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Abstract. Let V be a fixed absolutely irreducible variety defined
by m polynomials in n variables with integer coefficients. We show
that for almost all primes p at least one of the components of
all but O(1) points on the reduction of V modulo p has a large
multiplicative order. This generalises several previous results and
is a step towards a conjecture of B. Poonen.

1. Introduction

One of the major problems of the theory of finite fields is, given a
finite field Fq of q elements, find, in polynomial-time a generator of its
multiplicative group F∗

q. Even in the class of probabilistic algorithms, it
seems that factoring q− 1 is unavoidable and thus no polynomial-time
algorithm is known nowadays.

One of the possible ways to circumvent the factorisation obstacle is
to find some constructions of reasonably small subsets of finite fields,
that are guaranteed to contain a generator, see [19, 20, 21] for some
results of this type.

Another possible relaxation of the original problem is to construct
elements x in a given field Fq or in its extension of large order ordx,
see [1, 6, 7, 8, 9, 14, 17, 18, 23, 24] and references therein. We recall
that for a non-zero element x ∈ Fq in the algebraic closure Fq of Fq the
order ord x is the smallest positive integer t with xt = 1.

Voloch [23, 24] has considered the points (x, y) on an algebraic curve
f(x, y) = 0, defined over the ground field Fq and such that x is of high
degree d = [Fq(x) : Fq] over Fq. In particular, under some natural
conditions, it is shown in [23] that if f(X, Y ) ∈ Fq[X,Y ] is absolutely
irreducible, then for any ε > 0 there is some δ > 0 such that either
ordx > d2−ε or ord y > exp(δ(log d)2).

More recently, it has been shown in [8] that if the zero set of a
polynomial f(X,Y ) ∈ Z[X,Y ] has no common components with those
of Xr−Y s and XrY s−1 for any r, s ∈ Z, r, s ≥ 0, then for any function
ε(z) with limz→∞ ε(z) = 0, there is a set of primes p of relative density

1



2 M.-C. CHANG, B. KERR, I. E. SHPARLINSKI, AND U. ZANNIER

1 such that for all but at most C(f) solutions of the equation

f(x, y) = 0, (x, y) ∈ Fp × Fp,

we have

max{ordx, ord y} ≥ p1/4+ε(p),

see also [7].
We note that the results of Voloch [23, 24] (and thus those of [8]) are

motivated by the following general conjecture due to Poonen (but are
quantitatively much weaker):

Conjecture 1. Let A be a semiabelian variety defined over Fq and let
X be a closed subvariety of A. Denote Z the union of all translates of
positive-dimensional semiabelian varieties over the algebraic closure Fq

of Fq contained in X . Then, for every nonzero x in (X − Z)(Fq), the

order of x in A(Fq) is at least qdc for some constant c > 0, where d is
degree of x over Fq.

Here we extend the result of [8] to points on general algebraic vari-
eties. Although our results and Conjecture 1 do not imply each other,
our estimates may be considered as yet an indirect confirmation of
this Conjecture 1. We note that the method of [7, 8] is based on some
properties of resultants and does not seem to apply to general varieties.
Thus here we use a different approach which is based on Hilbert’s Null-
stellensatz .

We say that an absolutely irreducible variety V ⊆ Cn does not con-
tain a monomial curve, if it does not contain a curve parametrised
by

X1 = ρ1T
k1 , . . . , Xn = ρnT

kn ,

where ρ1, . . . , ρn are roots of unity and k1, . . . , kn are integers, not all
qual to zero.

Theorem 2. Assume that an absolutely irreducible variety V ⊆ Cn is
defined over Q. Also assume that V does not contain a monomial curve.
Then there is a constant C(V), depending only on V such that for any
function ε(z) with limz→∞ ε(z) = 0, there is a set of primes p of relative
density 1 such that for all but at most C(V) points (x1, . . . , xn) ∈ Vp

with components from Fp, on the reduction Vp ⊆ Fn

p of V modulo p, we
have

max{ordx1, . . . , ordxn} ≥ ε(p)p1/2n.

For the case of a single plane curve of degree d, we can get a weaker
bound, although the set of primes removed depends only on d.
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Theorem 3. Fix an integer d ≥ 2 and a function ε(z) such that
limz→∞ ε(z) = 0. Then for a set of primes p, depending only on d
and ε(z), of relative density 1, for irreducible polynomial f(X, Y ) ∈
Fp[X,Y ] of degree d that does not vanish on a curve of the form

ρXαY β − 1 or ρY β −Xα

for any ρ ∈ Fp and integer α, β ≥ 0, all solutions (x, y) ∈ Fp × Fp of
f(x, y) = 0 satisfy

ordx+ ord y ≥ ε(p)p2/(89d
2+3d+14)

except for at most 11d3 + d of them.

As in [8], we note that the main result of [22], combined with [13,
Theorem 7] implies that for any fixed ε > 0 a positive proportion of
primes, the curve

XY −X2 − 1 = 0

contains at least p1/2 points (x, y) ∈ Fp × Fp such that x and y are
both of multiplicative order at most p3/4+ε. This result can easily be
extended to other curves, see [22] for details. However, it seems very
likely that neither this upper bound nor our lower bounds are tight.

2. Preparations

We recall that the logarithmic height of a nonzero polynomial F ∈
Z[Z1, . . . , Zn] is defined as the maximum logarithm of the largest (by
absolute value) coefficient of F .

We need the following quantitative version of the Bézout theorem,
that follows from a result of Krick, Pardo and Sombra [15, Theorem 1]
(that improves a series of previous estimates).

Lemma 4. Let F1, . . . , FN ∈ Z[X1, . . . , Xn] be N ≥ 1 polynomials in
n variables without a common zero in Cn of degree at most D ≥ 3 and
of logarithmic height at most H. Then there is a positive integer b with

log b ≤ c(n)Dn (H + logN +D)

and polynomials R1, . . . , RN ∈ Z[X1, . . . , Xn] such that

F1R1 + . . .+ FNRN = b,

where c(n) depends only on n.

Combining Lemma 4 with a classical argument of Hilbert we obtain
the following result (which is also given in [5, Lemma 23]):
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Lemma 5. Let F1, . . . , FN , G ∈ Z[X1, . . . , Xn] be N +1 ≥ 2 polynomi-
als in n variables of degree at most D ≥ 3 and of logarithmic height at
most H such that G vanishes on the variety

F1(X1, . . . , Xn) = . . . = FN(X1, . . . , Xn) = 0.

There are positive integers b and r with

log b ≤ C(n)Dn+1 (H + logN +D)

and polynomials Q1, . . . , QN ∈ Z[X1, . . . , Xm] such that

F1Q1 + . . .+ FNQN = bGr,

where C(m) depends only on m.

As usual, we use Gn
m to denote the complex algebraic torus, that is,

an n-fold Cartesian product of the multiplicative group Gm = C∗ of
the complex numbers, see [4, 25, 26]. Let U be the group of all roots
of unity. The elements of Un are the torsion points of Gn

m with respect
to the natural group structure.

We call the elements of Un the torsion points of Gn
m.

For a complex variety V over Gn
m we denote by N(V) the number of

torsion points on V . We need the following result about the finiteness of
N(V), which is relaxed version of the more explicit bound of Aliev and
Smyth [2, Theorem 1.2] (which in turn improves a series of previous
results).

Lemma 6. Let f1, . . . , fm ∈ Z[Z1, . . . , Zn] be m ≥ 1 polynomials in
n variables that define an absolutely irreducible variety V of degree at
most d, If V does not contain a monomial curve, then

N(V) ≤ C(d, n)

where C(d, n) is some constant that depends only on n and the largest
degree d of the polynomials f1, . . . , fm.

We also note the work [16] related to some algorithmic aspects of
finding torsion points. We also use the following result of Beukers and
Smyth [3, Section 4.1].

Lemma 7. Let f ∈ C[X, Y ] be of degree d and let V be the variety
defined by the equation

f(X, Y ) = 0.

Then either
N(V) ≤ 11d2

or f contains infinitely many points which are roots of unity. In this
case f has a factor of the form X i − ρY j or X iY j − ρ for some non-
negative integers i, j not both zero and some root of unity ρ.
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3. Proof of Theorem 2

We notice that without loss of generality we can assume that the
function ε(z)z1/2n is monotonically increasing and tends to infinity as
z → ∞.

Let us fix a sufficiently large real number z and set

T = ε(z)z1/2n.

We see from Lemma 6 that there is some constant T0(V) depending
only on V such that the components of any points in V ∩Un are roots
of unity of order at most T0(V).

Assume that z is large enough so that T > T0(V).
We now fix some positive integers t1, . . . , tn with

(1) T ≥ max{t1, . . . , tn} > T0(V).

Assume that V is the zero set of the polynomials

fi(X1, . . . , Xn) ∈ Z[X1, . . . , Xn], i = 1, . . . ,m.

Let

(2) Φt(X) =
t∏

s=1
gcd(s,t)=1

(X − exp(2πis/t))

be the t-th cyclotomic polynomial. Suppose the numbers γ1, . . . , γn
satisfy Φti(γi) = 0, i = 1, . . . , n. Consider the products

(3) b(t1, . . . , tn; γ1, . . . , γn) =
m∏
j=1

max{1, |Nm fj(γ1, . . . , γn)|},

where Nmϑ denotes the norm to Q of an algebraic integer ϑ.
Note that

(4) b(t1, . . . , tn; γ1, . . . , γn) | B(t1, . . . , tn),

where

B(t1, . . ., tn)

=
m∏
j=1

max

1,
∏

ϑ1: Φt1 (ϑ1)=0

. . .
∏

ϑn: Φtn (ϑn)=0

|fj(ϑ1, . . . , ϑn)|

 .

It is easy to see that

(5) logB(t1, . . . , tn) = O(T n)
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where, here and after, the implied constants depend only on V . Thus,
the bound (5) implies that there are

O

(
logB(t1, . . . , tn)

log(logB(t1, . . . , tn) + 2)

)
= O(T n/ log T )

primes p | B(t1, . . . , tn). Hence there are at most O(T 2n/ log T ) =
o(z/ log z) primes p ≤ z which satisfy this divisibility condition for at
least one choice of t1, . . . , tn with (1).

For each remaining prime the variety Vp does not have a point
(x1, . . . , xn) ∈ Vp with

(6) ord x1 = t1, . . . , ordxn = tn

for any choice of positive integers t1, . . . , tn satisfying (1). Thus for
these primes, for every point (x1, . . . , xn) ∈ Vp we have

(7) max{ordx1, . . . , ordxn} ≥ T = ε(z)z1/2n.

Indeed, let (x1, . . . , xn) ∈ Vp satisfy (6). Choose α such that

Fp(x1, . . . xn) = Fp(α)

where α is a root of f ∈ Z[X] irreducible over Fp of degree r. For each
xi we have

xi =
r−1∑
j=0

βi,jα
j, βi,j ∈ {0, 1, . . . , p− 1}.

Let ρ be a root of f over C and consider zi ∈ Q(ρ) defined by

zi =
r−1∑
j=0

βi,jρ
j.

Then for some choice of ρ there exists a prime ideal p dividing p such
that

(8) xj ≡ zj (mod p),

and

(9) fi(z1, . . . , zn) ≡ Φtj(zj) ≡ 0 (mod p),

where i = 1, . . . ,m and j = 1, . . . , n.
Let, as before γj be a root of Φtj over C, j = 1, . . . , n, so that from (1)

we have Nm fi(γ1, . . . , γn) ̸= 0 for at least one i = 1, . . . ,m. On the
other hand, from (9),

Nm fi(γ1, . . . , γn) ≡ Nm fi(z1, . . . , zn) ≡ 0 (mod p),
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for every i = 1, . . . ,m. Hence from (3) we obtain

b(t1, . . . , tn; γ1, . . . , γn) ≡ 0 (mod p).

Thus we see from (4) that p | B(t1, . . . , tn) which contradicts the choice
of p.

This implies that for all but o(z/ log z) primes p ≤ z we have (7).
Since we have assumed that the function ε(z)z1/2n is monotonically

increasing, we see that (7) concludes the proof with C(V) = T0(V)n.

4. Proof of Theorem 3

As before we notice again that without loss of generality we can
assume that the function ε(z)z2/(89d

2+3d+14) is monotonically increasing
and tends to infinity as z → ∞.

First we need to introduce some notation and constructions which
will be used throughout the proof. For ε(z) = o(1), let

(10) T = ε(z)z2/(89d
2+3d+14).

Given polynomials f1, . . . , fs ∈ K[Z1, . . . , ZN ] over a field K we write
V (f1, . . . , fs) for the variety defined by the system of equations

f1(Z1, . . . , ZN) = . . . = fs(Z1, . . . , ZN) = 0.

Let A = {Ai,j}i+j≤d and consider the polynomial

f(A, X, Y ) =
∑
i+j≤d

Ai,jX
iY j ∈ C[A, X, Y ].

Note that we consider the vector of of coefficient A as a vector of
(d+ 1)(d+ 2)/2 variables. Let

Φ0
α,β(X,Y, ρ) = ρXαY β − 1 ∈ C[X, Y, ρ]

and

Φ1
α,β(X,Y, ρ) = ρY β −Xα ∈ C[X, Y, ρ].

Writing

f(A, X, Y ) =
d∑

i=0

fi(A, X)Y i, fi(A, X) ∈ C[A, X],

and

Φν
α,β =

b∑
i=0

Φν
i,α,β(X, ρ)Y i, Φν

i,α,β(X, ρ) ∈ C[X, ρ],
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we consider the resultant ResY (f(A, X, Y ),Φν
α,β(X,Y, ρ)) of the poly-

nomials f and Φν
α,β with respect to the variable Y . Expanding the

Sylvester determinant, we see that

ResY (f(A, X, Y ),Φν
α,β(X,Y, ρ)) =

R∑
r=0

g̃νr,α,βX
r, g̃νr,α,β ∈ Z[A, ρ],

for some integer R. Let Ṽ ν
α,β be the variety defined by the equations

(11) Ṽ ν
α,β = V (g̃νr,α,β, r = 1, . . . , R).

For p prime we let Ṽ ν
α,β,p denote the variety over Fp defined by the

equations
g̃νr,α,β = 0, r = 1, . . . , R.

Let the polynomials (gνs,α,β, s = 1, . . . , S) generate the elimination ideal
of (g̃νr,α,β, r = 1, . . . , R) with respect to the variable ρ, that is, we have
the following relation between the corresponding ideals

(12) (gνs,α,β, s = 1, . . . , S) = (g̃νr,α,β, r = 1, . . . , R) ∩ C[A]

and let
V ν
α,β = V (gνs,α,β, s = 1, . . . , S).

Consider the projection

π : C(d+1)(d+2)/2+1 → C(d+1)(d+2)/2

(A, ρ) 7→ A

so that from [10, Chapter 3.2, Lemma 1]

(13) π(Ṽ ν
α,β) ⊆ V ν

α,β.

Let V ν
α,β,p denote the variety over Fp defined by the equations

gνs,α,β = 0, s = 1, . . . , S.

Let K = 11d2 + 1 and for K tuples

m = (m1, . . . ,mK), n = (n1, . . . , nK)

with integer coordinates let Wm,n be the variety defined by the equa-
tions ∑

i+j≤d

Ai,jX
i
kY

j
k = Φmk

(Yk) = Φnk
(Xk) = 0, k = 1, . . . , K,

in variables ({Ai,j}i+j≤d, (Xk, Yk)1≤k≤K) and Φt is defined as in (2).
Then we have

Wm,n ⊆ U
∪( ∪

α,β≤d

(
V 0
α,β ∪ V 1

α,β

))
,
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where

U = V

( ∏
k1≤k2≤K

(Xk1 −Xk2)

)
.

This may be seen by taking

P = ({ai,j}i+j≤d, (xk, yk)1≤k≤K) ∈ Wm,n

and considering the curve

f(X,Y ) =
∑
i+j≤d

ai,jX
iY j.

If f vanishes on a monomial curve, then by Lemma 7, for some integers
α, β ≤ d not both zero and some root of unity ρ, f has a factor of the
form

Φ0
α,β

(X, Y, ρ) or Φ1
α,β

(X, Y, ρ)

so that
ResY (f(X,Y ),Φ0

α,β
(X, Y, ρ)) = 0

or
ResY (f(X, Y ),Φ1

α,β
(X,Y, ρ)) = 0.

Using (13) this gives

P ∈
∪

α,β≤d

(
V 0
α,β ∪ V 1

α,β

)
.

If f does not vanish on a monomial curve, then by Lemma 7 f has
at most 11d2 = K − 1 solutions in roots of unity. Since the numbers
(xk, yk)1≤k≤K satisfy∑

i+j≤d

ai,jx
i
ky

j
k = Φmk

(xk) = Φnk
(yk) = 0, k = 1, . . . K,

we see that for some j1 ̸= j2 we have xj1 = xj2 , so that

P ∈ U.

We may choose integer H bounded in terms of d and polynomials (Gh,
h = 1, . . . , H) with degree and height bounded in terms of d such that

(14)
∪

α,β≤d

(
V 0
α,β ∪ V 1

α,β

)
= V (Gh, h = 1, . . . , H).

Let
Gh = Gh

∏
1≤k1<k2≤K

(Xk1 −Xk2) ∈ Z[A, (Xk, Yk)1≤k≤K ]

so that for each m,n and h, Gh vanishes on Wm,n. Since Gh has
degree and height bounded in terms of d and the polynomials defin-
ing the variety Wm,n have degree and height bounded by O(T ), by
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Lemma 5 there exist Ah,m,n, γh,m,n ∈ Z and polynomials Fk, Qk, Rk ∈
Z[A, (Xk, Yk)1≤k≤K ], 1 ≤ k ≤ K, such that

Ah,m,n(Gh)
γh,m,n

=
∑

1≤k≤K

(
Fk

∑
i+j≤d

Ai,jX
i
kY

j
k +QkΦmk

(Xk) +RkΦnk
(Yk)

)
(15)

and

(16) logAh,m,n = O
(
T (45d2+3d+10)/2

)
since the total number of variables (A, (Xk, Yk)1≤k≤K) is

(d+ 1)(d+ 2)/2 + 2K = (45d2 + 3d+ 6)/2.

Let

A =
∏
h,m,n

Ah,m,n,

where the product is taken over all K-tuples m,n with coordinates less
than T and 1 ≤ h ≤ H. As in the proof of Theorem 2, by (10) and (16)
the number of prime factors of A satisfies the bound

O

(
T (89d2+3d+14)/2

log T

)
= o

(
z

log z

)
since H is bounded in terms of d. Suppose α = {ai,j}i+j≤d has integer
coordinates and let

f(X,Y ) =
∑
i+j≤d

ai,jX
iY j ∈ Z[X, Y ].

Take a prime p not dividing A and assume f is irreducible over Fp[X, Y ].
Suppose f has at least dK solutions

(xk, yk) ∈ Fp, 1 ≤ k ≤ dK,

such that for each k

ordxk = mk ≤ T, ord yk = nk ≤ T.

Since for each xk the polynomial f(xk, Y ) ∈ Fp[Y ] has at most d roots
in Y , we may suppose that xk1 ̸= xk2 for 1 ≤ k1 < k2 ≤ K. Consider-
ing (15), since for 1 ≤ k ≤ K the xk are distinct and p does not divide
A, we have for each 1 ≤ h ≤ H

Gh({ai,j}i+j≤d) ≡ 0 (mod p).
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Hence by (14) for some integers α, β and some ν = 0, 1 we have

{ai,j}i+j≤d ∈ V ν
α,β,p

.

Considering (11) and writing

g̃ν
r,α,β

=
L∑

ℓ=1

g̃νr,ℓρ
ℓ, g̃νr,ℓ ∈ Z[{Ai,j}i+j≤d],

by the Extension Theorem from Elimination Theory (see [10, Chap-
ter 3.1, Theorem 3], if

(17) g̃νr,L({ai,j}i+j≤d) ̸≡ 0 (mod p)

for at least one 1 ≤ r ≤ R, then there exists ρ ∈ Fp such that

({ai,j}i+j≤d, ρ) ∈ Ṽ ν
α,β,p

which implies f vanishes on the curve Φν
α,β

(X,Y, ρ). To complete the

proof we need to show that if

f(X, Y ) =
∑
i+j≤d

ai,jX
iY j ∈ Z[X, Y ]

is irreducible over Fp[X,Y ], then we have (17) for some r. Since

f(X, Y ) =
d∑

j=0

(∑
i≤d−j

ai,jX
i

)
Y j

we see that there exists some i0 > 0 such that ai0,j ̸≡ 0 (mod p). Since
otherwise Y would be a factor of f(X,Y ) contradicting the assumption
that f is irreducible.

Consider first when ν = 0, then supposing i0 is the largest integer
such that ai0,0 ̸≡ 0 (mod p). Let

(18) f0(X) =
∑
i≤i0

ai,0X
i.
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Then we have

ResY (f(X, Y ),Φ0
α,β

(X, Y, ρ))

= det



f0(X) · · · · · · · · 0
0 f0(X) · · · · · · · 0
0 0 · · · · · · · ·
...

...
...

...
...

...
...

...
...

...
0 0 · · · f0(X) · · · ·
1 · · · · · ρXα 0 · ·
0 1 · · · · · ρXα · ·
· · · · · · · · · ·
0 0 · 1 · · · · · ρXα


so that the highest power of ρ occuring in the above expression is ρd.
Inductivley expanding the determinant along succesive bottom rows,
we see that the only term involving ρd is

(19) ρdXdα

(∑
i≤i0

ai,0X
i

)β

.

Considering the highest power of X in (19), if we assume that (17) is
not satisfied for each 1 ≤ r ≤ R then we must have ai0,0 ≡ 0 (mod p),
contradicting the choice of ai0,0.

For the case ν = 1, with f0(X) defined as in (18), we have

ResY (f(X, Y ),Φ1
α,β

(X,Y, ρ))

= det



f0(X) · · · · · · · · 0
0 f0(X) · · · · · · · 0
0 0 · · · · · · · ·
...

...
...

...
...

...
...

...
...

...
0 0 · · · f0(X) · · · ·
Xα · · · · · ρ 0 · ·
0 Xα · · · · · ρ · ·
· · · · · · · · · ·
0 0 · Xα · · · · · ρ


and the rest of the argument is similar to the case ν = 0.

5. Comments

We note that the argument of the proof of Theorem 2 shows that
there is a constant c(V), depending only on V such that if a prime
p ≥ exp(c(V)T n) then for any positive integers t1, . . . , tn ≤ T we have
p - b(t1, . . . , tn), where b(t1, . . . , tn) is given by (3).
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This implies that for any prime we have

(20) max{ordx1, . . . , ordxn} > (log p)1/n

for every point (x1, . . . , xn) ∈ Vp.
We note that for m = 1 and n = 2, that is, for plain curves, the

exponents in Theorem 2 and in (20) become 1/4 and 1/2, respectively,
which are the same exponents as the ones obtained in [8] via resultants.

Finally, we remark that if we restrict ourselves to the points on Vp

that are defined over the ground field then using a result of Erdős and
Murty [11, Theorem 2] one can show that for any function ε(z) with
limz→∞ ε(z) = 0, there is a set of primes p of relative density 1 such
that for all but at most C(V) points (x1, . . . , xn) ∈ Vp with components
from Fp, we have

max{ordx1, . . . , ordxn} > p1/2n+ε(p).

Finally, we note that our results is related to the problem of con-
struction so called variety evasive sets considered by Dvir, Kollár and
Lovett [12]. In particular, Theorem 2 shows that for a given variety
over Q, that does not contain a monomial curve, for almost all primes
p, Cartesian products of small order subgroups of F∗

p gives explicit ex-
amples of such sets.
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