SHORT CHARACTER SUMS WITH FERMAT
QUOTIENTS '

Mei-Chu Chang®

§. Introduction.

Let p be a prime and u an integer coprime with p. The Fermat
quotient g,(u) is the unique integer satisfying
wP™t —1
¢p(u)=——— modp and 0<g(u)<p-—1 (0.1)
p

If p|u, we set g,(u) = 0.

The distribution of Fermat quotients and related sequences is inter-
esting from several perspectives. First, there are several applications,
in particular to algebraic number theory and computer science. Fer-
mat quotients play for instance a role in primality testing (see [L]) and
are well-studied as model for generating pseudo-random numbers. (See
[COW].) From the analytical side, establishing discrepancy bounds for
those sequences relies on the theory of exponential sums. Those meth-
ods provide nontrivial results, but there is nevertheless often a large
gap between what can be proven and the conjectured truth.

Exponential sum estimates for partial sequences g,(u),u = n +
1,...,n 4+ N appear in the work of Health-Brown [Hb]. Our inter-
est in this paper is incomplete character sums, following up on the
paper [S1]. More precisely, we obtain nontrivial estimates on sums of
the type

X (Qp(u)) (Theorem 3.1)

M=M=

X (ugp(u)) (Theorem 3.2)

U

for N > p'*° (§ > 0 arbitrary) and also for sums over primes

> x(a%(0) (Theorem 4.1)

(<N
{ prime
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for N > pi+d

Thus the restriction on N is weaker than those imposed in [S1]. Our
results contribute to some of the problems put forward in [S2].

For shorter range (N > p3/4t9)  we have the following result (the
saving on the bound is only logarithmic).

‘Z X (gp(u ‘ s N(log N)~ '+ (Theorem 5.1)

u<N
With respect to Theorems 3.1 and 3.2, the statements remain valid
for general intervals [M, M + NJ as in [S1].

The method is based on a new result on the distribution ( mod p)
of the sequence ug,(u) for v = 1,...,p, (see Proposition 2.1) which
is another issue brought up in [S1]. Its proof relies on the Heilbronn
exponential sum bound from [Hb] and [HbK]. which is combined with
combinatorial estimates from [BKS].

§1. Preliminaries.

Theorem 1.1. [BKS] Let G be a multiplicative subgroup of (Z/nZ)*.
ForT € Z.,, denote

N(n,G,T) = {(z,y) : 0 < |z, ]yl < T,ay™" € G}|
Then for |G| =t > /n and T arbitrary, we have

N(n,G,T)<T trffﬁln n“z(Til) te 2 t n—%ﬂ, (1.1)
where v is an arbitrary fived integer.
Theorem 1.2. [HB-K] Let G < (Z/p*Z)* be the subgroup of p-powers,
1.€.

G = {2 mod p*: (z,p) = 1},

and let 1 be the indicator function of G. Then

3 le@)] < pt. (1.2)

1<z<p?

Remark 1.2.1. The subgroup G in Theorem 1.2 has the following
properties.

(i) |G| =
(ii). There is a one-to-one correspondence between {1,--- ,p — 1}
and G by sending x to z?.



Fact 1.3. Note that

qp(ry) = Qp(x) + QP(?J)' (1.3)

§2. A distributional inequality.
Our main result is the following.
Proposition 2.1. For § € Z/pZ, define
w) =z el,p:a? —x=p¢& mod p*}| (2.1)

Then

u(©)? < pee, (2:2)

Proof. 1t follows from property (ii) in Remark 1.3, we have

wé) =[{yeG:yep&+l,p—1]}
<N K(y-pe). (2:3)

yeG

where K;Z/p*Z — [0,1] is a smooth function mapping [1,p] to the
constant 1.

Hence
K\ <p ' for A > p'*e, (2.4)
where
p2
K\ =Y K(@) ().
=1

Putting (2.3) and (2.4) together, we have

u(€) < pl SR e,(0) Ta(—N),
A=1



and
> ul®)’
=1
SZ% > ROOEN) [ D ep(¢h = 2)] Tal-anTa(-2)
A1, Ag=1 =1
<5 X IRO)IIRO) Ta-A)] Ta(-)

A1=A2 mod p

Since |K(\)| < p and (2.4) holds, we have

bS]

Z [Ta(\)| [Ta(X)]
£=1 [Ai|<p 1Fe
)\15>\2 modp

p o~
<= > [leWP
P [A<p 1te
|G)? 1 ~
- plfe + plfe Z |1G()\)|2

0<|A|<p 1t

(The second inequality is by Cauchy-Schwarz.)

To bound o _ <, 1+
an argument from [KS].

First, we note that 15(\) = 1¢(\z) for z € G.

~ 1 ~
Yo TeWP == > (e
0<|A|<p e p zeG
0<|A|<p 1t+e
1 T 2
=— > o) [le()]
p0<t<p2

1/2

< [Sew] [ etor]
<Lp 7 [Z C(t)2} 1/2,

(2.5)

(2.6)

1(A\)[%, we will use Theorems 1.1 and 1.2 and

(2.7)



where
c(t) = ‘{(x,)\) € G x [0 < || <p1+5} cxA=t mod pQ}‘.
(The first inequality is by Cauchy-Schwarz, and the second inequality
by Theorem 1.2.)
Next,

> ety

:‘{(xl,xg,)\l,)\g) € G? x [0 < || <pl+12 DT\ = ToAy mod pz}‘
:p‘{(x,)\h)\z) € G x [0 < A <pl+€}2 c A = Ay mod pQ}‘.

Applying Theorem 1.1 with n = p2, T = p*¢ v = 1,t = p, we have

> e(t)? < p{ppip e+ p*pp i)

9 (2.8
< pz+e

Combining (2.6)-(2.8), we have

p
w(€)? < pE e O
=1

§3. Character sums with Fermat quotients.

Theorem 3.1. Let x be a nontrivial multiplicative character mod p
and k = p', with 1 > § > 0. Then

k

|5 (o) 55 b

r=1

Proof.
For ged(x, p) = 1, we write
r=s4+py, withl1<s<p—1, and y < p’.

Since

(s+py)Pt=s""+plp—1)s2y=s""—ps’ %y mod p?,
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this gives

‘Zk:x(qp(x)’
{E St )

s=1 y<p®

Sg y%x(spgs—y)’
=Sue| S ve- y>)

where the inequality follows from the fact that s>~ = 1 mod p, and
u(€) is defined as in Proposition 2.1.

Take an integer r ~ %. By Holder inequality and Proposition 2.1,

(3.1) is bounded by

i 7% 2r 2717‘
Sue] T[S of]
- £ =1 y<p?
: -1 Lr _r
<|Zue| [ Zuer] " [ S| Ewe-af]
- < 3 =1 y<pd
2r %
B
=1 y<p?
Using Weil’s bound for the last factor gives
k
‘ZX(Q}?(@’
=1

1

p1_12’”+{ (F)p° "p + p?Oe(r )\/2—9}%
e(r)p! T I 4 ()l PO A
c(r)k{pl%r*%“ _|_p*rir+6}
c(r)k‘p—%“. O

AN

IA



The same approach applies to 32*_, X(zp—x>‘

p

Theorem 3.2. Let x be a nontrivial multiplicative character mod p
and k = p'0, with 1 > § > 0. Then

b P —x
A0 kb
x=1 p

Proof.
As in the proof of Theorem 3.1, for ged(z, p) = 1, we set
r=s+py, with1 <s<p—1, and 0 <y < p°.

Then
P —x  sP—s
= —y mod p
p p

We obtain

i P —x s sP — s

() =X ()]
r=1 p s=1  y<pd p

This is (3.1) in the proof of Theorem 3.1. O

§4. Sums over primes.

In the same paper [S], Shparlinski also obtained nontrivial bound on

Z X(QP(I))7

<N
T prime

the character sums with Fermat quotients over primes for N > p3*<.
In the next theorem, we improve his result.

Theorem 4.1. Assume N > p%”. Then we have

S X(gp(@) < Np~*,
<N
T prime

where §; = 6%/3.

Remark 4.1.1. The analysis in the proof of Theorem 4.1 can be made
more precise to give a better dependence of §; on d but we only want
to get a nontrivial bound under the weakest possible assumption on N.



We will use the following two lemmas.

Lemma 4.2. Let n; and 0y be functions defined on 7Z/pZ such that

Zm )| <1 fori=1,2,

P
> i) <p2, (4.1)
=1

and
[ ey (4.2)
for some 6 > 0.

Let x be a nontrivial multiplicative character mod p. Then

’ Zm(zl)%(ab))((xl +129)| < p

for some &; > 6%/2.

The proof of Lemma 4.2 is analogous to the argument used to prove
Theorem 3.1.
Lemma 4.3. For 1 < T < p, define

Hx € [1,T]: gy(z) = z}|

Then

(). If T > p® with 0 > 0, then Y o(2)* < T'+9/2,

(ii). If T > p*** with & > 0 > 0, then Y o(2)? < T?p~ /202,
Proof. In Theorem 1.1, we take n = p?,t = p and

G={2Y modp?:1<z<p—1}.

Then )
NP2, G, T) < Tp=eFn ¢ 4 T?p e, (4.3)

Also,
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To prove the lemma, for Case (i), in (4.3), we take v ~ 5. So
T = p+*¢, and (4.3) is bounded by T < T1+5. For Case (i), we
take v =11in (4.3). O
Proof of Theorem 4.1.

We follow the usual procedure, estimating

> Am)x(g(n)) (4.4)

n<N
using Vaughan’s identity (See [IK], Prop 13.4.)

An) =Y u®)log 7 = DD~ ub)A() + Y Y pb)AC).  (45)

bln be|n beln
b<y b<y, c<z b>y, c>z

Take
Yy=2z= 2V N

so that the last term in (4.5) can be omitted. We obtain

> An)x(ap(n))

<| S uos@x(ad)| +| X swaEx(goe)]. 0

Using Fact 1.3 and a standard argument (See e.g. Theorem 3.4 in
[S].), we reduce the second sums in (4.6) to bilinear sums of the form

> a(w)B()x(g(u) + g,(v))

U<u<2U
V<u<2V

with N'7¢ < UV < N p™ < U <V, ||]loo; | Blloe < p°, and linear

o Y x(alew)] (43)

U<u<2U

, (4.7)

with N'=" < U < N.

Since N > p2™®, we may use Corollary 3.2 in [S] to bound (4.8). (In
fact, the argument used in the proof of Theorem 3.1 may be adapted
as well.)

To estimate (4.7), we will use Lemmas 4.2 and 4.3.
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Define

> B),
V<o<2V
ap(v)=z

<|~

and

U<u<2U
ap(u)=z

[ SIS0

Recall that U > p™ and V' > N27¢ > p%+ .

Clearly, Y [m(2)] < £ Y pepcor la(u)] < p° and similarly for n;.
Also, from Lemma 4.3, o

||772||go
< ()
<laf2 U {U < u < 2U : gy(u) = 2}|

< pU 32
<p7,

and

> m@)f

<BIRL V2Y |V v <2V i gy(v) = 2}

1

< pri-ire

<p

[S1[s9)

We rewrite (4.7) as

UV‘ Z m(1)nz(w2)x (21 + 72)],

x1,T2

use Lemma 4.2 (replacing § by min(Z, 7)) and get an estimate

UVp 2 < Np= %3 O
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An argument similar to the one above can be used to treat the sums

7;\[ X(npp— n)

n prime

from Problem 46 in [S2].

Theorem 4.4. Assume N > p2t0. Then there is & = &'(5) > 0 such

that
’ n? —n s
E X< )' < Np™°.
n<N p
n prime

Proof. First, we note that
(zy)? —xy

D
Thus, instead of (4.7) and (4.8), we have

> aw)B)x(w)x(©)x(g(u) + gy(v))

U<u<2U
V<u2V

with N'=¢ < UV < N'* p7 < U <V, ||a]|oo; [|8]loc < P¢, and

Y wx(glew)] (4.10)

U<u<2U

= 2y gp(ry) = 2y(gp(z) + gp(y)) mod p.

, (4.9)

with N7 < U < N.
For (4.9), we define a;(u) = a(u)x(u) and £1(v) = B(v)x(v). We

obtain the same bound as for (4.7).
Bounding (4.10) amounts to estimate
p_
Z X(M) (4.11)
<X p

with ¢ fixed, (&,p) = 1 and X > N'=¢ > p*2 In fact, it suffices
to assume X > p'*° since the same argument as for Theorem 3.2 is
applicable.

Thus, setting
r=s+py, with1<s<p—1, and 0 <y < p°,
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we have
(x)P —Ex _ (€s)P —&s
p p

Following the same argument, we need the analogue of Proposition 2.1
with w on Z/pZ defined as

u(z) = ‘{5 ell,p—1]:(£s)’P —&s=pz& mod p2}|.

— &y mod p. (4.12)

Following the proof of Proposition 2.1, we have

uz)={y e G ey epze+€L,p—1] mod p*}|
={yeG e yepz+[l,p—1] modp’}|.

Let K be as in the proof of Proposition 2.1. Then

yeG
1 &
< 5 ) K ep(A2) Ta(=€71N),
p A=1
and
P
> u(z)”
z=1
T
<50 2 KOWIHEQ)] e M)l Ha(=¢" %)l
A1, Ao=1

A1=A2 mod p

As for (2.5), we need to estimate
~ 1 ~
Yo a@™P == > et) TP,

0<|A|<p 1te p 0<t<p?

where

c(t) = ‘{(m,)\) e G x [0 <A < leﬂ czP7 A=t mod p2}

— ‘{(9:,)\) € G x [O < |A| <p1+€] czA =7 mod pQ}‘

with €& =1 mod p%.
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The argument is completed exactly as in Proposition 2.1 and we
obtain

85. Shorter ranges.
We return to Problem 45 in [S2]. It is in fact possible to obtain a

nontrivial bound on
nP~l—1
> ()
p

n<N

3/4+6

for N as small as p , but the saving on the bound is only logarith-

mic.

Theorem 5.1 For N > p3/*0 with § > 0, we have

> X<E>‘ S5 Nlog N)~+

n<N p

Proof. We will remove subintervals (where we use the trivial bounds
on the character sums) until Lemma 4.2 is applicable.

We fix

& = (logp)~H*.
(Note that 0; < =.)
Let
V = {n €[1,N] : n has a prime divisor in [p‘sl,pg]}.
Clearly,
LN\ V|
<~y II (- l)
S 1
S1<y 2
: ZErinﬁg (51)
< Nexpq — Z E <Né~N(logp)_1+e.
- S0
pol<l<p2

¢ prime

(The last inequality follows from Prime Number Theorem.)
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We will make a further subdivision of V.

Let
a =06 = (logp) e (5.2)
be a small parameter. We choose j1, 7o such that
P =1+, pi=(1+a)> (53)

Let P; be the set of primes in [(1 4 «)’, (1 + «)?™!] and let
V; = {n € [1,N]: n has a single prime divisor in P
and no prime divisors in U R-}.
i<j
Clearly, from the definition,
v U v
1<5<j2
C {n € [1,N] : n has two prime divisors in some Pj, j; < j < ja}.
Hence, by Prime Number Theorem and that j < lﬂ%,

v J v

J1<5<g2

<212, )

Jj=j1 ™ A1, £2€P;

]2]1 EEPJ‘
2

vy B

s Ld+ay

2
P DR LN G
- (14+j)log(l4+a) 7 log(l+«)
1,1 _oer) )

SN (=4 oo+ O(evVmRER)
Y=\ S

JZi1
<N(l log p m)

(5.5)
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Next, denote
Q e[lN]h ime divisors in | J P,
F=19m ————— 1 :m has no prime divisors in ;P
f Tt apt b
It follows from (5.4), the definition of V; that
P 'V

and

N N
Vi\ (Pj Qj) C Pj X [(1+a)j+1’ (1+a)j]'

Hence, using the bound on |P;| gotten in (5.5), we have

NCV 1
A o5 1Py ST - — /&1 Togp
Vi\ (B )| < 1P (g Na{j_|_0(e 1 >]
Therefore,
Z Vi (P ) SNa[logj2+j26—«/m}
J1<5<j2

1
<N [a(log log p+ log —) + (log p)e~ Vo1 &7
(6]

< N(logp) .

(5.6)
Note also that from the definition of €2;, the product map
Py x QY — P8
is a one-to-one and onto.
Combining (5.1), (5.5) and (5.6), we have
> X))
= (5.7)

< Nogp) 2+ 3|3 (a0 +am) |

J1<5<52 @GPj,mGQj
For each j, the double sum
D x(@O) +a(m) =D m@)my)x(z+y) (5.8)
ZEPJ', mGQj
with

miae) = |{m € 9 s gym) = | < [fm <

(1+ )

- gp(m) = o}
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and
m() = |{Le P g0) =y} S {0 1+ 1 g(0) = v}

We will use Lemma 4.2 and Theorem 1.1 to estimate (5.8).

Recall that p’* < (14 )7 < p®/2. Hence (ﬁ\;)j S pB/Atef2,

By inequality (4.3) (with v =1 for Y m(2)?),

and

. p1/2v(v+1) Ly
ﬁpe(”“)]%{‘{mﬂ }

< p (14 a)?(1 4 )70/
< p’61/2(1 + )%,
(We obtain the third inequality by taking v such that p'/* > (14+a)? >
1/(v+1)
p/tty)

Thus, after normalization, Lemma 4.2 can be applied with ¢ replaced

by min(¢, %), and we obtain

> xap(0) + gplm)| < Np R < Np (5.9)

éGPj, meﬂj

The theorem follows from (5.7) and (5.9). O
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