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In this note we consider incomplete mixed character sums over a
finite field Fyn of the form > ¢(f(x))x(x), where ¢ is an addi-
tive character, f(z) € F,» a polynomial, x a non-trivial multiplicative
character and By a 'box® of the form By = {37 zjw; 1 z; € [1, H]}.
(Here {w;}, is an arbitrary basis of F,» over F,.)

If f(x) =0 and n = 1, Burgess’ well-known theorem provides a non-
trivial estimate under the assumption H > p'/*t¢. A generalization to
arbitrary finite fields was obtained in [C1], [C2] and very recently [K],
eventually providing a statement of the same strength as Burgess, in
Fpn.

p
If n =1 and f(z) is linear, [FI] proved a non-trivial bound assuming
H > p'/**¢. For a general polynomial f(z) the only available result are
that of P. Enflo [E] and a comment made by Heath-Brown [H] in the
review of [E]. Heath-brown’s estimate (for n = 1) assumes again that

c(e)/2¢

H > p'/**t¢ and comes with a saving of the form p~ , where d is

the degree of f(x).

Our result below treats the situation of a field Fy» (relying on Konya-
gin’s bound for the multiplicative energy of a box By as described
above) and a polynomial f(z) of arbitrary degree d, assuming H >
p'/4+e. We obtain a saving over the trivial bound of the form p=¢(™#)/ (d+1)*
so that, interestingly, even for n = 1 the result seems new.

Notation and Convention.
1. e(6) = &, ¢,(6) = e(%)
2. When there is no ambiguity, p¢ = [p¢| € Z.
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3. Multiplicative energy

E(A, B) = ‘{(ahag,bl,bg) cAx Ax Bx B : arby = a2b2}

Let wy,...,wy, be an arbitrary basis for F,» over F,. Then for any
x € Fyn, there is a unique representation of x in terms of the basis.

r=2xiwy+ - -+ TWy-

A box By C Fyn of size H is a set such that for each j, the coefficients
x; form an interval.

BH:{Z:;mjwj:xje[l,H], Vj}. (1)

Theorem. Let x (respectively, 1) be a non-principal multiplicative
(resp. additive) character of Fpn. For a basis wy,ws, . ..,w, of Fyn over
[F,, let By be a box as defined in (1) by the basis with

H > pit™ for some k > 0. (2)
Then for a polynomial f € Fyn of degree d, we have
|7 w(f@)x(@)] < el k) (d+1)% 7Bl
rEBp

where
K%n
41+ 2k)(2n+ (d+1)?)

and c¢(n, k) is a constant depending on n and k.

Sketch of Proof.
As in [C1], [C2] and [K], we use Burgess’ method [Bul].

Let € > 0 be specified later (see (16)) and let B,-2cy be a box of
size p~*H as defined in (1). For y € B,z and 0 < t < p°, since
yt € By--p, we have

’ > w(f@)xta) = ) ¢(f(x+yt))x(x+yt)‘

JJEBH IEBH

<|B\ (B +yt)| +|(B+yt)\ B| <2np°H".



Hence
> w(f@)x)]
Sm > w(f@+y)x(a+yt)| + O =H").

xEBH s yEBp,QEH
0<t<p®

(3)
An additive character is of this form
P(z) = e,(Tr €z), for some £ € Fyn.

Expanding
fx+yt) = ag(@, Yt + ag_1 (z, )t + -+ ao(z,y),
and we write

w(f(x—i—yt)):e(ZMtj). ()

= P

Fix ; > 0 (to be specified later) and partition [0, 1] in boxes Q,
of size p~¢'. There are p4*t1) boxes. Partition By x B, -2: iy according
to the boxes Q).

By X By = JQa,

where

Qo = {(957?/) € By X By2ep : (W) € @, (mod 1)}
1<j<d+1

Hence for 0, = (041, ..., 004+1) € Qo and (z,y) € Q,, we have

‘ Tr SCL]‘(ZIJ’ y)

) — Oaj

<p ', forj=1,...,d+1. (5)

Since t < p¢, (4) and (5) imply that for (z,y) € Q,,

‘w(f(x —i—yt)) — e(iﬁw tj>

<or Z Tr faj(xa y)
; p

<om(d+ 1y Sy,

(6)
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for
= (d+1)e. (7)

Therefore, the bound in (3) is bounded by

d

p \B_%H\ > 2 Z (Z%,j tj) X($+yt)‘—l—0(p_£H"). (8)

o (z,9)€Qa Jj=0

For z € Fpn, denote

po(2) = ’{(m,y) €0, : " =z}

The sum in the first term of (8) equals

Z Z o (2) e(i@mj tj> X(z+t)'. (10)

a ZE]Fpn
Take r € Z specified later. Holder’s inequality bounds (10) by

(XX w7

o z€F,n a z€F,n ' t=1 7=0
N 7\ 7
v Ve

(4) (B)

Holder’s inequality also gives

< (X i) (E mer)”

o2

Zm )= E(By, Byep)? (12)

< cln )( —25H2) n(1 *)<p—2n5H2n> logp .

Here the equality follows from the definitions of p,(2) and the multi-
plicative energy. For the last inequality, we use Konyagin’s bound on
multiplicative energy [K] and that

o=

1
E(BH, Bp—QeH) S E(BH, BH) 2 EW(Bp—QEI_[7 Bp—QsH) .
(This is by Cauchy-Schwarz. (See [TV] Corollary 2.10.))



To bound (B), we write

with
p° d . 2r
Ba=Y > e(D) ba;t) x(z+1)
z t=1 7=0
e . 2r
For fixed «, we expand ‘ She( Zj:o 0a; 1) x(z+1t)| and obtain
P d ‘ 2r
S (S5 #) xz1)
t=1 7=0 (13)
2tt1) (24t
= Y ca(tl,...,tzr)x( ( ; ) _‘_( t> )
fo o (2 + 1) - (2 4 tar)
with |c(t1,...,t2-)] = 1. This gives
+t1) - (z2+t)
B2 < (97)2rpc1(d+]) ( (z

< (2T)2rp e1(d+1) [pnprs _’_pgp%a}
(The last inequality is given by Weil’s estimate.)

Therefore,
(B) < erp M5 [p% %+p%+a], (14)

Putting (10)-(12) and (14) together, we have the first term of (8)
bounded by

c(n)rlogp , o o\n(=1)( _on.ion\3 @D [ n e
A S = H T (p ne [ ”) p- 2 [ 2t +p4r+6
pe(p~*H )”( )

n £1(d+1) | en € n
<c(n)r logp H" rp B [p2r‘§ +py}

N ion
< Hn %((d+1)2+2n) < pQ)r —£ ( p >r
<c(n)r H"p o) P + 7

<c(n)r Hps (%2n) [p%—% + p—ﬁ%].

(The last inequality is by our assumption (2))



Take
n

ERRCES VT 1o

and
o fowen?] < [ o).

Substituting (16) in the second factor of (15), we obtain p2r. Our
choice of r implies that 7 > (2k+1)% and hence 5+ - < {. Therefore,
(15) is bounded by

N2TL

c(n, k)(d+ 1)2]—]”(]9_% + p_K/er) < ce(n,k)(d+ 1)2an_ A(1+2r)((d+1)2+2n)
(The inequality is because r < 2((d +1)% + 2n) (2 + %) by (17).)

Remark. One may estimate the quantity

Z |an(t1,...,t2T)‘,

t1,..., tar

which essentially equals to

- d . 2r
0. ‘ by - - - db
fun 5 350 o an

and may be estimated using the classical Vinogradov’s mean value the-
orem. This will lead to some further saving of § that may be significant
for specific values of k and d. In the context of our theorem where we
focus on small x and large d, the improvement turns out to be without
interest.
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