CONVOLUTION OF DISCRETE MEASURES ON LINEAR GROUPS

INMEI-CHU CHANG

Abstract Let p,q € R such that 1 < p < 2 and ]% =1+ %. Define

171, = max (3 I7Gwr) @

y€G1

where (57 is taken in some class of subgroups specified later. We prove the following
two theorems about convolutions.

Theorem 2. Let G = SLy(C) equipped with the discrete topology. Then there is a
constant T = 7, > 0 such that for f € {*(G)

1 11 < O AT
where the mazimum in (x) is taken over all abelian subgroups G1 < G and = € G.

Theorem 3. There is a constant C = Cp, > 0 and 1 > 7 = 7, > 0 such that if
f € P(SLs(Z)), then

17+ £l < CUAl (A1)

where the mazimum in (x) is taken over all nilpotent subgroups Gy of SL3(Z) and
S SL3(Z)

This paper is a continuation of our earlier work [C] on product theorems in the
groups SLo and SL3.We show here how they may be applied to obtain nontrivial
convolution estimates of discrete measures on SLy(C) and SL3(Z) (see Theorem 2 in
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§1 and Theorem 3 in §2). Random walks and decay estimates for iterated convolutions
of a fixed symmetric measure v on a group G is a well studied topic on which there is an
extensive literature(some further considerations on the relation to our results appear
in §3 of the paper). We are not aware however of prior work that has to do with single
convolutions of arbitrary measures (keeping in mind of course the "'Kunze-Stein’ type
phenomena but those have to do with convolution in Lebesgue spaces L(G)), except
for very recent developments such as [BG1] and [BG2] (that are part of the motivation
for this work). Roughly speaking, the general sense of our results on convolution, as
expressed in Theorem 2 and Theorem 3,is that a gain on the usual inequality appears
as soon as the measure does not put much weight on a coset of a nilpotent subgroup.
This principle, that likely has extensions beyond the particular cases studied here, is
formulated in a qualitative form, without specifying the exponents. (See §3 Remark
2.) That could be done however as all our arguments are effective, but the result
would not be very pleasing. The reason is that the nature of our present technique
does not allow to be very efficient in this respect. The simplest case to study further
from the point of view of obtaining precise inequalities (recall Kesten’s theorem [K]
for the random walk), would be convolution on the free group. The very recent work
of A.Razborov [R] provides indeed the optimal product theorem for general subsets of
the free group.

For a set A, denote A" = A---A={ay---ay, :a; € A}, the n-fold product set of A.
The precise statements from [C] are the following.
Theorem A. Let A be a finite subset of SLy(C). Then one of the following alterna-
tives holds.
(i) A is contained in a virtually abelian subgroup
(ii) |A3| > c|A|**0 for some absolute constant § > 0.
Theorem B. For all € > 0, there is 6 > 0 such that if A C SL3(Z) is a finite set,
then one of the following alternatives holds.

(i) A intersects a coset of a nilpotent subgroup in a set of size at least | A|17¢.

(i) [A%] > |A[*+°.

From the product theorems for sets obtained above, one may derive convolution in-
equalities. The passage from the “set-theoretical” to the “statistical” result is achieved
using the “Balog-Szemeredi-Gowers Theorem”. The version we need in our context is
that of discrete sets in non-abelian groups (see [T] for the precise statements).

Notations and Conventions.



1/
1. Let G be a discrete group. For any f € ¢(G) the /P norm is|| f||, = (erG |f(:U)|p) g

2. frglax) =3 ca fWalzy™).
3. For p € R, p’ is defined as % + 1% =1.
4

. For a set A, X4 is the indicator function of A.

5. We use A™ for both the n-fold product set and n-fold Cartesian product when there
is no ambiguity.

6. A" = ({1}U AU A~H", the set of < n-fold products of elements in AU A~1.
7. Tr(g) is the trace of g.

8. Note that the properties under consideration (e.g. the size of a set of matrices or the
trace of a matrix) are invariant under base change (i.e. conjugation by an invertible
matrix).

9. We follow the trend that €, (respectively, d, or C') may represent various constants,
even in the same setting. Also, f(z) ~ g(x) means f(z) = cg(x) for some constant ¢
which may depend on some other parameters.

Facts.

(1) Xpeq F(@)g(2) =0 < (X f(2))° (X g(x)) 7.
(2) [If = gllp < 111 lgllp-

(3) If * glloo < I fllp llgllp-

(4) Hf *qu S ||f“p1 ||g||p2, where le —+ PLQ =1 +

Q|

§1 The SLy(C) case.

Proposition 1.

(i) Let G = SLy(C) and let A C G be a finite set such that
1
| XA % Xall2 > ?\AP/?, with K > 1. (1.1)

Then there is a coset S of an abelian subgroup of G such that
|IANS| > K~C|A] (1.2)

where C is an absolute constant.



(ii) Let G = SL3(Z) and let A C G be a finite set such that
XA % Xalla > |A|27, for some e > 0. (1.3)
Then there is a coset S of a nilpotent subgroup of G such that
AN S| > |A]*9, (1.4)
where 6 = 6(e) — 0 as € — 0.

Proof. Statement (i) is obtained combining the Balog-Szemeredi-Gowers Theorem
with Theorem A and statement (ii) similarly using Theorem B instead. We will only
prove statement (i).

The assumption (1.1) is equivalent to the following statement on E(A, A), the “mul-
tiplicative energy” in the sense of [TV]

1
E(AA) = {(z1, 22, 23,24) EAX -+ X A: x129 = X324} > 7 1A%

According to the Balog-Szemeredi-Gowers theorem in the version from [T}, there exist
an absolute constant C; and a “K®1-approximative group” (characterized by prop-
erties (a) and (b) below) H of G with the following properties (See Theorem 2.48 in
[TV].)

(a) H=H ' and 1€ H.
(b) There is a subset X C G, with | X| < K such that

H?>c HXNXH.

(c) |Al < [H| < KAl
(d) There is an element x € G such that

1

Iterating (b) gives
|H3| < |H?X| < |HX?| < K*“1|H|. (1.8)

The inequality (1.2) in the proposition only requires justification if K < |A|'/€. We
choose C' large enough such that 2C,/C < §. Property (c), inequality (1.8), and
Theorem A imply that
|H?| < [H['F
4



and H is contained in a virtually abelian subgroup G’ of G. In fact G’ has an abelian
subgroup G of index < 2. Hence for some £ € G, we have |[H N¢G,| > 3 |H|. In
particular,

1
HNEG| > o 1] (16)
In (d), let Ay = ANnxzH. We have
[Ar] > K=C1A], (1.7)

and
|HATY| < |H?| < |X| |H| < K°|H]|. (1.8)

Clearly, for any sets H and A;, we have

1
Xy < — XA, 1.9
" E_l LA (1.9)
$1€HA1

Applying (1.9) on the set H N &Gy, together with (1.6), we obtain

_ 1
! :EleHA;l
1
<— |HA1_1] max |z1A41 NEGL|.
| A z €EHAT'

Therefore, there exists #1 € HA; ' such that

A
1A Nz ¢G> K~C |H| | 1_‘1 > K394
|HAT |

by (1.7) and (1.8). Hence (1.2) follows. O

We may also establish a more functional analytic statement that is reminiscent of
the Kuntz-Stein theorem on convolution of L?(SLy(R))-functions.

Theorem 2. Let G = SLy(C) equipped with the discrete topology, and let p,q € R

such that 1 < p < 2 and
2 1
-—=14+-. (1.10)
p q

Then there is a constant T = 1, > 0 such that for f € (P(G)

1 fllg"? < CélflléT(HfII;)T, (1.11)



where we define

/p
171, = maox (3 1£(e)i)’

y€G1
and the maximum s taken over all abelian subgroups G < G and x € G.
Remark. Inequality (1.11) holds in particular for ¢P-functions on a free group. Cer-

tainly in this case, it would be interesting to find out what is the precise constant
T.

Proof of Theorem 2.
We may assume f >0 and || f|, = 1.
Breaking up G into level sets of f, we let

Aj={zeG:2777 < f(z) <277}

It is easy to see that

F<) 279, <2f, (1.12)

JELy

where the A; are disjoint and

> 2P A ~ 1 (1.13)

In particular, ’
|A;] < 297, (1.14)

Denote

Let
| f* fllg =, for some 0 < a <1. (See Fact 4.)

We will show that
I1f1l, > a© (1.15)

for some constant C' = C),.
The claim (1.11) then immediately follows.

By (1.12), it is sufficient that we work on the function f =}"..,, 271 X;.
Let )
£ = min(a?, ar-1).

6



I={j€eZs: |Aj|>p2"}

. 1
I'=|J{kezy 279> 8y = J{k€Zy: |k —j| <log, =}.
. . B
JEI jel
Hence
I<i  and < Liog ! (1.16)
—, an < —log-—. )
B BB
Write
f=fi+ fa+f3,
where
A=) 274,
jel
o= ) 274,
JEINT
fa=> 277
JET
Hence

a=|f*fllg <= f3)* (f = fa)llg + 201 f1 * fallg + 20 f2 + fallg + [1fs * fillg

<N =Ss) = (f = fa)lla + 2M1 1 = fallg + (1(F = fo) = (f = fo)llg-
(1.17)

(Here we use the shorthand that 2 ||f * gl = || f * gllq + |9 * fll4-)

Claim. oS |[(f = f3) * (f = f3)llq-
Proof of Claim.

First, by Fact 2, we have

Ifrxfallg < D 277 7H1AG « Xl

Jerl
2—|k—j|55
< D0 27 Xl + DD 27 Rl (X,
k>j k<j
2i-k<p 2k7<p



where the first term is bounded by

Yoo > 2Ry 2R S 27 Ay (B27)
j

I k>j
27-k<p

< BTEY 279D |4y

J
1—2

~ BT = <,
estimating the geometry series Zk>j k> 2 27%1=%) and using (1.10) and (1.13). Sim-
252

ilarly, we bound the second term by «. Thus

[f1# fsllq S e (1.18)

Next,
10F = £ % (f = f)llg < D 277791 = Ay,

J,k&1
and from definition of I
Yo 2R Xl < Y 277 |A,|(8 27k)
J<k;j,k¢Il j<k, k&I
< pl/a ZQ‘jQ_j(l_p/q) A
J
< B <a.

Hence

I(f = S0 (f = f)llg S e (1.19)

The claim follows from (1.18) and (1.19). O

The claim implies that for some j < k € I’

. 1N\ -2
2T+ Xally 2 00 (lor 5)

Let

v = a52<log %>_2.
8



Then v > o) for some constant ¢(p), and
1 % Xiellg 2 v 27 FF.
Also, Fact 2 and (1.10) imply that
7S 2l 1Al < 27772 aek = 2 hel),
Assume 2 < g < 0o (for 1 < ¢ < 2 the argument is similar). We have
1—2 2
14 5 Xiellq < (| X5 * Xilloo * (| * Xl
2
< 2700 X X3
and by (1.20) and (1.21)

X * Xeell2 2 (72j+k_pk(l_%))%
> ,qug(ﬁ‘?k)
> L 0+E5E 93vk — o ()9 dpk,
Denote

Since j < k,
Al S 2P,

Also, by Fact 2 and (1.22)

AP = | Zalls [ allz 2 X4 Xalls > o @230k > o' ®) [4]3 )

Hence
27 Al > oW,

and , ,
XA * Xallz > o P |A]z,

Invoking Proposition 1 (i), we obtain therefore that
AN S| > a®®)A]

where S is a coset of an abelian subgroup.
9
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(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



Hence, by (1.23)

171> (S 1r@r) "

zeSs
> 27915 N AP+ 27F|S 0 Ay VP
> 27k N AIYP
> @C(p)g—k‘A‘l/p

> OéC/(P)

which is (1.15).

This proves Theorem 2.

§2 The SL3(Z) case.

Our goal in this section is to establish the analogue of Theorem 2 for G = SL3(Z),
defining now

/
171 = masx (3 I7n)P)
,G1 yECh

and the maximum being taken over all nilpotent subgroups G; of G and x € G.

This requires however to prove the analogue of Proposition 1 (i) in SL3(Z) (with
“abelian” replaced by “nilpotent”), which is a stronger statement then Proposition 1
(ii) (which covers only the case when log M ~ log |A]). *This will require to revisit the
arguments in [C] and refine some of those steps.Thus at this point, a certain familiarity
with the method explained in [C] is desirable.

Once the counterpart of Proposition 1 (i) for SL3(Z) is obtained, the proof of
Theorem 2 for SL3(Z) (Theorem 3 below) proceeds exactly the same way.

We will use the following proposition proved in [C]

Proposition C. If A C GL3(C) is a finite set and M large, then one of the following
holds.

(1) There is g € ABl such that |Tr (§A)| > M,
(2) There is a subset A’ of A,|A'| > M~C|A| (C an absolute constant) such that A’

is contained in a coset of a nilpotent subgroup.

Let A C SL3(Z) be a finite set and M be a large number, such that

|A3| < M|A] (2.1)
10



and

AN S| < M~C|A (2.2)
whenever S is a coset of a nilpotent subgroup of G = SL;3(Z).

In (2.2), C is an absolute constant and our aim in what follows is to show that if
we take C' large enough, a contradiction follows.

Applying Proposition C, we obtain § € A3 such that
ITr gA| > M (2.3)

(as a consequence of assumption (2.2)), where C1(C) — oo as C' — .

For any x € G, let C, be the conjugacy class containing x,
C,={gtzg:gecG}. (2.4)
Let Q be the number of non-congugate elements in A, i.e.

Q={C, :z e AH}.

By (2.3) .
Q> MC.

From Helfgott’s argument (see also [C] §4 Claim 1), we obtain a subset D C A=A of
simultaneously diagonalizable matrices with

ID|=Q > M. (2.5)

Next, we aim to amplify the number of conjugacy classes.

We fix a basis in which the elements of D are diagonal. Therefore, each g € D
is diagonal with diagonal entries A(g) = {A1(g), A2(9),A3(g)} forming a system of
conjugate units in Ok . Here Ok denotes the unit group of a certain extension field K
of @ with [K : Q] <6.

Case 1. There exists an element h = (h;;) € A such that every column of h has at
least two nonzero entries.

Note that our assumption implies that every row of h has at least two nonzero
entries. Hence

(*) For i fized, there exist k # k' and j, with hii # 0, hipr # 0, hy; # 0, hyj # 0.

(¢) Given i and j, there exists k with hi, # 0, hy; # 0.
11



Let us fix such h € A.
Also let z € SL3(Z) be any (fixed) element, which we will specify later.

We consider the set
{gu)hg@)h...hg(e)z: g g0 e D} (2.6)
For g = (g ---¢gY) e D*=D x--- x D, we let
G. =g VhgPh-. g0 (2.7)
be in the set (2.6). Then
Trg, = Z Pivio *++ Riy_1ip Zigin Ni (9(1)) e Ay (g(e)),
which we consider as a polynomial in \; (g(j)) €0k with1<i<3,and 1< 75 </
Thus

Trg, = Z asTs, (2.8)

1<s<t
where
ai,...,as are the non-vanishing coefficients
g = hilizhi2i3 NN hié—lizzilil 75 0, (210)

and s corresponds to the multi-index (i1, ... ,is) such that (2.10) holds.

We will use the following some result derived from the Subspace theorem by Evertse,
Schlickewei, and Schmidt [ESS].

Proposition D. Let G < (C*,-) be a multiplicative group of rank r and fix an integer
t>2. Let ay,... a9 € C\{0}. There is a set E C C depending on ay, ... ,as,

|E| < C(r,1)
such that the following holds.
Let A be a finite subset of Gt = G x --- x G and such that

ﬁ§ZEf07’allx:(:v5)sE.Aandlgz'7féj§t. (2.11)
Ly

Then
{(z,2") e Ax A: a1m1 + -+ + qpzy = a2y + -+ + agay}| < O(r, )| Al (2.12)

12



Proposition D’. Let G be as in Proposition D. Given ay, ... ,a; € C\{0}, there is a
subset E C C with |E| < C(r,t), such that if A is a finite subset of G' =G x --- x G
satisfying (2.11), then

H;” v e A}| > C(i,t)

Let D € DY = Dx---x D consisting of all § = (g(l), e ,g(g)) such that (zq,--- ,x¢)
arisen from g via (2.8)-(2.10) satisfies

Y Bfor1<itj<t
Lj

Let A be the image of D\D under the map
Y :D\D— A0

given by
g = (g(l)7 I 7g(£)) = r = (xs)lgsgt
(notice that D and A may obviously be taken independently of z).
From Proposition D’, it follows then that

!A\
o)

But for our purpose, we need the stronger statement provided by Proposition D. Thus

by (2.12)
H(m,m/)EAx.A:Zasxs Zas }‘ (0)|.A].

Next we examine the map 1 in (2.11) for its bijective properties. We will show that

({ﬁ 7. : geDﬂ\D}’

[~ (@) <4 DI

Take il, NN ,ig_4 such that hi1i2 7& O, “ee ,h¢£75n74 7& 0.

Take iy_3 # i;_5 and i,_o such that h;, ,;, , #0, h;,_, i, #0, hi,_5i, , # 0 and
hiy L ip_o # 0. (This is possible by (*)) Finally, take i, such that z;,;, # 0 and i,
satisfying h;, ,i,_, # 0 and h;,_,;, # 0. (This is possible by (¢).)

13



Hence
S (7:1? e 7i€—47 i£—37i€—27i£—1; Z@)

and
/ . . ./ . . .
s & (7/17"~ 726—47Z£—3525—27Z€—152E)

are admissible (meaning that (2.10) holds) and

Ts _ /\izfg (9(5—3))

gt )‘i273(g(4*3))

Hence by the following fact, (x,) determines g3 € D, up to four choices.

Fact 5. Let D C GL3(C) be a set of diagonal matrices obtained from a subset of
SL3(Z) after base change. Then given any z € C, for i # j, there are at most four
elements g € D for which

by (9) —
Ni(g)

where \;(g) and \;(g) are the eigenvalues of g.

Similarly we recover ¢4, ... ¢®. Consequently the map ) has multiplicity at
most 4°=4|D|* and (2.11)-(2.13) imply that

{(5,9) € (D"\D) x (D\D) : Tr g. = Tv 5.}
<C(0) DA
<C(0) |D|**8. (2.13)

This statement is valid for all z € SL3(Z).

Next, we prove

Claim 1. s
Z |C;. NA| < C(0) D= |A|, for any z € SL3(Z).
geD\D

Proof of Claim 1.

Denote

n(r) = ){g e D\D: C; = C;}
14




Hence

> n(r)=D\D| ~ D,

T

and by (2.13), we clearly also have that
> n(r)? < C(0)|D|"**. (2.14)

Estimate using Cauchy-Schwartz and (2.14)

Y. G nAl=) n(n)C-nA4

geD\D T
- [Z 7’1,(7')2] 1/2 [Z o A|2} 1/2
C(OID|F |4, (2.15)
Here z € SL3(Z) is still arbitrary. O
Let
A = ABY,

Next, we prove

Claim 2. "
> 1. nAlZ QT forsome s €y
1

geD\D

Proof. Averaging deD[\D |C3. NA| over all z € Ay, we have

Z > |G NAl= |A| > Y e nAl (2.16)

z€EA1 GeD\D geD\D zE€EA;

Fix g € D*\D. We want to show

|A|2

> 1CnAl> (2.17)

ZGAl

Denote
no(t)=|{z' € A: C.. = C;}| =|C- N Al.
15



Since |{7 : no(7) # 0}| is the number of non-conjugate elements of A, it is < Q. ( cf
(2.4)) We obtain

4= 3 molr) < [{r: molr (r) # 0}"* [ D mo(r)?]

< QI [Znom [eAs A@ i

1/2

Hence ‘ ‘2

5 (2.18)

> no(r) |Cr N Al >

Taking z of the particular form
z= (g(l)h- . -g(e))_lz’, with 2’ € A,
by (2.18), we certainly have
4P
I NA= ) CanAl= Zno ) |Cr N Al > 2
z€EA1 z/€A Q
Therefore, by (2.5) and (2.17), (2.16) is bounded below by

1
[ A4

\A\2 AP

Al Q

|AP

DY\D .
AP 4]

|D|£ _QZ 1

This concludes the proof of Claim 2. OJ
Putting together Claim 1 and Claim 2, we conclude that

e+8 _ A|2
D Al > “|—.
C) D= |AlzQ A

Hence we proved that

1 ¢ 1 e _
4] > s @47 Al > G MOED ) (2.19)

by (2.5).
Recalling assumption (2.1), we also have (see [TV], or Proposition 1.6 in [C]) that

|A1] < MG 4.
16



Taking ¢ = 12 in (2.19), and taking C; (hence C in (2.2)) large enough, a contradiction
follows. Hence we completed the argument for Case 1.

Case 2. FEvery element in A has a column with exactly one nonzero entry.

Thus we can assume that there is a subset A; C A with |A;| > % and elements

g € A; have the form

A K %
g=10 x =x
0 * =

Let

B:{gGSLQ((C): dge Ay, g=

and we have a map A; — B by sending g — g in the above sense.

Pigeonholing guaranteers an element g; € B and a subset Ay C A; with

Al 14
— 2.2
B ~ 1B (2.20)

|A2‘ >

such that
\V/g S A27 g = g1~

Therefore, for all g € g7 14,

A ox %
g=10 XN 0
0o 0 X

The following fact implies that A = 1 and \' = £1.

Fact 6. Let f(z) € Z[x] be a monic cubic polynomial over Z. Then either f(z) is
irreducible over Q and has three distinct roots, or one of the roots is in Q and the
other two roots are quadratic conjugates, or f(x) has three roots in Q. Hence if the
constant term of f(z) is —1, the only possible multiple roots are 1,1,1 or 1, -1, —1.

Case 2.(i). |B| < M©2/% (where § refers to Theorem B).
17



1 * x%
S:go{ 01 0 },
0O 0 1

some coset of a nilpotent group. Here go = ¢, if more than half of g; 145 have X = 1.

1 0 0
Otherwise g =¢g1 | 0 —1 0
0 0 -1

By (2.20), we have
AN S| 2 [Az] 2 M~/°|A]

contradicting assumption (2.2).
Case 2.(ii). |B| > MC1/é
Claim. |B3| < |B|'*?
Proof. Otherwise, assume |B?| > |B|'*° > M“1|B|.

For each b € B3, denote

.95 a9 € A

elements such that

(2 (3)
0 o7 =

We note that

g g2 o) Ax () oY 652 92 As = 0, for by # b,
Clearly

A = 148 = | V970 4e] = 3 14o] > m | > area)

v veps =

This contradicts (2.1) for Cy large enough. O
Therefore, Theorem B permits us to assume B contained in some coset of an abelian
subgroup G; of SLy(C).
After change basis, elements in (G; can be triangularized simultaneously. Either
/
half of B C x(G; are of the form x (A * ) for some X' € C, or half are of the form

0o X
18



0 Ao

factorization is over Z.

x ()\1 * > with A1, Ao € C. The remark below implies that we may assume the

Remark. If B = (1" ¢ SL,(Z) with £ € SL,(C), and T C SL,(C) all upper
triangular or all diagonal, then there exists ¢’ € SL,(Z) and T" C SL,(Z) all upper
triangular or all diagonal and B = &'T".

Proof. We pick any t € T, and let ¢ = &t € B € SLy(Z). Then T' := (£&t)7'B =
t=1T c SL,(Z), all upper triangular or all diagonal, and B = (£t)T".

There are 2 possibilities.

Case 2.(ii).(a).

1 *x =
A C 0 { 0 1 = ,where/\zlor—l}.
0 0 1

Therefore, half of elements in A; are in some coset of a nilpotent subgroup of G.

Case 2.(ii).(b).
110 0 A1k %
A1C 0 0 )\2 X
T

0 0 0 X3
Let
-1
) 110 0
Ay = 0 Ay,
0 T
and let
_ ] ox
Ag
B’z{gGSLz(Z):EIgEA’l,g: 0 },
00 N

all upper triangular.

Repeating previous reasoning distinguishing Cases (i) and (ii), we have

2 0 A 0 %
Al C 0 0 X5 O .
001 0 0 X
19



Let

x’ 0
Al = 0 Al
001
and let
— —_— g O g
B'=1g—= gi1 912 . " — a s
=<g= 7 € SLy(Z): dge A], g= 0 X O )
0 g2 =
0 0 g2

all upper triangular.

Repeating again, we obtain
" Ty s Ao 0
B c ( 0 2 0 M) [

ffllll 0 :Elllz )\6 0 *
Alcl 0o 1 0 0 X5 O .

0 0 i

Hence

Obviously this contradicts (2.2).

This concludes the proof that if A C SL3(Z) is a finite set and M a large constant,
then either
A > M]A]

or
AN S| > M C|A|
for some coset S of some nilpotent subgroup of SL3(Z).

From the discussion in the beginning of §1, we therefore obtain the following ana-
logue of Theorem 2 for SL3(Z).

Theorem 3. Let p,q € R such that 1 < p < 2 and

2 1
e
p q

Then there is a constant C = Cp, > 0 and 1 > 7 = 7, > 0 such that if f € (7(SL3(Z)),
then

1 = Flle < CIFIL UL
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defining
1/
171 = mave (3 If(a))

yeG1

and the max taken over all nilpotent subgroups Gy of SL3(Z) and x € SL3(Z).

§3. Further comments

1. Let G = SLy(Z) or G = SL3(Z) (we may also replace Z by the integers Ok in a

finite extension K of Q).

Let pu € ¢2.(G), ||ully = 1. Hence by Theorem 3 applied with ¢ =2, p = %,

1/2 —r T
o s < Cllall (el )

and we estimate

1/2
liassll < lelly
Il s < L)Y 2 ()

1/2
< (lall) 2 el

Therefore
[ pll2 < C(lpll)7 ]2

Recall that

lially = max | > ()|

1
' yeG1

(3.1)

with x € G and G a nilpotent subgroup of G. Taking p symmetric (i.e. u(zr) =

n(z™h)), (3.1) is equivalent to

(g o o ) (e) < C(plly)®™ (o p)(e).

Decay estimates for iterated convolution of a given measure v on G have been ex-
tensively studied in the literature, but to our knowledge, no prior results provide a

nontrivial bound for a single convolution.

We recall some well known facts.

Let T' be a symmetric finite generating set for a linear group G in characteristic

Zero.
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Denote dr the word metric with respect to I' and by
Br(n) ={z € G :dr(x,e) <n}

the corresponding balls. Then either |Br(n)| grows exponentially in n or G is virtually
nilpotent. The first alternative occurs if G is not virtually solvable (hence by Tits’
alternative [Ti] contains a free group on 2 generators) or if G is solvable but not
virtually nilpotent. A uniform statement on the exponential growth for non virtually
nilpotent G may be found in [EMO], where it is proven that

1/n

i%f lim |Bp(n)|/™ >1

where the infinum is taken over all finite generating sets I' of G.
Let us next consider the corresponding random walk and denote

1
Vzup:mz:ég

gel

the symmetric probability measure on G.

We are interested in the decay of () (e) of the ¢-fold convolution power of v. There
are three cases. If G is not virtually solvable, then there is exponential decay for
{— o0

v (e) < e (3.2)

If G is solvable but not virtually nilpotent then
v (e) < et (3.3)

(and this estimate is best possible, cf [Var]). If G is nilpotent, then there is power-like
decay and more precisely for £ — oo

v (e) = o(4=Y2) (3.4)

where d = d(G) = ;5 k rank (Gx/Gr+1) and Gii1 = [Gy, G| (see [CSV]).

Assume G not virtually solvable. Returning to (3.1), (3.3), we may easily estimate
|||} Indeed, let H be a nilpotent subgroup and denote

d = Z I/(E)(I)

reH

1
vy = 51/(6)|H.
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From (3.2), (3.4) one gets

e—cﬂm > V(Zm) (6)
> 6™ v™ (e)

1 —d/2 gm
>C’(€)m om.

Hence letting m — oo, it follows

VO (H) =5 < e

[ O} < e

On the other hand, for solvable groups, the estimate on ||v(¥)||; may be much worse.
Consider the quotient map 7 : G — G/[G,G] and let 7[v] be the image measure on
the abelian group G/[G, G].

Since 7[v]¥)(e) > £=C for £ — oo, it follows that
v9(aG,aG)) > ¢
and [G, G] may be nilpotent for G solvable.

2. Returning to the Remark after Theorem 2 concerning the free group F, on 2
generators, it may indeed be of interest to find a direct proof of the inequality

1 £l < Clfl A1) (3.5)
Wherel<p<q<oo,%:1+%,f€£p(F2) and
1/p
o n\|p )
171l = max (Z Flay™)?)
Notice that obvious necessary conditions for (3.5) to hold is that

TSIﬂiﬂ(p—l,l—g).
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