SUM-PRODUCT THEOREMS AND INCIDENCE GEOMETRY

JOZSEF SOLYMOSI MEI-CHU CHANG

Abstract. In this paper we prove the following theorems in incidence geometry.

1. There is 6 > 0 such that for any Py, -, Py, and Q1,---,Q, € C2, if there
are < n's" many distinct lines between P; and Q)5 for all i,j, then Py,---, Py are
collinear. If the number of the distinct lines is < cn%, then the cross ratio of the
four points is algebraic.

2. Giwen ¢ > 0, there is 6 > 0 such that for any Py, Py, P3 noncollinear, and
Q1,- - ,Qn € C2, if there are < cn'/? many distinct lines between P; and Q; for
all i,7, then for any P € C?> \ {Py, Py, P3}, we have dn distinct lines between P
and Q;.

3. Givenc > 0, there is € > 0 such that for any Py, Ps, P3 collinear, and Q+,--- ,Q, €
C? (respectively, R?), if there are < en'/? many distinct lines between P; and Q;
for all i,j, then for any P not lying on the line L(Py, Py), we have at least n*~¢
(resp. m/logn) distinct lines between P and Q;.

The main ingredients used are the subspace theorem, Balog-Szemerédi-Gowers
Theorem, and Szemerédi-Trotter Theorem. We also generalize the theorems to high
dimensions, extend Theorem 1 to ]FIQ,, and give the version of Theorem 2 over Q.

60. Introduction.

Notation.
e For P # @, L(P, Q) denotes the line through P, Q.
e Let A be a subset of aring. Then 24 = {a+a’ : a,a’ € A}, A? = {ad : a,a’ € A}.

We first prove the following two theorems.

Theorem 1. There is 6 > 0 such that for any Py,--- , Py, and Q1,--- ,Q,, € C?,

1
f {L(P,Qy) 1 <i<4,1 <) <n}| <n'®, (0.1)
then Py,--- , Py are collinear. If

{L(P;,Q;):1<i<4,1<j<n} <en'/? (0.2)
then the cross ratio of Py,--- , Py is algebraic.
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Theorem 2. Given ¢ > 0, there is § > 0 such that for any Py, Py, P3 noncollinear,
and Qq,- - ,Q, € C?, if

{L(P,Q;):1<i<3,1<j<n} <en'/? (0.3)
then for any P € C? \ {Py, P», P3}, we have

{L(P,Q,): 1< <n}| =obn. (0.4)

Theorem 3. Given ¢ > 0, there is € > 0 such that for any Py, Ps, Ps collinear,
and Q1,--+,Q, € C?, if

{L(PQj):1<i<3,1<j<n}[<en?, (05)
then for any P € C2\ L(Py, P3), we have

{L(P,Q;):1<j<n}| >n'"" (0.6)

Remark 4. In Theorem 3, the bound n'~¢ in (0.6) is replaced by n/logn, if the
points are in R? instead of C2.

Remark 5. In Remark 1.1, we see that assumption (0.3) does occur.

We will first interpret the geometric problems under consideration into sum-
product problems. Roughly speaking, for Theorem 2, we want to show that given
two sets C, D C C? of about the same size, if {% :(c,d;)) € Cx D1 <i<n}is
small, then {?Z—Iz : (¢,d;) € C x D1 < i< n} is large, where a,b are fixed. So
we want to have an upper bound on the number of solutions (c;, d;, ¢;,d;) of the

equation % = %.

This interpretation was made in Section 1. In Section 2, we use the Subspace
theorem to prove Theorem 2, for the case when the point P is not on any line
connecting the P;’s. In Section 3, we use the Szemerédi-Trotter Theorem to prove
the corresponding case of Theorem 1. We also give a short proof using a theorem
by Elekes, Nathanson and Ruzsa [ENR| about convex functions. The argument
using Szemerédi-Trotter Theorem, besides applying over C (rather than R), has
the advantage that the setup (reducing the problem to bounding the number of
solutions of equations) was already done for the Subspace Theorem approach. Also,
it generalizes easily to the prime field F, setting. In Section 4, we use the sum-
product theorem to take care of all the cases when more than two of the P;’s are
at infinity. In Section 5, we generalize the theorems to high dimensions. In Section
6, we prove a stronger theorem over QQ by using the lambda-¢ constant (see [BC]).

This work is one more illustration of the relations between arithmetic combina-
torics and point-line incidence geometry. Let us recall that presently the strongest
results in the sum-product problem were obtained using the Szemerédi-Trotter The-
orem (due to Elekes and the second author). The results in this paper are another
demonstration of the interplay between these two fields.
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§1. The set-up.

Our strategy of proving Theorem 1 is to assume that P;, Py, P3 are not collinear
and get a large family of lines L(Py, Q;) violating assumption (0.1). Therefore, the
settings for Theorem 1 and Theorem 2 are the same. For simplicity, we describe
the situation for Theorem 2 here and indicate the (little) difference when we prove
Theorem 1.

We will work on the projective space CP? = (C3\ {0})/ ~, where (z,y,z) ~
(A, Ay, A\z) for any A # 0. We identify C? with the affine space in CIP? defined by
z # 0 via (z,y) — (z,y,1).

Let Lo, be the line of infinity defined by z = 0. We may assume
(i) P1, Py, P3 are (1,0,0),(0,1,0),(0,0,1). (Clearly, P, and P> lie on Lo..)

(ii) No @Q; lies on L.

In fact, let A be the 3 x3 matrix with the vectors P; as the ith columns. Since the
P;’s are not collinear, the matrix A is invertible. Hence the linear transformation
T : C3 — C3 defined by P — A~ PT sends Py, P», P5 to (1,0,0),(0,1,0),(0,0,1).
To see (ii), we notice that for any @ = (1,d,0) € L, the line L(Q, Ps3) is defined
by y = dz. Assumption (0.3) implies that |{Q; : Q; € Lo }| < en'/? <« n.

Let
Qi = (ciadia 1)7
C={¢;:1<i<n}, D={d;:1<i<n} (1.1)
and J
g:{(cl,dz):1<z<n}, C_1>g<D:{—i:1§i§n}. (1.2)
Ci
Then
G| =n (1.3)
and assumption (0.3) implies
o1 X D| < ent/?) and |C| = |D| = ¢/n*/?, (1.4)

since the lines L(Py,Q;), L(Ps, Q;), L(Ps,Q;) are defined by y = d;z,x = ¢;z,y =
dig and |C||D| > n.

Ci

Remark 1.1. Assumption (0.3) does occur. For example, if we let
Qiy=(2,2,1),1<4i,j <N,
then
{L(Pr, Qiy)}igl = {L(P2, Qij)}igl = N, and {L(P3, Qi )}is] = 2N — 1.
To be able to apply the tools from sum-product theory, we need the Laczkovich-

Ruzsa version [LR] of Balog-Szemerédi-Gowers Theorem.
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Theorem BSG-LR. Let A, B be subsets of an abelian group with |A| = |B| = N,
and let G C A x B with |G| > K~'N?. Denote

ASB=f{a+b: (a,b) €G). (1.5)

G
If |A+ B| < KN, then there are subsets A’ C A and B' C B such that
|A"+ B'| < K°N
and

1A', |B'| > K~°N. (1.6)

Remark 1.2. The absolute constant ¢ in the above theorem is at most 8. (See

[SSV].)

§2. The proof of Theorem 2 for finite points.

Let N =n3.

Take a point P = (—a, —b,1) € C2. The line L(P, Q;) has slope & +b . With the
help of Theorem BSG-LR, Theorem 2 is reduced to the following

Theorem 2.1. Let X = {z; € C2:1<i< N?}, andY = {y; € C2:1<i < N?}
with |¥| < c¢N and |X| = |Y| = ¢'N. Denote

Z:{yﬁb :1§i§N2}.

T; +a

Then
|Z| > §N?

for some § > 0.

Proof of Theorem 2.1.
Let I, = {i: yﬁb = z}. Then
Y |L|=n=N?
z€Z

and Cauchy-Schwarz gives

N*<|Z] Y|

> ILP
{9 222wt
T, +a T;t+a

,1§Lj§nH

b "+b
< {(acx y,yY) e X x X xY xY: yrob _ v+ H
r+a 2 +a

= {(m,x',y,y') EX><X><Y><Y:x'y—i—bx'—l—ay:xy/—i-bx—l—ay’}’
(2.1)
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To bound (2.1), we invoke the Subspace Theorem [ESS]|, which gives an upper
bound on the number of solutions of a linear equation in a multiplicative group.

A solution (x1,--- ,x,,) of the equation
ZCZ'.CI?Z' =1,¢ € C (22)
i=1
is called nondegenerate, if Z?Zl ci;xi; # 0, for all k. The bound given below is by

Evertse, Schlickewei and Schmidt [ESS].

Subspace Theorem. Let T' < (C*,-) be a subgroup of the multiplicative group of
C, and let the rank of T be r. Then

m

|[{nondegenerate solutions of Zcmi =1inT} < (T (6m)*™
i=1

The formulation of the Subspace Theorem we need is the following (see [C2])

Corollary 2.2. [C2] Let I' < (C*,:) be a subgroup of rank r and A C T' with
|A| = N. Then the numbers of solutions in A of

is bounded by N"~1e 4+ N" up to a constant depending on h. Here ¢ = c(h).

In order to apply the Subspace Theorem, we need the following (See [Fr], [Rud],
[Bi].)

Freiman’s Lemma. Let (G,-) be a torsion-free abelian group and A C G with
|A%| < K|A|. Then

AC{g{lgéd]Z:L’f,“ anngEG}, (24)

where d < K, and [[{; < c¢(K)|A|.
We let T' < (C*,-) be the subgroup generated by g1,---,gq. Then the rank of
I is bounded by d < K and the number of nondegenerate solutions of (2.2) in T

is bounded by e“»¥. We now obtain the subspace theorem under the product set
assumption.

Notation. d <, f means d < ¢(h)f, where c¢(h) is a function of h.
Theorem 2.3. [C2] Let A C C with |A| = N, and
|A?| < K|A]. (2.5)

Then



h—1 cK h

{ solutions of x1 + -+ +xop, =01in A} <, N e + N .

Theorem 2.3 gives N3 as a bound on the number of solutions in A with |[4] = N
to the equation

S+ &+E&=8+E& +&. (2.6)

On the other hand we expect (2.1) be bounded by N?. So we introduce a new
variable z to (2.1), and let

where u,u’ € X2. Then the equation in (2.1) becomes

wy +bu' 4+ ayz = uy’ + bu + ay'z. (2.7)

A solution (&1, ,&) € X2Y x bX? x aXY x X?Y x bX? x aXY of (2.6) is
one-to-one correspondent to a solution (v/,u,y’,y,2) € X? x X2 xY xY x X of
(2.7) by the following relations

51 = u/ya 52 = bu,? 53 = ayz, 64 = Uy/, 55 = bua 56 = ay’zy
or
;&2 & ,  b& b&1 &2&3
s Yy =—-—-— Y= - 2= —FF-
b b &s 3 ab&y
In order to apply Theorem 2.3, we take
A=X?%Y U bX? U aXY.

Then we have |A?| < K|A| by the following Proposition 2.26 in [TV].

Proposition. Let A, B be subsets of an abelian group with |A| = |B| = N. If
|A+ B| < ¢N, then

|n1A —ngA +n3B —nyB| < 'N.

§3. The proof of Theorem 1 for finite points.

Replacing assumption (0.3) by assumption (0.1), instead of (1.4) and Theorem
2.1, we have (3.1) and Theorem 3.1 below.

1-65 146 146

nz <|C|=|Dl<nz, |C"'xD|<n®, (3.1)
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Theorem 3.1. Let X = {z; € C?>:1<i< N?}, andY = {y; € C?>: 1 <i < N?}

with
N'7% < |X|=|Y| < N'*? (3.2)
and v
—| < N™9, 3.3
3 (5.3
Denote )
Z:{yl+ 1< §N2}
T; +a
Then
|Z| > Nt

for some n=mn(d) > 9 .

Remark 3.2. Let 0’ be the ¢ in (3.1). Then the § in Theorem 3.1 is (2¢ + 1)d’
with an absolute constant ¢ as in Theorem BSG-LR.

Similar to the argument from (2.1) to (2.7), we need to prove
E:=|{(u,v,y,y,2) € X* x X* xY x Y x X :u'y+bu' + ayz = uy’' + bu+ ay'z}|

< N#71 (3.4)
for some n > 0.

Rewriting the relation in (3.4) as
(y+0)u' = (¥ +b)u+aly —y)z =0, (3.5)

we see that (u’,u) lies on the line ¢, , . defined by

/ b o
g Ytbp, av=y)z (3.6)
y+b y+b
Assume
E > N*™, (3.7)
We denote
K = {(y,y',z) EY XY x X |ly,.N(X*xX?)|> N1—2"}. (3.8)
Claim 1. If 36 <n, then
E
K| > X7 (3.9)

Proof. By (3.4)-(3.6) and (3.8),

E<) |lyy.-N(X*xX?)
Y'Y,z

< [XP[ K[+ N'TXY P

and by (3.2), N'=27| X||Y|? < N1=21+304+9) < N4=7_ The claim follows from (3.7).
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Ruzsa’s Inequality [R3]. Let M and N be finite subsets of an abelian group such
that
|M + N| < p|M].

Leth>1and ¢ > 1. Then
|IAN — IN| < p" M.

It follows from Ruzsa’s Inequality, (3.2) and (3.3) that

N1+6 3 N3+35
X% < ( X ) X| < iz = N1+59, (3.10)
By (3.9), (3.7) and (3.10), we have
N4=n o
|K|>WZN3 n=50 (311)
Let
L={lyy.:(y,y,2)€ K} (3.12)
Since for any (,¢), there are at most |Y| < N'*9 triples (y, 4/, 2) such that
y' +b
&=
y+b
oy —y)z
y+b

for each line in £ there are at most N9 triples in K corresponding to it.
Therefore,
L] > N271=6° (3.13)

The following version of Szemerédi-Trotter Theorem over C is exactly what we
need.

Szemerédi-Trotter Theorem [S]. Let P = C x D C C? be a set of points and
L be a set of lines such that
[NP| >k for any ¢ € L.

Then
P2 > c kL]

In the above theorem we take P = X2 x X2, £ as in (3.12) and k = N'=27,
Together with (3.10) and (3.13), we have
N4(1—|—56) > |X2‘4 > C(Nl—Qn)3|£‘ > N5—7n—66‘

This cannot happen, if
1—266
n < - (3.14)

Remark 3.3. The conditions that 7 > 36 (cf. Claim 1) and (3.14) imply § < ;.

Remark 3.4. The case for P;,Q; € F, x IF, can be taken care of by the following
theorem. (See [B] Theorem 2.2.)
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Szemerédi-Trotter Theorem for F, . Let P C F,, be a set of points, and L be
a set of lines such that

P|, |L]| < M < p* for some 0 < o < 2. (3.15)
Let 7 be the incidence relation
IT={(p,f)ePxL:pel}.

Then )
IZ| < eM277, (3.16)

for some v = y(a) > 0.
In (3.15), take P = X2 x X2, L as in (3.12), and M = N?+199 (cf. (3.10)).

By (3.13)(which follows from the assumption that £ > N%~"), we may assume
|£| = N27776%_ Since each line in £ contains at least N'~2" points, we have

IZ| > || Nt (3.17)

Hence
CN(2+105)(g—7) S~ N2-n—65 pj1—2n

This is a contradiction, if § and 7 are small. Therefore (3.4) holds, and Theorem
3.1 is true over [F,,.

Remark 3.5. The finite points case of Theorem 1 over R also follows from the
following theorem by Elekes, Nathanson and Ruzsa [ENR].

Theorem ENR. Let S C R be finite and let f be a piecewise convex function (i.e.
f'>0). Then
28] + [2f(S)] >= c|SP/".

Proof of Remark 3.5. Similar to the way we derive the assumption of Theorem
3.1, we will start with (3.1) and use Theorem BSG-LR (twice, this time). Let

G={(ci,d;) €C xD:1<i<N?}. (3.18)
Assume

N1~ < |C| = |D| < N'*%, |G| ~ N2, (3.19)

di 1+6
o : (Ci7d’i) €g <N ) (320)

dq; +b 1
- (¢, d; Nitm, 3.21
{222 sl <>

First, from (3.20), we obtain C’ C C and D’ C D such that

O ~[Cl, |D'] ~ D],
9



|GN(C" x D")| ~ N?

and
< N1, (3.22)

~Y

Dl
=

Let
G =Gn(C' x D).

Apply Theorem BSG-LR again, we obtain X € ¢/ € C and Y C D’ C D such

that
| X| ~ [C'| ~|C|, [Y|~|D'| ~|D|,

IG' N (X xY)| ~ N?

'%’ < % < NI (3.23)
and Y b
Yo < N (3.24)
The bound (3.23) implies that
|logY —log X| < N'™°. (3.25)
Ruzsa’s inequality and (3.25) give
2log X| S N'H50. (3.26)
Assume
d < i
20

In Theorem ENR, we take S = log X, and let f be the convex function

f(s) =log(e® +a).

Then .
2log(X +a)| > N1, (3.27)

On the other hand, (3.24) implies

| log(Y + b) — log(X +a)| S N (3.28)

Again, applying Ruzsa’s inequality on (3.28) gives
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‘210g(X + a)‘ < NS

which contradicts to (3.27), if n < 55.

§4. The cases of points at infinity.

In this section we finish all the cases when more than two of the P,’s are at
infinity.
Let P =(1,-%,0) € L. Then the lines L(P,Q;) are defined by

z+dy — (¢; +dd;)z = 0.

To prove Theorem 1 and Theorem 2, we need to prove the following two theorems.

Theorem 4.1. Let X = {r; € C>: 1 <i< N?}, andY = {y; € C?>: 1 <i < N?}

with
N'7% < |X|=|Y| < N'F? (4.1)
and v
Ll NS ER 4.2
‘ X‘ < (4.2)
Denote
Z={w;+dy; : 1 <i< N?}. (4.3)
Then
|Z| > N1t (4.4)

for some n=mn(d) >4

Theorem 4.2. Let X = {r; € C>:1<i< N?}, andY ={y; € C?>: 1 <i < N?}

with
X|=1Y|=¢N
and v
‘X’ < CN
Denote
Then

|Z| > §N?

for some 6 > 0.
To prove Theorem 4.1, we assume the contrary that
|Z| < Nt (4.5)

for some n = n(d§) > 0.
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Let
A=X, B=4dY,

where X, Y satisfy the assumptions of Theorem 4.1. Applying Theorem BSG-LR
to A and B , we have

N'™" < |A| = |B] < N, (4.6)
B

= Nitn 4.7

| <, (4.7

|A+ B| < N'™. (4.8)

The same argument as that to obtain (3.10), (4.6)-(4.8) imply
124], |A%] < N1,
On the other hand, (4.6) and the following sum-product theorem imply
24| + |A%| > N1 (=),
This is a contradiction, if n < 2—13
Theorem (Solymosi). [5]

24| + |A%| > |A]TT

Remark 4.3. Let ' be the n in (4.5). Then the 7 in (4.6)-(4.8) is bounded by
cn’, where ¢ < 8 is an absolute constant. (See Remark 1.2.) If n = §, we can take
n < (2c+ 1)6.

The proof of Theorem 4.2 by using the Subspace Theorem is rather straightfor-
ward, since as in the proof of Theorem 2.1, it suffices to show that

1
H(:I;,x',y,y') eX xX ><Y><Y:a:+dyzx'—|—dy’}’ < SNZ'

Proof of Theorem 3.

Since Py, Py, P3 are collinear, we may assume that P = (1,0,0), P, = (0,1,0),
and P3 = (1,—1,0) € Lo. Assumption (0.5) means that |C|,|D|,|C + D| < N.
For a point P = (—a,—b,1) ¢ L, the family of lines {L(P,Q;)}; corresponds to
{% : (ci,d;) € C x D,1 < i < N?}. Applying the theorems below to the sets
C +a,D + b, we have |(C + a)(D + b)| ~ N?7¢ (respectively, N?/log N). This
together with Balog-Szemerédi-Gowers Theorem imply that [{L(P,Q;)};| = N?~¢
(respectively, N2?/log N).

Theorem. [C1] Let A C C be a finite set with |2A| ~ |A|. Then

|A2%| > |A|*~¢ for some € > 0.
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Theorem (Elekes-Ruzsa). [ER] Let A C R be a finite set. Then

|A+ A|*.|A. Al log |A| > |A|°

The special case of Theorem 1. Assume (0.2) holds, then Pj,---, P, are
collinear. After a Mobius transformation, we may assume that the four points
are Py = (1,0,0),P, = (1,—1,0),P; = (0,1,0),P; = (1,—%,0) € L. The lines
{L(P;,Q;)}; correspond to C,C+D, D and {c;+dd; : (¢;,d;) € CxD,1 <i< N?}
respectively. Since |C| ~ |D| ~ |C' + D| ~ N, we have C' C C with |C'| ~ N and
C' C (a+ D) for some a. Hence C'+dD C a+ (D +dD) and our conclusion follows
from the following theorem.

Theorem (Konyagin-Laba). [KL] Let t € C be transcendental. Then

Al log | 4|

A+tA .
4+ |>loglog]A|

§5. Higher dimensional cases.

The case for C* with k > 2 follows easily from the case for k = 2.

Theorem 5.1. There is 6 > 0 such that for any Py,--+ , Pyyo, Q1,- ,Qn € CF,

if

{L(P,Q;) i 1<i<k+21<j<n}[<n F (5.1)
then Py, .-+, Pyyo lie on a hyperplane.
Theorem 5.2. Given ¢ > 0, there is 6 > 0 such that for any Py,--- , Pxy1 € CF
not contained in any hyperplane, and any Q1,--- ,Qy, € CF, if

{L(P,Q;):1<i<k+11<j<n}<cen'*®, (5.2)
then for any P € C* ~ {Py, -+, Ppy1}, we have

{L(P.Q)) 1< <n}|=bn. (5.3)

The set up is similar to that of the C? case. We work on CP* instead of C*. As-
suming Py, -, Pry1 are not contained in any hyperplane, then after a linear trans-
formation, we may assume that P; = (1,0,---,0), P, = (0,1,0,--- ,,0), -+ , Pry1 =
(0,---,0,1). The same reasoning as before, we may assume that the @;’s all lie in
the affine space. Hence we may denote

Q; = (c1,--- 7Ck)(j) — (ng)7_“ ,c,(j)) e RF ¢ CF,

where 7 =1,--- ,n.

Let N =n¥
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Assumption (5.2) implies

NF NF NF
'{(02’... ’Ck)(j)} ’ ’{(617637... ,Ck)(j)} 7 ,'{(017"' 7Ck—1)(j)} < Nk-1
j=1 j=1 j=1
(5.4)
and
(YN
H(@C—k> } < NF-1, (5.5)
C1 C1 j=1
For a finite point P = (—aq,-- -, —ay, 1), the family of lines {L(P,Q;) : 1 < j <
N*} is one-to-one correspondent to
Co + Q2 Cr + ag @)
c1+ap c1+aq
Hence (5.3) is equivalent to
|Z| = 6N* (5.6)
for some 9 > 0. Let ‘
Ci={c":j=1,... N}
We will show that
|Ci| =¢cN, fori=1,-- k. (5.7)
For simpler notations, we give an argument for the case k = 4. Let
A= {le' o 7QN4}7
and let pj, .., (x1, - ,24) = (xj,, -+ ,x;,) be the projection to the ji-th, ---,
Jm-th coordinates.
First, we may assume
Iprog(c1,ca,c3) NA| > N, for all (c1,cz,c3) € praz(A). (5.8)
In fact, let A° = {(c1,---,c4) € A : |plog(c1,ca,c3) N Al = 0o(N)}. Then
4] < o(N)N? = o(N*), (5.9)

and A° can be ignored.

Next, we see that for the set A considered in (5.8), the bound |p124(A)| < N3
implies

p12(A)] S N2 (5.10)
Indeed,

N? 2 |p12a(A)] > [pr12(4)] - min p124(P1a (c1,c2) NA)| 2 |p12(A)| N.
(c1,c2)€p12(A)
(5.11)
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The last inequality is because of (5.8).
Similarly, we have |pia(A)], [pas(4)] < N2.

Using (5.10) instead of (5.4), for the same reasoning as that for (5.8), by shrinking
the set A in (5.8) a bit, we may assume

|p1_21 (Cl, 02) N A| Z N2, fOI all (Cl, CQ) - plg(A). (5.12)

Therefore, (5.4) and (5.12) imply

N 2 Ipisa(A) 2 pr(A)] | min [pisa (o (e) 0 4)] > ()] N2, (5.13)

which implies
[C1] = |p1(A)| S N. (5.14)

Similarly, we have |Cs|, |C3] < N for |A| ~ N4.

Repeat this process on the set A obtained in (5.12) with different projections, we
have |Cy4| = [pa(A)| < N. Now (5.7) follows from N* < |Cy] |Ca| |Cs] |Cy] S N2

Getting back to the case for any & > 2, we let B = {Q1, -+ ,Qn+}. We will

show that
e\ @)
H(-’) :1§j§N’“H~N, for all 1. (5.15)
C1
Let
Cli = {(Cl,Ci) c Cl X Cz : |p1_i1<cl7ci) N B’ Z Nk_2}' (516)

Since |B| ~ N*, same reasoning as for (5.8), we have

|Ci| ~ N2 (5.17)

Let m; be the projection

SENG | NG |
{(—7"',—> 1(01701)(9)6012‘} — {(-) 3(Cl7ci)(J)€Cli}-
C1 C1 C1

The fiber of m; at (c1,c) is one-to-one correspondent to pi;'(c1,¢;) N B. Hence the
image of 7; has size < N by (5.5). We replace B by p;;'(C1;) N B (Note that (5.16)
and (5.17) imply [py;'(C1;) N B| ~ N¥.). We do this for each i (and shrink B a
littlem if necessary.). Then (5.15) is proved.

To prove (5.6), we want to show that under condition (5.15),

a4 a
el Ol ) € Cuxe X O X Oy X+ 23 G Z,Vi} < N
it ) € CixeroxCuxCreroxCys S0 = S8 il <
(5.18)
It follows from the case for C? that
Cotaz ¢+ a (5.19)

c1+ay Cll + a;
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has < N2 solutions in ¢1, ¢, ¢}, cb. Fixing c1, ¢}, the equation

c3 +as . Cé—i-ag
ata gt a

(5.20)

has at most N choices of c3 (then ¢ is determined.) Hence (5.19) and (5.20)
together have < N3 solutions in ¢y, ca,c3, ¢}, ch, c5. Therefore, (5.18) follows by
induction and the finite point case of Theorem 5.2 is proved.

Only set theory is used in the argument above, hence Theorem 5.1, the other
case of Theorem 5.2 , and the case for F,, are proved exactly the same way.

Remark 5.3. Theorem 5.1 and Theorem 5.2 are true if we replace C* by IF';.

§6. Theorem 2 over Q.

We have a stronger result by using the lambda-q constant, when the points are

in Q2.

Theorem 6.1. Given ¢ > 0, there is 6 > 0 such that for any Py, P>, P3 non-
collinear, and Q1,--- ,Q, € Q?, if

{L(P;,Q;):1<i<3,1<j<n}| <nt/? (6.1)

then for any P € Q? ~ {Py, P5, P3}, we have
{L(P,Q;):1<j<n} >n'"". (6.2)
We use the same setup as that for the C case. Given a set A C Q, with

N=¢ < |A] < N'*€ and |A?%| < N'™5¢ we want to bound the number of solu-
tions &1,--+ ,& € A in the following equation by N3%? for some 6(¢) > 0.

§1+8 +8 =8+ & + & (6.3)

We use the lambda-q constant of A for this. We recall

Definition. Let A C Z be finite. The A, constant of A is

1 uea elan)ll
VAL

)‘q,A

where e(0) = >,

Proposition. [BC] Given ¢ > 0 and ¢ > 2, 3 6 = d(q,e) such that if A C Z,
|A%| < |A|YTE, then
A(A) < AP,

where § — 0, if e — 0. Therefore, || 3> _ e(az)|ly < | A| =%,

Denote r(n) = [{(£1,£2,83) € AX AX A:n=¢& +& + &3}
16



In the proposition above, we take ¢ = 6. Then

| Ze(afﬂ)Hg :H(Z e(ax))’||3
=> r(n)’
=&, ,&) &+ + 8 =8+ + &}
<(N+e)(5+d6))6

:N3+§
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