NONLINEAR ROTH TYPE THEOREMS IN FINITE FIELDS

J. BOURGAIN AND M.-C. CHANG

ABSTRACT. We obtain smoothing estimates for certain nonlinear convolution
operators on prime fields, leading to quantitative nonlinear Roth type theo-
rems. For instance, we produce tripletes =,z + v,z + 32 and x,z + y,z + 7 in
propotional subsets of [Fp.

Compared with the usual linear setting (i.e. arithmetic progressions), the
nonlinear nature of the operators leads to different phenomena, both qualita-

tively and quantitatively. The methods used are purly analytical.

1. INTRODUCTION

In this note, we study in the setting of prime fields certain nonlinear averages,
motivated by the non-conventional ergodic averages considered in particular in
[FK]. While the results from [FK] are of a more general nature, our emphasis
are the quantitative aspects that also are in sharp contrast with the linear case
corresponding to arithmetic progressions. As discussed below, this phenomenon
leads to several questions related to generalization in various directions, worth

further investigation.

For f :F, — C. Denote

3=

1= (5 @)

1l = (D 1F@I7)”

A 1
fz)=- Zep(—xz)f(as).
p x
We also recall that the notations A 2 B means A > ¢B and A ~ B means
A < ¢1B < ¢ A for some constant ¢, 1, co > 0.

Thus with this notation, Parseval’s identity reads thus
[1fllz = [I.flle2-
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Our first result is the following inequality for a certain nonlinear convolution.

Theorem 1.1. Let f1, f3 : F, = C. Define

(11) F@) =+ 3 fle+y)fle+ ).
p ye]Fp
Then
(1.2) IF —E[f1] - Elfallla < ep™ | fall - | 22

Corollary 1.2. (quadratic Roth theorem on Fp).
Let A CF,, |A| = dp with 6 > clp_% and ¢; > 0 an appropriate constant.
Then there are x € A,y € F such that x,z +y,z +y* € A

(and in fact = 63p? such triplets).

Proof of Corollary 1.2.
Let f be the indicator function of A. Then ||f|j2 = 62 and E(f) = .

Let F be as in (1.1) with f; = fo = f. Then Cauchy-Schwarz and (1.2) imply

E.Ey[f(2) f(z +y)f(x +y?)] = Eo[fF]
Eo[f - B2 + Eu[f - (F — E[f]*)]
(1.3) []3—||f\|2 |F — E[f]2]|2
>E[f]* — cp~ 10| £13

>3 —cp7%6% ~&. O
Remarks

(i) Recall Behrend’s construction [Be] providing a subset A C {0,1,...,p—1}
or A CF,, |A| > 6p with § = e~°V1°8P and containing no non-trivial triples
z,x+ vy, + 2y € A. Thus Corollary 1.2 in the non-linear setting allows §
to be much smaller.

(ii) Theorem 1.1 is indeed a non-linear phenomenon, both qualitatively and
quantitatively. It was proven by N. Frantzikinakis and B. Kra [FK] that
if (X,u,T) is totally ergodic measure preserving probability system and
{p1(n),...,pr(n)} alinearly independent family of integer polynomials with
p;(0) =0, then for fi,..., fr € L>®(u)

(1.4) lim H* Z AT ) f (TP g H/fz u‘
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The case k = 2,p1(n) = n, p2(n) = n? (corresponding to Theorem 1.1) is
due to Furstenberg and Weiss. Thus what makes (1.4) a non-linear phenom-
enon (compared with the linear case pi(n) = n,pa(n) = 2n, -+ ,px(n) =
kn, i.e. Szemeredi’s theorem) is that the characteristic factor in the situa-
tion (1.4) turns out to be trivial (this was first conjectured by V. Bergelson).
On the quantitative side, the approach in [FK] (based on the work of Host-
Kra [HK]) does not seem to provide any estimates however, which is the
main interest of Theorem 1.1.

We also refer to [BP] for a (quantitative) Roth type theorem for the
squares.

(iii) The proof of Theorem 1.1 relies on Fourier analysis, much in the spirit of [B].
Compared with [B], some differences occur due to the fact that oscillatory
integrals are replaced by certain exponential sums that allow simple (and
optimal) bounds (by use of Weil’s estimate). A natural question is of course
to what extent Theorem 1.1 generalizes to other non-linear settings (see

discussion at the end).

We will also prove the following theorem which is less elementary than Theorem

1.1, and uses deep results of [FKM] on multilinear Kloosterman sums.

Theorem 1.3. Define

(15) F@)= > 3 e+ n)fa(e+3),

y€eFy

where y stands for the multiplicative inverse of y € F,. Then the following inequal-
ity holds

(1.6) |F ~E[A] Elfal|l, < co™ 5| fall2 - | fllo-

Corollary 1.4.
Let ACF,, |A| = dp with ¢ > clp_% and ¢1 > 0 an appropriate constant.
Then there are x € A,y € F}, such that z,x +y,z +y € A

(and in fact 2 63p? such triplets).

2. PROOF OF THEOREM 1.1

The structure of the argument follows closely the proof of Lemma 5 of [B]. But
while [B] involves averages over R, the present analysis is over a prime field leading
to exponential sums.



Expanding fi, fo in Fourier sum gives

p—1

(21) F(z) =EBy[fiz+y)fale+ )= > filn)fa(n2)en, noep((n1 +n2)z)

nl,nZ:O

with (using quadratic Gauss sums evaluation. [IK])

Cryms = Eylep(niy + nay?)]
1 f = =0
(22) I nq N9
= 0 ifng=0,n1#0
% (%)ep(—n% dng)o, ifng #0
and where

1 if p=1 (mod4)
i if p=3 (mod4)

O'p:

and T stands for the multiplicative inverse of z € F.

Denote
(2.3) K(e.y) = ep(—a?dy) ify#0
, 0 otherwise.
It follows that
1 Bt Lt R n
F(z) =E[f1] - E[f2] + 7 ep(sx) 1(8—n)fg(n)(;)K(s—n,n)op,
s=0 n=1

and by Parseval,

M

(24) |1F(@) ~ELf] B[]l = f{z\Zf1<s—n>f2<n>(”)f<<s—n,n>(2} :

1
p s n#0 p

Since we are aiming for an estimate of (2.4) in terms of || f1|2.]| f2||2, the factor

(%) may be absorbed in f5 (n). Thus we need to analyze further

(2.5) (Z’Zfl(s—n)fg(n)K(s—n,n)r)%

s n#0
with K given by (2.3).

Our goal is to bound (2.5) non-trivially. Note that the trivial bound by
VP I fillz- || f2]]2 is just insufficient and we need to gain an extra p~” from additional
cancellation exploiting (2.3). The first step is to invoke the following very general

inequality, identical to Lemma 7 in [B]. We also use the notation [ dz for .
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Lemma 2.1. Let f,g:F, -+ C and K : F, x F, = C. Then
(2.6)

HZI:K(S_x’x)f(S—x)Q(I) =1

&
1/2 1/2
< WAL gl -

1/4
HZK(x,sf:v)K(eru,sfm)K(x,ervfx)K(eru,ervfx)

02

s,u,v

We repeat the argument for selfcontainedness.

Proof. The proof follows from consecutive linearizations and applications of the

Cauchy-Schwarz inequality.
Linearization of the ¢2-norm yields
1= lglla | Y K(s =, 2)f(s = x)p(s)|| | (for some o with [Jg]2 = 1)

(2.7) 1/2
< llgll | >° K (s = 2,2)K(5" = @,2) (s = 2) (5 — )

e,
Make the change of variable x ++ s — x and put u = s’ — s. Thus

‘ZK(s—x,m)K(s’—x,x)f(s—x)f(s’—x)

02 ¥
(2.8)

= ‘ZK(x,s—z)K(x—Fu,S—ZL’)f(m)f(x“‘“)

s,u

Fixing the u-variable and again linearizing the £2-norm gives

H%:K(:r,s—x)K(x+u,s—x)f(x)f(x—i—u)H@

< “ZK(m,s—x)K(m—&—u,s—x) K(z,s+v—x)

1/2 _
K@+us+v=a)| ) I1f Fulle.

Hence, by Cauchy-Schwarz again expression (2.8) is bounded by

HZK(x’S_m)K(ﬂﬁ'i'U,S—x)K(x,s—l—v—x)
(2.9) :

1/2 _
X K(:zc—i—u,s—i—v—;1c)H€2 HHffu”f%

o’
Since the last factor in (2.9) is bounded by
1
max Eq (|2 ful?]5 1 fllee < [IFllellf]les

(2.6) follows from (2.7)-(2.9). This proves Lemma 2.1. O
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Returning to (2.5), we prove inequality (2.16) below using an interpolation ar-
gument. Let M > 0 be a parameter and perform a level set decomposition

fitn) = fio(n) + fii(n), with

2.10 . Aln i Aln A
(210) fom = [ B0 A < 31

0 otherwise.

Applying Lemma 2.6 with f = f1,0 and g = fg implies

-

@11 (|3 frols = mbam)K(s —nm)” < Ifvolld I Frollf 12l @1,

s n#0
where
(2.12)
—HZ (z,s —x) (m—i—us—x)K(x7s+v—x)K(m+u,s+v—x)]‘
Also

Ifrollee < I fillee = Il f1llzs 1 F2llez = Il f2ll2
while by (2.10)

w= (S lioe) < Co) Intd (S 1aer)* = (20 il

Thus the right hand side of (2.11) is bounded by

(213) NGRS
The contribution of f;; in (2.5) is estimated trivially as follows
(2.14)
. . 2\ 3 R . 2\ 3
(Y At =mbmEs-nm| )" < (3 (X 1l -nllLm]))
s n#0 s n

and noting that since flyl(n) =0or |f1,1( )| > %Hﬁll% it follows ||f1||2(%)2\ supp f1,1| <
By

I f1ll2 < [1f1]3 implying |supp fi.1] < (¥Z)*. By Cauchy-Schwarz

i\%

Z \fl 1(s —n)| |f2

n

and (2.14) is bounded by

P(S It - P L)

(2.15) Y2 fualle - Wfalles < Y2 il 1l

Adding (2.13), (2.15) shows that

1

(=] >~ flo =i~ ) < [(%) @+ 32| Al 1 el
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and choosing M appropriately, we have a bound on (2.5)
1
. . 2\ 2
(2.16) (Z > fils = m)faw)K(s = n,m) ) < Q% |l full2 - (| el
s n#0

Next, recalling (2.4), we will establish a non-trivial bound on (2.13), exploiting
cancellation in )" in the definition of Q in (2.12).

We have by (2.4), for s #x,s +v#x

x? +(x+u)2):ep((2x+u)u).

K(x,s—x)mzep(_4(s_$) 4(s — x) 4(s — x)

Hence

K:z,s,u,v

=K(z,s—x)K(x+u,s—z) K(x,s+v—z)K(x +u,s+v—1x)

(2.17) :ep<(2x—£u)u(slg;_s+111x)>

””((s—uz;?::?_x))’

and assuming u,v # 0, u # —2s, —2s — 2v, we will prove

1

(218) | )

’Cw,s,u,v

<3P

0
s$,8+v

8
I

x

IS

In order to establish (2.18) we make use of the following result from [Bom]
(Theorem 5).

Proposition 2.2. Let f1,fo € Z[X], (fi,f2) = 1 and f1, fo € F,[X] the corre-
; where x is to take only values with

sponding polynomials over Fy, fz) = %
p1 fa(x). Define

(2.19) S(f) = en(f(@)).

x

Then, assuming deg(f) := deg(f1) + deg(f2) > 1, we have
(2.20) 1S(F)] < (n— 2+ deg(f)oo)p? + 1

where n is the number of the poles and (f)Oo is the divisor of the poles of f over

the algebraic closure F,, (including oo if necessary).

Applying Proposition 2.2 with f(x) as in (2.17), n = 2, deg(f)oo = 2 so that
indeed

|S(f)] < 2p* +1 < 3v/p.
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If the assumptions in (2.18) are not fulfilled, estimate trivially | Y Ky s.u0| < .
Using (2.18), it follows that

(2.21) Q< cfp* (VD)2 +p* P} < o
Substituting in (2.16) gives
. . 2y 3
02 (X[ Al -mh@EG - nm[ )" <@l fl
s n#0
Hence by (2.4)
|7~ E{f] - ELfall, < 0™ 5 1 ullz [ 1211
which is (1.2). This proves Theorem 1.1.

Remark. One may wonder about the sharpness of inequality (1.2) in Theorem
1.1. Although we did not attempt to optimize our approach, it almost surely will
not answer this presumably difficult question. We only note a few examples below.

Ezample 1. Take f1(z) = fo(z) = ep(z). Then F(z) = ep(Qx)(% >, ey + %),
hence |F(z)| = o5 and ||F = E[f1] E[f]|l, = p~2 |l fill2 | fol2-

FExzample 2. For i = 1,2, define

1 ifx=0
fi(z) = _
0 otherwise.
Thus E[f;] = L, [|fill2 = p~* and
1 ifx=0,-1
Flz)y=¢ 7?
0 otherwise.

3

Therefore, || F = E[f1] E[f2][|, = O(p=2) = O(p~2 | fil2 || f2l|2) again.

The next example is slightly more interesting as it shows that (1.2) cannot hold
with p*f*o replaced by p’%.

Ezample 3. Recall the Fourier formulation (2.4) and (2.3). The left hand side of
(1.2) equals

N

\;ﬁ{ |3 At - n)fQ(n)(%)ep(—m) e,,(—%sz)‘Q}

s n#0
and absorbing (%)ep(—@) in the fy(n)-factor, one obtains

1 5 5 — .z
(2.23) %{ 3 ‘ 3 fils —n)faln) e,,(_4n32)’ } .

s n#0
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Next, we will define f; and fo. Let D be the product of the primes less than
1—10 log p and D the set of divisors of D. Hence

1
D <p’ and |D|>exp<c o8P >

loglog p
Define
R 2D)" 3 if z€4D-{1,2,...,2D
e2)  fiw= { }
0 otherwise
and
" |D|~ = if z€4D-D
(2.25) faz) = ,
0 otherwise.

Hence ||fill2 =1 = || f2]|2-

Setting s = 4Ds; and n = 4Dny, we have a lower bound on /p-(2.23) as follows.

(3| hts—mbmems)[ )
s nt0
(2.26) > { >

SIS

> (D) EDI Ee(~Dist)

)

D<s1<2D 'n;€DN(s1—{1,...,2D})
1 _1 . ___ 9
>—|D|”2 min E ep(—Dnysy)|.
2 D<s1<2D
n1€D

Note that by the definitions of D and D, Dny € {1,..., D} for n; € D and Dnys?
is an integer bounded by 4D3 < p% for D < s1 < 2D, recalling that D < p%. It
follows that the inner sum in (2.26) is of size |D| and therefore (2.23) is

1
>exp|c 08P p_%.
loglogp

Hence this example shows that the exponent % in (1.2) cannot be replaced by

N

(2.27) 2 |D|p

a clean %, though we are unable to rule out the validity of this inequality with
exponent % + €.

3. COMMENTS AND PROOF OF THEOREM 1.3

The phenomenon described in Theorem 1.1 opens the door to a number of ques-

tions on possible generalizations in different directions.

Question 1. Let 1,92 € Z[X], ¢1(0) = ¢2(0) = 0 be linearly independent
polynomials and define for f1, fa : F,, = C

(3.1) F(z) = }3 S fi(e+ 1) o (2 + 02(9)-
IS
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Is an inequality of the type (1.2) valid?

Question 1°. Same question as above with 1, @9 a pair of rational functions, and

excluding the poles in the summation (3.1).

Likely Theorem 1.1 and its proof extend to the case y1, 2 are linearly indepen-

dent quadratic polynomials. Note that in the above analysis not only a bound
(3.2) | Zep api(y) + boa(y)| < ey

for ab # 0 (the latter belng obtainable from Weil) is involved but also the exact

evaluation of the above exponential sum (which is possible only in special cases).
Beyond the bilinear case, one may also ask

Question 2. Is there a multilinear generalization of Theorem 1.17 In particular if
we define

(3.3) F@) =+ 3 Ao+ o) @+ ) fsl@ + 1)
yeF,

does an inequality of the form

(3-4) 1F — E[A) Elf] Elfs]]l, < 0™l falloo [1f2llo0 [ folloo-

hold for some 6 < 07

The main theorem in [FK] would imply that the left hand side of (3.4) is bounded
by o(1) |[filleo If2llco ||f3]lcc but without any quantitative specification (that
would be awkward to extract from their approach) and certainly not a power gain
p~% as in Theorem 1.1. The explicit calculation based on the standard Fourier
transform used above in the bilinear case does not seem to succeed for the trilinear

average (3.3) that likely would require higher order Fourier analysis.

Next, returning to Question 1’, we establish another result in the spirit of The-

orem 1.1, taking ¢1(z) = z, p2(x) = 2. Thus we prove Theorem 1.3.

Proof of Theorem 1.3.

Following the initial steps in the proof of Theorem 1.1, the left hand side of (1.6)
is bounded by
2 } 1

% Zzem;; ep(zz+yl) if y#0

0 otherwise

p—1

Zflnfs (n)K(s—mn,n)

n=0

(3.5)

{p 1
\[ s=0
where now

(3.6) K(z,y) =

is given by a Kloosterman sum. (See [IK].)
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Note that by change of variables

(3.7) \};5 Z €ép (;vz + y%) = \}f) Z ép (acyz + %) = K{(zy)

ZGIF;; ZEIF;

denoting the Kloosterman sum (cf. [FKM] ).

\jf? zEZF; ep (az + %) = K/ly(a;p) = K{(a).

(Note that K{(a) = K{(a).)

(3.8)

It is well-known that
(3.9) |Kl(a)| < ¢
but K/(a) does not allow an explicit evaluation.

Instead, we will rely on results from [FKM] to bound €2 given by (2.13). Thus,
by (3.10)
(3.10)
0= H Z Ki(x(s —x)) KL((x +u)(s — x)) Kl(x(s' —2)) KL((z +u)(s" —x)) |2

s,s’u

and hence
(3.11)
0?2 = Z Kl(z(s —2)) K((z 4+ u)(s — 2)) Kl(2(s' — 2)) K{((z +u)(s' — 2))

Z,y,8,8"u

x KU(y(s —y)) KL((y +u)(s —y)) Kl(y(s' —y)) KL((y +u)(s' —y)).
We will perform the summations in s, s’ with z,y, v fixed. Thus we bound
p—1
(312) 3 Ke(a(s — ) K0((@ + w)(s — ) KE(y(s — 1) KE((y + ) (s — 9))
s=0

which, in order to invoke [FKM], we rewrite as

(3.13) > Kl(y1.8)K(y2.8) K L(y3.5) K L(74.5)

b
where v = <a d) € PGLy(F,) acts by linear fractional transformation
c

as+b
cs+d
and in our case (3.12) these transformations are affine

[z —a? (rtu —x(r+u)
"= 0 1 Y2 = 0 1
e (VY = (Y Tyt

0 1 0 1

(3.14) .8 =

(3.15)



It follows in particular from Corollary 3.3 in [FKM] that if v1, vz, 3,74 € PGLo(F))
are pairwise distinct, then

(3.16) | Z KU(v1.8)Kl(v2.8) Kl(v3.5) Kl(74.5)| < cy/p-

By (3.16) the latter condition will be satisfied if « # y and u # 0.

Returning to (3.11), we fix z,y,u,x # y,u # 0 and bound the s, s’ summations
using (3.16). If x = y or u = 0, bound (3.13) trivially by p. This gives a bound on
(3.11).

0 < c(yp)’p® + cp® p? < op*.
Therefore,
(3.17) Q< ep?.

Substituting again the bound on € in (3.10) shows that

jﬁ{z :éfl(n— ) falm)K (s — n,m) }

(3.18)
1 a1 .
< C%pw\lfllh fellz < ep” 0 fr ]2l f2ll2
proving (1.6). O
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