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Abstract

In this work, we establish a nontrivial level of distribution for densities
on {1,...,N} obtained by a biased coin convolution. As a consequence of
steving theory, one then derives the expected lower bound for the weight of
such densities on sets of almost primes.

Introduction.

Over the recent years, there has been an increasing interest in sieving
problems in combinatorial objects without a simple arithmetic structure.
The typical example is that of finitely generated ‘thin subgroups’ of linear
groups such as SLs(Z) or SLy(Z + iZ). These groups are combinatorially
defined but are not arithmetic (they are of infinite index) and as such can-
not be studied with classical automorphic techniques. Examples of natural
appearances of this type of questions include the study of the curvatures
in integral Apollonian circle packings, Pythagorean triples and issues around
fundamental discriminates of quadratic number fields and low lying geodesics
in the modular surface. (See [2].) The reader may also wish to consult the
excellent Bourbaki exposition by E. Kowalski [6] for a detailed account of
many of these recent developments around ‘exotic sieving’.
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In this paper we consider a slightly different problem but in a somewhat
similar spirit. Let N = 2™ and identify {1,..., N} with the Boolean cube
{0,1}™ through binary expansion. Denote p, the probability measure on
{0,1}™ given by a standard biased coin convolution, i.e. on each factor we
take an independent distribution assigning probability p to 0 and 1 — p to
1. Consider the resulting distribution on {1,..., N}. For p = %, this is the
uniform distribution while for p — 1, these distributions become increasingly
singular. Our aim is to study some of their arithmetical properties and in
particular prove that there is a nontrivial level of distribution no matter
how close p is to 1, p < 1. Similar results may also be obtained for g-adic
analogues, expanding integers in base g.

Notations.

Throughout the paper, any implied constants in the symbols O, <, 2
and ~ may depend on the parameter p > 0. We recall that the notations
A=0(B), AS Band B 2 A are all equivalent to the statement that the
inequality |A| < ¢B holds with some constant ¢ > 0, and that A ~ B means
A is equal to B asymptotically.

The distance from x to the nearest integer is denoted by |[|z||.
For brevity, we set

e(0) = ¥, e, (0) = 6(9)

4q
The constant ¢ may vary in the same statement and depend on the parameter
p-

1 The statement.

Consider the distribution p on [1, N] N Z, with N = 2™ induced by the
random variable ;27 with (§),7 > 0, be an independent, identically
distributed sequence of random variables taking values in {0, 1}, P({; = 0) =
p, P(§=1)=1—p, 3 <p<1 Thus, ifn= >, a;2 with a; € {0,1} the
binary expansion, then

w(n) = p™ (1 - p)t, where £ = Zaj (1.1)

Note that for p = 3 we obtain the normalized uniform measure on [0, N].



The measure (1.1) has dimension (1 — p) log 1%,; and hence becomes more
irregular for p — 1. Our aim is to establish a level of distribution of u
in the sense of sieving theory. Thus, taking ¢ < N¢, ¢ square free and «
appropriately small, (since u is normalized) we may write

1

-1 N
1
uln < N igln] = 373" e, (An)pu(n)
7320 n=1 (1.2)
1
—_— + R s
q q
where
1 qg—1 N
Ry= 2.2 edmu(n).
A=1 n=1

We also assume ¢ odd. The number « is the sieving exponent [5].
Our aim is to obtain a bound of the form

S IR, = 0(@) (1.3)

q< N«

where > sums over ¢ square free and odd. (See (4.1) for a better bound.)

Theorem 1. Let the notations be as above. Then i has sieving exponent
a(p) > 0. In fact, a(p) = O(1 — p) for p — 1.

Theorem 1 will be proved in Section 4.

Theorem 1 provides the necessary ingredient to apply sieving theory and
in order to obtain almost primes (integer whose prime factors are bounded
below) satisfying certain property. More precisely, from the standard com-
binatorial sieve, we also apply to measure instead of set. (See e.g. Corollary
6.2 in [4]. Also, [1], [2], [3].) We have the following result.

Corollary 2. Let p be the probability distribution defined as above, and let

Prnao = {n < N : the prime factors of n are at least NQ%}. Then there are
constants 0.81 > C7 > Cy > 0.36 such that for sufficiently large N we have

02 C’1
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< (Pna) < (1.4)

(See (4.7) for C; and Cy.)



Remark. 1If n < N has no prime factors less than N 2%, then n has at most
[20/a] prime factors. Since « is small, the number of prime factors in the
almost primes is rather large.

2 First estimates.

Let
1 qg—1 N
Ry==Y "> e,(n)u(n)
q)\:]. n=1
14 A2
G (2)
q)x:lj<m q
Therefore,
27
IR, < = ZH p+(1—p ( )‘ (2.1)
)\ 1j7<m q
Then
f A2
R, < — _|_ 1_
Siri< Y S S [Tera-ne(22)
q<N G@2<N*qg <N Ai=1  j<m
(Q1 A1)=1
A2 (2.2)
<l 315 qToe a0 ()]
g<ve 4 321 j<m q
(g,N)=1
Define ,
1 \27
- p+(1—p (—)‘ (2.3)
q A=1 j<m q
(¢,M)=1
Note that
lp+ (1= ple(®)|> =1 —4p(1 — p)sin® 76. (2.4)

Let us consider first the case of small q.



For A # 0 mod ¢, identity (2.4) implies

()1

q q?

for ¢ > 0 so that E; < (1 — q%)m <e @M< N7,

One can do better by the following observation.

Let I C {1,...,m} be an arbitrary interval of size |I| = [loggq] + 1 and
let A € Z be an integer satisfying A # 0 mod gq.

Claim. ,
. (Azﬂ )

sin [ —r

q

where ¢ > 0 1s some constant independent of q.
Proof of Claim. Let I = {jo,jo+1,...,j0+ s} with s = [log¢| and let

max > ¢, (2.5)

Jel

I
g

The assumptions that A # 0 mod ¢ and that ¢ is odd imply £ # 0, and hence
£> 2.
le a constant c sufﬁ(nently small. Assume £ < c. It is clear that for s €

N small, HAQO H = HLH = 29¢. Tt is also clear that H)‘2 H > c

for some s’ < s. Otherwise, 25 < £ £ <, which contradicts to the assumptlon

s ~ logq . Now, the claim follows from the fact that |sin(67)| ~ ||0||7 for 6
small. [

Therefore, dividing the index interval [1,m] in (2.3) in subintervals of
length ~ log g, by (2.4) and (2.5), we also have

— _clp) )
Ry < (1—c(p)) T < N~ ettt < ¢=cl0)VIEN (2.6)

if logq = O(\/log N ) (To obtain the first inequality, in each subinterval of
J we use (2.5) for the factor with sin (’\3 7r) achieving maximum, and the
trivial bound 1 for the other factors.)

Remark. In (2.6) we can make ¢(p) explicit by choosing s and ¢ explicitly,
and using the inequality |sin(f7)| > @ for ||#|| small in the proof of the
Claim. More precisely, if we take s = [log,q] + 1 and ¢ = 1, we can take

c(p) = p(1 = p)w/10 in (2.6). 107



3 Further estimates.

We want to estimate .
> R
Q<g<2Q-1

with @ < N and log @ 2 v/log N. We will show that
>, RsQ: (3.1)
To show (3.1) we may assume a = % for some large even integer ¢ > 2
(given in (3.7)). Choose h € Z such that
oh < @Q* < 21, (3.2)

Since ) < N, we have
2
h < ;m < m.

Estimate (3.1) using Holder inequality

(g:2)=1
1 L -1 t/2  rth—1 2\ t/22/t
PN -Tal > o0 ()] ]
Q<g<2Q-1 (q?\/\=):1 =1 j=(1-1)h
t/2 q—1 Th—1 i\ [t/272/t
1 \2J
< ¥ (g X I pro-ne(2)]
QR<g<2Q-1 F71=1 A=1 j=(r—1)h q
(g,2)=1
t/2 q—1 Th—1 i\ [t/272/t
1 A2
< II 3 11 p+(1—p)e<—) }
=1 QR<g<2Q-1 A=1  j=(r—1)h q
(g,2)=1
t/2 g—1 h-1 — i\ 1t/27 2/t
1 A2(T=Dh9j
< 11 5 X Tpra-ne(222)]




t/2

p+(1—p) 6<X2j)

q

To finish the estimate, we need the following two lemmas.

Lemma 3. For allf, 0 <6 < e~3 and

/> ﬁ,
p(1—p)
we have
lp+ (1= ple@)* <1—(1—206)sin’70.
Proof. Let
v = 4p(1 — p) sin® 6.
By (2.4),

o+ (1= pe(d) = (1 —7)"
We consider the following two cases.
(i). v > 7 log 3.
Then
(1-7)f<e™<d<1l—(1-0)sin’76.

(ii). v < 7log 5.
Let
4

(G = ——
! ZIOg%

</,
and estimate

1
1-f'<l-r<e™<1- 5&7

lo(l —

=1 o lp) sin® 76
log 5
<1—sin’7h

<1—(1—6)sin®7b.

(Note that the third inequality is because {1y = 212% <i) O

(3.3)



Lemma 4. Let v be positive. Then for all 6 and 0 < § < 1, we have

1—(1—0)sin®f < 1+ —(1—6)sin®(0 + 7). (3.6)

Proof. Using the identity
sin® A — sin® B = sin(A + B)sin(A — B)
on the difference of both sides of (3.6), we obtain

v —(1—10)sin(20 + ) siny > ~v— (1 —d)y > 0. O

Let
4log %
p(1—p)
With § = 27 /g, Lemma 3 implies that (3.3) is bounded by

% _Z > H(1—(1—5)sm2(”22j)). (3.8)

t >

(3.7)

First, we will replace the discrete sum Y oo 00 1 2 by integral.

1<X<q
. (Aa)=1
For @ given, let

S:{gzlg)\<q, Q§q<2Q,(A,q):1}C[O,1].

We note that S is WI(QQ*U separated. (We recall that a set S is H-
separated if for all distinct z,y € S, |t —y| > H.)
In Lemma 4, taking v = 72/3" with 8’ € [0, 8] for some 8 = O(27") to

be specified later, we bound (3.8) by

h—1 ) A ,
%Z H<1+7—(1—5)sin (w2ﬂ(g+[a’))>. (3.9)

2 =0
P es J



We will use integration to bound (3.9) by replacing S by Sz = S + [0, f].
Since S is disjoint union of subintervals in [0, 1], averaging over ' € [0, f]
gives

%/g 1:[(1+7—(1—5)sin2(7r2jx))dx

7=0

1 1 h—1
< 1 — (1 =¢8)sin®(727z))dx. 3.10
Nﬁ@ojl:]o(+v ( )sin®(n2x) ) dx (3.10)

More precisely, we take
o
i=2a7 (3.11)
(which implies v < 0) and bound (3.10) by

1 h—1

Q/ H(1+5—(1—5)sin2(7r2jx))dq:
0 o
1-46\"
Q(1+5—T)
1+35\"
()
S Q' (3.12)

~

for § small enough (such that 14 36 < v/2).
Putting (3.3), (3.8)-(3.10) and (3.12) together, we obtain the intended
bound on (3.1).

S SIS

4 The proofs.

Proof of Theorem 1.
We will use the estimates (2.6) and (3.1) to prove (1.3). First, we will



bound >~ _ya By

> Re= ) R+ ) R
g<N©« log g<c1y/log N log g>c1+4/log N
<eclx/logN efc\/m + Z (2])7%

2i>ec1VIEN (4.1)
(eoVoe) F(1— () )

:efcl\/logN + -
1—-272

_4a Tog N
Se :
p(1—p)c

logz With ¢ given in (2.5).)

(Here we take c¢; sufficiently small, e.g. ¢; =
From (2.2) and (2.3),

SRS < Y IR, <logN* S R,

g<N©« g<N« q< N«
<logNae’%V1°gN< 0 ! ,
~ log N
which goes to 0 as N goes to infinity.
From (3.7),
1 1—
t 4log 5

Hence a = O(1 —p) for p —» 1. O

Corollary 2 follows immediately from Theorem 1 and Corollary 6.2 in [4].
For the readers’ convenience we will include the statement of the latter here.
First, we introduce some notations.

Let {(In ne N} C Rzo,

P(z) = H D, S(x, z) = Z ay,

p<z, p prime n<z, (n,P(z))=1

Ay(z) = Z Ay,

n<z,n=0 mod d

and

Assume

Ay(x) = é Z Ay + rq(x). (4.2)

n<x

10



Then we denote

o1

p|P(2)
R(z,y)= Y Ira(@)l, y < N°

d<y, d|P(2)

Let K > 1 and k > 0 satisfy
AN log z \ "

IT (1--) <k 1 (4.3)
w<p<z p osw
and let 3 =9k + 1, any s > .

The following is Corollary 6.2 in [4].
Proposition. [IK] Let notations be as above. Then

S(x,2) < (145 K")V(2)X + R(x, 2% (4.4)
S(x,2) > (1 - K"V (2)X — R(z, 2%) (4.5)
Proof of Corollary 2.
Since
H (1 — %)e—zp«; < H (1 _ 1) < e Tr<s
p<z p p<z p
and
lim (Z 1 loglog(z)) =0.26---, ilog (1 — l) ~ —0.68816- - ,
TN <z p=2 P’
we have | .
5 log 2 <V(z) < D log s’ (4.6)

So in (4.3), we may take k = 1, K = €816 ~ 1.99. Hence 8 = 10, s = 20.
In the Proposition, we take # = N and z = N*°. Therefore, R(N, N®) <
> gene |Rgl, and the constants in (4.4) and (4.5) are (1 — (1.99/¢)'?)/e%% =
0.369635 - - - and (1 + (1.99/¢)'9)/e%26 = 0.805154 - - - .
Hence we obtain the following bounds.
0.369635  o(1 0.805154  o(1
— () </L<7)N,a>< <)
alogN  log N alog N  log N
(We recall that v = § with t = #(p) given in (3.7).)

O @7

11



5 Random polynomials with coefficients in
{0,1,—1}.

The initial motivation for this work came from [7], where one considers bi-
ased coin convolution densities for ternary expansions, with probabilities
P =10)=po, P =1) = p1, P(( = —1) = p_y and py > p1,p-1. The
main problem focused in [7] is to ensure that the set of integers {n < N :
¢?|n for some ¢ > Q} carries small weight for Q — oo, which they manage to
ensure if ¢ is not too large. The natural problem is whether such restriction
is necessary. Clearly, this issue may be rephrased as the sieving problem for
square free integers, but with unrestricted level of distribution. (The large
values of ¢ are indeed the problematic ones.) While we are unable to provide
a definite answer to their question and the main result of this note does not
directly contribute, we will point out a simple probabilistic argument lead-
ing to the replacement of their condition. Our argument uses virtually no
arithmetic structure.

Let (&5),7 > 0, be an independent, identically distributed sequence of
random variables taking values in {—1,0,1}. Let m > 1 and define the
random polynomial P by

P(z) := ijzj.
=0
In [7], the authors assumed that

1
P(& = — =0. . 1
xe?—l??ég} (& =1x) < 7 0.5773 (5.1)

and proved that P(P has a double root) = P(P has —1,00r 1 as a double root)
up to a o(m™2) factor, and lim,, .., P(P has a double root ) = P(§ = 0)%.
One of the open problems they raised at the end of the paper asked whether
it is necessary to have assumption (5.1), which enters into the proof mainly
through Claim 2.2 in their paper (which is crucial to their results). In this
note, we will prove Claim 2.2 under a weaker assumption than assumption
(5.1). More precisely, we prove the following.

Assume
max P(§ =) <0.7615.... (5.2)

ze{—1,0,1}

12



Then there exist constants C,c > 0 such that for any B > 0 we have

P(P(3) is divisible by k* for some k > B) < CB™“.

Remark. The bound in (5.2) is the solution to equation (5.11).

Proof. Fix r such that
3r S BQ < 37“—}—1‘

Claim.
P(P(3) is divisible by k?* for some k € [B,2B]) < 27
for some constant ¢ > 0.
Proof of Claim. We write
PB3)=> g3 +> &3
J<r j=r
Fix &, ..., &, and let £ =377 €537,
If k* divides P(3), then
Zf’j?)j = —( mod k.
Jj<r
Since | Y., &37| < 37/2 < k?/2, we may denote
, —k* K?
(k) = 3 — =

and let
S ={lk): k€ [B,2B]} C (—2B%2B%).

It follows that

P(P(3) is divisible by & for some k € [B,2B]) <P() &3 € S).

j<r

Let oy = (o (j>)j:() ., €{=1,0,1}" be defined by

.....

(5.3)

(5.6)



and let ;
A={ou : k€ [B,2B]} with |[A| ~ V3.

Let 9, be the indicator function of j, 7 = —1,0, 1, and denote

pj =P =j) for j=-1,0,1, and p:=maxp;.
j

Denote the product measure on {—1,0,1}" by

r—1

V.= ®(p0(50 + p151 + ,0_15_1).

J=0

Therefore we have the following. (The reasoning is given below the display.)

P(Y &3 eS) <> vo

j<r g€A

Ha 11

o€A p q
VBT (o + pt 4 p) "
VB (pt 4 (1 - p)7)"".

The second inequality is by Holder, and the third inequality follows from the
following estimate.

S q_z® podo(a (7)) + proi(o(5)) + p_10_1(o(5)))*

—C;(XO) )+ pi61(0(4)) + pLid-1(a(5)))
< a bz (2) (T; >p8qp§’qpcq1 = (pf + Pl +p%)"

To finish the proof of the claim, we want to show

V3 P (p?+ (1 — p)q)r/q < 27 for some constant ¢ > 0 (5.8)

ie.
VB (pr 4 (1)) < 1,

14



and we want to solve

1

1 \»! 1 1
19 4 1—tq:(—> . with -+ - =1. 5.9
(1—1) 7 » g (5.9)
Let u = -1 and rewrite (5.9) as
p
1
£ (1= )= 5.10
( (1=1"") 7 (5.10)
Let p go to infinity (hence u goes to 0). Then
t1+u + (1 . t)1+u
=t(1 +ulogt+ Ou?) + (1 —t)(1 + ulog(l —t) + O(u?))
=1+ (tlogt+ (1 —t)log(l —t))u+ O(u?).
Hence (5.10) becomes
1/u 1
1+ (tlogt+ (1 —t)log(l—t u+0u2> =—.
(1+ (rrogt+ (1= togl1 — D)u+ 02 ) = -
In the limit for ©v — 0, we obtain
etlogt+(17t) log(1-t) _ L
V3
Solving
1
1 -t = —, 5.11
(1—-1) 7 (5.11)

we obtain ¢t = 0.7615332817632392 - - - .
Putting (5.6), (5.7) and (5.8) together gives the claim.
Using the same argument obtaining the second equality in (4.1), we derive

(5.3). O

It is possible to exploit somewhat better arithmetical features of the dis-
tribution under considerations but gains turn out to be minimal (0.7654 from
0.7615), therefore, will not be elaborated here.
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