ON A QUESTION OF DAVENPORT AND LEWIS ON
CHARACTER SUMS AND PRIMITIVE ROOTS IN FINITE FIELDS
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ABSTRACT.

Let x be a nontrivial multiplicative character of F,n. We obtain the following results
related to Davenport-Lewis’ paper [DL] and the Paley Graph conjecture.

(1). Let € > 0 be given. If

n
B:{ijwj Zl’jE[Nj—l—l,Nj—l—Hj]ﬁZ,jzl,...,’n}
Jj=1

is a box satisfying

2
 Hi> pl5tom,

J

n

then for p > p(e) we have

52
1> x(@)| <np” T|B|
zEB

unless n is even,  is principal on a subfield F» of size p™/2 and maxg |[BNEF2| > p~¢|B].

As a corollary, we bound the number of primitive roots in B by

P =D 511+ o(p~))

n

(2). Assume A, B C Fj, such that

4 4
|A| > p57%,|B| > p5**,|B + B| < K|B|.

Then

> x(@+y)| <p T|A]|B].
r€A,yeB
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Introduction.

In this paper we obtain new character bounds in finite fields F, with ¢ = p™, using
methods from additive combinatorics related to the sum-product phenomenon. More
precisely, Burgess’ classical amplification argument is combined with our estimate on
the ‘multiplicative energy’ for subsets in F,. (See Proposition 1 in §1.) The latter
appears as a quantitative version of the sum-product theorem in finite fields (see
[BKT] and [TV]) following arguments from [G], [KS1] and [KS2].

Our first results relate to the work [DL] of Davenport and Lewis. We recall their
result. Let {w1,... ,w,} be an arbitrary basis for Fy» over F,. Then elements of F,»
have a unique representation as

E=ziwi1 + ...+ Tpwy, (0 < x; < p). (0.1)

We denote B a box in n-dimensional space, defined by
N;j+1<z; <N;+ Hj, (j=1,...,n) (0.2)
where N; and Hj are integers satisfying 0 < N; < N; + H; < p, for all j.
Theorem DL. ([DL], Theorem 2) Let H; = H for j =1,... ,n, with
H > pan ™ for some § > 0 (0.3)

and let p > p1(6). Then, with B defined as above

1> x@)| < @ H)",

r€EB

where §1 = §1(9) > 0.

For n =1 (i.e. F, =F,) we are recovering Burgess’ result (H > pit9). But as n

increases, the exponent in (0.3) tends to 3. In fact, in [DL] the authors were quite
aware of the shortcoming of their approach which they formulated as follows (see [DL],

p130)

‘The reason for this weakening in the result lies in the fact that the parameter q used
in Burgess’ method has to be a rational integer and cannot (as far as we can see) be
gwen values in F, .

In this paper we address to some extent their problem and are able to prove the
following
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Theorem 2'. Let x be a nontrivial multiplicative character of Fyn, and let € > 0 be
gwen. If

B:{ijwj 1Z; E[Nj—Fl,Nj—l—Hj]ﬂZ,j:l,... ,n}
j=1
is a box satisfying
ﬁ Hj > p(%—’_e)n,
j=1

then for p > p(e)

> x@)| < p 1B,

r€B

unless n is even and x|g, is principal, Fy the subfield of size p™/?, in which case

|3 x(@)| < max|BgR| + 0,77 |B).
rxEB

Hence our exponent is uniform in n and supersedes [DL] for n > 4. The novelty of
the method in this paper is to exploit the finite field combinatorics without the need
to reduce the problem to a divisor issue in Z or in the integers of an algebraic number
field K (as in the papers [Bu3| and [Kar]).

Let us emphasize that there are no further assumptions on the basis wq,... ,w,. If
one assumes w; = ¢* 1, (1 < i < n), where g satisfies a given irreducible polynomial
equation (mod p)

ag + arg + -+ a/n—lgn_1 + gn = 07 with a; € Za
or more generally, if

wiwj = Zcijkwk, (04)
k=1

with ¢;j, bounded and p taken large enough, a result of the strength of Burgess’
was indeed obtained (see [Bu3] and [Kar]) by reducing the combinatorial problem to
counting divisors in the integers of an appropriate number field. But such reduction
seems not possible in the general context considered in [DL].

Character estimates as considered above have many applications, e.g. quadratic
non-residues, primitive roots, coding theory, etc. We only mention the following con-
sequence of Theorem 2 to the problem of primitive roots (see for instance [DL], p131).

IThe author is grateful to Andrew Granville for removing some additional restriction on the set
B in an earlier version of this theorem.
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Corollary 3. Let B C Fpn be as in Theorem 2 and satisfying maxg ’Bﬂng’ < p~¢|B|
if n even. The number of primitive roots of F,n belonging to B is

=D 1Bl + o)

where 7" = 7'(€) > 0 and assuming n < loglog p.
The aim of [DL] (and in an extensive list of other works starting from Burgess’

seminal paper [Bul]) was to improve on the Polya-Vinogradov estimate (i.e. breaking
the ,/g-barrier), when considering incomplete character sums of the form

S x(@)], (05)

T€EA

where A C F, has certain additive structure.

Note that the set B considered above has a small doubling set, i.e.
|B + B| < ¢(n)|B| (0.6)

and this is the property relevant to us in our combinatorial Proposition 1 in §1.

In the case of a prime field (¢ = p), our method provides the following generalization
of Burgess’ inequality.

Theorem 4. Let P be a proper d-dimensional generalized arithmetic progression in
F, with
|'P| > p2/5+€

for some € > 0. If X is a nontrivial multiplicative character of F,,, we have

> x@)|<piP)

zeP
where T = 7(g,d) > 0 and assuming p > p(e,d).

See §4, where we also recall the notion of a ‘proper generalized arithmetic progres-
sion’. Let us point out here that the proof of Proposition 1 below and hence Theorem
2, uses the full linear independence of the elements wy, ... ,w, over the base field IF,.
Assuming in Theorem 2 only that B is a proper generalized arithmetic progression
requires us to make a stronger assumption on |B].
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Next, we consider the problem of estimating character sums over sumsets of the
form

> x@+y), (0.7)

r€AYyEB

where x is a nontrivial multiplicative character modulo p (we consider again only the
prime field case for simplicity). In this situation, a well-known conjecture (sometimes
referred to as the Paley Graph conjecture) predicts a nontrivial bound on (0.7) as soon
as |Al, |B| > p°, for some § > 0. Presently, such result is only known (with no further
assumptions) provided |A| > pz*® and |B| > p® for some § > 0. The problem is
open even for the case |A| ~ pz ~ |B|. Using Proposition 1 (combined with Freiman’s
theorem), we prove the following

Theorem 6. Assume A, B C F,, such that
(a) [A] > po+=,|B| > pote
(b) |B + B| < K|B|.

Then

> x@+y)| <p77IAl|B],
r€EA,yeB

where T = 1(e, K) > 0, p > p(e, K) and x is a nontrivial multiplicative character of
F,.

This result may be compared with those obtained in [FI] on estimating (0.7) as-
suming the sets A, B have certain extra structure (for instance, assuming A = B is a
large subset of an interval). We also consider the case when B is an interval, in which
case we can obtain a stronger result. (See Theorem 8.)

We believe that this is the first paper exploring the application of recent devel-
opments in combinatorial number theory (for which we especially refer to [TV]) to
the problem of estimating (multiplicative) character sums. (Those developments have
been particularly significant in the context of exponential sums with additive charac-
ters. See [BGK] and subsequent papers.) One could clearly foresee more investigations
along these lines.

The paper is organized as follows. We prove Proposition 1 in §1, Theorem 2 in §2,
Corollary 3 in §3 and Theorem 6 in §4.

Notations. Let * be a binary operation on some ambient set S and let A, B be subsets
of S. Then
5



Note that we use A™ for both the n-fold product set and n-fold Cartesian product
when there is no ambiguity.

(5) [a,b] :=={i€Z:a <i<b}.

§1. Multiplicative energy of a box.

Let A, B be subsets of a commutative ring. Recall that the multiplicative energy of
A and B is

E(A,B) = ‘{(al,ag,bl,bg) € A2 X 32 carb; = agbg}‘. (1.1)

(See [TV] p.61.)
We will use the following
Fact 1. E(A,B) < E(A,A)Y?E(B, B)'/2.

Proposition 1. Let {w1,... ,w,} be a basis for Fpn over F, and let B C Fpn be the
box

B = {ijwj HUIIS [N] +1,Nj +HJ]7J =1,... ,n}7
j=1
where 1 < N; < N; + H; <p for all j. Assume that
1
max H; < 5(\/]_)—1) (1.2)
J

Then we have
E(B, B) < C"(log p) |B|""/* (1.3)

for an absolute constant C < 21,
The argument is an adaptation of [G] and [KS1] with the aid of a result in [KS2].

The structure of B allows us to carry out the argument directly from [KS1] leading to
the same statement as for the case n = 1.

We will use the following estimates from [KS1]. (See also [G].)

Let X, By,--- , B be subsets of a commutative ring and a,b € X. Then
6



| X 4By || X+ By|
|X|k—1 .

Fact 3. 3X' C X with [X'| > | X| and |X' + By + -+ + By| < 28 XL X0l

Fact 2. |By + -+ Bg| <

|X+X]?
Fact 4. ]aX:I:bX\ S m.

Proof of Proposition 1.
Claim 1. F, ¢ 2=5.

Proof of Claim 1. Take t € F, N %. Then t¥z;w; = Yyjw; for some x;,y; €
[—H;, Hj], where 1 < j < n and Xz;w; # 0. Since tz; = y; for all j = 1,... ,n,
choosing ¢ such that z; # 0, it follows that

Hi ] A1 3(/p - 1)
8, HINOY < 3y 1, 3P - DO}

te (1.4)

Since the set (1.4) is of size at most \/p(y/p — 1) < p, it cannot contain F,. This
proves our claim.

We may now repeat verbatim the argument in [KS1|, with the additional input of
the multiplicative energy.

Claim 2. There exist by € B, Ay C B and N € Z such that

laBNbyB| ~ N for all a € Ay, (1.5)

N4y > 2B D) (1.6)

17 |Bllog|B] '
and A — A A — A
1 — 1 1 — 1

Proof of Claim 2.

F rom (1.1)
E(B,B)= > |aBNbB|.
a,b eB

Therefore, there exists by € B such that

E(B, B)

|(IB N boBl Z
> B
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Let A, be the level set
Ay;={aec B:2°"' <|aBNbyB| < 2°}.

Then for some sy with 1 < sy < log, |B| we have

10g2|B|
E(B,B
2% |Ag| logy |Bl > > 2°|A,| > Y [aBNbyB| > %.
s=0 a€EB

(1.5) and (1.6) are obtained by taking A; = Ay, and N = 2%.

S0
Next we prove (1.7) by assuming the contrary. By iterating ¢ times, we would have

Al—Al Al_Al
S = —— f =0,1,... ,p—1. 1.

B-B
B-B>

Since 0 € 2
Hence (1.7) holds

L. (1.8) would imply that F, C A 1‘31 C contradicting Claim 1.

Take c1,C2, dl, do € Al, dq 7£ dg, such that

C1 — C2 A1 A1

S N S I

It follows that for any subset A’ C Ay, we have

|AI’2 = ‘A/ + 514/’ = |<d1 — dg)A/ -+ (d1 — dQ)AI + (Cl — Cg)All
S ‘(dl — dg)A’ + (dl — dz)Al + (Cl — CQ)A]_‘. (19)

In Fact 3, we take X = (dy —dz)A1, By = (dy —d2)A; and By = (¢1 — ¢2)A;. Then
there exists A’ C A; with |A’| = 1|A;| and by (1.9)

|A')2 < |(dy — d2) A" + (dy — dg) Ay + (c1 — c2) Ay
2

|A | |A1 + A1| | (dl dg)Al -+ (Cl — 02)A1|. (110)

Since |A; + A1| < |B + B| < 2"|B|,

2_2|A1’3 < 2n+2|B| ’ (dl — dg)Al + (Cl — 02)A1|

<2""2|B| | e1B — 3B+ d\B — dyB]. (1.11)
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Facts 2, 4 and (1.5) imply

_ B+ BJ®
272%|A 3<2”+2B|—. 1.12
A1 < 22 B (1.12)
Thus

N4 AP < 29"+ B|° (1.13)

and recalling (1.6)
E(B,B)" < (log |B)*|BI"N*|As | < 27" (log p)*|B|"

implying (1.3). O

§2. Burgess’ method and the proof of Theorem 2.

The goal of this section is to prove the following theorem.

Theorem 2. Let x be a nontrivial multiplicative character of Fpn. Given € > 0, there
s T > % such that if

n
B:{ijwj 1 Xy G[Nj+1,Nj+Hj]ﬂZ,j=1,... ,n}
j=1
18 a box satisfying

ﬁ Hj > p(%_'_s)n,
j=1

then for p > p(e)

‘ > x(w)( <, p7|B|,

r€B
unless n is even and x|, is principal, Fy the subfield of size p™2 | in which case

‘ 3 X(m)‘ < max |BNEF| +0,(p7|B)).
rx€eB

First we will prove a special case of Theorem 2, assuming some further restriction
on the box B.
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Theorem 2’. Let x be a nontrivial multiplicative character of Fpn. Given € > 0,
there is T > % such that if

BZ{ZJJju)j C Ly S [Nj—}—l,Nj—}—Hj],j:l,... ,n}
j=1

18 a box satisfying

ﬁ Hj > p(g—i—s)n

j=1

and also )
H; < 5(\/]_)— 1) for all j, (2.1)
then for p > p(e)
> x(@)| < p7IBI (2:2)
reB

We will need the following version of Weil’s bound on exponential sums. (See
Theorem 11.23 in [IK])

Theorem W. Let x be a nontrivial multiplicative character of Fpn of order d > 1.
Suppose f € Fpn[z] has m distinct roots and f is not a d-th power. Then for n > 1

we have
> x(f(z) < (m—1)p?.

itern

Proof of Theorem 2°.

By breaking up B in smaller boxes, we may assume

jﬁl Hj = pE+an, (2.3)

Let 0 > 0 be specified later. Let
I=[1p) (2.4)

and .
BOZ{ijWj 1T € [O,p_26Hj],j:1,... ,n}. (25)
j=1

10



Since Byl C {Z?zl Tjw; x5 € [O,p*‘sHj],j =1,... ,n}, clearly
) > x(x) -

T+ yz)’ < |B\(B+yz)|+ |(B+yz)\B| < 2np_5|B|
reB x€EB

for y € By,z € I. Hence

> xla) = .

x€B 0 r€B,yeBp,z€l
Estimate

D DR RS E S ) SNCESE)]
r€B,y€Bg,z€1

zeB,yeBy z€l

= D D Xyt +2)

reB,yeBy z€l

Z w(u) ‘Zx(u—l—zﬂ, (2.7)
where

w(u) = H(m,y) € Bx By: g :u}‘

Observe that

(2.8)
Z w(u)”® = [{(x1,22,y1,y2) € B x B X Bo x By : 71y2 = Z241 }|
EGFpn
—Z!{ 1, T3) ——1/}\ {(1,92) —V}!
< E(B,B)fE(BO,BO)%
< 21" (log p)|B| | Byl
<28 (log p)(|BI) " pE, (2.9)

by the Cauchy-Schwarz inequality, Proposition 1 and (2.5)

Let r be the nearest integer to 2. Hence

(2.10)
1

H(‘)|3
l\.'JIb—‘



By Hélder’s inequality, (2.7) is bounded by

( 3 wwpﬁﬁff$< 3 |§:XW+%M%>$. (2.11)

u€lf,n u€lF,n zel

Since > w(u) = |By| - |B| and (2.9) holds, we have

(3 ww#) ™ <[] [Twwr]”
<2803 (o) 181) T (181) (g )y E -

The first inequality follows from the following fact, which is proved by using Holder’s

. : 1 2r—2 _
inequality with 57— + 2T ;=1

Fact 5. (Z f( )2r 1) - < [Zf( )]1_%[Zf(u)2]%

Proof. Write [(u)37 = f(u) =1 f(u)=*7. O

Next, we bound the second factor of (2.11).

Let
qg=p".
Write
SIS Y Y bbb ) b))
u€lF,n z€l Z1,...,22-€1 u€l,
(2.13)
For z1,...,29, € I such that at least one of the elements is not repeated twice,

the polynomial f,, . ., ()= (z+2z1)...(x+ 2. )@+ 2,41)9 2. .. (z + 22,)9 2 clearly
cannot be a d-th power. Since f,, . ., (z) has no more that 2r many distinct roots,
Theorem W gives

‘ Z (w+21) . (u+2) (U4 21)7 2 (0 + 20,)72)| < 2rp=. (2.14)
u€lF,
For those 21, ... , 29, € I such that every root of f,, ., () appears at least twice,
we bound | > X(le,... 2. (0))| by |Fg| times the number of such z,. .. , z2,. Since
u€eF q
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there are at most r roots in I and for each zq,... , 2o, there are at most r choices, we
obtain a bound |I|"r?"p".

Therefore 2
ST x(u )| < I r?rpt + 20|17 p? (2.15)
’u,EIF'pn zel

and )

(3 I xtw+a)")" <ririp® +201p#. (2.16)

u€lf,n zel

Putting (2.7), (2.11), (2.12) and (2.16) together, we have

1

Bl 2,
z€B,y€Bo,z€l

1

n - 1+é71" _llng
<4%(1og p) (1Bl 1BI) " (IBI) " p ¥ F (rl1|"EpF 4 2p7 )

<4%(log p) pr2nd= w0 ( ) g(rp%ézﬁJr?p%)
5
8r

<4+ r (log p) 2rp4r+25n +E)"|B|

<2-4% (logp) r|Blp~ &7 (9. (2.17)
The second to the last inequality holds because of (2.3) and assuming 6 > n/2r.
Let
§=—. (2.18)

To bound the exponent 22 (e — §) = e 2 (2 — ), we let

h="_1
er
Then by (2.10),
0] < < < 3 < 3
2r 2n—¢e (1On—-3) — 7
and 5 25
n
——(e—=9¢ L+0)(1—0) > =&
3y (E 0 =g (1+0)(1-6) > 5o
Returning to (2.6), we have
2 e?
‘ Z ‘ < cne *(log p)p’%s |B| <np~ *|B| (2.19)

r€EB
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and thus proves Theorem 2’. 0

Our next aim is to remove the additional hypothesis (2.1) on the shape of B. We
proceed in several steps and rely essentially on a further key ingredient provided by a
result of Nick Katz.

First we make the following observation (extending slightly the range of the appli-
cability of Theorem 27).

Let Hy > Hy > --- > H,. If H < p2T5, we may clearly write B as a disjoint
union of boxes B, C B satisfying the first condition in (2.1) and |Bs| > (3p~%)"|B| >
2-mp(3+2)7 . Since (2.1) holds for each B, we have

‘Z ‘<cnp "|Bal-

Hence

‘ Z ‘ < cnp T|B|.

reEB
Therefore we may assume that H; > p2T5.

Next we recall some results of Nick Katz.

Proposition K1. ([K1]) Let x be a nontrivial multiplicative character of Fy and let
g € F, be a generating element, i.e. F, =F,(g). Then

> xlg+b)| < (n—1)p (2.21)

teF,
It was pointed out by N. Katz that a similar result remains valid when an extra
additive character appears.

Proposition K2. ([K2]) Under the same assumption as Proposition K1. We have

m3X| Z ep(at) x(g +1)| < c(n)y/p. (2.22)

teF,

Following a standard argument, we may restate Proposition K2 for incomplete sums.
14



Proposition K3. Under the same assumption as Proposition K1. For any integral
interval I C [1,p],

> x(g+1)] < c(n)y/p logp (2.23)

tel

Note that (2.23) is nontrivial as soon as [I| > /p logp.

Proof of Proposition K3. Let I; be the indicator function of I. Write I;(¢) =
Y o lr(a)ey(at). Then )y |I7(a)| < clogp. Hence

1> xlg+1)] < ‘ > 1) Y x(g+t)ey(at)| < e(n)y/p logp
tel a teF,
by Proposition K2. [J
Proof of Theorem 2.

Case 1. n is odd.
We denote I; = [N; + 1, N; + H;] and estimate using (2.23)

w w 1 B
S| =| X w(mtn e, 2| < cupd logp )+, (220
reB x,€l; 1€l
2<i<n
where

(+) =

Z Z X(x1+x2ﬂ+...+xnw_n>‘ (2.25)
w1 w1

1€l (z2,...,xn)ED

and w o
D:{(:pz,... ,a:n)€I2><~-><In:]Fp(x2—2—|—~~—|—xn—n> %Fq}.
w1

In particular,

(x) <p|D|<p Z‘Gﬂ Spanwp<:—j,... ,Z—T)‘,
G

where G runs over nontrivial subfields of F,. Since ¢ = p™ and n is odd, obviously

[Fy : G] > 3. Hence [G : Fy] < §. Furthermore, since {wi,... ,w,} is a basis of F,
over Fp,, 1 & Span, (Z—i, cee ‘:}—?) and the proceeding implies that
. 5} Wn n
dim, <Gﬂ Span, (;17 ce w_1)) < 3 1. (2.26)

15



Therefore, under our assumption on |H;|, back to (2.24)

3" x(@)| <c(n)((1ogp)p#|B| + p¥)

zeB
<(e(m)(l0gp)p~% +p~15) |B|
since |B| > p3™. This proves our claim.

We now treat the case when n is even. The analysis leading to the second part of
Theorem 2 was kindly communicated by Andrew Granville to the author.

Case 2. n is even.

In view of the earlier discussion, our only concern is to bound

%) Wn,
_ Y2 hg, 2.2
(k2) =| > > X(:z:l T a2 w1> (2.27)
z1€l1 (z2,...,@n)ED>
with
w w
Dy = {(1'2,... ,.Cl?n) el x---x1,: <1‘2—2 ++l’n—n> c FQ} (228)
w1 w1
and F» the subfield of size p™/2.
First, we note that since 1, =2,..., ZT are 1ndependent € I, for at most z -1
many j’s. After reordering, we may assume that € F; for 2 <j<k and §Z F2 for
k+1<j <mn,where k < 5. We also assume that Hk;“ <...<H,. Fix xg, e Ty

Obviously there is no more than one value of z,, such that T2+ Ty w" € Fy,
since otherwise (z, — 27,) &> € Fy with z,, # x;, contradicting the fact that 2= & Fy.

Therefore,
|Da| < |Ia] -« | L1 (2.29)

and
B
(x2) < % (2.30)

If H, > p”, we are done. Otherwise

Hpyy - H, < pn b7, (2.31)
16



Define

Bzz{xl—kxzﬂ—k---—kxkﬁlxiGIi,lﬁiSk}-
w1 w1

Hence By C F» and by (2.31)

B T n
|BQ| > I{]C_|_‘1—|H >p(%75)" >p3. (232)

(We can assume 7 < =)

Clearly, if (x2,... ,x,) € Da, then z = xj11 ’“*1 + o+ xng—? € Fy. Assume x| g,
non-principal, it follows from the generalized Polya—Vinogradov inequality (proved as
that of Proposition K3) and (2.32 ) that

> xly+2)| < x| > ¥(x)

yEBg xGFQ

(logp)2 m < (logp)? - ’F2|% < p 13| By, (2.33)

where 1) runs over all additive characters. Therefore, clearly
(%2) < Hpgr -+ Hop™ 15| By| = p~ 15| B (2.34)
providing the required estimate.

If x|r, is principal, then obviously

1
(#2) = Hi - |D2| = ‘Fz N ;B‘ (2.35)
and
‘Zx(x)’ = |Fyn B|+ 0,(p77|B)). (2.36)
rxeB

This complete the proof of Theorem 2. U

Remark 2.1. The conclusion of Theorem 2 certainly holds, if we replace the assump-

n
tion of II H; > p(%Jre)” by the stronger assumption
j=1

pite < H; for all j. (2.37)

This improves on Theorem 2 of [DL] for n > 4. In [DL], the condition H; > pFn tE
is required. Our assumption (2 37) is independent of n, while, in the [DL] result, when
n goes to 0o, the exponent 2nt1) +1) goes to é

§3. Distribution of primitive roots.

Theorem 2 allows us to evaluate the number of primitive roots of IF,» that fall into
B.

We denote the Euler function by ¢.
17



Corollary 3. Let B C Fpn be as in Theorem 2 and satisfying maxg ’Bﬂng’ < p~¢|B|
if n even. The number of primitive roots of F,n belonging to B is

p(p" —1)
— 1 Bl +o(p™ ™)) (3.1)
p"
where 7" = 7'(¢) > 0 and assuming n < loglog p.
The deduction from Theorem 2 follows the argument of Burgess [Bu2]. We include
it here for the readers’ convenience.

Proof. Let p1,...,ps be all the distinct primes of p™ — 1 and let H),, < F}. be the
"1

subgroup of order |H,,| = Then « is a primitive root of F,» if and only if
[1(1 —1Ip, (o)) =1, where ]IH is the indicator function of H.

Let
Then
H(l - I[Hp,L') = Z<_1)T Z I[Hpil NNHp,
>0 iy <o iy
= Z :“(d) ]IHd
dlpm—1
= Zﬂ(d) I,
dlm

Here p is the Mdébius function. (Recall that p(d) = (—1)", if d is the product of r
distinct primes, p(d) = 0 otherwise.)

Observe that ) )
o= 1Y =0 Y
x4=1

d1|d XGSdl
where y is a multiplicative character and 4, = {x : ord(x) = d1}.

Then

S Y Yo=Y Y 00y M)

dlm dild x€€ay di|m X€EEa,
Cb(pn ( dl)
. X)
p Z 1) XGZSdI
_o" —1) p(dy)
opr—1 d1|pzn—1 o(dy) (Xezgdl X).
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The second identity is because

p(r) _ 1y _90q) _ di o(pn 1)
S 7] (-2)- 4R -

Di

rldﬂl pil gy

Let k be the number of primitive roots of F)» in the box B. Then

K d
=20y Y B )

p a€B d|pv—1 XEE4

P(p" — 1) u(d

=S (B X S0 Y @),
dlp"—1 XEEq aEB
d>1

Hence, by Theorem 2,

oo Al | < D S s Bl

pr—1 n—1 ¢(d)
dp"—1
d>1
n_1 1 n
_o -1 ( ogp ) 1B .
pn —1 log log p™

Remark 3.1. In the case of a prime field (n = 1), Burgess theorem (see [Bul])
requires the assumption H > p%ﬁ, for some € > 0, which seems to be the limit of
this method. For n > 1, the exact counterpart of Burgess’ estimate seems unknown
in the generality of an arbitrary basis wi, ... ,w, of Fyn over F), as considered in [DL]
and here. Higher dimensional results of the strength of Burgess seem only known for
certain special basis (see [Bu3] when n = 2 and basis of the form w; = ¢’ with given
g generating Fyn, see [Bud| and [Kar]).

§4. Some further implications of the method.

In what follows, we only consider for simplicity the case of a prime field (several
statements below have variants over a general finite field, possibly with worse expo-
nents).

4.1. Recall that a generalized d-dimensional arithmetic progression in F, is a set of
the form

d
P:a0+{2xjaj:xj€[0,Nj—l]} (41)
j=1
19



for some elements ag,ai, ... ,aq € Fp. If the representation of elements of P in (4.1)
is unique, we call P proper. Hence P is proper if and only if |P| = Ny --- Ny (which
we assume in the sequel).

Assume |P| < 1074, /p, hence F), # Z=F (in the considerations below, |P| < p'/%s0

that there is no need to consider the alternative |P| > p'/2). Following the argument
in [KS1] (or the proof of Proposition 1), we have

E(P,P) < c(log p)|P|*/4. (4.2)
Also, repeating the proof of Theorem 2, we obtain

Theorem 4. Let P be a proper d-dimensional generalized arithmetic progression in
F, with
P[> p?/5*e (4.3)

for some € > 0. If X is a nontrivial multiplicative character of F,,, we have

> x@)| <P (4.4)

zeP

where T = 7(g,d) > 0 and assuming p > p(e,d).

Theorem 4 is another extension of Burgess’ inequality. A natural problem is to try
to improve the exponent 2 in (4.3) to 1.

Let us point out one consequence of Theorem 4 which gives an improvement of a
result in [HIS]. (See [HIS], Corollary 1.3.)
Corollary 5. Given C' > 0 and € > 0, there is a constant ¢ = ¢(C,e) > 0 and a
positive integer k < k(e), such that if A C IF,, satisfies

(i) |A+ A| < ClA|

(i) 4] > pi+e.

Then we have
|AF| > ep.

Proof.

According to Freiman’s structural theorem for sets with small doubling constants
(see [TV]), under assumption (i), there is a proper generalized d-dimensional progres-
sion P such that A C P and

20



da<cC (4.5)
log % < C*(logC)? (4.6)

By assumption (ii), Theorem 4 applies to P. Let 7 be as given in Theorem 4. We
fix

1
keZy, k>-. (4.7)

T
(Hence k > k(c).) Denote by v the probability measure on F,, obtained as the image
measure of the normalized counting measure on the k-fold product P*¥ under the

product map

Px---xP—F,

(T1,... ,T) —> T1 ... Tk.

Hence by the Fourier inversion formula, we have

= S @)
= 3 K@ (o)

’73| kZX (;) )>k
_’73| kZ‘;X )’

x denoting a multiplicative character.

Applying the circle method and (4.4), we get

max v(z) < L + max |7D|_k‘ Z X(-T)’k

TEF* —1 nontrivial
P p x z€P

1 —7k
< ——+p”
p—1

2
<=, 4.8

p (4.8)
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The last inequality is by (4.7). Assuming A C F}, we write
|AF < |A¥| m%x‘{(:rl,... Tp) €EAX X Aixy ..z, = o)
xelfy

< |A¥] [P|" maxv(z)
x *

implying by (4.6) and (4.8)

s (NP2 P (ke og 0)?
| A% > <|77]> 5”5 exp (— kC?(log C)?) > ¢(C, e)p.

This proves Corollary 5. U

4.2. Recall the well-known Paley Graph conjecture stating that if A, B C Fp, |A| >
p%,|B| > p®, then

> xe+y)|<pl4l B (4.9)
r€A,yeB

where § = §(¢) > 0 and x a nontrivial multiplicative character.

An affirmative answer is only known in the case |A| > p2te |B| > p° for some
e > 0 (as a consequence of Weil’s inequality (2.14)). Even for |[A| > p/2,|B| > p'/2,
an inequality of the form (4.9) seems unknown.

Next result provides a statement of this type, assuming A or B has a small doubling

constant.

Theorem 6. Assume A, B C F,, such that
(a) |A] > po+=,|B| > poe
(b) |B + B| < K|B|.

Then
> xe+y)|<pT4] 1B
r€A,yeB

where T = 1(e, K) > 0, p > p(e, K) and x is a nontrivial multiplicative character of
F,.

Proof.

The argument is a variant of the proof of Theorem 2, so we will be brief. The case
|B| > p= T is taken care of by Weil’s estimate (2.14). Since we can dissect B into < p°
22



subsets satisfying assumptions (a) and (b), we may assume that |B| < 3(,/p—1). We
denote the various constants (possibly depending on the constant K in assumption

(b)) by C.

Let B; be a generalized d-dimensional proper arithmetic progression in [F,, satisfying
B C By and

d< K (4.10)
| B |
log — < C. 4.11
Let
By = (—B1) U B;y.
We take 10
€

Similar to the proof of Theorem 2, we take a proper progression By C B2 C F, and an
integral interval I = [1,p?] with the following properties

|Bo| > p2%| By

B — Byl C Bs. (413)

Therefore,
1B < |By| < eCH)|B| and |By| = 2|By| — 1. (4.14)

Estimate

Y x| <X ey

rzeA,yeB yEB €A

<|Bo| I Z ‘Zx(z+y+zt)‘. (4.15)

yEBs €A
ZGBo,tGI

The second inequality is by (4.13). Write

> | Xty tan)| < (1B |Bo m)%] S (et

—1
(xo +y)z=t 4+t
yEB2 z€A yEBy,z€By,tel
zE€Bp,tel T1,T2€A

1
2

(4.16)
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The sum on the right-hand side of (4.16) equals

IPIECER) MGl

uy,uz €EF, tel
1
Uq _|_t 2r] 2r
<[ =] [ [ (417)
U1,u2 ui,u2  tel
where for (uy,us) € F2 we define
v(uy,ug) = [{(z1,22,y,2) € AXAX By x By : nry_ up and vy _ ug }. (4.18)
z
Hence
S wlur,uz) = [AP[Bs] Byl (4.19)
and
Z v(uy,uz)?

ity ity

= ‘{(a:l,arg,azll,xg,y,y’,z,z’) cA* x B x B2 for i = 1,2}

Z/
/ /
< AP max [{(y.y/ 2 2) € B By LY VY
x1,%) z z
< |APE(By, Bo)? max E(z + Ba, z + B2)?
< |APlogp [Bo| *|Ba| ®
< C|AP |Bo| 7 (4.20)

by Proposition 1, Fact 1 and several applications of the Cauchy-Schwarz inequality.
Therefore, by Fact 5 (after (2.12)), (4,19) and (4.20) , the first factor of (4.17) is
bounded by

3=

1- 2
[ZV(Ulauz)] [ZV(UlaUQ)ﬂ
<CIAPIBs| 1Bol(1A B ~$p) . (4.21)
Next, write using Weil’s inequality (2.14)

uy +t U+t1 u+t 2
DR D DI D DR (e e
Uuo +t U + tr—|—1 (u + t27")

uy,u2€F, tel ti,...,t2r €1 u€lF,

<p? " ¥ + Crp |1, (4.22)
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so that the second factor in (4.17) is bounded by
Crp~ |17 + Cp= |I). (4.23)

Applying (4.14) and collecting estimates (4.16), (4.17), (4.21), (4.23) and assumption
(a), we bound (4.15) by

_1 _1 _5 1 L 1 1 1
> Xl@+y)| < CLALBIIIH (A B 3p2) 55 (V7 p# 11F 4+ p7 [1]%)

r€A,yeB
< OV |A] |B| (p~ G5 +240) 25 (par =3 4 par)
< CVT |A||B| (p2~ 8 +2d0—57 4 py=get2ddy 50 (4.24)
Recall (4.12). The theorem follows by taking 7(g) = 12582[( .

Next, we consider the special case A C F), and I C IF,, an interval. First, we begin
with the following technical lemma.

Lemma 7. Let A CF; and let I, ..., I be intervals such that I; C [1,p’%i]. Denote

w(u) = ‘{(y,zl,... 25) EAX Ty X - X Ig: y=wuzy... 25 (modp)}) (4.25)

and ) .
= — 4 4+ —. 4.26
Y=Lt (4.26)
Then

S w(w)? < A e

Proof. Using multiplicative characters and Plancherel, we have

2 1 2
> w(u)® = — ] (w, x)?, (4.27)
where L L
(w,x) = > wu)x(w) = > x@x(z1) .. x(zs)-
Hence
[(w, x)| = ) Zx(y)‘ H‘ > x(z)|.
yeA i z€l;
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Using generalized Holder inequality with 1 = (1 — ) + k—ll +oe ki, we have

S = 5 [ S| T3 )|

X yeA 7 z;, €1;

(Il ™) T (SIS e)"

1

Now we estimate different factors. Writing the exponent as % = % + 2 and
using the trivial bound, we have

Z‘ZX(‘”)‘&§|A|mZ\ZX<y>]2=|AIm S Y Xyt =plAl.

X yeA X y€eA Y,2€A X
(4.29)
For an interval I C [1, p%], we define

n(u):’{(zl,...,zk)€]X~--><I: 21...2k=U (modp)}‘.

Since z1 ...z, = 2} ... 2, (mod p) implies z1 ...z, = 21 ... 2, in Z, n(u) < (exp(logl%))k.
On the other hand 3" 7n(u) < (p*)* = p. Therefore,

S| S = E(Sntont) = Xn? = -0 3w <575k

X ZGI u X
(4.30)

Putting (4.28)-(4.30) together, we have the lemma. O

Theorem 8. Let A C IF), be a subset with |A| = p* and let I C [1,p] be an arbitrary
interval with |I| = p®, where

1
a(l—ﬂ)+ﬁ>§+5 (4.31)
and 3> 6 > 0. Then for a non-principal multiplicative character x, we have

iy
S x| <p Bl

xel
yeA

Proof. Let
(4.32)



and

1
R=||. 4.33
2T ( )
Choose ki, ..., ks € Z* such that
1
2 < B — Z <o (4.34)
Denote L
Iy=[1,p"], Ii=[1,p%] (1<i<s).
We perform the Burgess amplification as follows. First, for any zg € Iy, ... , zs € I,
> x@+y) =D x@+y+z02...2) + O(APp ).
zel zel
yeA yeA

Letting v = >, k%-’ we have

‘Zx(m—l—y—l—zozl...zs) =p 777 Z x(x+y+2021...25)
z€el zel, ycA
yeA z0€1o,... ,2s €1

Sp*’yfr Z ’ Z X(x+y+zozl...zs)

x€l, yeA zo€lp
z1€11,... ,2s€14

< pP~7"" max
=P xzel Z

135)

T+
> (T
Z1 .- A

. Zs
yeA zo€lo
z1€11,...,25€15

Fix z € I achieving maximum in (4.35), and replace A by A; = A + z. Denote
w(u) the function (4.25) with A replaced by A;. Hence (4.35) is

Py w(w)| Y x(u 2)| (4.36)

By (4.36), Holder inequality, Fact 5 and Weil estimate (cf (2.16)), (4.35) is bounded
by

P (S ) (5] 5wt o)
U u  z€Ip
<pFrT [Z w(u)] o [Z w(u)ﬂ " (R|10|%pﬁ + 2|1 ypﬁ>

2
<p™ RO ) < | A||L|p~ s
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In the last inequalities, we use | Y w(u)| = |A[p”7, (4.31)-(4.34) and Lemma 7. [
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