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Abstract

We establish new estimates on short character sums for arbitrary composite
moduli with small prime factors. Our main result improves on the Graham-
Ringrose bound for square-free moduli and also on the result due to Gallagher
and Iwaniec when the core ¢/ = Hp‘ , D of the modulus ¢ satisfies log ¢’ ~ log q.
Some applications to zero free regions of Dirichlet L-functions and the Pélya
and Vinogradov inequalities are indicated.

Introduction.

In this paper we will discuss short character sums for moduli with small prime
factors. In particular, we will revisit the arguments of Graham-Ringrose [GR]
and Postnikov [P]. Our main result is an estimate valid for general moduli,
which improves on the known estimates in certain situations.

It is well known that non-trivial estimates on short character sums are
important to many number theoretical issues. In particular, they are relevant
in establishing density theorems for the corresponding Dirichlet L-functions.

In the literature, several bounds on short incomplete character sums to
some modulus ¢ may be found, depending on the nature of q. Burgess’ bound
applies for moduli ¢ that are cube free, provided the summation interval I has
size N > q%“. Assuming ¢ has small prime factors, nontrivial estimates may
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be obtained under weaker assumptions on N. There are two classical results
in this aspect, based on quite different arguments. Citing from [IK], the
Graham-Rignrose theorem (see [IK], Corollary 12.15) makes the assumptions
that ¢ is square-free and

4
N Z qx/loglogq + ’])9 (Ol)

with P the largest prime factor of q. On the other hand, Iwaniec’s gen-
eralization of Postnikov’s theorem (see [IK], Theorem 12.16) comes with a
condition of the form

N> (q/)mo + ellog@)®/*loglog g (0.2)
with ¢' = ][, p the core of q.

The main purpose of this work is to formulate a condition on N as weak
as possible, for general modulus ¢ with small prime factors, providing at least
subpower savings. That this is possible (assuming log N > ¢(log q) for some
function ¢ satisfying 20 0 as x — o0) was probably known to experts,

x

though no result of this kind seems to appear in the literature.

More specifically, we prove the following.
Theorem 5. Assume N satisfies

q>N > maxp103

plg
and | oo
log N > (logq)'~“+ Clog (2 08 q> 84 : (0.3)
logq’/ loglogq
where C, ¢ > 0 are some constants, (e.g. we may take ¢ = 1073 and C' ~ 103)
and ¢ =] P

Let x be a primitive multiplicative character modulo q¢ and I an interval
of size N. Then

|3 @) < Vet 0.4

zel

Note that assumption (0.3) of Theorem 5 is implied by the stronger and
friendlier assumption

Jﬁiﬂ, (0.5)

1%N>C@%P+
loglog g
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where P = max,|,p. Assumption (0.5) is weaker than Graham-Ringrose’s

condition |
0gq
log N > C’(l P —> ,

©8 087 + Vvl1oglog q

which moreover assumes ¢ square-free.

Many techniques used in the paper are just elaborations of known ar-
guments. In addition to the basic techniques introduced in the work of
Graham-Ringrose and Postnikov, we introduce one further ingredient which
is a (new) mixed character sum estimate (see Theorem 1). It allows to merge
more efficiently Postnikov’s procedure of replacing multiplicative characters
to a powerful modulus by additive characters with a polynomial argument
and the Weyl differencing scheme which is the basis of the Graham-Ringrose
analysis. Note that the replacement of (loglog q)% in (0.1) by loglogq is
achieved by a more economical variant of the Graham-Ringrose argument
(based on a notion of ‘admissible pair’ (f, q) with f € Z[x], ¢ € Z). But this
is a technical point with no essentially new ideas.

The condition (0.3) in Theorem 5 is the best we could do. But we did
not try to optimize the power 1 — ¢ in the first term nor the saving in (0.4).
The main interest of (0.3) compared with (0.2) is that the assumption

log N > Clogq
is weakened to 1
10849
log(252%)
loglog q
leading to an improvement when ¢’ is relatively large.

logN > C log ¢’

This is the place where the mixed character sum (Theorem 1) comes into
play.

Next, we turn to some consequences of Theorem 5 that are elaborated in
the last section of the paper.

Following well-known arguments (cf. [I]), Theorem 5 implies the follow-
ing zero-free regions for the corresponding Dirichlet L-functions.

Theorem 10. Let x be a primitive multiplicative character with modulus q,

P =max,,p, ¢ = leqp, and K = fOOgL;!/_ ForT'> 0, let

1 log log ¢’ 1 )

f = cmi
c 1 <log77’ (log ¢')log 2K’ (log qT)*—¢
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Then the Dirichlet L-function L(s,x) =Y, x(n)n=%,s = p+it has no zeros
in the region p >1—0, |t| < T, except for possible Siegel zeros.

In the theorem above, one may take ¢’ = 1/10. In certain ranges of ¢/,
Theorem 10 improves upon Iwaniec’s condition [I]

1 1
f = min {c 5 T, /}.
(log ¢T)3 (loglog qT)s loggq
Using the zero-free region above and the result from [HB2] on the effect
of a possible Siegel zero, we obtain the following.

Corollary 11. Assume q satisfies that logp = o(logq) for any plq. If
(a,q) =1, then there is a prime P = a(mod q) such that P < g5 o),

Using Theorem 5, we may also obtain a slight improvement of the fol-
lowing result by Goldmakher ([G], corollary to Theorem 1) on the Pdlya-
Vinogradov inequality.

(Goldmakher) Given x(mod q) primitive, with q square-free. Then

)Zx<n\<<wogq¢m( 1 10gp)i. (0.6)

loglogq  logq

n<x

What we obtain is the following.

Theorem 12. Let x be a primitive multiplicative character with modulus q,

and let P be the largest prime divisor of ¢, ¢ = [],,p and K = %' Let
M = (logq)t= + 102)1%)2(1 log 2K + log P. Then

’ Zx(n)‘ < \/q+/log g vV M+/loglogloggq.

n<x

In particular, Theorem 12 gives the bound

V1
Vq log g v/logloglog ¢ ( + ng> for arbitrary ¢.  (0.7)
Vioglogg = logq
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Clearly, (0.7) is a stronger bound than (0.6).

The paper is organized as follows. In Section 1, we state the mixed
character sum theorem with square-free modulus and indicate where the
changes are in the proof for prime modulus. In Section 2, we give a version of
Postnikov’s Theorem, using it to derive a non-trivial character sum bound for
the modulus ¢’q:1, ¢1 square-free. Section 3 contains the notion of admissible
pair and an improved version of Graham-Ringrose Theorem. Section 4 is
the Graham-Ringrose version of mixed character sum estimate. Section 5
contains our main theorem, discussion of our assumption and comparison of
it with the assumptions in known results. The proof of the main theorem is
in Section 6 and Section 7, its applications in Section 8.

Notations and Conventions.

1. e(0) = > ¢,(0) = e(g).
w(q) = the number of prime divisors of g.
7(q) = the number of divisors of q.
7 =1] w2 the core of q.

plq

P="P(q) = max, p-
When there is no ambiguity, p© = [p€] € Z.
Modulus ¢ is always sufficiently large.

€, ¢, C' = various constants, and € is particularly small.

N T R

All characters are non-principal.

10. For polynomials f(x) and g(z) with no common factors, the degree

of % is deg f(z) + deg g(x).

11. A < B and A = O(B) are each equivalent to that |A| < ¢B for
some constant c. If the constant ¢ depends on a parameter p, we use <,,.
Otherwise, ¢ is absolute.



1 Mixed character sums.

Theorem 1. Let P(x) € Rlz] be an arbitrary polynomial of degree d > 1, p
a sufficiently large prime, I C [1,p] an interval of size

1] > pit* (1.1)

(for some k > 0) and x a multiplicative character (mod p). Then

‘ > x(n)ett™

nel

2

< c(k)(d+1)2 |I| p~ o@@i2as) (1.2)

In the proof of Theorem 1, the assumption that p is a prime is only used in
order to apply Weil’s bound on complete exponential sums. (For the Weil’s
estimate below, see Theorem 11.23 in [IK])

Weil’s Theorem. Let p be a prime, f € Zlx] a polynomial of degree d,
and x a multiplicative character (mod p) of order r > 1. Suppose f(mod p)
1s not an r-th power. Then we have

> )| <dvp

The assumption of f(mod p) in Weil’s Theorem holds if f(mod p) has a
simple root or a simple pole. For ¢ square-free, one can derive the following
theorem.

Weil’s Theorem’. Let ¢ = p;---pi be square-free, f € Z[x] a polynomial
of degree d, and x a multiplicative character (mod q). Let q1|q be such that
for any prime p|q;, f(mod p) has a simple root or a simple pole. Then

> x| < am L

Proof. Let x; be a multiplicative character (mod p;). Then

\;q;x(f(@)\ < li \ ixi(f(x))‘ <[[dvm ][] r= d“’(‘h)%.

pilq pifq1
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Therefore, we have the following.

Theorem 1°. Let P(x) € Rlx] be an arbitrary polynomial of degree d > 1,
q € Z square-free and sufficiently large, I C [1,q| an interval of size

1] > gitn (1.3)

(for some k > 0) and x a multiplicative character (mod q). Then

‘ > x(n)e”™

nel

< clm)|1] g (g s (1.4)

Here c is an absolute constant.

Remark. In the proof of Theorem 1 in [C1], the assumption that p is a
prime is only used to derive display (14) from display (13) by applying Weil’s
Theorem. For q square-free, the same argument works if Weil’s Theorem is
replaced by Weil’s Theorem’.

2 Postnikov’s Theorem.

An immediate application is obtained by combining Theorem 1’ with Post-
nikov’s method (See [P], [Gal, [I], and [IK] §12.6).

Postnikov’s Theorem. Let x be a primitive multiplicative character (mod q),
q=gqy". Then

X(L + qou) = eq(F(qou))-
Here F(z) € Q[z] is a polynomial of the form

x? ™
F :BD( _r g ) 2.1
(@) =BD(e— T4t T (2.)
with
D = H k, m' =2m
k<m/
(k,qo)Zl

and B € Z,(B, q) = 1. (Note that F(qz) € Z[x].)

Remark. In [IK] the above theorem was proved for x(1 + ¢'u) = e,(F(q'u)),
where ¢ =[], p is the core of q. That argument works verbatim for our
case.

plg



Theorem 2. Let ¢ = qi'qy with (qo,q1) = 1 and q1 square-free.

Assume I C [1,q] an interval of size

1,
1] > qoqi (2.2)
Let x be a multiplicative character (mod q) of the form
X = XoX1
with xo(mod ¢f*) arbitrary and x1(mod q;) primitive. Then

S| < g gy (23)

nel
Proof. For a € [1,qo], (a,q) = 1 fixed, using Postnikov’s Theorem, we write

Xo(a + qoz) = xo(a)xo(1 + qoax) = xo(a)eqr (F(qodx)), (2.4)
where
aa =1 (mod ¢j").
Hence

‘ZX(")‘é(aZ): ’ > eqy(F(qO@w))xl(a+qox)’. (2.5)

nel 1 a+tqozel

Writing x1(a + goz) = x1(q0)x1(ado + ), godo = 1(mod g1), the inner sum
in (2.5) is a sum over an interval J = J, of size ~ ‘q%', and Theorem 1’

applies. ]

3 Graham-Ringrose Theorem.

As a warm up, in this section we will reproduce Graham-Ringrose’s argument.
With some careful counting of the bad set, we are able to improve their
condition on the size of the interval from ¢'/Vioglogd ¢ ¢C/logloga,

Theorem 3. Let q € Z be square-free, x a primitive multiplicative character
(mod ¢q), and N < q. Assume



1. For all plq, p < N1o.

2. log N > Clolgol%gq.

Then N
’ Zx(m)‘ < NemViesV,
rx=1

We will prove the following stronger and more technically stated theorem.

Theorem 3’ Assume ¢ = q ...q. with (¢;,q;) =1 fori # j, and g, square-
free. Factor

X=Xt Xr;

where x;(mod q;) is arbitrary for i < r, and primitive for i = r. We further
assume

(i). For all p|g.,p > +/logq,.
(ii). For all i, ¢; < N3.
(iii). r < cloglogq for some ¢ < 1/4 — €.

Then N
‘ Zx(:v)) <« Ne~Viesar,
r=1

Remark 3.1. Instead of proving Theorem 3, we will prove Theorem 3’. To
see that Theorem 3’ implies Theorem 3, we write

q=Dp1-Pe-pL-p2--,

D1y---,00 < \/1ogq, and p; >py>--->4/logg.

where

Hence

¢
Hﬁi < e2VIord g0 (3.1)
i=1

Let ¢ = Hle pi, where we let k be maximum as to ensure that ¢; < N 3,
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Therefore, p,, ¢ > N3. By (1), ¢ > Ni~1 > N.

We repeat this process on £ to get go such that Ns > q2 > Ns. Then,

a1
q

we repeat it on o ete. After re-indexing, we have

4> gy > >q > N
Hence ¢ > (N%)T_l, which together with (2) gives (iii). O

Remark 3.2. Tt follows from (ii) and the argument in Remark 3.1 that in the
proof of Theorem3, one may choose ¢, satisfying N'/° < ¢, < N'/3. Hence
log N ~ log q,.

The following definition will be used frequently throughout the rest of the
paper.
Definition. Let p be a prime and f € Z[x]. We say p is good or f is p-good,
if f mod p has a simple root or a simple pole. Otherwise it is called bad or
p-bad. For qlq, satisfying ¢ > /gy, the pair (f,q) is called g,-admissible (or
admissible when there is no ambiguity) if

p > +/loggq, forall pl|g,

and B 10
H p>i, where 7 = —— .
. qar loglog g,
plq
p is good

Remark 3.3. Let (f,q) be admissible, and let y be primitive mod ¢, where ¢
is square-free and a multiple of g. Assume

1 logl
logd < — = ()g+(;g%, where d = deg f. (3.2)
T

Then we have a bound on the complete sum

Sles

1
qr )

S x(f(@)| < (@) 71 < q(@)”

where ¢ is the product of the good primes p|q.

10



Proof of Remark 3.3. For p|q|q,, our assumptions imply
p'/? > (log q,)"*° > d. (3.3)

To prove the remark, we factor x = xix2, where x1 (respectively, x2) is

a character mod q (resp. mod g). Weil’s estimate gives a bound on the
complete sum of y; in the following estimate.

(3.4)

dv@

<[>t - L

where ¢ is the product of the good primes p|g. Using (3.3), we bound the
character sum above by

qH_<qu 3/10 _ 5 -3/10

p\q plg

Since (f, q) is admissible, we have
E <GjTi < g(g)*mqrmf O

Proof of Theorem 3°. We will use Weyl differencing.

Take M = [\/_] Shifting the interval [1, N] by yg; for any 1 <y < M,
we get

N N
‘ > x@) > x(@+yaq) ‘ < 2yq < Mq,.
=1 =1

Averaging over the shifts gives

%‘ﬁ:x(ﬂf)’ < ﬁi‘ix(ﬂyql)

rz=1 y=1

o).y

Let



Using the g¢;-periodicity of x; and Cauchy-Schwarz inequality on the dou-
ble sum in (3.5), we have

ﬁZ’ZX(JJ—Fy(Il)

=1 y=1

1« [t aqy v
= [W Z ’ZXI <:p—|—q1y’>‘] - (36)

y,y'=1 z=1

For given (y,y’), we consider

T+ qy

\r) =
(o) = T

and distinguish among the pairs (f,,/,¢,) by whether or not they are g,-
admissible. Note that if (f, ., ¢-) is not admissible, then the product of bad
prime factors of g, is at least ¢ and this product must divide y —y’. We will
estimate the size of the set of bad (y,%’) and use trivial bound for the inner
sum in (3.6) corresponding to such bad (y,y’).

‘{(y,y') € [1,M)*: (f,,q) is not admissible }‘

<> ‘{(y,y’) €[LMP:Qly—y }’

Qlgr

Q>q7 (3.7)
M? M? 1,
<Y <l < Mg, T
QZ|: Q qr
qr
Q>qf

(For the second inequality, we note that M > @).)
Hence (3.6) is bounded by

1
2

, (3.8)

_T 1 N
P+ |5 A (h@)
r=1

where f; is the f,,, with the maximal character sum among all admissible
pairs. i.e.

lel(fy,y’(x)) : (3.9)

) ’
r=1

> X (Ai@)] = max

Fyu
(fy,4»ar) admissible

12



Thus, there exists qi|q., g1 > ¢.~™ and for any p|q, f1 is p-good.

To bound the second term in (3.8), we will do induction on the number
of characters in the factorization of y and first prove the following.

Claim. For s = 1,---,r — 1, denote X = Xs11-+-Xr- Let fs(x) be of the
form fs(x) = 11;(x — b;)%, where bj,c; € Z and deg fs < 2°.

Denote o = q,. Assume there is Gs—1|q. such that Gs—1 > g and
(fs,@s—1) is admissible. Then
_zr.l l
= (sz ()| <7 \sz (fer(@))|. (3.10)

where fo1 is of the same form as f, with deg foy1 < 251, and there is qi|q.

such that @s > ¢ and (fs11,qs) is admissible.
Proof of Claim.

As before, the gy, 1-periodicity of ysy1 and Cauchy-Schwarz inequality
give a bound on the character sum in the left-hand-side of (3.10) by

N 1/2
fsx+q$ ly)
i S S (e | e

7 / 1

Set
fs (.T} + QS+1y)

f8+1(x) N fs(x + QS+1y/) ’

where (y,y') is chosen among all good pairs as in (3.9), such that the inner
character sum in (3.11) is the maximum.

We want to bound the set of bad (y,y’). For p|gs,

fs(x) = (z — a)GH(:c —b;)9 for some € € {—1,1}, where a # b; mod p.

J

x+Qs+1y_a ‘ x+Qs+1y_b' 9
o) - (£ =2 [T (£t
T+ Gst1y —a j T+ Qs1y — bj

For y # ¢ mod p, if a — ¢s41y is not a simple root or pole, then

a— (qs+1Y = bj - C]s+1y/ mod p

13



for some j. Therefore, by the same reasoning as for (3.7),
‘{(y,y') € [1, M)* : (fs11,Gs) is not admissible }‘

<3 {wy) € LM ¥p|Q, fo is p-bad }|

Qlas
Q>qql (3.12)
M2 w@ e (2)79
S SE LIV
Qlg @ q @
s Qlgs
Q>qr Q>q;

(In the above bound, the factor 2° comes from the choices of b;.)

By assumptions (i) and (iii),

w(Q)
(2°) 2" 1 1 .
<H2<I == <ot (313)
© v P e VP VE

and (3.12) is bounded by

and the claim is proved. [

At the last step of our induction, we are bounding

> @), (3.14)

where f,_; is of the form as in the claim with deg f,_; < 2"~! and there is

Gr—2|q, such that g._o > qi_(r_Q)T > \/q, and Vp|g,_» is good. In particular,
_3 3.
(fr—1,0r—2) is admissible and Remark 3.3 applies. (Note that g._, ° ¢ <
(3 _3; _1
T (o =57 < Gy 4.) Hence, we have

N
@) < Ny < Na

r=1

14



and we reach the final bound
1
o=1

< g0 4y <qr—7'/5> 2 " <qr—1/8> 2 L0 (MQ1)

N
1/2r—1 1/2r—1
< <q:r/5> 4 <qr—1/8>

2 1
" Toglog q 'chog Tog g
<< qr r T

_ log gr ]
— ¢ loglogaqr (logqr)©

< e Viosar,

(3.15)
0

The proof of Theorem 3’ also gives an argument for the following theorem.

Remark 3.4. Since in (iii) we assume that ¢ < 1/4—¢, from the last inequality

in (3.15), we have proved the theorem for a better saving of e(°8 )" instead
of eviosar,

Theorem 3” Assume q = q ...q, with (g;,q;) =1 for i # j, and ¢, square-
free. Factor x = x1...Xr, Where x;(mod ¢;) is arbitrary for i < r, and
primitive for 1 =r.
We further assume

(). For all plg.,p > v/10gq,.

(ii). For all i, ¢; < N1/3.

(ili). r < cloglogq for some ¢ < 1/4 — €.

Let
f@)=]]=-b)% ae{-1,1}, d=degf=> |cl.

J

Suppose that (f,q,) is admissible (as defined after the statement of Theorem
3"). Furthermore, assume

(iv). d =deg f < (logg,)®.

00—

15



Then )
’ ZX(f(w))‘ < Ne~Vioear,
=1

Remark 3.5. To prove Theorem 3”, one only needs to modify the proof of
Theorem 3’ slightly by multiplying %2 by d*@ in (3.7) and replacing 2°
(respectively, 27) by 2°71d (resp. 2"7!d) in (3.12) (resp. (3.13)).

4 Graham-Ringrose for mixed character sums.

The technique used to prove Theorem 1" may be combined with the method
of Graham-Ringrose for Theorem 3’ to bound short mixed character sums
with highly composite modulus (see also [IK] p. 330-334).

Let ¢ = ¢1...q, with (¢;,q;) = 1 for ¢ # j, and g, square-free, such that
(i) and (iii) of Theorem 3’ hold .

Let
X = X1---Xrs

where y;(mod ¢;) is arbitrary for ¢ < r, and primitive for i = r.

Let I C [1,q] be an interval of size N < ¢, and let f(x) = agz®+---+aq €
R[z] be an arbitrary polynomial of degree d.

Assuming (ii) of Theorem 3’ and an appropriate assumption on d, we

establish a bound on '
> x(x)el . (4.1)

zel

The case f = 0 corresponds to Theorem 3’. The main idea to bound
(4.1) is as follows. First, we repeat part of the proof of Theorem 3’ in order
to remove the factor e/®) at the cost of obtaining a character sum with
polynomial argument. Next, we invoke Theorem 3” to estimate these sums.

Write ¢ = ¢1(QQ1 with Q1 = ¢» ... ¢q,, and denote Y; = xa... X
Choose M € Z such that

M -maxq; < N, and M < V/N. (4.2)

16



Using shifted product method as in (3.5), we have

if lf(x+qy
E x(z)e M E x(x + qy)e W4+ O(quM), (4.3)
xel xel
0<y<M
1 . 1 )
if(z+qry)| _ if (z+q1y)
| > a0 = ] 32 @il gl
0<y<M 0Sa2M

<—Z‘ > Vi@ + quy)ed |,

€l 0<y<M

(4.4)
Next, we write

flx+aqy) = fol@) + fi(@)y+ -+ fa(z)y’

Subdivide the unit cube T4 into cells U, = B({a, ﬁ) C T+t &, € T,

Denote

Q,={zel: (fo(x),...,fd(a:)) € U, mod 1}.

Hence, for x € €},
1
f(l’ + Q1y) = 604,0 + fa,ly +e fa,dyd + O(M)

if(x+qy) _ Li(€a,0++Ea,ay?) O(i) 4.5
e e + ) (4.5)

The number of cells is

~ (M (4.6)
Substituting (4.5) in (4.4) gives

1 ,
LS| S s

zel 0<y<M

FE X | 5 o] +o(3),

a Q. 0<y<M

(4.7)

17



where |C,(y)| = 1.
Next, applying Holder’s inequality to the triple sum in (4.7) with £ € N,

we have
Z Z ‘ Z Ca(Q)y1($+Q1?/)‘

a x€Qy 0<ys<M

HEY] X Gomiteran])

a zel 0<y<M

Therefore, up to an error of O(4%), (4.7) is bounded by

N [Nj\l/[% (Md+1)d+1 Z ‘Z ( (z+aquy) - (x+ qyr) )

0<y1,..y2,<M =z€l 37 + qﬂ/kﬂ) (37 + Q1Z/2k)

1
:|2k

=N (M) {Nj\li% > ’Zyl(Ryl ----- )

0<y1,....y2, <M z€l

} (4.8)

where

(4 qy) - (@ + @)
(@ + q1¥ps1) - (T + qryan)

To bound the double sum in (4.8), we apply Theorem 3” with f(z) =
,,,,, uo () for those tuples (yi, . .., yar) € [0, M —1]?* for which (R, 4., )
is admissible. For the other tuples, we use the trivial bound. If (Ry, ... 4)
is not admissible, then there is a divisor Q|g., @ > ¢7, such that for each
p|Q, the set {my(y1), -, m(y2r)} has at most k elements. Here m, is the
natural projection from Z to Z/pZ. We will estimate the contributions of
(Y1, ..., yox) for which (Ry, . 4..,¢) is not admissible by distinguishing the
tuples (y1,. .., y2r) according to the relative size of @) and its prime factors.

(a). Suppose that there is p|Q with p > v/ M.
Then the number of p-bad tuples (y1, ..., y2x) is bounded by

2k kpk Mk kEarsk
<k>Mk<1+?) < (4k)*M3E,

Indeed, one chooses a set I of k indices and specify the corresponding y;; for
the other indices, m,(y;) is taken within {m,(y;) : j € I}, and summing over
the prime divisors of ¢, gives

w(gy) (k)P MR < M, (4.9)

-----

18



provided )
50 < k < M, (4.10)

and
log g, < M. (4.11)
(b). Suppose Q@ > M and p < VM for each p|Q.

Take Q1]Q such that v M < @1 < M. The number of tuples (yi, .. ., Yor)
that are p-bad for each p|@; is at most

<g>2k 1 (2}5) ok R

plQ1
M\ 2k M2k M2k:
< (—) [Jkn)t < (cky@=r < 2 < Mok,
Ql Q1 3
plQ1 Q7
provided )
kE < minps3. (4.12)
plar
Summing over all (); as above gives the contribution
MSF < ME (4.13)

(c). Suppose qf < Q < M.

The number of tuples (yi, ...,y ) that are p-bad for all p|@ is at most
M?*/ Qg, and summation over these () gives the contribution

M2k M2k
2wlar) — < (4.14)
Qs g M
Hence, in summary, the number of (yi, ..., yox) for which (R, .., ¢r) I8

not admissible is at most

kT

_1
MP*(Ms 4 ¢ 7).

From (4.3)-(4.4) and (4.7)-(4.8) we obtain the estimate
‘ dt1
Zx<x>ezf(:r) < N(Md+1) 2k

1
[M*é +g iy e ViER ] &
xel
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using Theorem 3” for the contribution of good tuples (yi, ..., yx). Here we
need to assume

2k < (log q,,)é, (4.15)
which also implies (4.10) and (4.12), under assumption (i) and if (4.11) holds.

Take k = 50d?, assuming

d < %<logqr>16, (4.16)

[un

(which implies (4.15),) then

> x(2)e’® < N (M‘Tle + e‘*fi‘")

zel
1 M(d+1)? To0a?
e (M

Choose
M = [eXp (—Vlogq’"> }
2(d+1)2/) 1
(So (4.11) is also satisfied.) We have
Zx(x)eif(x) < N@,@.

zel

Thus we proved

Theorem 4. Assume ¢ = qi ...q, with (gi,q;) =1 fori # j, and ¢, square-
free. Factor x = Xx1...Xr, where x;(mod g;) is arbitrary for i < r, and
primitive for i =r.

We further assume

(i). For all p|q,,p > +/Iog q,.

(ii). For alli, q; < N/3.

(iii). r < cloglogq for some ¢ < 1/4 — €.

Let f(x) € R[z]| be an arbitrary polynomial of degree d. Assume

1
16

1
d < E(loggy)
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Then
. V1og qr
‘ Z elf(”)x(n)‘ < CNe 200a (417)

nel

where I 1s an interval of size N.

Combined with Postnikov (as in the proof of Theorem 2), Theorem 4 then
implies

Theorem 4’ Suppose ¢ = qq . . . ¢, with (g;,q;) =1 fori # j, and g, square-
free. Assume Go|qo and qo|(Go)™ for some m € N, and

< = (togg,) "
m 20 0g gr .

Factor x = xo- .- Xr, where x;(mod ¢;) is arbitrary for i < r, and primitive
fori=r.

We further assume

(i). For all p|q,,p > +/Iog q,.

(ii). For alli, ¢; < (N/q0)1/3.

(iii). r < cloglogq for some ¢ < 1/4 — €.
Then

‘ Zx(n)’ < C’Ne*\s/og, (4.18)
nel
where I 1s an interval of size N.
Note that for Theorem 4’ to provide a nontrivial estimate, we should
assume at least
r < loglog g,

and
logm < loglog q,.

5 The main theorem.

Theorem 4’ as a consequence of Theorem 4 was stated mainly for expository
reason. (cf. §7. Proposition 7.) Our goal is to develop this approach further
in order to prove the following stronger result.
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Theorem 5. Assume N satisfies

q>N > ng‘aéxplo3 (5.1)

and

1 log ¢’
0gq> 0g4q (5.2)

logq'/ loglogq’
where C,c > 0 are some constants, (e.g. we may take c = 1073 and C' ~ 10%)
and ¢ = leq .

log N > (logq)' ™+ Clog (2

Let x be primitive (mod q) and I an interval of size N. Then

5 st o2

zel

We will prove Theorem 5 in the next two sections. In this section, we make
some further technical specifications which will be important in the proof.
Also, we discuss assumption (5.2) and compare it with the assumptions in
known results. Some of the remarks at the end of this section (Remarks 5.2
and 5.3) will be used in the proof as well.

Claim. We may make the following assumptions.

(1) ¢ > N=o

(5.4)
(2> q= Q qr = Ql e QT*l qr, where (QZ7QJ) = (QMQT‘) = 17
log Q'
=1+1 .
r + O[logN}’ (5.5)
(where @' is the core of @),) and
¢ = q)', qo square-free (5.6)
with ,
eloe Nt g0 < N'io, (5.7)
m < (log N)*. (5.8)
Also, the core of ()4 satisfies
Q;<N% fors=1,...,r— 1. (5.9)
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Moreover, we may assume

vplg., p > +/logg,. (5.10)

(3) There exist q1," " ,qr—1, (qlaq]) = (qlaqr) = 17

max q; < N2, (5.11)
such that
(=@ Qrag | @™ ¢ g, (5.12)
with log
0g s
=102 1
m 0 { logN] (5.13)
Proof of Claim.

To verify Assumption (1), we will obtain the bound (5.3) for the case
¢ < Nz by using Theorem 12.16 in [IK]. The latter provides the following
bound .

| x| < ottt (5.14)

M<z<M

with s = ﬁgg]\qp assuming that ¢1% < M < M < 2M. This gives a nontrivial

bound M~ e provided log M 2 (log q)%“. We will use this result by
dividing our interval [1, N] dyadically.
Let My = Ne VIosN 7N — 210 and s; = 2289 for § = 2,--- ,m =

log M’
Vl1og N.

We divide [1, N] into subintervals

18 =000 ) 0 M)

and note that M; > N'/2 > ¢ and log M; ~ log N. Hence s; ~ ll(fg]‘{, =
for i > 1. *

We bound the character sum Y2~ | y(z) by bounding subsum over each
subinterval, using the trivial bound for the interval [1, M;] and Theorem
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12.16 in [IK] for the intervals (M;, M, 4]. It is straightforward to check that
the sum of all bounds is bounded by

Nef\/logN +m M;_TQI[;gT < Nef\/logN’

if log N > (log q)5*, which follows from (5.2).

To see Assumption (2), we first note that

H p< q(logN)*36 < e(logN)lfc < q’ﬁ’ (515)
vp>(log N)3¢

where v, is the exponent of p in the prime factorization of ¢. In the display
above, the second inequality follows from (5.2) (which implies that loggq <
(log N)1*2¢) and the last inequality follows from Assumption (1) in the claim
and provided log ¢’ is sufficiently large.

From
(log N)?*
H ( H p) > g1, (5.16)
m=1 vp=m

there exists m < (log N)*¢ such that
[T »> (q)20=M™ > eamlos ™™ pllos )T
Vp=m
The second inequality in Assumption (5.1) ensures that we may take
qg‘ H p such that ¢g < N0,
vp=m

Therefore, there exists a ¢, which satisfies (5.6)-(5.8).

To see (5.10), we note that in the inner product in (5.16), we may impose
the condition that p > +/log ¢,, because

H p < 62\/@ < e(lOgN)% < qlﬁio (517)
p<Vlogqr

(The second inequality follows from (5.6)-(5.8).)
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Write ¢ = @) ¢, and
Q:Hp;”', where v, :=v,, and vy > vy > ---
Let Q' = szl p; be the core of (), and factor

! ! / / 1 log )/
Q:Ql"'QT,18UChthath<N5andr:1+10 )
log N
For each s, define Qs = [, o, p" and ¢, = [, )0, p™ as follows
] 41, if v, > my
Up = Ll 1 o (5.18)
1,  otherwise
Denote g 0
0g (s
s — 10 .
" log N

2

It follows that Q4|(¢;)™ and ¢, < Q.Q"* < N2, which are (5.11)-(5.12).

Remark 5.1. Assumption (5.2) can be reformulated as

log Nq’

logq \10Tew
log N)°. 1
(3 log q’N) < (log V) (5.19)

Remark 5.2. Using (5.4), (5.19) and the inequality of arithmetic and geo-
metric means, one can show that

Hml (logqo) ™. (5.20)

Remark 5.3. 1t is easy to check that (5.2) and (5.7) imply
r < 1072 log log qo. (5.21)

Remark 5.4. If logq <log N, (5.19) becomes
log N > (log q)' ™,
which is similar to Theorem 12.16 in [IK].
Remark 5.5. If ¢ = ¢ (i.e. q is square-free), condition (5.19) becomes

log q
log log q
This is slightly better than Corollary 12.15 in [IK] and essentially optimal in
view of the Graham-Ringrose argument.

< clog N.
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6 The proof of Theorem 5.

The following lemma is the technical part of the inductive step. It is based on
the techniques proving Theorem 2 and Theorem 4, which are shifting product
and averaging (Graham-Ringrose), replacing x; by an additive character of
a polynomial(Postnikov), and the mixed character technique to drop the
additive character.

Lemma 6. Assume

(a). q=q"q, where ¢ = G-, with q1,q, ¢, mutually coprime.

(). X = 1%, with x1(mod g") and {(mod ).

g
(c). f(z)= H(x—aa)d“, d= Z |do|, with a, € Z distinct and d, € Z\{0}.

a=1
(d). there exists q|q, such that for each p|q, p > v/logq, and f is p-good.
(e). I an interval of length N, ¢ < N < q, 1440 -m2d < (log N)5.
(f). M€Z, logN +logg<M < Nis, M <q".
Then
1 _ I —. Gom?
SIS x(@)] < M | TSR (@) 6

zel zel

where fi(x) is of the form

k B’
fila) = AL SRt Ty (6:2)

L fe+at,) o2

with by, do € 7, 2k = 60m? and

dV =" | du [< 60 d m?. (6.3)

Furthermore, (fi1,q) is admissible.

Proof. Take t € [1, M]. Clearly,

X(f(x-i—t%)) = Xl(f(x))xl (1 + f($+tq1) — f(:v))

7(@) X(f@+tqr)). (6.4)
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Hence, as in the proof of Theorem 2,

m—1

X(f(x + tﬁh)) =X1 (f(l'))f((f(l’ + tﬁh))eq;" ( Z Qj(r) q] tj>a (6.5)
e L (L) — )
J x+t)— flx
Qile) = F@{F( f(z) >} =0 (6.6)
with .
F(z) = Z(—l)s_léxs (up to a factor). (6.7)

We estimate ), x(f(z)) by the same technique as used in the proof of
Theorem 4 with d = m — 1 (see (4.3)-(4.8)). After averaging and summing
over t € M, and applying Holder’s inequality, we remove the last factor in
(6.5) and obtain

m2

< [% Z ’ ZX(RtL...,tzk (ﬁ))

0<ty,..., top<M x€l

1

LIS @) " ey

Here
flx+aqt) - flx+ qty)

B f@+ qtp) - flo + qitar)

Choose t = (t1,+ -+ ,tox) € [1, M]?* such that f,(x) = R;(r) maximizes
the inner character sum in the right-hand-side of (6.8) among all admissible
(R, q). Let B be the set of ¢ such that (R, ) is not admissible. Since in (f),
we assume 2k = 60m?, (6.8) gives

S S n] < B 4 0P| 3 ()

xel zel

We want to give an upper bound on |B|.
Claim. |B] < M6 .

Proof of Claim. First, we observe that the zeros or poles of R.(z) are of the
form
bo = ao — t,q1 with t, € [1, M]. (6.10)
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Second, we note that while applying Holder’s inequality to obtain (6.8),
we take k € Z™ satisfying

48kd < (log N)™ and k > 30. (6.11)

To bound |B|, we fix p|g. In Ry(z) = Hi:zl(x — by )%’ we may assume
d; = 1 and a; # a, (mod p) for any o > 1. Recalling (6.10), assume that
none of the a; —t,q1, 1 < v < 2k, is simple (mod p). This means that for each
v there is a pair (a(v),o(v)) in {1,...,8} x {1,...,2k} such that a(v) # 1,
o(v) # v and
a1 — 1 = o) — tow)qr (mod p). (6.12)
The important point is that o(v) # v for all v, by assumption on a;. One
may therefore obtain a subset S C {1,...,2k} with |S| = &k such that there
exists S; C S with [S;| = £ and

Si={veS:ov) ¢S} (6.13)
(The existence of S and S satisfying this property is justified in Fact 6.1
following the proof of this lemma.)

Specifying the values of ¢,/ for those v/ € {1,--- ,2k}\S}, equations (6.12)
will determine the remaining values, after specification of a(v) and o(v). An
easy count shows that

{mp(t) : Ry s p-bad }|

£(2) ()G () o <,

where M = min(M,p). The first factor counts the number of sets S, the
second the number of sets S7, and the third and the forth the numbers of
maps olg, and alg,.

wl$

Applying assumptions (e)-(f) to (6.14), we obtain
8

[{mp(t) : Ry is p-bad }| < (M)gk (6.15)

If (R, q) is not admissible, there is some Q|g, @ > ¢7 > ¢7 such that for

each p|@, R; is p-bad. As in the proof of Theorem 4, we distinguish several
cases.
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(a). There is p|@Q with p > M.
Hence, |[{t € [1, M]** : Ry is p-bad }| < M5* and summing over p gives
the contribution M5* log q.

(b). VM < m@xp < M.
P

Then
[{t € [1, M]** : R, is p-bad }|

M 2k .
<<? + 1) |{7Tp(z_€) : Ry is p-bad }‘

M 2k -2k
<<—+1) p%k<M2k<£) "< (M3,
P 32

Summing over p gives the contribution (4M )%k log q.

(c). m%xp < VM and Q) > M.
P

Take 1|Q such that v M < Q1 < M. Then
[{t € [1, M]** : R, is p-bad for each p|Q1}]

§<% ., 1>2k|{w1@) : Ry is p-bad for each p|Q1}|

@1
() T (@) < e

Summing over 1 gives the contribution (4M )%k“.
Summing up cases (a)-(c) and recalling assumption (f), we conclude that
1Bl = |{t € [1, M]** : (Ry, ) is not admissible }|

6.16

Putting (6.9) and (6.16) together, we obtain (6.1) and the lemma is
proved.

Fact 6.1. Let K = {1,---,2k} and 0 : K — K be a function such that
o(v) # v for all v € K. Then there exist subsets Sy C S C K with |Si| =
E 1S|=k and o(v) & Sy for any v € S.
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Proof. Since the subset of elements of K with more than one pre-image of o
has size < k, there exists a subset S C K with |S| = k such that every v € S
has at most one pre-image. To construct S; C S, we choose v; € § induc-
tively, such that v; & {v1,...,v;1,0(v1),...,0(vii)} U o7 v, .. vi1})
and o(v;) € S;. O

Proof of Theorem 5.

Following the claim in §5, we will prove the theorem for xy = x1--- xs,
where x;(mod ¢;"*) is arbitrary for ¢ < r, and primitive for i = r, and g =
q"t - q) g, satisfies (3) of the claim. We will apply lemma 6 repeatedly.
First, we choose M; < My < --- < M,_1 a sequence of values of M, which
will satisfy condition (6.19). Then we will iterate (6.1), losing a factor x; in

1/12

x and adding an error term M, in the bound each time.

In order to satisfy Assumption (e), we assume

T

1440 - 60" T [(m3) < (log N)?, (6.17)
i=1
which follows from (5.20) and (5.21).
Let
M = ellos e, (6.18)
and for s=1,--- ,r — 1, take M,, such that
M; % =M""!
1 1 _ 1 (6.19)
M%M(so?m% MGOS*lm%umg_QM 15:605—1m2m2_ —M_Tl‘r’
1 2 s—1 S — 1 .
One checks recursively that
M, < M5 mEemiy (6.20)
Indeed, from (6.19),
M m _ M 6105_17;%1---77@72M15-603_171L%~m§71 '

Therefore, by induction

Ms _ M7571”§—1 < M55’2-155’1m%~-m§72(75m§71) _ M55’1~155m%~m§71‘
s— >
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In order to satisfy the last condition in Assumption (f) of Lemma 6, we
assume

Zlog m; < 10 log log q,., (6.21)

(Clearly, this follows from (5.20).) and note that

9 10

MEWTImimy g — gloslosar (6.22)
(Since by (5.21), r < 1073 loglog ¢..)
By (6.1) and iteration, 1| SV x ()] is bounded by

1 1 1

M = I MGOM T 15:60m3 - M60M60 2m? M3_15»602m%m§ T
1 1 1
M A g T (6.23)
+M60M601m 601_1’”% r=2 G607~ Tm¥mZ_
where § is of the form
1
= <[> wtr@) (6.24)
r=1
with y, primitive modulo ¢,, and
B
f(z) = H(x — a0)", a0, dy € Z,
a=1
d=>|da|<60"m]...m, (6.25)

and (f,q) admissible for some q|g,, § > /G-

Condition (6.19) ensures that each of the r — 1 fist terms in (6.23) is
bounded by %

Applying (6.20) to (6.23) gives

1

—|Zx <—1+M( TGty (6.26)

We will continue the proof of the theorem in the next section by distin-
guishing two cases.
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7 The two cases.

To finish the proof of Theorem 5, we need to bound S in (6.26). We will use
Claim (2) in §5. Recall (5.6) that

g =¢qy', Qo square-free .
We will do induction on m.

Case 1. m = 1.

Since (f,q) is admissible and ¢ is square-free, we may apply Remark 3.3
to bound S§. Therefore,

3
S<qwgh <q T, (7.1)

and by (6.26)

The last inequality is by (5.20) in Remark 5.2 and (6.22).
Now we use (6.18) and (5.21) to bound (7.2) and (5.6)-(5.8) to obtain
(5.3). O

We state the above case as a proposition for its own interest.

mr—1

Proposition 7. Assume ¢ = ¢ ... q,_1'q with (¢;,q;) =1 fori # j, ¢,

square-free and
r—1 1
H m; < <log qT> ”. (7.3)
i=1

Factor x = x1. .. Xr, where x;(mod ¢;") is arbitrary for i < r, and primitive
fori=r.

We further assume

(i). For all p|qg.,p > v/10g q,.
(ii). For alli, ¢ < N < q.
(iii). r < 1073 loglog g .
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Then
D x(@)| < Nt (7.4)

zel

where I is an interval of size N.

Case 2. m > 1.

In this situation, we follow the analysis in the proof of Lemma 6. (Partic-
ularly, see (6.4)-(6.7).) To bound S in (6.23), we will use Postnikov’s theorem
and Vinogradov’s lemma ([Ga], Lemma 4) rather than Weil’s estimate (Re-
mark 3.3) as we did in Case 1. Recall

= 4| S

with y, primitive modulo ¢,, and

(x — ag)  with d < 60"m?...m2, (7.5)

—
&

I
—w

where f(x) satisfies the property that for all p|q, f(z) is p-good.

Write n € [1, N]asn—x+tqo,W1th1<.:1:<qgand1<t< . Then
as in (6.4) and (6.6),

9@ N/ m—1
N'SZZZXT(JC eqo( Q;(z th)
rz=1 t=1 7j=1
a0 N/ (7.6)

<Z ‘Zeq (ZQJ Q()tj)

We want to find some information on the coefficients @; in (6.5). We may
assume in (7.5) that a; = 0 is a simple zero or pole of f; replacing f by %
(which we may by replacement of y by x), hence

flz) =xg(z) =2 H ( — aq)™ mod p (7.7)

with ¢(0) defined and non-vanishing (mod p).
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From (6.6), (6.7), and (7.7), we have

1 &’

J'Qj(x) = Z(—l)s_lmﬁ [((z+t)g(z + 1) — xg(x))]

. (18)

Let G(t) = (z+1t)g(z+1t) —xzg(x). Since G(t) divides %G(t)s for s > j, and

G(0) =0, in (7.8) only the terms s < j contribute and @); has a pole at 0 of
order j. Write

C- Q) = 5+ 0 (7.9)
with A,(z), B;(z) € Z[z] and B,(x) = 2*B,(z), k < j. Here
B;(0) # 0(mod p), (7.10)

since Bj(x) is a product of monomials of the form = — a, and a, # 0(mod p)

for aw # 1. Thus
by()

29 By (x)
where Pj(x) € Z[x] is of degree at most dj, P;(0) # 0 (mod p). It follows
that

C-Q;(z) = (7.11)

{1 <z <p:Q;(x) =0 (mod p)}| < dj, (7.12)

and
{1 <2< q:Q;(x) =0 (mod g)}| < (dj)“(q‘))%, (7.13)
0

whenever ¢o|go. Taking j = m — 1 and fixing x, we will apply Vinogradov’s
lemma ([Ga], Lemma 4) to bound the following inner double sum in (7.6).

N/qo
> e
t=1

m—1

(Z Qj(fﬂ)qgt‘j>

. (7.14)

Lemma (Vinogradov). Let f(t) = ait + -+ axt* € R[t],k > 2 and P € Z,
large.
Assume ay rational, a, = ¢, (a,b) = 1 such that

2<P<b< P! (7.15)
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Then c
‘Z ‘ < (Cklogh)? pl=izicy: (7.16)
nel

for any interval I of size P (c,C are constants).

Since the dominating saving in (7.16) is Pk2 ek , we want the denominator
of the leading coefficient a,,—1 = Qm 1(””) -l Zqy" " in (7.14) big.

Let qo = (Qm_l(x),qo). Write Qm 1(z) = goa € Z(mod qg). Therefore
Qm—1(7)

am—l = q— =
0

s with (?0 = @ and (C_L,C?()) =1.

qo

ISUR=I

Tosum € [1, o] in (7.6), we distinguish the cases according to (Qm—1(z), qo)-

Case (i). G0 = q@o(x) = (Qm-1(7), q) < /q0- Hence ¢ > /qo.

Divide the interval [1, N/qo] into subintervals of length /gy each. Apply-
ing (7.16) with P = ,/go to the subsum over each subinterval and summing
up the subsums give

N/qo

> (e <

The last inequality follows from (5.6)-(5.8).

Case (ii). go = Go(x) = (@m-1(x),q) > /q. We will use the trivial bound
N/qo on (7.14). It remains to estimate the number of those 1 < x < gy such
that Q,—1(z) = 0 in Z/qZ for some gy > ,/qo. This number is by (7.13) at
most

C’rn(logm) qo 2m2(lcogm) ] (717)

Z (dm)~ qO)Zz < 2¢(@0) (dm)*@©) | /g5 < (2dm) Tatos 0, (7.18)
9ol
(foqg\q/oq?

since all prime divisors of go are at least (log N )% Note that the degree d of
f(z) is bounded by (6.25). Applying (5.8) and (5.20), we have

dm < 60" (logg,) ™ (log N)* < (log N)'™. (7.19)
In particular, (7.19) will ensure that (7.18) is bounded by q3/ *
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Applying Case (i) and Case (ii) to (7.6), we have

g N/ao
>[5 o (S o)

N/qo N/qo

= > [ (ZQJ W+ D [ e (Z@J it
Po(r)<qo =1 =1 do(z)>y/q@ t=1
[ B 3
< o Yomnrg e |
o}

< NC™ log m)2q0_ 2m2(160g m)
(7.20)

Therefore S < C’mlog””‘)zqo_2m tesm) ~ Together with (6.26), (5.21), (6.18)
and (5.20), we have

N
1 - 1 € —(lo —€
N‘ E :X(ﬁ)‘ < T =2 (logq)*/10F a@ (loggr)™ _ ,—(loggr)®/1* (7.21)

This proves the theorem. [

8 Applications.

Repeating the argument in deducing Theorem 4 from Theorem 3’ and Theo-

rem 3”7, we obtain the following mixed character sum estimate from the proof
of Theorem 5.

There is the following mixed character sum version of Theorem 5.

Theorem 8. Under the assumptions of Theorem 5,

|2

zel

< NeViesN (8.1)

assuming f(x) € Rlz] of degree at most (log N)¢ for some ¢ > 0.

A more precise statement is again possible, but the above one is all we
need for what follows. To prove Theorem 8, simply go back to the opening
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argument in Theorem 4 which removes the factor e*/(*) at the cost of replacing
x(x) by x(R(z)) with R(x) a certain rational function of z. Note that this
step is already part of the proof of Lemma 6. At this point, proceed further
with §6 and §7 as in proving Theorem 5.

Corollary 9. Assume N satisfies

q>N > m‘axpw3
piq

and q satisfies

1 log ¢’
log N > (log qT)' ¢ + C'log (2 084 ) 08q (8.2)
logq'/ logloggq
Then for x primitive, we have
‘ E x(n)n'| < NemViesV, (8.3)

nel

From Corollary 9, one derives bounds on the Dirichlet L-function L(s, x)
and zero-free regions the usual way. See for instance Lemmas 8-11 in [ I |.
This leads to the following theorem.

Theorem 10. Let x be a primitive multiplicative character with modulus q,

P =maxyqp, ¢ = ][,,p, and K = %. ForT >0, let

0 — ems ( 1 log log ¢/ 1 )
- o log P’ (logq')log 2K’ (log qT)*—</"

Then the Dirichlet L-function L(s,x) =Y x(n)n=% s = p+it has no zeros
in the region p >1—0, |t| < T, except for possible Siegel zeros.

log P

T — 0.
ogq

It follows in particular that 6log ¢T" — oo if

From Theorem 10, we have the following.

Corollary 11. Assume q satisfies that logp = o(logq) for any plg. If
(a,q) = 1, then there is a prime P = a(mod ¢) such that P < ¢ o0,
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To deduce Corollary 11, we follow the exposition of Linnik’s theorem in
[IK] (see p.440). Define

1
¢(w7Q7a) = M Z X(G)ZA(H)X(H),

xmod ¢q n<x

where A is the von Mangoldt function. Assuming x > q%“, we have

Y(z,q,a)
T xﬁl*l 1 ce e 1qu)} (84)
-~ dl-0 +0 +0 +0
sl o () o (7o) o (%
with U losl
. oglog g B
7 > cmin (logP’ o ¢ ) , P = rr;‘e;xp. (8.5)

Here, on the right hand side of (8.4), the second term accounts for a possible
Siegel zero s = f; in Theorem 10 (in which case o = 1, otherwise o = 0),
while the third term is from Huxley’s density estimate [H], and the fourth
term from the zero-free region given by (8.5). Certainly, =" — 0, if 11(; gg Z —
0 (with € fixed). Also,

B1—1
X > 3 — q—(l—ﬂl) -1 v e~
o log q

with v = (1 — /1) log q.

We distinguish two cases. If v is sufficiently small, then Corollary 2 in
[HB2] applies. In this case there is a prime P = a (mod ¢) with P < ¢*™ <
q%. Otherwise, the right hand side of (8.4) is greater than zero. Hence the
conclusion in Corollary 11 holds in either case.

1—

Next, following Goldmakher’s work [G], we will derive from Theorem 5
the following theorem.

Theorem 12. Let x be a primitive multiplicative character with modulus q,
P = max,,p, ¢ = Hp|qp and K = llc())gg(;z"

Let M = (log q)'~¢ + log’igq, log2K +logP. Then

’ Zx(n)‘ < \/q+/logq \/M\/logloglogq.

n<x
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We will sketch the argument and refer to [G] for more details. Denoting

Su@) =) x(n)

n<x

with x primitive modulo ¢. Proposition 2.2 in [G] states that

2

L+ —— &)

Tosd +4 (logq)?  (8.6)

S, (2)] < /g (logq)2

for some primitive character ¢ (mod m) of conductor less than (logq)'/3.

This result uses crucially the work of Granville and Soundararajan [GS].
Let ¢ (mod Q) be the primitive character which induces x¢. Then, by [G],
Lemma 5.1 and Lemma 5.2,

L <Q<qm (8.7)

m

and _
‘% < 1+ loglogm. (8.8)

Taking s =1+ @, we get by partial summation that

L(s, ) =s /1 h ;H (Z ¢(n)> dt. (8.9)

n<t

For t > @, estimate |_ 1 (n)| trivially by @, which contributes in (8.9)
for O(1). Next,

r

and we apply Theorem 5 to bound } _, ¥(n) in the second term of the right
hand side of (8.10). Note that by (8.7) the expression (0.3) in Theorem 5 is
essentially preserved, if () is replaced by ¢. Thus T'= N has to be chosen to

satisfy (0.3) and Theorem 12 follows from (8.6), (8.8), and (8.10).

@1
dt<<logT-|—/ o)
T T

> " (n)

n<t

> " b(n)

n<t

1
o dt  (8.10)
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