proofs of Theorems 5 and 7 from [B-G-
K], where Theorem 7 in [B-G-K] is replaced by Proposition 2.1. We use a refinement
of the Balog-Szemerédi-Gowers Theorem proven in Appendix (since we could not find

this precise statement in the literature).

Though in this paper we only give the proof for the case R = [] ;j Lq;, the results
from sections 2 and 3 do generalize almost verbatim to finite commutative rings R with
unit and a ‘canonical additive character e(.)’, which means that the set of characters
obtained by considering e(y.) and y varying in R gives all characters. This is equivalent
to saying that the ideal I = {z € R : e(xy) = 1 for all y € R} is trivial. We don
not know whether there is a more conceptual description of these rings. In fact the
existence of such a description is not so important by observing the following: If e(.)
is an arbitrary nontrivial character of R, then e(.) factors over R/I, for I defined as

above, and is a canonical character for R/I.

Let us briefly explain the heuristics of the argument. Let for simplicity H < Z; and

assume a € ZZ such that

Z eq(ax)

reH

> q °|H| (0.8)

assuming log |H| ~ log ¢ and ¢ small. (Here log|H| ~ log g means ¢°* < |H| < ¢°* for
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some c1,cz > 0.) Denote p1 = pur the probability measure on Z,

HH = | Z Oz (0.9)

rxEH

Thus (0.8) means that |ag(a)] > ¢~°. An important point is that p is obviously

H-invariant, in the sense that
(&) = p(z€) for all £ € Zy, x € H. (0.10)
Denote for § > ¢
As = {€ € Zq| 11(€)] > ¢~°}
for which

1+26

|H|

H| < |7 < 2 (0.11)

(the left inequality results from (0.8), (0.10) and the right inequality from Parseval’s
identity).

Our aim is to give an oversimplified sketch of how we obtain a nontrivial subset S

of Z, violating the sum-product theorem (this method was also used in [B-G-K]).

Denote v, = %) the k-fold (additive) convolution of y, which we assume symmetric.

We have

3= S m@? = S a©2 > L S aer s o o)

mEZq q EGA(; q

and also

z Z (€ ‘A |+ 1). (0.13)

We will use the notation ~ to indicate factors ¢ where &’ can be made arbitrary small
by taking € in the assumption (0.8) small enough. Being more explicit about them

basically leads to the detailed argument that appears later in the paper.
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Based on (0.12), (0.13), we may choose k and § < k=2 suitably, such that

1 .
el ~ = D on(6)*. (0.14)
©ecns
The argument is straightforward. Take in (0.12) § = % < Z—;, so that certainly

Yeen, P(€)? > ¢ T |As|. Assume YT k(€)? > ¢7 [As], hence [Ay] > q5/|Aﬁ| by
(0.13).

Replace k by k1. After at most []-steps, we obtain the desired result (0.14), where
k <k(e') and § > 0(e’) > e.

It follows in particular from (0.14) that

vk * vill2 ~ |lvkll2 (0.15)

Indeed, by Cauchy-Schwarz and (0.14)

1/2
el < |A5|1/2(Zak<s>4) v Ivlle va [ % vl

(while obviously ||vg * vg|l2 < [[vk]l2)-

(0.15) roughly means that the support supp vy of vy is additively stable. The same

is true for supp vsp.

Next, we invoke the invariance (0.10), implying that for all £ € Z,

> (@) () = or(8)%.

xT

Letting v = vy x v = o, write

() = (L oeout)) < 3 olelar - ea)uer)utes)

x Z1,T2



and similarly

2k
(" = (S oaou) < X il rala) (0.16)
From the choice of § and k, we also have

Z Dp(§)F2 ~ [As]

€S

and substituting (0.16)

Zuk )20k (€)% var () ~ |As). (0.17)

(The upper bound follows from (0.14), since the left-hand side is at most 3, 0y (€)2)

Hence
2 [ZV%(W)V% ]Vzk ~ Y va(a) (0.18)

Thus we see that voy, has a large correlation with its multiplicative translates voy(z.)

for x € suppvoi. This permits us to obtain multiplicative stability of supp vo.

Thus we have established both additive and multiplicative stability of supp vo; but
only in a ‘statistical sense’. In order to obtain a set S which satisfies (in a set-theoretical

way)
1] ~ S + S| ~ |S.9] (0.19)

and also
1

5]

we rely on a key ingredient from graph theory, which is the Balog-Gowers-Szemeredi

S C supp vk, vi(x)~ ~ Hz/kHoo for some k, (0.197)

theorem.

Since |As| > |H| in (0.12), it follows that

> () 2 % (0.20)
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and by (0.19’) the set S obtained above satisfies [S| S 7 < q'~?, since |H| > ¢°.

We have therefore contradicted the sum-product theorem.

What we described above is an overview of the proof of Prop. 2.1 in the paper. Let
us next indicate another way of deriving the exponential sum estimate over subgroups,
which is perhaps conceptually more straightforward (it is a slightly different approach
and does not imply immediately the more general Prop. 2.1 which is of an independent

interest).
Assume ¢ prime for simplicity.

Since the measure p = py in (0.4) is H-invariant, assuming fi(a) > ¢~¢ for some
a € Zy implies
(&) >q ¢, forall £ € aH
Starting from aH, one aim is to construct consecutively larger and larger sets A C Z,
such that j1(§) > ¢~ ¢ for £ € A. (¢ may get larger and larger.)
First, if v is a probability measure on Z4, 7 € R, v = v_, (notation: v_(z) = v(—z))

and (&) > ¢~ 7 for £ € A, then

Z D(& — &) > q 7T|AP (0.21)

£1,62€A

and hence, denoting

—27
G:{(§17§2)€AXAI (& — &) > q2 }

we have
—2

q T
|G| > 5 |A’2~

Assume that the set

{61 - & (61,&) € G}
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is not significantly larger then |A| (otherwise we succeeded in obtaining a larger set).
It follows then from the Balog-Szemeredi-Gowers (BSG) theorem that there is A’ C A
such that

N+ A| ~ |A| ~|Al (0.22)

Applying the preceding to v = p* u_ and A = aH, it follows that either we obtained
a set A; such that

/ 1
[A1] > ¢° [H|, and [(§) > 5(]_46 for § € Ay
or there is a set A’ C aH with
A"+ A ~ |N| ~ |H]|. (0.23)
Define next the probability measure v’ on Z,
1 —1
V (x) = T SEXA: v(z€™h). (0.24)

Since v is H-invariant, so is v/. Moreover #'(1) > ¢~2¢, hence 2/(¢) > ¢~2¢ for all

¢ € H. This means that

> 2(¢) > g H|A.
CeH,LeN

Denote now
—2¢e

G1={(¢.€) € H x N2 0(¢§) > T}

for which |G| > %q_2€|H||A’|. Assume again {C¢ : ((,€) € G} is not substantially

larger then |H|. Applying now the BSG theorem in multiplicative form, we may then
obtain A” C A’ such that
A" A" ~ [N ~ |\ (0.25)

Hence

|A// + A//| ~ |A/| ~ |AIIA//| (025/)
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contradicting the sum-product theorem in Z,.

Summarizing, we proved that fi(§) ~ 1 for £ € A, where A C Z, is a set satisfying
A] > ¢='|H].

Assume now we established that

(*) if v is an H-invariant probability measure on Z, and ©(§p) ~ 1 for some &y € Z,

then 7(§) ~ 1 on a set A with |A| =¢".

Assuming ¢7 < ‘% = ¢!~ (which is the case for v = ug), our aim is to upgrade

|
the statement (*) by enlarging v to 4" > v + d(p).

Follow the previous reasoning. If the first attempt based on (0.21) fails to enlarge A,
we obtain A" C A satisfying (0.22). Define v as in (0.24), hence again an H-invariant
measure and satisfying ©/(1) ~ 1. Thus (*) applies to ¢/ and there is A C Z, with
D'(€) ~ 1 for € € A and |A| = ¢7. Write

> (g~ (0.26)
ceN Eeh
From (0.26), if
G ={(68) € A x A (¢€) ~ 1}

then |G| ~ ¢®. If also {&€ : (&,€) € G} fails to be significantly larger than ¢7,
we obtain A” C A’ such that (0.25), (0.25") hold. This contradicts the sum-product
theorem, since |[A”| < ¢* 7. In conclusion, we may conclude to the existence of a larger
set A1, |A1| > ¢7F°) where 0(€) ~ 1,6 € Ay. The increment §(p) > 0 depends on the
specific statement in the sum-product theorem in Z,. Eventually we contradict the

second inequality in (0.11)

Returning to Proposition 2.1, the main application is the extension of the result from
[B-K], [G-G-K] to residue classes Z, where ¢ is a composite number ¢ = pi* ---p¥ as

considered in §1.
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The required sum-product theorem for subsets A C Z, with ¢ as above was obtained
in §1. Combining this with Theorem 3.2, it follows in particular that H < Z7, a

multiplicative group satisfying

|mp(H)| > ¢° for all primes plg. (0.27)

(denoting m, : Zy — Z, the quotient map mod p), the estimate

Z eq(ax)

z€H

max < |H|q™? with § = §(g) > 0 (0.28)

a€Zq\{0}

holds (see Corollary 4.2 and Remark 4.6).

In fact, we show in Theorem 4.7 that if H < Z} and |H| > ¢°, then

Z eq(ax)

rEH

max < q °|H|

aEZ;

where € depends only on § and the number of prime factors of ¢.

An interesting consequence are nontrivial bounds on the Heilbronn type exponential
sums as described in Odoni’s paper [O].

Take ¢ = p™ (m > 1 a fixed integer). Then
P

> epmﬂ(amp’”)‘ < Cpp' ™0™ (6 > 0) (0.29)

=1

max
(a,p)=1

(the problem of estimating such sums is attributed in [O] to Davenport).

For m = 1, nontrivial bounds were obtained by Heath-Brown [H-B] and Heath-
Brown-Konyagin [H-B-K], using Stepanov’s method. No results for m > 2 seem to
appear in the literature so far. S. Konyagin informed the first author recently of the
work of Malyhin (his student) who obtained the m = 2 case (with an explicit bound)

independently.
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Further applications are given to (possibly incomplete) exponential sums involving
exponential functions of the form 2221 eq(ab®), with 6 € Z}, as considered in [K-S]
(see Theorem 4.5). Finally, in Section 5, we prove exponential sum estimates for a
typical modulus ¢ noticing that ‘most’ g are of the form ¢ = q1q2, where ¢; is product

of a few prime factors and g2 < ¢°. In this situation, our methods are still applicable.

Notations.

kA=A+ - +A AF=A.... A

For a ring R, R* = {r € R : r is invertible}
A < B means A < ¢(k)B for a constant c(k)
Tp : Lg — 2Ly is the quotient map mod p

Let S be a set.
W(S) = ¥,es hls)

xs(xz) =1,if x € S, 0 otherwise.

§1. The sum-product theorem in Z9.

Lemma 1.1. Let S C Z3% and let p be the smallest prime factor of N. If |S| >
p_%N—FN%, then Zn = 352.

Proof. Let f,g: Zn — R be functions. We define the following terms
(a") f(m) = % ZxEZN f(x)eN(—xm),
(b)) frg(x) =5 X ezy flx—y)a(y).

Then the following are easy to verify:
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() f(@) = X ez, f(m)en (am),

(d.) F+g(m) = f(m)j(m),

() Snezy F P =% ¥ oeny [F@),
(f.) supp (f * g) C Supp f+ Supp g.

Let
1

Z Xs(yz), for x € Zy. (1.1)
yes—1t

(Note that 0 < f(x) < 1.)

Then the following properties hold.

(i.) Supp f C S2,

(i) F(m) = 1 Syes 1 Xo(my™h),

(iii.) (f % f* f)(@) = X,pe, f(m)Pen(zm),
(iv) 1£(m)] < IS|72(5 egr Xa(my ™))%,
(v.) If m € Z%, then |f(m)| <
(Vi) Yezy f@) =15,
(viL) ez [Fm)2 < B,

Properties (i) and (ii) are obvious; (iii) follows from (c¢) and (d); (iv) follows

N|=

< L
NGk

from (ii) and Cauchy-Schwartz, (v) follows from (iv) and (e) (which is applied to
D vezy Xs(0)? >3 co Xs(my_l)Q). (vi) follows from the estimate

S @)= g X3 o) = ls T 18] = I8

TELN yES lxeZn
To see (vii), we observe that, by (e), the left-hand side is

1
NZUC( Zf W'

TELN erN

13



This is because 0 < f(x) <1 and (vi).
Claim. Supp fx* f* f D Zn.

Proof of Claim. We rewrite (iii) as

(fofxN@)=F0P+ > fm)Pen(@m)+ Y f(m)Pen(zm). (1.2)

meZn\Z5\ {0} meLs,
By (a) and (vi), we have
Fy L _ 19
f(O)—N > f(fl?)—w- (1.3)
:EGZN
By (v) and (vii), we have
N 1 A 3
S — 2 < N7zS). 1.4
m;yv\f(m)\ < \/ng;«v’f(mﬂ < 5] (1.4)

To bound the first summation in (1.2), we use (iv) and observe that when y varies,
my~! represents the same element in Zy at most ged(N,m) many times. Hence (iv)

gives

1/2 1/2
<t (X 5 ) o (XE) L
] <18172( 5 3 20 S & 09

where p is the smallest prime factor of N. The first equality follows from (e).

Hence, (1.5) and (vii) imply
Y P Y i< B (1.6)
VD PN

meZn\Zy\{0} meLy
Putting (1.2), (1.3), (1.4) and (1.6) together, we have
S|? S S
o f o fo) > B PL 18
N? T NE BN

which is positive if [S|2 > N2 4+ p~2N2 orif |S| > Ni +p iN. [

Finally, the Claim, Properties (f) and (i) imply
Zn C Supp f* f* f C3Supp f C 352 O
Ruzsa’s inequality If |[A + B| < c|A|, then |hB — kB| < c"*| Al

In Particular, |L — L| |L| < |2L|?.
14



Lemma 1.2. Let F be a finite abelian group, and let L C F. If

F 1
|L| > |m_0|‘ for some m € N and a > 5 (1.7)

and

then for some £ < 10a, |2°L| > 1FL
mb

Proof. First, we prove

Claim. For any nonnegative ¢, one of the following cases hold

(a) |21 L] > m v | L),

(b) |2°L| > T'ni'
Proof of Claim. We will use induction on ¢. For ¢ = 0, if |L + L| > m10|L|, then (a)
holds. Otherwise Ruzsa’s inequality (see [N] Theorem 7.8) and (1.8) imply that

|F| =|L — L| < m?|L|.
This is Case (b).
Now we assume either [2¢L| > m10|L| or [2¢°'L| > |F| m~5. The latter in
particular implies |2¢L| > |F| m~5. For the former, we repeat the initial case. If

2L + 2¢L] > m10|2¢L|, then

R

‘2£+1L‘ > mlOmlO’L| — m%

| L.
If |2L + 2°L| < m70 |2¢L|, then Ruzsa’s inequality and (1.8) give |F| = [2¢L — 2L| <
m3|2¢L|, which is Case (b). O
To see that the Claim implies the lemma, we use (1.7) on Case (a)
|F| > |20 L) > m' 10 |L| > m'10 —*|F|.
Therefore, the process has to stop for some ¢ < 10a. O

The next sum-product theorem for Z, is a combination of a theorem in [BKT] and

a theorem in [BGK].
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Theorem. [BKT — BGK] Given € > 0, there is 6 = d(¢) > 0 such that if A C Z,
and

1<|Al <p'=. (1.9)

Then
124] + |A?| > c(e)| A 0. (1.10)

Remark. Instead of(1.10), a more convenient conclusion is

1242] = |A(A + A)| > |A]'T.

Lemma 1.3. Given ¢ > 0 and o < 1, there is k = k(e,a) € N such that if A C Z,
with |A| > p® then |kA¥| > p®.

Proof. We may assume |A| < p® and take ¢ =1 — o in(1.9). Then as in the Remark
above, [242] > |A|**? for some 6 = 6(a). If |242| < p®, we apply Theorem BKT-BGK
again and obtain [2(242)2] > |2A42|119 > |A|(1+* After £ steps, we get

|22€—1A2€| > |A|(1+5)’5_
The process stops for some ¢ such that |A|(1+5)Z > pr(H0)" S pa with k< 2271, [
Proposition 1.4. Let A C Z, and N = p{* ---pSr. If there is € > 0 such that
7 (A)| > p® for all p|N, (1.11)
then kA* = Zx for all k > k(g,m), where m = ay + - -+ + a.

Proof. We do induction on the number of prime factors. For the initial case when
N = p, a prime, the proposition follows from Lemma 1.3 (with > 2) and Lemma

1.1.
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Let p be the smallest prime factor of N, and let N’ = %.

Since prime factors of N’ are prime factors of N,(1.11) holds for mn/(A) C Z}..
The induction hypothesis implies 7y (kA*) = /C(WN/(A))k = Zn for k > ko = ko(e).
In particular, |kA¥| > N'.

Claim 1. |[kA¥| > N’ for some k < 2ko.
Proof of Claim 1. Assume |kA*| = N’ for all k < 2k.

Take zg € kgA* and let P = kgA* — z5. Then 0 € P C P+ P. Since N’ = |P| <
|P+P| < |2kogA%*0| = N’, we have | P| = |P+ P| and P is closed under addition. Hence
P = (p), the subring generated by p. Therefore, kgA*® = 2z + (p) and |7, (kg Ak0)| = 1

contradicting to assumption (1.11). O

Let k < 2kq be given by the Claim such that |[kA*| > N’. So 7x- is not one-to-one
on kA* and there exists nN’ € kA* — kA* such that nN’ # 0 in Zy, i.e., 0 < n < p.

Claim 2. n(kA*)N' + kA%F = Zy.

Proof of Claim 2. Since N = pN’, every element in Zy is represented as a + bN’,
where 1 < a < N’ and 1 < b < p. From the earlier steps of induction, we have
7N (kA?*) = Zn: and 7,(kA*) = Z,. The former implies that for 1 < a < N, there
exists £ € Z such that

a+IN' € kA, (1.12)

Since n # 0 in Z,, for any b =1,--- , p, there exists 1 < ¢ < p such that
l+en=0b (mod p). (1.13)
Also, m,(kA*) = Z, implies that there exists m such that
c+mp € kA", (1.14)
Combining (1.12), (1.13) and (1.14), we see that in n(kA*)N’ + kA?* there exists

n(c+mp)N' +a+{IN' =a+ (L +cn)N' =a+bN' (mod pN’). O
17



Claim 2 implies (kA¥ —kA*)kAF + kA?* = Zy. Let L = k1 A¥'| where k; = 2k2. Then

L — L = Zy. Using Ruzsa’s inequality, we have

1/2
2L] > (N |L)V2 2 (N ﬁ) N

Since L — L = Zy implies 2L — 2L = Zy, we can apply Lemma 1.2 to 2L to obtain
132L| > p~5 N. Now Lemma 1.1 gives Zy = 3(32L)2. O

Let A, B, Ay, Ay, A3 be subsets of a finite commutative ring F'. The following facts

will be used to prove Proposition 1.9.

Fact 1.5. Let S C A x B with |S| > % for some K > 0. Let

| B
T—{acA: B 121y
(e} xB)ns|> 2
Then
|A|
> 55

Fact 1.6. XB S ﬁ erA—i—B Xz—A-
Fact 1.7. (Ruzsa’s triangle inequality)
Let A; C Ffori=1,---,4. Then

|A1 + As| |Ag + A4l |As + A4
|As| [ A4

|A; + Ag| <

Fact 1.8. Let A C F*. Then [A]? < [A2[3(3], o4 lzA N2 A2,

Facts 1.5 and 1.6 are obvious. Fact 1.7 can be seen by restricting the map p :
(Al + AB) X <A2 + A4) X (A3 + A4) - Fu defined by ,O(SC,y,Z) = T+y—2 to
S ={(a1 + as,as + aq,a3 + a4) : a; € A;}, and noticing that the fibers of p contains

A3 X A4 and p(S) = A1 + AQ.
18



To see Fact 1.8, we notice that supp)_, .4 Xza = A? and use Cauchy-Schwartz

inequality for the following series

AP = X1l = 30 3 xeal) = 3 (X nealw)).

€A rEAyec A2 yeA? “zcA
Proposition 1.9. Let F' be a commutative ring and let A C F* with
24| +|A?| < K |A] (1.15)
for some K > 0. Then for k € N, there is Ay C A with
1 k c
|Aq| > ﬁMl and |kAT| <, K¥|A|, (1.16)

where C' = (8k +9)(k+ 1) + k.

Proof. Fact 1.8 and the assumption that |A?| < K|A| imply

> |zAna’Al > K AP,

z,x' €A

Hence there is £ € A such that

> |lzANzA| > KHAP

z€A
Let
Ay ={z e A:|zANZA| > %} (1.17)
Then Fact 1.5 implies
|Ar] > %- (1.18)

Claim. For all k > 1, for y;,y, € AFAT?,

1A+ y2A| <5 K€|A|,
19



where ¢ = 4k + 5.

Proof of Claim. First, we do induction on k£ to show
[yt A+ ya A| < 22K KT A | for all yp, o € AV, (1.19)
For k£ = 1. In Fact 1.7 we take A; = y; A and A; 1o = y; ANTA for i =1,2. Then

A
[A; + Aiyo| < JyiA + Al = |[A+ Al < K|A|, and |Ai+2\>|2—K’ for i = 1,2.

The last inequality is by (1.17). On the other hand,

Therefore, Fact 1.7 gives
1 A + 1Al < 22K°|Al.
For the general case, for ¢t = 1,2, let y; = z;2;40 € A’f with x; € A'f_l and x;49 € Aj.
We use Fact 1.7 again by taking
Ai = yzA = .CIZZ'.'ITH_QA, and Ai+2 = yzA N ZIJ‘Zi’A =Z; (ZI?H_QA N f’A)

Then similarly,

A
|Ai + Aigo| < KI[A], and  |Aio| = [z 0ANTA| > %

On the other hand, by the induction hypothesis,

|As + Ay| < |Z(z1 A + 20A)| < 22F-D [g4E=3| 4],

Now, (1.19) follows from Fact 1.7.

To conclude the proof of the Claim, for y; € AlfAl_l, we write y; = xia;;EQ with

z; € AY and x;,5 € A;, and observe that |y1 A + y2A| = |v124A + 2223A| and use

(1.19) for 124, 073 € A'f“. O
20



Using Fact 1.6 for B = A%, A = Afl, we have

1
XA'f+A’f < W Z Xy1 A1+y2A; -
yi €AT AL
(For any a + b € A¥ + A% there are |A;|? many representations (¢~ !a)c + (d~!b)d in
Y141 +y241.)

Hence

A—lAk:Z
a4t 1 4k < AT

kalAl + y2A1| < 24k+14K4k+4K4k+5|A|. (120)
1

For the second inequality, we use Ruzsa’s inequality and the bounds (1.15), (1.18) to
see that

AQ‘ k+1 ‘A2’ k+1 K . QK‘A ’ k+1
AT AR < ’—1 Al < | —— Ayl < (22T Aql.
aratt< (V) s () s (SRR

To see the second inequality in (1.16), again we apply Ruzsa’s inequality (see the
version stated before Lemma 1.2) to (1.20).
|A‘ k+1
eAf] <t — At < (200}t
1
S (24k+14K8k+9)k+1(QK)R|A|.

In the last inequality, we use that ‘[ﬁ' < % < 2K. 0
1

Theorem 1.10. Let A C Zy with |A] > N , g9 > 0, and N = p{* ---p%. Let
€< 0 <egg. Assume

|2A| +|A?| < N¢|A|, € > 0. (1.21)
Let m = a1 + - -+ + «,.. Then one of the following holds.
(a.) |A] > N'=¢= where ¢(8) also depends on m.

(b.) |ANa+ (p)| > (22Np®)~Y Al for some a € A, and some prime p|N.
21



(c) |AN(p)] > (2r)7|Al, for some prime p|N.

Proof of the Theorem.
Case 1. [ANZY| > 3|Al
Proposition 1.9 provides A; C (ANZY,) with
———|A| (1.22)
and
|kA¥| < N¢|A|, for all k (1.23)
where ¢ = ¢(k).
Case 1(a). |m,(A1)| > p° for all p|N.

Proposition 1.4 implies kAY = Zy for all k > k(§,m). This together with (1.23),
we have

N|A| > |kA¥| = N, for k > k(5,m),
hence |A| > N1—¢()e,
This is Case (a).

Case 1(b). |m,(A;)| < p° for some p|N.

|A]
23N5p5 .

Then there is a € Z, such that |[A; N7, ! (a)| > % >
This is Case (b).
Case 2. [ANZY| < 5|4l

Since more than half of the elements of A are zero divisors, we have |71 (0)] > %

for some p|N. This is Case (c). O

Remark 1.11. Under assumption (1.21), Case (b) is equivalent to the following

statement.
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(b’) there is p|N such that
|7, (A)| < N, for some d = d(8) > 0.

It is clear that (b’) implies (b) without additional assumptions. To see (b) and (1.21)
imply (b’), first, we note that |m,(A)| |[AN 7, " (a)| <|2A]. Indeed, 24 contains {b; +
Y1 P, b + ymp} + {a+ 21p, -+, a + znp}, where m = |m,(A)|,n = [AN 7, (a)],
and b;’s are all distinct. Therefore (b; + y;p) + (a + zip) = (b + ymp) + (a + z¢p)
implies that b; + a = by, + a. Hence j = m and ¢ = /.

By (1.21), |mp(A)| [AN 7, (a)] < N°|A]|, which implies

Imp(A)] < 28N%p° < 23 N30 (1.24)

Similarly for Case (c), under assumption (1.21), we have
Im,(A)| < 2rN® < N4, (1.25)

if d satisfies 3 N9~ > r. Hence, in the statement of the Theorem, (b) and (c) can be

replaced by (b’).

Theorem 1.12. Let A C Zy with |A] > N , g9 > 0, and N = p{* ---p%. Let
€< <egg. Assume

24| + |A%| < N¢|A]|, € > 0.
Let m = a3 + - - - + «a, be bounded by a constant é Then one of the following holds.
(a.) |A] > N'=¢0)e where c = ¢(8) also depends on m.

(0".) |mp(A)| < N“©O) for some prime p|N.

§2. A general estimate for mixed additive and multiplicative convolutions.
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The goal of this section is to prove Proposition 2.1. (See also Remark 2.2.) For
convenience, we will use the following notions which are different by a constant multiple

from those in Section 1.
Let p,v : Zg — R be functions.
(2a.) (&) = 22, m(w)eq(xE),
(2b.) pxv(z) =32, plx —y)v(y).
Then the following are easy to verify:
(2¢.) p(z) = § 2o¢ (§)eq(—x8),
(2d.) Xo¢ la()1* = a2, In(@)?,
(2¢.) If S p(x) = 1 and p(z) > 0, then |(€)] < 1 and (1 * v)(S) < max, v(z + S).

Let R =[], Zq,. Denote for z € R,
B(I) = Heqj ('x])7
J

where ey, (z;) = exp(%xj). Then the above notions and properties still make sense.
J

Fact 2.1.1. Let T = {z : ¢(z) > A}. Then |T| < 3¢(T) = 1 >, ¢().

Proposition 2.1. Let R =[], Zy; be a commutative ring with |R| = q. Let p be a
probability measure on R. (i.e. Y pu(x) =1 and p > 0.) Let € > 0. Then one of the

following alternatives hold:

L) X QPP uy) < a2 &)

§,YER ¢ER

(ii.) rgleaé(u(a: + (R\R*)) > cq~*

(iii.) There is a subset S of R* such that

m.(z m<5>|2) < 104"+, (2.2)
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IS+ 5| +5.5] < ¢¢|S],

max p(x + S) > ¢~ °F,

TER

where ¢,C' are some constants (cf.(2.15)).

Proof. We adapt the argument from [B-G-K]|. We will use Balog-Szemeredi-Gowers

Theorem in both multiplicative and additive forms to find a set S satisfying (iii) by

assuming (i) and (ii) fail. Namely, we assume

Zlu )P 1(E) P u(y) Zm

and
p(R\R) < 24"
Defining p~ (z) = p(—x), we denote (cf. (2¢))
$(x) = qpx p) (@) =D | Pe(xf), ¢(x) >0
Then 5
> b)) =q, and ¢0) =D [i()]* = max ()
Claim 1. - 5

TeER
yER™

Proof of Claim 1. For y fixed, (2.7) gives

> d(@)e(xy) =A@ P1am)? D elen +zyg) = ¢ Y _ |a©)*|a(—y&)[*.
T &m x £

Therefore, multiplying the above expression by u(y) and summing over y, by (2.5) and

(2e), the left-hand side of (2.9) is

DR S ST TS SEE LT

Y yER\R* 3 yER\R*

> q<q n(R\R") ) > 1)



Now Claim 1 follows from (2.6) and (2.8). O

Define the set

S={x€eR : ¢(x) > %q_sgb(O)}. (2.10)
We have
S s@eaynty) > 1076 0) (211)

z€eS, yeR*, zyeSsS

Indeed, by (2.8)
S ()den)uty) < 15a-°0(0) S dle)aly) < 154" H(0).
x¢S Y

Similarly,
1
> d@)day)ny) < 75477 6(0).
zyé¢sS

Hence Claim 1 implies (2.11).

Claim 2.
1
qu_scﬁ(o)_l < |S| < 10¢" ¢ (0) . (2.12)
Proof of Claim 2.
_ 1, .
[SI= 18I n(y) = > 1SNy S| uly) > 74" 6(0) 7" (2.13)
yER*

The last inequality is because of (2.11) and that, by (2.8), the left-hand-side of (2.11)
is bounded above by ¢(0)% " [SNy~1S| u(y). On the other hand, Fact 2.1.1, (2.8) and
(2.7) imply

81 < 10q°600) | 1 o) < 10°+%600) (2.14)

€S

which is the upper bound on |S| in Claim 2. O

Assuming moreover

1
mgx,u(ac + (R\R")) < Wq*%, (2.15)
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Claim 3.
|IS\R*| < 1072¢*<¢(0)~*. (2.16)

Proof of Claim 3. By (2.10), Fact 2.1.1, (2.7), (2e) and (2.15),

S\ < 10700 | Y olo)

€S\ R*
= 10¢""5p(0) " (p x ™) (S\R")
< 10¢"7°$(0) " max p(z + (S\R"))

< 10¢' ¢ (0)* m;fmx,u(m + (R\R")) <107%¢'“¢(0)~". O

Let
S*=SNR*

Then Claims 2 and 3 imply
1S*| > 107 ¢ = p(0) 7 > 1072¢7 % S]. (2.17)
Write
SNy 'S =(S*Ny S U (S* Ny (S\S*) U ((S\S*) Ny~ '9),
and note that, by Claim 3,

SIS\ ) Ny S| ply) < IS\R*| D puly) < 107%¢'(0) .

Y

Similarly,

D 1S Ny S\S)] uly) < 107%¢ = p(0) "

Y

Putting together with the second inequality of (2.13), we have

* —1 gx* 1 —€ -
D18 Ny TS uly) > 5gate(0) (2.18)
yeER*
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Defining
1
A={yeR* :|S* Ny 'S* > 4—0q1_5¢(0)_1}. (2.19)

Claim 4.
|A] > 107 7¢%¢9]. (2.20)

Proof of Claim 4. Claim 2 imply

—1 o= 1 —e — -3 _—2
1S (M) =197 D uly) =D 1S Ny 'S [ 1nly) > gga' 76071 > 107 7S],

yeEA yeEA

The second inequality is because of (2.18) and that, by (2.19), ZygA < %ql’ggb(())*l.
Therefore, Cauchy-Schwartz, (2d) and (2.8) give

10737 < u(A) < A2 (Z“(I)Q)w
- ('%‘)UYZ !ﬂ(&)\z)w - (W)W' (2.21)

|A] $(0) > 10 %¢ 4, (2.22)

Namely,

The Claim follows from (2.12). O

Consequently, (by shrinking A, if necessary) there is A C R*, with |S*| > |A| >
10~ 7¢~¢|S*| such that for any y € A,

|S* Ny 18*| > 1073¢~2¢|5%|.

We will use the multiplicative form of the following refinement of Balog-Szemerédi-

Gowers Theorem. (See [T-V].)

Theorem BSG’. Let A, B be finite sets with |A| > |B| and let G C A x B with
|G| > K=1|A|%. Denote

G
A+B={a+b: (a,b) € G}.
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G
If |A+ B| < K|A|, then there are subsets A’ C A, and B’ C B such that
|A"+ A'|+ |B'+ B'| + |A" + B'| < K¢|B]

and

(A" x B'YNG| > K~ ¢|A]?,

where ¢ 1s an absolute constant.

For the convenience of the readers, we give the deduction of Theorem BSG’ from

the usual statement of the Balog-Szemerédi-Gowers Theorem in the Appendix.

We take G = {(x,y) : y € A,z € S*Ny~15*} C Ax S* in Theorem BSG’. Keeping
in mind that |G| > 1077¢7%¢|S*| - 1073¢~2¢|S*|, and |ASA| < |S*|, we obtain from
Theorem BSG’ a subset S; C S* C S satisfying

[S1] > q= 8% > ¢~ (P (2.23)

|Sl.51| < qu€|Sl|. (2.24)

Next, we pass to the additive property.

Claim 5.
> blar —a2) > 10720 F¢(0)[ S, (2.25)

1,72€S51

Proof of Claim 5. Since S; C S, from (2.10), (2.7), and (2b),
1 —&
13 Y e+ p)ul) > 1oa o(0)[S]
r€EST Y
and hence Cauchy-Schwartz, (2d) and (2.8) imply

o (1071g7175¢(0)] S ])”
;[mglu(ﬂy)] g > u(y)?

=10"2¢ 172 $(0)| 51 . (2.26)
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The left-hand-side of (2.26) is Zml,mzesl Zy wu(xy + y)pu(xs + y), which by (2.7), is
g Zwl,wzesl p(r1 —x2). O

Define
S'={x € R :¢(x) >10"3¢*¢(0)}. (2.27)

Then Fact 2.1.1, (2.8), (2.12) and (2.23) imply
|SI’ < 103q1+2s¢(0)—1 < 104(]36‘5’ < 104q(5+01)&:|51"

Let
G = {(ibl,—l’g) €51 X (—Sl) X1 —Xo € Sl}

Then (2.8), Claim 5 and (2.27) imply

G| #(0) = Z P(x1 — x2)

(z1,—x2)EG
> > dlwr—a)— Y dla — )
ml,azgeSl (ml,—xg)ﬁG

> (1072 = 107%)g % $(0)| S, |2.

Hence

|G| > 1073¢~ %5, |?. (2.28)

Another application of Theorem BSG’ (in additive form) yields S C S; satisfying

S| > ¢~ 15| (2.29)

1S + 5| < ¢“*¢|8). (2.30)

Recalling also (2.23), (2.24), the set S C R* satisfies thus

‘S’ > q_(01+02+2)5]5| (231)
1S + 5| < ¢“=°l5]| (2.32)
15.5] < ¢(©1*C2)e| 8. (2.33)
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Note that (2.32) and (2.33) are (2.3). S satisfies (2.2), because S C S, and (2.12)
and (2.8) give
ql—i—e

5] < IS < 105z - (2.34)

For (2.4), by (2e), it suffices to see (u* u=)(S) > ¢~ . By (2.7), this is the same as
#(S) > ¢'—C=. Fact 2.1.1, (2.10), (2.31), and (2.12) give

_ 1 1
(b(S) > 1_Oq_8¢(0) |S‘ > Eq_s¢(0) : q_(cl+02+2)5’5'| > ql_(cl+02+5)8.
Summarizing, recall assumptions (2.6), (2.15), we showed that if (i) fails, then there

exists S satisfying (2.2)-(2.4). This proves the proposition. O

Remark 2.2. The statement of Proposition 2.1 is still true for a commutative ring R

such that (2a)-(2e) hold.

§3. Estimation of the Fourier transform of measures associated to iterated

product sets.

In this section we will prove a technical theorem which relates sum-product theorem

and the exponential sum estimates.

Fact 3.1.1. If ) a; = 1, then (> Aja;)" < > Ala,;. A special case is (%)2 <
ZTA?, for Ay,---, A, €R.

r—1

Proof. Use Hélder inequality on Z(Aiai% Ya, "

r
i .

Theorem 3.1. Let R = [[; Zy; be a commutative ring with |R| = q and let A C R
with |A| = ¢° for 0 < 6 < 1. Assume there exist 0 < kg, k1 < % such that the following

properties hold
(i.) max, |[AN (z + (R\R"))| < g~ "°|A].

(i1.) max, [AN (z+ S)| < ¢~ |A|, whenever S C R* satisfies
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(a.) |S| < qt=rr,
(b.) |S+ S|+ |S.S| < ¢"°|S]|.

Denote py the probability measure on R

Mk = |A|_k Z Oz, ...p (3.2)

T1,..., L EA
where §, is the Dirac measure at z € R.

Then there is k = k(ko) and € = (ko) such that

<q °. 3.3
gelgggluk( )N <gq (3.3)

Proof. We again follow essentially [B-G-K].

The following can be checked straightforwardly from (3.2). (Use (3a) and Fact 3.1.1
for (3b).)

(3a.) fikre(§) = >, fn(y&) pe(y)-

(3b) Selins(©) < X lan())*, and ()] < 1.

We denote v~ (z) = v(—z) and v(") the r-fold convolution of v. Then

Be) (v )D(2) =30 s V)V (Y2) - v (y2r).

Define for k € Z, and € > 0 the set

Qe={€R : [ >q "} (3.4)

Claim 1. If £ € Qg ., then

Z i () fur (2E) 1*7 (e # g1y )7 (2) > ¢~ 127
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Proof of Claim 1. For £ € Qg ., (2a) and (3a) imply

> 12, calwym()|m(x) > 47

and hence for r € Z, by Fact 3.1.1,

Zw | Zy eq(zy€) k()| () > ¢~ (3.6)

By (2a) and (3c), the left-hand side of (3.6) equals

S (i —v2 = y2r)E) k) - (yr) Zuk (26) (o # 1y )17 (2).

Y1, Y2r
Therefore, by Fact 3.1.1 again,

2

Zlﬂk 2O (w1 ) (2) > 5T (3.7)
The Claim follows from multiplying (3.7) with

~ _ _ 2
|N2k(£)|4r > (q 5)47" > q 4er ’

and summing over £ € oy, . O
Define dj, , such that
Z k()" = ¢" k. (3.8)
Then
(3d.) 01,1 > 0,
(3e.) 0k, is an increasing function in both k£ and r.
In fact, (3d) follows from the following observation

¢ = O <D lm@F =q¢) () W =q',
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while (3e) follows from (3b).

We want to apply Proposition 2.1 with

= gl x 1)+ (oo i) ). (39)
By Fact 3.1.1,
5 a3 (OO < 257 (an(t + a1, (.10)

3

Hence, together with (3b) and (3.8), we have

1 1—6k.» ~ 2 1—6k.»
24" <) RO < g0 (3.11)

Claim 2. Alternatives 2.1.(ii) and 2.1.(iii) in Proposition 2.1 cannot hold under
assumptions 3.1.(i) and 3.1.(ii), if

Ck = Ko. (3.12)
and
Sen <12 (3.13)
k,r 10 .
Proof of Claim 2. First, it is clear that (3.13) and the assumption that ko, 51 < 25
imply
Ko <1—Ky— 5k,r~ (314)
Then (3.14) and (3.12) imply
kK<ko<l—Ki— 0, (3.15)

Next we observe that by (2e), if S C R, and p is introduced as in (3.9), then

1
p(S) < g max(u + pok) (2 + 5)

< . 1
< cJmex pa(z +yS) (3.16)
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Note that y(R\R*) = R\R*. Also, if S satisfies ( 2.2) and ( 2.3), so does yS. In order

to rule out 2.1.(ii), and (2.4) in 2.1.(iii), we need thus to assume

max 41, (z 4+ (R\R")) = max A < cq (3.17)

and
I;leaécul(:c +95) = max A <q (3.18)

whenever S C R* satisfies
-1
1 _

1< (SIOR) 100 < (Gat) g <t 3ag)

and
1S+ S| +|S.5] < ¢“*|S). (3.20)

(The equalities in (3.17) and (3.18) are by the definition of y;.)

(3.17) holds because of (3.12) and 3.1.(i). For S C R* satisfies (3.19) and (3.20),
(3.15) and (3.12) imply that S satisfies 3.1.(ii)(a) and 3.1.(ii)(b). Therefore, (3.18)

holds because of assumption 3.1.(ii). O
Claim 3. Assuming (3.12) and (3.13), we take ¢ = 55—, and let
1
r=|—]|. 3.21
H (321
Then
Sor > Opr + g. (3.22)

Proof of Claim 3. Under the assumptions, Claims 1, 2, Proposition 2.1 and (3.10)
imply
—K ~ A N _ _ Tg
g Y O > D 1@ P1awe) Puly) > 27712 Qo o] (3.23)

By (3.11), this is

Qoo | < 2%¢1 Ok mri12er, (3.24)
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With € as chosen, for ¢ large, we have
|Qope| < g' ™03 (3.25)

Let 7 be as in (3.21). Then

g 0% = k(O <Y lan(©)7T
13 13
- >+

&-EQQk,e £¢92k,8
Kk

< |Qopel +q-¢g 7 < g mi, O

Returning to conditions (3.12), (3.13) and assumptions 3.1.(i), 3.1.(ii) assume thus

52k’F > 5k,r + CKg (3.26)
with
— ’]"2
r<C—. (3.27)
Ko
Starting from k£ = 1,7 = 1, assuming 6;; < 1 — %, we perform an iteration based on
(3.26), (3.27), until
)
o 1——. 2
Ogst p, > 10 (3.28)
We obtain
52S,Ts > 525—1’”_1 + CKo (329)
— T’2_1
re < C —=—. (3.30)
Ko
Hence,
(Sgsjrs > 523—1’%_1 “+ Ckg > CSKg (331)
2 A\ 2°
I C
re < 01271 < (—) (3.32)
RQ KQ
s’ < Cry* (3.33)
C
rsr < eXpexp —. (3-34)
Ko
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Denoting k' = 25, 1' = ry/, we obtained that
Z |\ ()4 < ¢/, (3.35)
It follows from (3a), Fact 3.1.1, and (3b), that for all §, € R* and k > k/,

[ (60) | < |A‘ D (o)l

x€A
< 7 Z i1 ()"
A
= Z e ()] < g0, (3.36)
Hence
| (&o)| <"
with
k < expC/kg (3.37)
5 c\
€= > (expexp K—()) . (3.38)
This proves the theorem. 0
Define for k € Z
Se(&A) = > eqlmr...zi). (3.39)
T1,... ,:CkEA

Thus
|AI7F Si(&, A) = fu(€)

We conclude
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Theorem 3.2. Let R = [[; Zy; be a commutative ring with |R| = q and let A C R*
with |A| = ¢° for 0 < 6§ < 1. Assume there exist 0 < kg, k1 < % such that the following

properties hold

(i.) max, |[AN (z + (R\R*))| < ¢~ "°|Al.

(i1.) max, |[AN (z+ S)| < ¢~ |A|, whenever S C R* satisfies
(a.) S| < g,
(b.) |S+ S| +15.5] < ¢™|S].

Then there is k = k(ko) and € = (ko) such that

k _—e
max |5k (&, A)l < [A%¢™ (3.40)

84. Exponential sum estimates on Z¢ and Heilbronn type sums.

Let g = H’le ple € ZT. We say ¢ has few prime factors, if > a<pVa < Co for some

«

constant CY.

We will use Theorem 1.12 which characterize subsets of Z, with small sum product

set.

Observe also that Z,\Z} = {J, 7,1 (0).
Theorem 4.1. Let g € Z have few prime factors and A C Zg, |A| = ¢°. Assume

max [ANm, (t)] < q 7|A| (4.1)
pPla,t€Zy

with 0 <y < L.
Then for k > k(~),e = e(v)

k _—e
gé%!Sk(é,A)K\A\ q - (4.2)
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Proof. We will use Theorem 3.2. Assume 3.2.(i) fails. Since the number of prime
factors is bounded by Cpy, there is p|q such that (4.1) fails. Assume 3.2.(ii) fails.
Namely, there exists S C R* satisfying 3.2.(ii) (a) and (b), and

mgx‘Aﬂ(m—kS)‘ > q "0 Al. (4.3)

Theorem 1.12 and 3.2.(ii)(a), (b) imply that

|Tpe (S)] < "o for some a, (4.4)
and k(, = Kk{(ko).
Hence (4.3) and (4.4) give
max |AN ﬂ;al (t)] > g " "o|Al. (4.5)
Take kg such that
Ko + Ky < 7Y (4.6)

and K1 = K < 55—0. Then, by (4.1), Theorem 3.2(ii) will hold and Theorem 3.2 applies.
U

The following Corollary is immediate.

Corollary 4.2. Let q € Zy have few prime factors, and let H < Z, be a subgroup
with |H| = ¢° and

min |m,(H)| > ¢° . (4.7)
plg
Then
<|Hl|qg"¢ 4.8
max| 2 ealéw)| < Hlg (48)

with € = €(¢d").
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Indeed, if plq and H), := m,(H) < Zy, then

1y I H]
|(mp )™ (1) = | (4.9)

for all ¢ € H, and we may take v = ¢’ in (4.1). Also,

S(& H) = [H|F1 Y eq(€).

xeH

Of course, (4.7) already presumes that log p ~ log g, if p|q.

Considering in particular Gauss sums, we get:

Corollary 4.3. Let ¢ =[], p¥> have few prime factors and k € Zq satisfy

(k,pa —1) < (pa — 1)q~? for all o, for some 6. (4.10)
Then
q—1
k 1-¢
max ;eq(& )| <q (4.11)

where ' = 6'(9,Cy).

Proof. First we note that (4.10) implies p, > ¢° for all a.

Consider first € Z,\Z;. Thus the contribution to the exponential sum is at most

8 E 5
* 1 Vo — ]- _
Z\Z;| = [ phe = [ (pa — Do < q(z p—) < Bq'°. (4.12)
a=1

a=1 a=1"%
The last inequality is because of (4.10).
For plq, let
H = {z" : T € Ly} < Zy.
Since mp(H) = {z* : x € Z}}, (4.10) implies
p—1 5
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Corollary 4.2 gives

> €q(£y)' < |H|g~=). (4.13)
yeH
Hence
Z*
|3 e leah)| = % 1Y eqle)| < % H|g™=®) = '@ (4.14)
zELy yeH

Putting together (4.12) and (4.14), we see that the left-hand side of (4.11) is bounded
by ﬁql—é +q1—5(5). 0
A particular application of Corollary 4.3 with ¢ = p? is Heilbronn’s exponential sum

P
D ep(La?). (4.15)

r=1

A nontrivial bound on (4.15) was first established in [H-B] and later improved in
[H-B-K] (both arguments are based on Stepanov’s method). We apply Corollary 4.3
with £ = p and observe that for z,y € Z

(z +py)? =2 (mod p?)

and hence it suffices in (4.11) to consider the restricted sum (4.15).

More generally, we may take k = p™~1 g = p™ (where m < Cj), and note that

m

p
m—1 m—1
> e ) =p" Y e (Ea?” )
=1 =1
Applying Corollary 4.3, we get (cf. [O]):
Corollary 4.4.
P
max epm (€22 )| < ptOm 4.16
2 | el ] < (4.16)

for some 9, > 0 and p large enough.
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Theorem 4.1 applies to more general structures and we get in particular bounds on

sums of the form

Z eq(ab”)
s=1
with 6§ € Z; (cf. [B-G-K], [B]). Considering condition (4.1) with
A={0°: s=1,...,t} CZ,.

Clearly for plq,
mp(6°) = mp(6)

if and only if
ordy(0)] (s — 5),

where ord,(#) denotes the multiplicative order of § mod p. Therefore,
|7p(A)| > min{t, ord,(0)}, (4.17)
and we have
Corollary 4.5. Let ¢ =[], p¥> have few prime factors, and 6 € Ly such that
ord,(0) > ¢° for all plq. (4.18)

Then, fort > q¢°

t
%) < t' . 4.19
ma ;eq(ﬁ ) (4.19)

Proof. The assumptions and (4.17) imply
17, (A)| > ¢°. (4.20)

Since the elements of A are distributed evenly among the fibers of m,, (4.20) implies

inequality (4.1). The corollary follows from Theorem 4.1. U
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Remark 4.6. In (4.8) (see Corollary 4.2) and (4.11) (see Corollary 4.3), one may
take £ € Z, \ {0}. In fact, the assumption in Corollary 4.2 obviously carries over to

Ty (H) < Z;, for any nontrivial divisor ¢’ of g.
Corollary 4.2 may actually be formulated in the stronger form.

Theorem 4.7. Let q € Z, have few prime factors and let H < Z; satisfy |H| = Q.
Then

Z eq(é)

rEH

< q¢°|H|. (4.21)

max
§€Ly

where € > 0 depends on the numbers of prime factors of q and 6 > 0 only.

Similarly in Corollary 4.3, it suffices to assume that

(k,6(q)) < a°d(q), (4.22)

where ¢(q) = [[, P%>~*(pa — 1), and in Corollary 4.5 that ord,(¢) > ¢°, provided we
take ¢ = ord,(f) in (4.19).

Note that for incomplete sums, i.e. t < ord,(f) in Corollary 4.5, the stronger

assumption (4.18) is still necessary. As an example, take
g=7p* and 6 =1 +p.

Then ord,(#) = p but letting t = [{5],

~t. (4.23)

> e (6°)

Z ep(s)

Proof of Theorem 4.7.

Let ¢ = [[,e; P4 with v, > 1 and denote ¢’ =[], ¢} Pa-
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Claim. If my | is not one-to-one. then

D eq(éx) =0 for all € € Z;. (4.24)
zeH
Proof of Claim. Under the assumption, there is a nontrivial subgroup H’ of H such
that my (H') = {1}. Since Z ~ [[(Z,va-1 X Zp,—1), H' has to be a subgroup of
Hva22 Zvo-1. Therefore there is a further nontrivial subgroup H " of H' of order p,
for some « € I, with v, > 2. Hence H" is of the form

H//:{l‘f’yi:y:()?l?"'?pa_]'} (425)

«

and for § € Z;, we have

Pa—1
S eglen)| = | S %(ys)\ 0.
xeEH' y=0

Now the claim follows from partitioning H in H”-cosets.
Therefore, we may assume that 7,/ |m is one-to-one.
Suppose thus |H| = |my (H)|. Define

J

=2 4.26
T 1000 (4.26)

We make the following construction.
If |7y, (H)| > ¢ for all a € I, we apply Corollary 4.2 with §' = .

Therefore, we further assume that there exists ay € I with |7, (H)| < ¢7 and
define
Hi={zreH:m, (r)=1}<H

for which

Hy| > ¢ 7[H| > ¢~ > g5, (4.27)
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Assume further that
|Tpo (H1)| > ¢ for all a € I\ {ay}. (4.28)

At this stage, application of Corollary 4.2 is not immediate and requires some extra

work. For £ € Z, assume

> eqxn)| > g7 | Hyl. (4.29)
z1€H;
Squaring (4.29) gives
> eq(éla - yl))‘ > g7 | Hy)?. (4.30)
T1,Yy1€H,

Since H; is a group, the sum remains preserved if we replace ¢ by £z, with z € H;.

Therefore,

Z eq(§(z1 —11)) = ﬁ Z eq(E(z1 — y1)z2),

z1,y1€H1 z1,T2,y1€H1

and from (4.30)

Z | Z 6Q(§($1 —y1)$2)| > q 2% |Hq P (4.31)

r1,y1€H1 x2€H;

By Cauchy-Schwartz inequality,

Yo ellm—y)@a—w)) = Y | D eq(élz—y)a2)| > ¢ H N

Z1,Y1,%2,Y2€H1 z1,y1€H1 x2€H,
(4.32)
Iterating, we see that
Z eq (€ H(xz —y;)z)| > ¢ R H P, (4.33)
Ti,Yi,z€H1 i—1
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where we take v = v,, .

For any choice of z;,y; € Hy, let © = (z1,--- ,2,),y = (y1, - ,4), and let
oy = fH(fBz‘ — i), (4.34)
i=1

Note that since z; — y; = 0 (mod p,, ), necessarily

€,y =0 (mod polff‘l).

Fixing z;,y; € Hy, we denote

q / é‘l’,y
q1 - Vay ) a’nd 5:5731 - Vo *
(e %] aq

The x-sum in (4.33) becomes

R S o e I L

z€H, z€H, z€mq, (Hi)

Since by assumption m,, (H1) < Z; satisfies the conditions of Corollary 4.2 (with

*

¢ = 1), we get for some ¢ = £(7) and for those &, , € Z; ,

Z €q: (6.;,:1; Z)

ZEMq, (H1)

< qr " |mg, (H1)]-

Hence, by (4.35)

> eqléey?)

z€H,

< gy " |Hil. (4.36)

For those x = (w1, ,%,),y = (Y1, ,¥y») such that § = 0 ¢ Z , necessarily

x; = y; (mod p,) for some i = 1,--- ;v and some « € I\ {a1}. Therefore, by (4.27)
and (4.28), the left-hand-side of (4.33) is clearly bounded by

— v — v v — - v
qr S THL P e g T | Hy P < |HL PR < g [Hy P (4.37)
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By (4.33), this shows that in (4.33)

€d
> (4.38)
Namely, if we choose x < 4521 ,then [ >0y eq(§2)] < ¢ %|Hyl.
Again, partitioning H in H;-cosets shows that
> eq(62)| < g " |H| (4.39)
zeH
under the assumption (4.28).
If (4.28) fails, there is again ap € I'\ {a1} such that |, (H1)| < q".
Define
Hy={x € H:m,, (v)=mp, (z)=1} < H;
for which
[Ho| > ¢77|Hy| = ¢~ |H|. (4.40)

If |7p, (H2)| > ¢ for all @ € I\ {1, a2}, the previous considerations permit again

to establish (4.39). Otherwise, we repeat the process, and obtain subgroups
H>H,>--->H, (with s <|I|])
satisfying
[H| > ¢ 7|H| > ¢"117 > ¢ (4.41)
and 7, (Hs) = =mp, (Hs)={1}.
If the process only terminates at s = |I|, necessarily 7y (Hs) = {1}. Therefore, by

(4.41) 7y g, and my | are not one-to-one and (4.24) holds.

Remark 4.8. It is shown in [B3] that Theorem 4.7 holds for H < Z;, |H| > ¢° and ¢
arbitrary, with ¢ in (4.21) only dependent on ¢. This argument is considerably more

complicated.
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§5. The case of a typical modulus.

The results from §3 do allow us to treat more general moduli. For instance, the

following extension holds

There following two facts will be used in the proof of Theorem 5.1 and are easy to

check.

Fact 5.1.1. If 3, f(z) = 1, then (3 f(6))” < ¢, ¢, f(61 — &).

Fact 5.1.2. [H|"2" Y,y fa1 — o+ —x2,) = 3, F) (e ) (y).

Theorem 5.1. Let ¢ € Zy and H < Zj be a subgroup. Assume q factorizes as
q = q1 - q2, where q1 is a product of a bounded number of large prime factors (as in

§4), thus
q1 = pyt Pt with ps > ¢™° foralll <s<r (5.1)

and

g2 < q%*EO. (5.2)

Assume further that

|Tp(H)| > ¢°* for all primes plq;. (5.3)

Then
< C|H|q™? with § = 6(e1) > 0. (5.4)

max
ey

Z eq(€x)

zeH

Proof. Recall that, as in (3.39), > cyeq(éx) = S1(§, H) = |H| f11(§). Hence we

denote
1
p=p1 =7 D 0-
7 2

and assume on the contrary that there exists { € Z; such that

()] >q° (5.5)
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We repeat an argument from [B2].
Fix a positive integer r € Z, to be specified later.
Let
¢ = (nxp-)" (5.6)
Claim. ¢(0) > q_%_4’"25.

Proof of Claim. Since pu(z712) = u(z) for x € H, we have fi(¢) = ju(z€). Hence, by

(5.5)
N (G o) @) = ae)[* > [H| ¢,
reH zeH
Fact 5.1.1 implies
Z ¢/*\¢ ((x1 —22)€) > |H|%q~8".
T1,x2€H

Repeating Fact 5.1.1 % times (assuming r a power of 2), we have

Do 0x((mr—wat e —a2)€) > [H g

T1,T2,... ,LorEH

By Fact 5.1.2, after being divided by |H|?", this is
> b b ) (nrp ) (y) > q 0. (5.7)
y
Since ¢(y) < ¢(0), the left size of (5.7) is clearly bounded above by

3(0) Y 16O =q0(0) > d(2)2 <qd(0*> d(z) =g p(0)>. O  (5.8)

CE€EZq TE€Lq

From (5.6) and (3c), we have

$(0) = |H|"*"{x1,z2,... ,20,) € H*" : &1 — 29+ — 29, =0 (mod ¢)}|.  (5.9)
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Let 7y : Zg — Zq, be the quotient map to the residues mod ¢, and Hy = m(H) < Z;, .
(5.9) gives

#»(0) < |H1|_2T|{(x1,... , Top) € Hfr : X1 — X9 —x9 =0 (mod q1)}

— |H1q‘l_ " Z ‘ Z eq (nT)

N€Lq, ' TE€EH:

1 1 1
— Ll S )

RN}, ceH,

To estimate the second term in (5.10), we apply Corollary 4.2 to the subgroup H;<Z; .
The required assumptions hold by (5.1), (5.3). Hence, by (4.8),

Z €q (7795)

reH,

2r

i (5.10)

max < |Hy|.q7* (5.11)

(777Q1):1

for some 6; > 0.

Since obviously (5.1), (5.3) still hold for any divisor ¢; > 1 of ¢, also

max e z)| < [Hilg o 5.12
n€Zq. \{0} zezl;l a1 (M) | H1lg ( )
Substitution in (5.10) implies
1 1 2
g (- 1) < S < 2gm i (5.13)
q1 q1 q1

by (6.9), (5.2) and choosing r = [%]

Taking § small enough in (5.4), a contradiction follows. This proves Theorem 5.1.0]

It is a well known elementary fact (see e.g. [H-Ro], Lemma 7, p264) that if we
denote

Z.={q€Z+ : ¢q=q1.q2 with ¢1 > ¢*/* and p > ¢ for any factor p of @1}, (5.14)
then density Z. =0,

The precise statement of the result in [H-Ro] will be recalled at the end of this

section.

In particular, Theorem 5.1 applies to ‘most’ moduli q.
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Corollary 5.2. Fiz § € Z,0 > 1. For q € Z4,(6,q) = 1, denote t = 04(0) the

multiplicative order of 0 € Z. Then the estimate

Z eq(ab®)

holds for ‘most’ moduli q, when 6 — 0.

max < 10 (5.15)

a€Z}

Proof. Condition (5.3) amounts to ord,(#) > p™ > ¢°7 for all p|q; with ¢ = q1¢2 as
in (5.14). Here 7 > 0 may be taken an arbitrary constant and in (5.3) we let then
€1 = e1. First, recall that 6 is fixed. We have

{p < Prord,(0) <p™} < Y [{p:pl(0"—1) and pis prime }| < c(6) Y n < c(6)P*".

n<PT n<PT

Fix 7 < % and estimate
H{q: Q < ¢ < 2Q, ¢ has a prime divisor p > Q° such that ord,(6) < p" },

which is
Q Q Tk 1—(1—-27)e
<Y Y 2oy S
QE<2F<Q  p~2F ordy(0)<pT Qe<2k<Q
implying in particular that the set of residues ¢ with a prime divisor p > ¢° such that

ord, () < p” has density 0.

A similar statement may be formulated for incomplete sums in the spirit of Corollary

4.5.

For the convenience of the readers, let us formulate Lemma 7, p264 in [H-Ro].

Lemma 5.3. Fiz 7 > 0 a small number and decompose every integer 0 < n < T as
product n = n™ .n2 where n(M (respectively, n(2)) is composed only of prime factors
p < T (resp. p > TTz). Then

k={0<n<T:nM>T7Y <CrT. (5.15)
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It is easily derived that the set Z. defined in (5.14) has asymptotic density at most

V2.
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Appendix: On the Balog-Szemerédi-Gowers Theorem

In this appendix we will prove Theorem BSG’ as stated after the proof of Claim 4

in Section 2.

(1). Let us first recall the usual Balog-Szemerédi-Gowers theorem

There is a constant Cy such that for any finite set A, if |A| < N, and G C A x A with

1
—_N?
91>

|A+ Al < KN.
g
Then there is A’ C A with

A" > K~ N

A"+ A'| < KON,

(2). Proof of Theorem BSG’.

Assume |A|,|B| < N, G C A x B with

4
—_N?2
91> =

|A+ B|<2KN.
g

(1.1)

(1.2)

(2.1)

(2.2)

Apply (1) considering G C (AU B) x (AU B). We obtain either a subset Aj C
A satisfying (1.3), (1.4) or a subset B, C B satisfying (1.3), (1.4). Assume first

alternative.
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Write
G = (GN (A x B)) U(GN ((A\A) x B)) =G UGr.

Either |G’| > §|G| or |G1]| > (1 — §)|G| (0 to be specified).

Assume [G;| > (1—6)|G|. Apply again (1) with G; C ((A\A")UB) x ((A\4")UB).
Denote A; = A\A{, By = B. We obtain either A} C A; or B} C Bj satisfying
(1.3), (1.4) with K replaced by &5 and a decomposition of G = G| U Go. As-
suming again |Go| > (1 — §)|G1|, repeat with Ga, etc. Observe that |A1| |B1| <
(1 — K=C)N2|As| |Bs| < (1 — (£5)7%)|A1| |B1| and after s steps

Al i< (1= (L2 (- (B (- ) v

< () e

Also, |Gs] > (1 = 0)|Gs—1] > (1 = 8)*|G| > (1 — §)* % N? and since Gs C A; x By

(1- 5)5% <[1- (<1 ;{5)5)01]8. (2.3)

Take
§ =K (2.4)

so that for s < K2¢1, (2.3) gives that

1 1 \®
(1 _>
10K~ ( (10K)C:

or
log K — log 10 < s1 (1 L ) < L
—lo —lo slo — —S
& & 8T ok)e: (10K)C:
and in fact s is restricted to
s < (log K)(10K)“* < (10K)“**? (2.5)
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We have therefore shown that there is s < (10K)“1+! such that |G.| > |G|, hence

either A’ = A; C A satisfying

A"+ A'| < 2K' N (2.6)

and

2.4),(2.5
IGN (A" x B)| > (1 —6)%|G| BB o g-201-1 2 (2.7)
or B" C B such that

|B' + B'| < 2K'N (2.8)

and
IGN (A x B')|>2K 2“1 N2, (2.9)

Assume (2.6), (2.7). From (2.7), notice that obviously
|A'| > 2K 291N, (2.10)
Next, for z € A + B, denote
g

0. ={(x,y) € GN (A" X Bz +y = 2}

so that
GN(Ax B < > |0
2€A'+B
g
1/2
<A+ B[V Y 0.
g
z€A'+B

g

and by (2.7), (1.2)
Y 0.2 > 4K IO N TINT S KNG, (2.11)

z€A'+B
g
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Recalling the definition of O,, (2.11) means that

’{(371,y1,$2,y2) € A/XBXA/XB‘(.%'l,yl) € g, ($27y2) € g and 1ty = $2+y2}’ > K_501N3.

(2.11)
By Fubini, we may therefore find some y, = b € B such that
{(z1,51) € (A" x B)NGlay +y1 € A +b}| > K5I N?, (2.12)
Denote B’ C B the projection of this set to the y;-coordinate. Then
(A" x B'YngG| > K°“* N2 (2.13)
and also
BcA —A +b. (2.14)
From (2.6) and Ruzsa’s inequality
A+ B'|<|A+A - A| < K3N. (2.15)
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