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ABSTRACT. We introduce several new methods to obtain upper
bounds on the number of solutions of the congruences

f(x)=y (modp) and  f(z)=y> (modp),
with a prime p and a polynomial f, where (z,y) belongs to an
arbitrary square with side length M. We give two applications
of these results to counting hyperelliptic curves in isomorphism
classes modulo p and to the diameter of partial trajectories of a
polynomial dynamical system modulo p.

1. INTRODUCTION

1.1. Motivation. Studying the distribution of integer and rational
points on curves, and more general on algebraic varieties that belong to
a given box is a classical topic in analytic number theory. For the case
of plane curves with integer coefficients, essentially the best possible
results are due to Bombieri and Pila [6, 32, 33]. Furthermore, recently
remarkable progress has been made in the case of hypersurfaces and
varieties over the rationals, see the surveys [8, 21, 36] as well as the
original works [27, 28, 34].

Significantly less is known about the distribution of points in boxes
on curves and varieties in finite fields. For reasonably large boxes,
bounds on exponential sums, that in turn are based on deep methods
of algebraic geometry, lead to asymptotic formulas for the number of
such points, see [17, 18, 26]. Certainly when the size of the box is
decreasing then beyond a certain threshold no asymptotic formula is
possible (in fact the expected number of points can be less than 1). In
particular, for such a small box only one can expect to derive upper
bounds on the number of points on curves that hit it. This question
has recently been introduced in [13], where a series of general results
has been obtained (we also mention the work [9, 12, 42], where this
question has been studied for some very special curves).
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In the present paper we introduce new ideas and make significant
advances in this direction. We find connections between the problem
of distribution of points in small boxes on modular curves with some
delicate combinations of results from geometry of numbers, Diophan-
tine approximation theory, the Vinogradov mean value theorem and
the Weyl method.

Note that in the case of curves modulo p it is not quite clear what one
can expect as an “optimal” result (in contrast to the case of estimating
integer points in boxes on plane curves over Q). Yet in some parameter
ranges our results are the best possible and can be considered as modulo
p analogue of the results of Bombieri and Pila [6, 32, 33].

Although our results are related to classical problems, here we also
give two further applications:

First of all, we study the distribution of isomorphism classes of hy-
perelliptic curves of genus g > 1 in some families of curves associated
with polynomials with coefficients in a small box. In the case of elliptic
curves this question has been studied in [14]. Here we improve some
of the results of [14] and also use new methods to study the case of
g > 2. Surprisingly enough, in the case of the genus g > 2 we obtain
estimates and use methods that do not apply to elliptic curves (that
is, to g = 1).

Second, we consider polynomial dynamical systems and study for
how long a particular trajectory of such a system can be “locked”

in a given box. In particular, we extend and improve several results
of [10, 11, 13, 19].

1.2. Basic definitions and problem formulation. For a prime p,
let IF, denote the finite field of p elements, which we assume to be
represented by the set {0,1,...,p — 1}.

Let f € F,[X] be a polynomial of degree m > 2. Then for 1 < M < p
we define J¢(M; R, S) as the number of solutions to the congruence

y=f(z) (modp), (z,y)e[R+1,R+M]|x[S+1,5+ M].

This quantity has been the primal object of study in [13]. Here we
consider a substantially more complicated case.

Given a polynomial f € F,[X] of degree m > 3, and a positive
integer M < p, we define by I;(M;R,S) the number of solutions to
the congruence

(1) y* = f(x) (mod p),
with
(2) (z,y) e [ R+1, R+ M] x [S+1,5+ M].
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If the polynomial y* — f(x) is absolutely irreducible, it is known from
the Weil bounds that
M2

(3) I;(M; R, 8) = ==+ O(p'*(log p)?),
where the implied constant depends only on m, see [37, 41]. It is clear
that the main term is dominated by the error term for M < p*/*log p,
and for M < p'/?(logp)? the result becomes weaker than the trivial
upper bound I;(M; R, S) < 2M. Here we use a different approach and
give a nontrivial estimate of I;(M; R, S) for M < p'/*~¢ when m > 3.
In particular, in the case m = 3 our result improves on the range of M
the bound obtained in [14].

Furthermore, we also obtain a new bound on J;(M;R,S) which
improves that of [13].

We also mention that nontrivial bounds on the number of solutions
(x,y) to the congruences

ry =a (mod p),

and
y=0" (mod p),

satisfying (2), have been given in [9] with further improvements in [12].
Similar results for the congruence

Q(z,y) =0 (mod p),

where Q(x,y) is an absolutely irreducible quadratic form with a nonzero
discriminant, can be found in [42].

1.3. General notation. Throughout the paper, any implied constants
in the symbols O, < and > may occasionally depend, where obvious,
on the degree of polynomial f € F,[X], on the genus g and the real
positive parameters € and d, and are absolute otherwise. We recall that
the notations U = O(V), U < V and V > U are all equivalent to the
statement that |U] < ¢V holds with some constant ¢ > 0.

The letters, h, m,n,r, s in both upper and lower case, always denote
integer numbers.

2. MAIN RESULTS

2.1. Points on curves in small boxes. We combine ideas from [12,
13, 14] with some new ideas and derive the following results.
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Theorem 1. Uniformly over all polynomials f € F,[X]| of degree
deg f=3and 1 < M < p, we have

M5/3+o(1)

If(M; R, S) < M1/3+0(1) + 16
p

as M — oco.

One of the implications of Theorem 1 is that for elliptic curves, that
is, when the polynomial f in (1) if cubic, the bound I;(M;R,S) <
M/3+0() holds for M < p'/8, while [14, Theorem 5.1] guarantees this
bound only for M < p'/?. The range in which we have I;(M; R, S) <
M3+ g of interest as this bound is essentially the best possible. In
fact it is easy to see that for any positive M < p and, say f(X) = X™,
examining the points (z,y) = (t™,t?), 1 <t < M'/™ we conclude that

I;(M;0,0) > MY™.

We also note that when deg f = 3, our upper bounds for I;(M; R, S)
imply the same bounds for N(H; ) in the case of elliptic curves.

Further, when M < p'/4~¢ for some € > 0, Theorem 1 guarantees a
nontrivial bound I;(M; R, S) < M~ with some § > 0 that depends
only on e, improving upon the range M < p/°~¢ obtained in [14].
However, using a new approach, we obtain the following bound which
is nontrivial in the range M < p'/3¢.

Theorem 2. Uniformly over all polynomials f € F,[X]| of degree
deg f =3 and M > 1, we have

A3\ /16
If(M; R, S) < ML/3+o(1) + (?) Mite)

The proof of Theorem 2 is based on combinations of results from the
geometry of numbers, the current state of art on Vinogradov’s mean
value theorem due to Wooley [39, 40] and the Diophantine approxima-
tion theory. Our use of the geometry of numbers is close to the ideas
of the work Bourgain et. al. [7],

The combination of Theorems 1 and 2 gives the following estimate:

Corollary 3. Uniformly over all polynomials f € F,[X] of degree
deg f=3and 1 < M < p, we have
M_2/3, Zf M <pl/8’
I;(M; R, S) < MW & (M*/p)/S, i p'/8 <M < p?/*,
(M3 Jp)1/16, if %< M < pi/3,

as M — oo.
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Our next result shows that when deg f > 4 we also have a nontrivial
bound for I;(M; R, S) in the range M < p'/3=¢.

To formulate our result, we define Ji,,,(H) as the number of solu-
tions of the system of m diophantine equations in 2k integral variables
T1ye..,T2k:

m g — m m
o+ ta =+ Ty

(4) x1+--'+$k:xkz+l+‘--l‘2k7
1§[E1,...,[L‘2k§H.
We also define x(m) to be the smallest integer x such that for any

integer k > k there exists a constant C'(k, m) depending only on k and
m and such that

(5) Jim(H) < C(k,m)H2—mmtD)/2+o(1),

as H — oco. Note that by a recent result of Wooley [40, Theorem 1.1],
that improves the previous estimate of [39], we have k(m) < m? — 1
for any m > 3.

Theorem 4. Uniformly over all polynomials f € F,[X]| of degree
degf=m2>4and 1 < M < p, we have

If(M,R, S) < M<M3/p>1/2/i(m)+o(1) + le(me)/Qn(m)Jro(l)?
as M — oo.

In particular, for any € > 0, there exists § > 0 that depends only on
e and deg f such that if M < p'/3=¢ and deg f > 4, then I;(M; R, S) <
M.

2.2. Polynomial values in small boxes. We also prove a new esti-
mate on J¢(M; R, S).

Theorem 5. Let f € F,[X] be a polynomial of degree m > 2. Then
for 1 < M < p we have

M2 m—1
Je(M; R, S) < _p + M pe)
as p — oo.

We remark that for large values of m some bounds of [13], obtained
by a different method, are better than Theorem 5. However for small
values of m (for example, for m = 2,3) Theorem 5 gives stronger
estimates.
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3. APPLICATIONS

3.1. Isomorphism classes of hyperelliptic curves in thin fam-
ilies. A special case of the equation (1) are hyperelliptic curves over
[F,. The problem of concentration of points on hyperelliptic curves and
polynomial maps is connected with some problems on isomorphisms
that preserve hyperelliptic curves. Let g be a fixed positive integer
constant. We always assume that p is large enough so, in particular,
we have ged(p,2(2g+1)) = 1. Any hyperelliptic curve can be given by
a non-singular Weierstrass equation:

Hy: Y2=X%"4ay, (X2 4+ a1 X + ao,

where a = (ag, ..., a25-1) € Ff,g (we recall that the non-singularity con-
dition is equivalent to non-vanishing of the discriminant of the poly-
nomial X297 + apy 1 X271 4+ .+ a1 X + ag). We refer to [1] for a
background on hyperelliptic curves and their applications.

It follows from a more general result of Lockhart [25, Proposition 1.2]
that isomorphisms that preserve hyperelliptic curves given by Weier-
strass equations are all of the form (z,y) — (a’z,a?*ly) for some
a € [y, see also [23, Section 3]. Thus H, is isomorphic to Hy, which
we denote as H, ~ Hy,, if there exists a € F; such that

(6) a; = 7% (mod p), i=0,...,29— 1.

It is known (see [23, 30]) that the number of non isomorphic hyperel-
liptic curves of genus g over F, is 2p*~1 + O(gp**~2). We address here
the problem of estimating from below, the number of non-isomorphic
hyperelliptic curves of genus ¢ over F,, H,, when a = (ag,...,a5-1)
belongs to a small 2g-dimensional cube

(7) %:[Ro—l—l,Ro—f-M}X...X[R29_1+17R29_1+M]

with some integers R;, M satisfying 0 < R; < R+ M < p, j =
0,...,29 — 1.

In particular, we note that all components of a vector a € B are
non-zero modulo p. Our methods below work without this restriction
as well, however they somewhat lose their efficiency.

We also give an upper bound for the number

(8) N(H;B) =#{a=(ap,...,a99-1) €B: Hy~ H}

of hyperelliptic curves H, with a € 28 that are isomorphic to a given
curve H.

In particular, our estimates extend and improve some of the results
of [14] where this problem has been investigated for elliptic curves (that
is, for g = 1).
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First we observe that for large cubes one easily derives from the Weil
bound (see [22, Chapter 11]) an asymptotic formula

2g

N(H;B) = M

it O(p'*(log p)*)

(see also the proof of [22, Theorem 21.4]). So we have an asymptotic
formula for N(H;B) as long as M > p'~1/(49+¢ for any fixed € > 0.
However, here we are mostly interested in small values of M.
We note that we always have the trivial upper bound

N(H;B) < 2M.

To see this, let H = Hp, b = (bo,...,by—1) € F29, be given by a
Weierstrass equation. We observe that if H, ~ H and H = Hy,, where
b = (by,...,bgg1) € Fgg then agy 1 can take at most M values in Fy,
and each ay,_; determines two possible values for o in (6).

It is also useful to remark that one can not expect to get a general
bound stronger than

N(H;B) = O(MY*s+1),

To see this we consider the set Q of quadratic residues modulo p in
the interval [1, M/ 29+1)], Tt is well-known that for almost all primes p
(that is, for all except a set of relative density zero) we have

#Q ~ 0.5M/ (9D,

For example, this follows from a bound of Heath-Brown [20, Theorem 1]
on average values of sums of real characters.
Consider now the set

A={a€cF, : a® € 9},
the curve H : Y? = X291 4 X201 4 X224+ X + 1 and the 2g-

dimensional cube B = [1, M]?9. Tt is clear that (a*, a®, ..., a%"?) € B
for all &« € A. On the other hand #A = 2#Q ~ M/ (29+1)

We now turn to estimates on N(H;B) given by (8). A simple ob-
servation shows that in the case of hyperelliptic curves with g > 2 the
quantity N(H;*B) is closely related to the problem of concentration of
points of a quadratic polynomial map. Then one can apply the general
result of [13] and get a nontrivial upper bound for N(H;B) for any
range of M. However, here we use a different approach and we obtain
a better bound.

Using (6), we derive from Theorem 5 and the bound of [13]

Jr(M;R,S) < M/mtol)
that holds for M < p?/ (m2+3), the following consequence
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Theorem 6. For any hyperelliptic curve H of genus g > 2 over I,
and cube B given by (7) with 1 < M < p, we have

M2
N(H;B) < — + M),
p

Furthermore, as we have mentioned above, when g = 1 the problem
of estimating N(H;B) is equivalent to estimating the concentration of
points on certain curves of degree 3 (which are singular and thus are
not elliptic curves) and Theorem 1 applies in this case. Using the idea
of the proof of Theorem 1, we establish the following result which is
valid for any hyperelliptic curve.

Theorem 7. For any hyperelliptic curve H of genus g > 1 over[F,, any
cube B given by (7) with 1 < M < p and any odd integer h € [3,2g9+1],
we have

N(H;B) < (MY (M fp) ") e,
as M — oo.

We observe that if M < p'/(20°+20+4) then, taking h = 2¢g + 1 in
Theorem 7, we obtain the estimate N(H;%B) < MY/2s+D+e() which,
as we have seen, is sharp up to the o(1) term.

Let H (28) be a collection of representatives of all isomorphism classes
of hyperelliptic curves H,, a € B, where B is a 2g-dimensional cube
of side length M. In [14] the lower bound #H (8) > min{p, M?T°W)}
has been obtained for elliptic curves (that is, for g = 1). We extend
this result to g > 2. Certainly the upper bounds of our theorems lead
to a lower bound on #H (8). However, using a different approach we
obtain a near optimal bound for #H (B).

Theorem 8. For g > 1 and any cube B given by (7) with and 1 <
M < p, we have

#H (B) > min{p* !, MU},

as M — oo. Furthermore, if g > 2 the o(1) term can be removed when
M > pt/@9).

3.2. Diameter of polynomial dynamical systems. Results about
concentration of points on curves are also closely related to the ques-
tion about the diameter of partial trajectories of polynomial dynam-
ical systems. Namely, given a polynomial f € F,[X] and an element
uy € Fp, we consider the sequence of elements of IF,, generated by itera-
tions u, = f(un_1), n =0,1,.... Clearly the sequence u,, is eventually
periodic. In particular, let T%,, be the full trajectory length, that is,
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the smallest integer ¢ such that u; = u, for some s < t. The study of
the diameter

Do (N) = 0<kmEN -1 [k =t

has been initiated in [19] and then continued in [10, 11, 13]. In partic-
ular, it follows from [19, Theorem 6] that for any fixed e, for T},, >
N > p'/?*¢ we have the asymptotically best possible bound

Dﬂuo (N> = p1+0(1)

as p — oo. For smaller values of N a series of lower bounds on Dy, (N)
is given in [10, 11, 13].

One easily derives from Theorem 5 the following estimate, which
improves several previous results to intermediate values of N (and is
especially effective for small values of m).

Corollary 9. For any polynomial f € F,[X] of degree m > 2 and
positive integer N < T}, , we have

Djuo(N) > min{ NV/2p!/2 N1/ 1) o)y
as p — OQ.

On the other hand, we remark that our method and results do not
affect the superpolynomial lower bounds of [10, 11] that hold for small
values of N.

4. PREPARATIONS

4.1. Uniform distribution and exponential sums. The following
result is well-known and can be found, for example, in [29, Chapter 1,
Theorem 1] (which is a more precise form of the celebrated Erdés—
Turan inequality).

Lemma 10. Let vy, ..., v be a sequence of M points of the unit inter-
val [0,1]. Then for any integer K > 1, and an interval [, 5] C [0, 1],
we have

#{n=1,....M v, €la,p]} — ML — )

v Ko M
< ?-i- Z (E + min{f — «a, 1/k:}> Zexp(ka%) :
k=1

n=1

To use Lemma 10 we also need an estimate on exponential sums with
polynomials, which is essentially due to Weyl, see [22, Proposition 8.2].

Let [|€]] = min{|¢ — k| : k € Z} denote the distance between a real
¢ and the closest integer.
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Lemma 11. Let f(X) € R[X] be a polynomial of degree m > 2 with
the leading coefficient ¥ # 0. Then

Zexp<2m'f<n>>|

217777,

< Mi-m2 Z min{ M, [[9mlly .. L] 7'}

MLyl <M

4.2. Integer points on curves and varieties. We also need the
following estimate of Bombieri and Pila [6] on the number of integral
points on polynomial curves.

Lemma 12. Let C be an absolutely irreducible curve of degree d > 2
and H > exp(d®). Then the number of integral points on C and inside of
a square [0, H] x [0, H] does not exceed HY% exp(12+/dlog H loglog H).

The following statement is a particular case of a more general result
of Wooley [40, Theorem 1.1].

Lemma 13. The number of solutions of the system of diophantine
equations

z{+...+xé=xé+...+x{6, 17=12,3
in integers x; with |z < M, i=1,...,16, is at most MO+,

Proof. Writing z; = X; — M — 1 with a positive integer X; < 2M + 1,
1 =1,...,16, after some trivial algebraic transformation we see that
the number of solutions to the above equation is equal to Jg 3(2M +1).
Since by the result of Wooley [40, Theorem 1.1] we have x(3) < 8, the
bound (5) applies with H = 2M + 1. O

We note that Lemma 13 can be formulated in a more general form
with k(3) instead of 8 variables on each side, but this generalization
(assuming possible improvements of the bound x(3) < 8) does not
affect our main results.

4.3. Congruences with many solutions. The following result is
used in the proofs of Theorems 1 and 7.

Lemma 14. Let f,g € F,[X] be two polynomials of degrees n and

m such that m t n. Assume that the integers xi,...,x, are pairwise
distinct modulo p and y1,...,y, are arbitrary integers. Then the con-
gruence

(9) f(@)=g(y) (modp), 0<mz,y<p,
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has at most mn solutions with

n n—1

n n—1
(10) det [0 T 0 TV =00 (mod p).
R N T
Proof. Since
A A
det =T1...%, H (i —x;) #0 (mod p),
L R 1<i<j<n

we deduce that, for any = and y, the last column in (10) is a unique
modulo p linear combination of the previous columns. In particular,
for every solution (z,y) to (9) and (10) we have y = h(z) (mod p) for
some nontrivial polynomial h(X) € F,[X] that does not depend on x
and .

Now we insert this into (9). We observe that now the right hand side
of (9), that is g(h(x)), is a nontrivial polynomial of degree m degh.
Thus, the congruence (9) is a nontrivial polynomial congruence of de-
gree d with n < d < mn. Therefore, it has at most mn solutions
modulo p. O

4.4. Symmetric multiplicative congruences. For given positive
integers i, j, we define T; ;(R, S; M) as the number of solutions to the
congruence
r'v/ = u's’  (mod p)
with (r,s), (u,v) € [R+1,R+ M| x [S+ 1,5+ M].
It has been shown in [14, Theorem 4.1] that for a positive M < p we

have
4

M
(11) T, ;(R,S; M) =d
p—1
as M — oo, where d = ged(i,7,p — 1). We need a slight modification
of that statement, where p°™") is replaced by MM,

0 (M)

Lemma 15. For any prime p and any integers M, R, S with
RS>0, M>1 and R+M,S+M<p

we have,
4

M
T, ;(R,S;M)=d
as M — oo, where d = ged(i, j,p—1) and the implied constant depends
only on v and j.

+ O (M>reW)
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Proof. We note that for M > p'/? the result follows from (11). For
M < p'/2, the result is equivalent to the upper bound T; (R, S; M) <
M?*°(M gince the implied constant is allowed to depend on d.

As in the proof of [14, Theorem 4.1], using the orthogonality of
multiplicative characters, we write

R+M R+M

T (R S;M) = > > —Zx (r/u)(v/s))

rau=R+1 s,v= S+1 XEX
R+M 2| Ss+M 2
- - J
= E > X > X(s)
XEX r=R-+1 s=S-+1

We estimate the contribution to the above sum from at most i +
j characters y with y' = Xo or X/ = xo, where yq is the principal
character, as O(M*/p) = O (M*™°W).

The rest of the sum can also be estimated as O (M 2+o(1 ) by follow-
ing exactly the same argument as in [14, Theorem 4.1] and using [14,
Lemma 2.2]. 0

4.5. Background on geometry of numbers. We recall that a lat-
tice in R™ is an additive subgroup of R™ generated by n linearly in-
dependent vectors. Let D be a symmetric convex body, that is, D is
a compact convex subset of R™ with non-empty interior that is cen-
trally symmetric with respect to 0. Then, for a lattice in I' € R™ and
i = 1,...,n, the i-th successive minimum X;(D,T") of the set D with
respect to the lattice I' is defined as the minimal number A such that
the set AD contains ¢ linearly independent vectors of the lattice I'. In
particular A\ (D,I") < ... < A\, (D,I"). We recall the following result
given in [3, Proposition 2.1] (see also [35, Exercise 3.5.6] for a simplified
form that is still enough for our purposes).

Lemma 16. We have,
#OnT) <[] ( 1) :
=1
Using that

2

—+1< (20 +1
)\i(D,F)—i_ < (2i + )max{

1
—1
/\1<D7 F) 7 }
and denoting, as usual, by (2n + 1)!! the product of all odd positive
numbers up to 2n + 1, we derive:
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Corollary 17. We have,

ﬁmin{/\i(D, [),1} < 2n+ D)IFHDNT))

=1

5. PROOFS

5.1. Proof of Theorem 1. For the sake of brevity, in this section we
denote I = I¢(M; R, S). We can assume that [ is large. We fix some
integer L with

(12) 1< L<0.011,

to be chosen later. By the pigeonhole principle, there exists () such
that the congruence

y’=f(z) (modp), Q+1<z<Q+M/L, S+1<y<S+M,

has at least I/L solutions. We can split the interval [Q +1,Q + M /L]
into ko = [I/(30L)] intervals of length not greater than 300 /1. Since
there are at most two solutions to the above congruence with the same
value of z, and since we have at least I/L > 20kq solutions in total,
from the pigeonhole principle it follows that there exists an interval
of length 30M /I containing at least 10 pairwise distinct values of z.
Let o be the first of these values and let (xg,yo) be the corresponding
solution. It is clear that I/L is bounded by the number of solutions of

(vo+y)* = flzo+ ) (mod p),
~M/L<z<M/L, —-M<y<M,

which is equivalent to

y? = c30” + e +cix +coy (mod p),

(13)
~M/L<z<M/L, —M<y<M,

with (c3,p) = 1. Besides, there are at least 10 solutions (z,y) with
x pairwise distinct and such that 0 < z < 30M/I. From these 10
values we fix 3 solutions (z1,y1), (z2,¥2), (x3,y3) and rewrite the con-
gruence (13) in the matrix form

2 2?2 oz oy c3 y?
(14) LE% JJ% T3 Y3 Co — y% (HlOd )
xy w5 xy ya | [ | T | ¥ b

Iy Ty T1 W Co Y1



14 M.-C. CHANG ETAL.

By Lemma 14, we know that at most 6 pairs (z,y), with x pairwise
distinct, satisfy both the congruence (14) and the congruence

x> ot or oy
Ty T3 T3 Us|
2 prm—

(mod p).

Since there are at least 10 solutions to (14), for one of them, say (x4, y4),
we have
Ty Ty Tyg Y4

T3 X3 T3 Y3
A=|3 "3 73 0 (mod p).
363 x% To Ys * ( p)

Iy Ty 1 W

Note that 1 < |A| <« (M/I)®M. Now we solve the system of con-
gruences

3 .2 2
ng %21 Ty Ya C3 ?J%
[ A c

(15) 3oy s B = S (mod p)
Iy Ty T Y2 C1 Y5
37? 37% T Y1 Co Z/%

with respect to (cs, ¢a, 1, o). We write A; for the determinant of the
matrix on the left hand side where we have substituted the column j
by the vector (y3,y32,y3,y3). With this notation we have that

¢; =AMy ;A" (modp), j=0,...,3

where A* is defined by AA* =1 (mod p), and the congruence (13) is
equivalent to

Az + Aoz? + Agz + Ay — Ay = (mod p).

In particular, since, as we have noticed, c3 Z 0 (mod p), we have that
A; # 0 (mod p). We can write this congruence as an equation over Z:

(16) Az 4 Aox® + Asz + Ayy — Ay? = pz, (z,y,2) € Z°.
We can easily check that
|Ay| < (M/I)°M?

and
A < (M/I*HMP, j=1,2,3.
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Thus, collecting the above estimates and taking into account L < I,
we derive

1
2] < , (JAL[(M/L)? + | Ao| (M/L)? + |Ag|(M/L) + | Ay | M + |A|M?)

MP/MS  MS MO MO MY
<7 (I3L3 trpteEr T F) S OPLE

Since Ay # 0, A # 0, for each z, the curve (16) is absolutely irreducible,
and thus by Lemma 12 it contains at most MY3T°(0) integer points
(x,y) with |z|, |y| < M. Hence

1 M?
Zo< M) [
L~ * pI3L3

for any L satisfying (12). This implies, that

M7/3

1/340(1)
(17) I < LMY3+em 4 ST

If M < 10p'/®, then we take L = 1 and derive from (17) that

M7/3+o(1)

< DV /3+o(1).
pl/4 =

I< M1/3+0(1) +

Let now M > 10p'/8. We can assume that I > M5/3p=1/6 as oth-
erwise there is nothing to prove. Then we take L = LM 4/3p=1/ 6J and
note that the condition (12) is satisfied. Thus, we derive from (17) that

MT/3He) < MP/3Fo)=1/6

1/3+0(1)
I<LM + plU/ALY2 =

and the result follows.

5.2. Proof of Theorem 2. Clearly we can assume that

(18) M > p»/%
as otherwise
M5/3+o(1)
(M3/p)1/16M > W
and the result follows from Theorem 1. We can also assume that M =

o(p'’?).

We fix one solution (zo, yo) to the congruence (1) and by making the
change of variables (x,y) — (x — o,y — 30), We see that it is enough
to study a congruence of the form

(19) Y — coy = 31 4 01 + (mod p), |z|,|y] < M.
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Let W be the set of pairs (x,y) that satisfy (19), and by X we denote
the set of = for which (z,y) € W for some y. Let

_#A
We now fix some € > 0 and assume that
(20) p > (M?/p) /1S ME.

We also assume that M is sufficiently large. In view of (18) and (20),
we also have

(21) p> M1
For ¥ > 0 we define the intervals
I,9 = [-0M",9M"], v=1223,

which we treat as intervals in F,, that is, sets of residues modulo p of
several consecutive integers.
We now consider the set

SCLgxIgxlIsg
of all triples
(22) s=(m1+... 4w, 20+ +ai, 2t + .. +23) (mod p),
where x;, ¢ = 1,...,8, independently run through the set X. We
observe that the system of congruences
(23) o). rak=al+ ..+ 2]y (mod p), Jj=1,2,3,

has at most M'9+°(1) solutions in integers z;,y; with |ag|, |ys| < M.
Indeed, since M = o(p'/?), the above congruence is converted to the
system of diophantine equations

w4 al=al 4 42l j=1,2,3,
which by Lemma 13 has at most M°+°() solutions in integers x; with
|z;] < M, i=1,...,16. Therefore, the congruence (23) has at most
MM0+e() solutions in z; € X, i = 1,...,16, as well. Thus, collecting
elements of the set X® that correspond to the same vector s given

by (22) and denoting the number of such representations by N(s), by
the Cauchy inequality, we obtain

1/2
(#X)* =3 N(s) < <#8 DN <s>2> < (#SMIOTem)2

seS seS

Thus

16
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Hence, there exist at least p'®M6+°() triples
(21, 22, 23) € L1 8 X Ipg X I35
such that
C323 + Cozo + 121 = Z9 — 921 (mod p)

for some z € Ios and z; € I} 5. In particular we have that the congru-
ence

C323 4 Co%o + Za + 121 + oz =0 (mod p),
(21,21, 22,22, 23) € [1g X I g X Iyg X Iyg X I3,
has a set of solutions & with
(24) LS > 16 po+o).
The rest of the proof is based on the ideas from [7].
We define the lattice
I = {(Xy, X3, Xo, X1, X;) € Z°
Xy + e3X3 4+ coXo + 1 Xg + o X1 =0 (mod p)}
and the body
D = {(29, 23, T2,21,71) € R’ :
21|, |71| < 8M, |aol, [T2] < 8M?, |23] < 8M?>}.
We see from (24) that
#(DNT) > plopro+e),

Therefore, by Corollary 17, the successive minima A\; = A\;(D,T'), i =
1,...,5, satisty the inequality
5
(25) [[min{1, A} < p~ 000,
i=1
From the definition of )\; it follows that there are five linearly inde-
pendent vectors

(26) vV, = (Ug’i, V3,4, '172,1-, V1,4, f?jl’i) c )\1D N F, 1= ]., .. ,5.

Indeed, first we choose a nonzero vector vi € Ay D NI'. Then assuming

that for 1 <7 < 5 the vectors vq,...,v;_; are chosen, we choose v; as
one of the vectors v € \; DNI" that are not in the linear space generated
by Vi,...,Vi_1.

We now note that
)\3 < 1.

Indeed, otherwise from (25) we obtain

min{1, A>} < min{1, \;} min{1, o} < p~ 16076+,
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Thus recalling (21) we see that
1
AN < —.
"= 1062

Then the vector vi must have vy = V31 = v11 = 017 = 0. In turn this
implies that v3; =0 (mod p) and since we assumed that M = o(p'/3),
we obtain v3; = 0, which contradicts the condition that v; is a nonzero
vector.

We consider separately the following four cases.
Case 1: A5 < 1. Then by (25), we have

ﬁ A < p 186+,
i=1
We now consider the determinant A of the 5 x5 matrix that is formed
by the vectors (26). It follows that

5
A < M3 H)‘i < 163+
i=1
which, by our assumption (20), implies that |A] < p. On the other
hand, since v; € T', we have A = 0 (mod p), thus A = 0 provided
that p is large enough, which contradicts the linear independence of

the vectors in (26). Thus this case is impossible.
Case 2: \y <1, A5 > 1. Let

V31 V21 V11 V11 —V2,1 C3

U3z2 V22 V12 V12 —V2.2 Co
V — 5 e ) o , W = ) , Cc =

V33 V23 V13 V13 —U23 C1

U3a V24 Viga V14 —U2,4 Co
We have

Ve=w (mod p).
Let
A =detV

and let A; be the determinant of the matrix obtained by replacing the
j-th column of V by w, 7 =1,...,4.
Recalling (25), we have

(27) IA] < A dodg A M2 < 16 o)
and similarly

|A] < p 16700, 1A, < 16 p o)
B ad e, (ag < g
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Note that, in view of (20), in particular we have
|A|7|AJ|<p, j:1’74

If A =0 (mod p) then since c is nonzero modulo p we also have A; =0
(mod p), j =1,...,4, implying that A =0, A; = 0. Then the matrix

formed by v, ..., vy is of rank at most 3, which contradicts their linear
independence. Therefore A # 0 (mod p) and thus we have
Ay
¢ = — (mod p), 1=0,1,2,3.

A

Since ¢3 Z 0 (mod p), we have Ay # 0. We now substitute this in (19)
and get that

Ay2 —Ayy = Ax® + Agx? + Asx (mod p), |z|,|y| < M.

We see from (20), (27) and (28) that for sufficiently large M the abso-
lute values of the expressions on both sides are less than p/2, implying
the equality

Ay? — Ay = A + Aox® + Asz, x|, ly| < M.

Now we use Lemma 12 and conclude that the number of solutions is
at most M1/3+o(1),
Case 3: A3 < (10M)~!, Ay > 1. By (25), we have

ﬁ)\i < 16 g =6Fo(),
i—1
Since A3 < (10M)~!, we also have
(29) v; = (v2,,034,02,4,0,0), i=1,2,3.

In particular,

V2,1 V31 52,1 1 0
Ug2 Uz U22 cz | =0 (mod p).
U3 U33 U3 C2 0
Thus, for the determinant
V2,1 V31 172,1
A=det | voo v32 Tao
V2,3 V33 52,3
we have
A=0 (mod p).
On the other hand, from (21) we derive that
1+0(1)
IA] < M M7 < < M6+,

p16
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Hence, A = 0, which together with (29) implies that the vectors
V1, Vo, vy are linearly dependent, which is impossible.
Case 4: (10M)™' < X3 <1, \y > 1. By (25), we have

3
H)\z < p716M76+0(1)
=1

and since A3 > (10M)~!, we obtain
/\1/\2 < p_16M_5+0(1).

We again note that A\; > (10M?)~!, as otherwise v; must have vy; =
Ugg = v11 = U117 = 0. In turn this implies that v3; = 0 (mod p)
and since we assumed that M = o(p'/3), we obtain vz, = 0, which
contradicts the condition that v; is a nonzero vector.

Since A; > (10M?)~" and p > M~Y1° we get that Ay < (10M)~'.
Thus, we have

v; = (U9, 34, 02;,0,0), 1=1,2.

V3,1 V21 C3 — —U21 (mod p)
V32 U2 Co —U2.2

Now we observe that

Next,

~ o(1)
o V3,1 V21 5 M
(30) A = det ( Vas Vo ) <K M M° < PO
Furthermore,
~ —1+0(1)
_ —U21 V2.1 4 M
(31) Al = det ( g @/2’2 ) < )\1)\2M < —p16 R
and
o(1)
_ V31 —U21 5 M
(32) AQ = det ( Vss —Uns ) < )\1)\2M < plﬁ .

In particular, |A[,[Aq],]A2| < p. Therefore, if A = 0 (mod p), then

Ay = Ay =0 (mod p) and we see that A = A; = Ay = 0. Thus, in

this case the rank of the matrix formed with vectors vy, vy is at most

1, which contradicts the linear independence of the vectors vy, vs.
Hence, A # 0 (mod p) and we get that

c3 == (mod p), Cy = mod p).

~
A A
We now substitute this in (19) and get that
AyQ — QoY = All‘3 + AQIQ + bol’ (mOd p)v |ZL‘|7 |y| < Mo
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for some integers ag, by. We observe that the condition ¢35 £ 0 (mod p)

implies that Ay # 0.
PAYE 163
T=|(1)" P
o)

Let now
Note that M??® < T < T? < p/2. By the pigeonhole principle, there
exists a positive integer 1 <ty < 72 + 1 such that

(foao)yl < 7 I(tobo)s] < 75

where (z), is the element of the residue class  (mod p) with the least
absolute value, see also [14, Lemma 3.2]. Hence

tOAyQ—(tho)py = t0A1$3+t0A2$2+(t0b0)p5L’ (mod p), |I|, ‘y’ S M.

By (30), (31), (32), the absolute values of the expressions on both sides
are bounded by pM+t°MT =1 Thus, we get

tUAy2 — (toao)py = toArz® + toAga® + (tobo)p + pz,

where
x|yl < M, |z < MPOT

Now we use Lemma 12 and conclude that the number of solutions is
at most

g

3\ 1/16
<prﬂmp<(ﬁi) v
P

Since € > 0 is arbitrary, the result now follows.

4/3
<% +1) M1/3+o(1) < <M/ p716/3+ 1) M1/3+0(1)
T

5.3. Proof of Theorem 4. Let X be the set of integers = € [R +
1, R + M| such that the congruence (1) is satisfied for some integer
y €[S+ 1,5+ M]. In particular, letting X = #X we have

(33) I¢(M;R,S) <2X.
Fix some integer k£ > 1 and consider the set
Ve={yi+...4+yi (modp) : S+1<y;, <S+M,i=1,... k}.

By making the change of variables y; = S+2;,1 =1, ..., k, we observe
that
Ve={zi+.. . +22+25(z1+...+2) +kS* (modp) :
1<z<M, i=1,...,k.
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In particular,

H#Vp < #{r+2Ss+kS® : 1<r<kM? 1<s<kM} <kM°.
For any (x1,...,x;) € X* there exists A € ), such that

flx1)+ ...+ f(zg) =X (mod p).
Thus,
XE< Dy (N

A€V

where
r(\) = #{(x1,..., 1) E[R+ 1, R+ M]* -
Fa) oot fe) =X (mod p)}.

Using the Cauchy inequality, we derive

XH<HYe Y (V) < KMPT(R, M),
A€V

where Ty, (R; M) is the number of solutions of

fle)+.. + flaw) = fl@en) +-..+ flzar)  (mod p),
(z1,...,008) € [R+1,R+ M*.

The quantity 7)(R; M) has been defined and estimated in [13] for R = 0
but making a change of variables, it is clear that the same bound holds
for any R. In particular, it is proved in [13] that

Te(R; M) < (M™)p + 1) M™m=D/2 1, (M),
where, as before, J,,,(M) is the number of solutions of the system of
equations (4) with H = M.
Taking k = x(m) so that the bound (5) holds, we derive

X2 < M3 (M™ /p + 1) M™m=D/2  p2k=m(m+1)/2+0(1)
< (Mm/p + 1) M2k+37m+0(1)

and obtain
X < M(M3/p)1/2ﬂ+o(1) + le(m73)/2/i+o(1)’

which together with (33) concludes the proof.
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5.4. Proof of Theorem 5. Let J = J¢(M; R, S).
Without loss of generality we can assume that
0O<M+4+1<M+S<p.

Applying Lemma 10 to the sequence of fractional parts v, = {f(n)/p},
n=1,..., M, with

a=ES+1)/p, B=E+M+1)/p, K=|p/M],
so that we have ) M
— +min{f — a,1/k} < o

K
for k=1,..., K, we derive
VIV N
J <L — + — Z Zexp(Qm’kf(n)/p) .
p p k=1 |n=1
Therefore, by Lemma 11, we have
2 Mz—m/szl
JL—+——
p p

217777,

K
X Z Z min {M, gm!k’El Y
k=1 p

—M<ly 1 <M

k

Now, separating the contribution from the terms with ¢;...¢,,_1 =0

we obtain
M2 Af2—m/2m ! . Af2—m/2m !
JL —— KM W,

p p p
_1}

where

K
W=y 3 min {M, Hgm!ml il

k=1 0<|€1]yees [ —1]|<M

217771

Hence, recalling the choice of K, we derive

M2 . ]\427m/2m—1
(34) J — 4 MUY W
p p
The Holder inequality implies the bound
K
W2m71 << K2m71_1 Z
k=1

> min {M,

0<[l1 e [m—1|<M

Solkty .. 0
p

)
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Collecting together the terms with the same value of z = m!kl; ... 0,1
and recalling the well-known bound on the divisor function, we con-
clude that

—1 }

Wszl << KZmil_lpO(l) Z HIlIl {M’
Since the sequence |[am/p|| is periodic with period p, we see that

|z|<m!KMm—1
- - KMm1 -
W2 1 < K2 171])0(1)— Zmln {M,

a
—Z

a
—z

_1>
Thus, recalling the choice of K, we derive
W < K Mm=D/2""" po(1) < pplm=1)/2m7 =1 1+o(1)

p

z=1

m—1 p
B Gl R PV o
p —lp

< K2m*1Mm—1po(1).

Y

which after the substitution in (34) concludes the proof.

5.5. Proof of Theorem 6. Assume that H = Hy, for some vector
b = (by,...,byy_1) € Ff,g. We recall that all components of any vector
a € B are non-zero modulo p. Hence, by € F; and we see from (6)
(combining the equations with ¢ = 2g+ 1 — h and ¢ = 2¢g — 1) that

6L}QZg—l E)\agg—i-l—h (mOd p)a
(35) Rogi1—n +1 <aggi1-n < Rogr1-n + M,
Rog_1+1 <agg—1 < Ryg1 + M,
where
(36) A= bggfl/b§g+1fh'

We also observe that

ot = b29—1/a29—1-
Thus, each solution (agy1-p,a2—1) of (35) determines at most two
values of o?, each of which in turn determines all other values of

Qg, a1, - - -, Q2g-1-
Thus we have seen that N(H;%B) < 2T, where T' is the number of
solutions (z,y) of the congruence

(37) 2" =X * (modp), R+1<zx<R+M, S+1<y<S+M,
where R = Ryy1_p, S = Roy—1 and A is given by (36).
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We now observe that the congruence (37) taken with h = 4, which
is admissible for g > 2, implies

??=py (modp), R+1<z<R+M, S+1<y<S+ M,

where p is one of the two square roots of A (we recall that g > 2).
Applying Theorem 5 with a quadratic polynomial f, we immediately
obtain the desired result.

5.6. Proof of Theorem 7. As in the proof of Theorem 6 we let H =
Hy, for some b = (by, ..., byy_1) € F39.

We can assume that M < p'/* as otherwise the results are weaker
than the trivial upper bound N(H;B) < M.

Let T be the number of solutions (z,y) to the congruence (37).

We follow the proof of Theorem 1. We can assume that T is suf-
ficiently large (recall that ¢ is fixed integer constant). We fix some
integer L with

38 1<L< ——m—

(38) - T 12(h+ 1)

to be chosen later. Thus, there exists () such that the congruence

" = \y®  (mod p), Q+1<z<@Q+M/L, S+1<y<S+ M,

has at least T/ L solutions. We can split the interval [Q +1,Q + M/L)]
into ky = [T/(6(h + 1)L)] intervals of length at most 6(h + 1)M/T.
Since there are at most two solutions to the above congruence with the
same value of x, and since we have at least T'/L > 4(h+ 1)k solutions
in total, from the pigeonhole principle it follows that there exists an
interval of length 6(h + 1)M /T containing at least 2(h + 1) pairwise
distinct values of z. Let x( be the first of these values and (¢, yo) the
solution. It is clear that 7'/ L is bounded by the number of solutions of
(w0 +2)" = Ayo +y)*  (mod p),
~M/L<x<M/L, —M<y<M,
which is equivalent to
(30) "+ .+ ar+cy=y? (mod p),
—-M/L<x<M/L, —-M<y<M,

where
h .
co = —2yo and cj:)\*(,)xg_],jzl,...,h,
J

where A\* is defined by A*A =1 (mod p) and 1 < \* < p. In particular,
cn Z 0 (mod p). Besides, there are at least 2h + 1 solutions (z,y)
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of (39) with x pairwise distinct and such that 1 < x < 6(h+ 1)M/T.
From these 2h+ 1 values we fix h: (z1,v1), ..., (zn, yn) and rewrite (39)
in the form

x’; .oy Ch y?
2

(40) Tho = il (mod p).
ff Ty Y1 Co Z/%

Since h is odd, by Lemma 14, we know that at most 2k pairs (x, y), with
x pairwise distinct, satisfy both the congruence (40) and the congruence

. x oy

h

Theowoo T Ynl — (mod p).
ZIZ'}IL ... 1 Y

Since there are at least 2h 4+ 1 solutions of (40), for one of them, say

($h+17 yh+1)7 we have
h

xh# <o Thil Yntt
A=| T o T Y0 (mod p).
.T? . T U1

Note that 1 < |A| < (M/T)""+D/2)f. Now we solve the system

zh b1 Thel Y Ch ?JfQLJ2r1
(41) Ty, ce Th Yhn Ch—1 — Yp, (IIlOd p)
.Z'}ll . T Y1 Co y%
with respect to (cp, ..., c1,¢p). We write A; for the determinant of the

matrix on the left hand side where we have substituted the column j
by the vector (yj,,,...,y7). With this notation we have that

A L
cj:%, j=0,...h,
and the congruence (39) is equivalent to
A"+ A" A+ Ay — Ay =0 (mod p).

In particular, Ay # 0 (mod p). We can write this congruence as an
equation over Z:

(42) A"+ Apx" 4 4 Apz + Ay — Ay = pz, z € 7.
We can easily check that
|Ah+1| < (M/T)h(h+1)/2M2
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and
1A < (M/T)M=D2F=103 =1 h.
Thus, collecting the above estimates, we derive

h
1 .
A< (Z A M/ 4 | A | M + |A|M2)

j=1
M3

< — (Z(M/T)h(h—l)/2+j—1(M/L)h—j-H + (M/T)h(h+1)/2>

p \o

p
1) /243
pThh=1)/2h

Since h is odd, and A # 0, A; # 0, we have that, for each z, the
curve (42) is absolutely irreducible. Thus by Lemma 12 it contains at
most M/ o) integer points (x,y) with |z|,|y| < M. Hence

NP+ /243

pTh(h—l)/2Lh>

3 h
< M (Mh(h+1)/2T—h(h—1)/2L—h Z(TL)—j+1 + (M/T)h(h+1)/2>

J=1

<

(43) T < LMYh+e® (1 +

for any L satisfying (38).

We can assume that the following lower bounds hold for T
(44) T>MY"" and T >24(h+ 1) (M(M*/p)>"+D) 4 1)
since otherwise there is nothing to prove.

Take L = Ll + (M(h2+7)/2/p)2/h(h+1)J. We note that (38) holds as
otherwise L > 2 and we have

M(h2+7)/2 2/h(h+1) . - I N T
P = =27 24(h+1)

M 2/hAL) A1) /244 2/ h(D)
> M| — - (= 7
) (=)

which is impossible.

If M < p¥"+7) we have L = 1 and in view of (44), also
M(h+1)/243 M (h+1)/243 M (RP+7)/2
pTH—D /2 [ S PMe—UZ ~ T, <l

In this case, the bound (43) yields

T < Ml/h+o(1) )
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It M > p¥"*+7) we have
(M(h2+7)/2/p)2/h(h+1) < L < (M(h2+7)/2/p>2/h(h+1)

and, recalling our assumption (44) we obtain
AR /243
pTh(h=D/2 L
Mh(h+1)/2+3

< pMH=D/2( N4 ] p) (=)t 1) (A (R24T)/2 [ py2/ (1) =1

Hence, in this case we derive from (43) that
T < (M(h2+7)/2/p)2/h(h+1)Ml/h+o(1)

:M (M4/p)2/h(h+1)+0(1) :

which concludes the proof.

5.7. Proof of Theorem 8. Clearly
(45) ) N(H;B)=M*  and > N(H;B)* =T(B).
HeH(B) HeH(B)
As in [14], using (45) and the Cauchy inequality we derive
#H (B) > MYT(B) .

From (6) we observe that T'(®8) is the numbers of pairs of vectors
(a,b), a,b € B, such that there exists « such that

a; = a*7 b, (mod p), i=0,...,2g— 1.

In particular,
agg—lbgg—Q = a39_2b§’g_1 (mod p).
Now by Lemma 15, we see that there are only O (M*/p + M*+°W)

possibilities for the quadruple (agy—1,asg—2,b25—1,b24—2). When it is
fixed, the parameter « in (6) can take at most 4 values, and thus for

every choice of (ay, . .., agy—3) there are only 4 choices for (b, ..., byg—3).
Therefore,
(46) T(B) < M*2 (M*/p+ M>+°W)

When M < p'/9 we obtain T(B) < M+ and #H (B) >
M?9+e(D) which proves Theorem 8 in this range.
When M > p'/(9) we use a different approach. Using the notation
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we can write

T(B) =Y No(@)Ny(a)... Nag_i(a?).

a=1

Thus,

T%(B) < (Z Ngg(a49+2)> (Z Ng;’_l(a4)>

a=1 a#0
p—1 p—1
< (o2t - (35 0)
a=1 a=1
and then we have
p—1
T(B) < max » N/(a)

! a=1

We observe that for any o £ 0 (mod p) there exist integers r, s with
1 <|r|,s < p'?, (r,s) = 1 and such that & = r/s (mod p). Thus

p—1
Y ONF)< Y NF(r/s)+ Y NF(=r/s).
a=1 1§7",s<}01/2 1§r,s<p1/2

ged(r,s)=1 ged(r,s)=1

Our estimate of N;(r/s) is based on an argument that is very close
to that used in the proof of [2, Lemma 1]. Namely, we observe that
N;(r/s) is the number of solutions (z,y) to the congruence

x/y=r/s (mod p), Ri+1<uxz,y<R;+ M,
which is equivalent to the congruence
st—ry=c (modp), 1<uzy<M,
for a suitable c. We can write the congruence as an equation in integers
st—ry=c+zp, 1<z,y<M, ze€l.
We observe that

+ 1.

|s|M + [r|M +|e| _ (sl +[r)M
p N p

For each z we consider, in case it has, a solution (z,,v.), 1 < z,,y, <

M. The solutions of the diophantine equation above is given by (z,y) =

(x, + rt,y, + st), t € Z. The restriction 1 < x,y < M implies that
[t] < M/max{r,s}.

2] <
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Thus we have
2M
. < -
Ni(r/s) < (1 + max{r, s})

(1+ 2M(s+r)>

p
AM max{r, s} 2M 40
<1+ + .
p max{r,s} = p
Therefore
> NP(r/s)
1<r,s<pl/?
ged(r,s)=1
M (max{r, s})* M?9 M9
< ¥ (it 5t 35
1S7‘,s<[)1/2 p (max{r7 S}) p
M?9s%9  M?9 M
< X ()
pg 549 pg
1<r<s<pl/2
M2g82g+1 M2g M4g8
< Z (S+ 29 329—1 29 )
1<s<pt/2 p p
M?9 9 1 M*9
<Pt g—1 + M= Z 2g—1 2g—1"°
p 1S p
1<s<pl/2

The estimate of the sum with N>(—r/s) is fully analogous.
Assume that M > p'/(%9) and observe that

> {IOgM ifg=1,
1<s<pl/2 5%~ L, if g = 2.
Thus we have

M?log M + M*/p, ifg=1

47 T(B) < s ,

(47) (B) {M29+M4g/p29_1, if g>2,

which gives
_ min{p, M>°M}  if g =1,
H(B) > MYT(B)' >

# ( ) - ( ) min{pQQfleQg}, lfg > 2’

and proves Theorem 8 in the range M > p'/29.
6. COMMENTS
The problem of obtaining a nontrivial upper bound for I;(M; R, S)
in the range p'/? < M < p'/? is still open.
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On the other hand, we note that using bounds of exponential sums
obtained with the method of Vinogradov instead of Lemma 11, see [5,
16, 31, 38| and references therein, also leads to some nontrivial bounds
on J;(M; R, S) but these results seem to be weaker than a combination
of Theorem 5 with the bounds from [13].

Similar ideas can be exploited to obtain lower bounds for the cardi-
nality of the set Z(B) of non-isomorphic isogenous elliptic curves H,
with coefficients in a cube B.

Indeed, let us denote by Z; the isogeny class consisting of elliptic
curves over [F, with the same number p + 1 — ¢ of F,-rational points.
By a result of Deuring [15], each admissible value of ¢, that is, with
t| < 2p'/?, is taken and hence there are about 4p'/? isogeny classes.
Furthermore, Birch [4] has actually given a formula via the Kronecker
class number for the number of isomorphism classes of elliptic curves
over a finite field [F, lying in Z;. Finally, Lenstra [24] has obtained
upper and lower bounds for this number and, in particular, shown that
the number of isomorphism classes of elliptic curves of a given order is
O (p*/*1log p (loglog p)?).

Observe that once again bounds for N(H;B) can be translated into
bounds for the number of isogenous non-isomorphic curves with coeffi-
cients in B8, via multiplication by p'/2t°(). However, as we have done
before, one can obtain better bounds in terms of T'(8) which is given
by (45).

Thus, using (45) and (47), with ¢ = 1, we see that for the set H(t,B)
of elliptic curves H, € Z; with a € B, we have

#H(,B)= Y N(H D)
HeH(B)NZ;
1/2

<HT)Y | DD NUHB)? | = (#T)AT(B)

HeH(B)

< <J\4210_1/4 + p'/* M log!/? M) (log p)*/?log log p.
This improves the trivial bound

H(N,B) < min{M?2, p*?(log p)*/?loglog p}
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for pt/4te < M < p™/8=¢ (with any fixed ¢ > 0). Furthermore, it also
implies the lower bound
M2
maX|t|€2p1/2 H(t, %)
> min{p"/4, Mp~ /4 log~1/2 M} (log p)~?(loglog p) .

#T(B) >
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