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Abstract

Recently, new proofs of Grayson’s theorem [Gra87| for curvature flow of
embedded curves in the plane have been given by Hamilton [Ham95b] and
Huisken [Hui98]. Hamilton proved this using monotonicity of isoperimetric
estimates, and Huisken proved it by obtaining a lower bound for the quotient
of the extrinsic distance in the plane by the intrinsic distance along the curve.

In this thesis, we will extend Grayson’s theorem [Gra89] for the curvature
flow of embedded curves in a compact Riemannian surface, by showing, if
a singularity develops in finite time, then the curve converges to a round
point in the C'*° sense. We give two different proofs; one using Hamilton’s
isoperimetric estimates technique and the other one using Huisken’s distance

comparison technique.

KEYWORDS: Curvature flow, singularities
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Chapter 1

Introduction

Traditionally, differential geometry has been the study of curved spaces or
shapes in which, for the most part, time did not play any role. In the
last few decades, on the other hand, geometers have made great strides in
understanding shapes that evolve in time. There are many processes by
which a curve or surface can evolve, but among them, one is arguably the
most natural: the mean curvature flow, where the evolution of the curve is in
the direction of the principal normal, with magnitude given by the curvature.
This flow is, in a sense, the gradient flow for the arclength functional. Thus,
roughly speaking, the curve evolves so as to reduce its arclength as rapidly
as possible.

In the past two decades, Richard Hamilton’s Ricci flow has received at-
tention as having a profound influence on geometric evolution equations and

as a possible approach to studying Thurston’s Geometrization Conjecture.



In 2002, Grisha Perelman claimed to have proved Thurston’s geometriza-
tion conjecture using Hamilton’s Ricci flow program — experts have been
checking the details of the proof.

Partial differential equations play a major role in modern differential ge-
ometry. In particular, parabolic equations (geometric heat flows) have been
successfully employed to improve geometric quantities. The flows chosen are
typically the steepest decent, or gradient flows for the geometric energies
considered.

We now state our main results in this thesis: Let v be a closed embedded
curve evolving under the curvature flow in a compact surface M. If a singu-
larity develops in finite time, then the curve shrinks to a point. So when t is
close enough to the blow-up time w, we may assume that the curve is con-
tained in a small neighborhood of the collapsing point on the surface. Using
a local conformal diffeomorphism ¢ : U(C M) — U’ C R? between compact
neighborhoods, we get a corresponding flow in the plane which satisfies the

following equation:

8’7/ . k' VNJ ,
SO N o

where +'(p,t) = ¢(v(p,t)), k' is the curvature of 4/ in U’, and N’ is the unit

normal vector.



For a smooth embedded closed curve + in R?, consider any curve I' which
divides the region enclosed by = into two pieces with areas A; and Ay, where

Ay 4+ Ay = A is the area enclosed by v. Let L be the length of I'. We define

G(v,T) = L? ( ! + i) , and G(y) = ilrlfG(fy,F).

A A

First, we prove the following lemma in section 3.1.

Lemma A. If+/(-,t) is evolving by the parabolic flow (1.1), and ty is close
enough to the blow-up time w < oo, then there is some ¢ > 0 such that
GV (-, 1)) > € for all t € [ty,w).

We define the extrinsic and intrinsic distance functions
d,[:TxTx[0,T] =R
by

Ap.0.1) = (p.t) — (@, Ol and U(p,q.t) = /qutzsxq)—st(p)

where I is either S* or an interval.

In section 4.1 we prove the following lemma.

Lemma B. Let v : I x [0,T] — R? be a smooth embedded solution of the
flow (1.1), where I is an interval such that | is smoothly defined on I x I.
Suppose ch attains a local minimum at (po, qo) in the interior of I X I at time

to € [0,T]. Then

d [(d
% (7) (p07QO7t0) Z 07
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with equality if and only if v is a straight line.

We now define the smooth function

St xS x [0,7] — R

v (p,q,t) = ?sin (—l(pi%;;)ﬂ) )

We next prove the following lemma in section 4.2.
Lemma C. Let v :S' x [0,T] — R? be a smooth embedded solution of the
flow (1.1). Suppose % attains a local minimum (%)(po,qo,to) < 1 at some

point (py, qo) € S* x St at time ty € [0,T)]. Then

d (d
T (E) (Po, qo, to) > 0,

with equality if and only if% =1 or (S, ) is a circle.
Main Theorem. Let v be a closed embedded curve evolving by curvature

flow on a smooth compact Riemannian surface. If a singularity develops in

finite time, then the curve converges to a round point in the C*> sense.

We will prove our main theorem, first, using lemma A in chapter 3, and then

using lemmas B and C in chapter 4.



1.1 Evolving Closed Curves in a Plane

The simplest evolution problem is the evolution of curves in the plane by
curvature flow.

Let 79 be a given smooth embedded convex closed plane curve, and let
v : S8t x [0,w) — R? be a one-parameter smooth family of embedded curves
satisfying (-, 0) = 7. If £ is the curvature and v is the outward unit normal,
then we say that v evolves by the curvature flow (or curve shortening flow)
if

dvy

a(pa t) = —k’(p, t)’/(pa t)v (pa t) € Sl X [va)' (12)

The curvature vector k is defined by k = —kv. If we let s = s; be the

arclength on v, = ~(-,t), then k = (9?/9s*)7, and the equation (1.2) can

o _ &
ot 0s2

be written in the form ( )y = 0, making the quasilinear parabolic
nature of the equation apparent. So the evolution makes the curve smoother
since such smoothing is a general feature of solutions to parabolic equations
[Eva98]. Thus, for example, even if the initial curve is only C?, as it starts
moving, it immediately becomes C'*° and indeed real analytic. Because the
equation of motion is nonlinear, the general theory of parabolic equations
does not preclude later singularities. And indeed, as we shall see, any curve

must eventually become singular under the curvature flow. The existence,

regularity, and long term behavior of solutions to this system have been



extensively studied.

For any evolution of a curve and for its arclength L, we have

d—L:/ <@,/ﬂ/>d5.
at ), \ ot

So for the curvature flow, % = — f% k2ds. Indeed, this flow is, in a sense, the
gradient flow for the arclength functional. Thus, roughly speaking, the curve
evolves so as to reduce its arclength as rapidly as possible. This explains the
name “curve shortening flow” though many other flows also reduce arclength.

For any evolution of a curve and the area A it encloses, we have

dA oy
E —/Yt <E,V>d8

So for the curvature flow, % = —27 until the curve becomes singular. Thus

a singularity must develop within %. Another important property is that

the flow is collision-free. This collision avoidance is a special case of the max-
imum principle for parabolic differential equations. The maximum principle
also implies in the same way that any initial embedded curve must remain
embedded. The first deep theorem about curvature flow was proved by Gage

and Hamilton [GH86].

Theorem 1.1.1. [GHS86] Under the curvature flow, a convex curve in a plane
remains convex and shrinks to a point. Furthermore, it becomes asymptoti-

cally circular: If the evolving curve is dilated to keep the enclosed area con-
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curves

e.,

stant, then the re-scaled curve converges smoothly to a circle, 1

shrink to round points.

Consider a one-parameter family of embedded curves v : S! x [0,w) — R?

evolving by the curvature flow. That is,

%(pv t) = k(p, t)N(p, t)? (p7 t) € St x [0’(’0)’

where N is its unit inward normal vector. Arclength is given by

p (97 ‘

s(p,t) = —(q,t)| d

(p,1) 4 90| dd

Differentiating,

ds |0y B
S 0) = | 20| = ol

o 10

= 95 0oy’ and ds = vdp.

We now state some standard results for the curvature flow.

Lemma 1.1.1. For the curvature flow:

: ov __ 2
1. The speed v evolves according to 5 = —k*v

_ 00 4 120
+ k s

8 9
2 Bds = b0t
3. The arclength L of the curve evolves according to % . f% k2ds.

T 9s?

: ok
4. The curvature k of the curve evolves according to %;



5. The enclosed area A of the curve evolves according to % = —27.

Lemma 1.1.2 (Long Time Existence). Let v be a solution of the curvature
flow on the time interval [0, «). If k is bounded on [0, ), then e > 0 such

that (-, t) is a smooth solution on the time interval [0, + €).

For the body of this thesis, we will assume that the solution to the flow

exists on the maximal time interval [0,w).
1.2 Convex Curves in the Plane

We now consider convex curves in the plane. In this case, the curvature
flow problem is equivalent to an initial value problem for a certain non-linear
parabolic differential equation.

For a convex curve we use the angle 6 of the tangent line as a parameter,

and get the following non-linear parabolic differential equation:

Ok %k
o :k2%+k3 (1.3)

The curvature flow problem is equivalent to this initial value PDE problem
[GHS6.

Gage [Gag83| showed that for the curvature flow, the isoperimetric ratio
% decreases, so that if A — 0, then L — 0 and the curve shrinks to a point.

Gage [Gag84] then showed that the isoperimetric ratio % decreases to its



optimum value 47 as the enclosed area approaches 0, and, as a consequence,
the ratio ’;01—“7: of the circumscribed radius to inscribed radius goes to 1. That
is, the curve shrinks to a round point in the “C°” sense if the enclosed area
approaches 0.

In [GH86|, Gage and Hamilton obtained the a priori estimates needed
to show long term existence of the solution to the equation (1.3), showing
that convex curves shrink to round points in the “C>” sense: First, they
proved that when the enclosed area A is bounded away from 0, the curvature
k is uniformly bounded, and if k£ is bounded, then % and all the higher
derivatives of k are also bounded. So as long as A is bounded away from 0,
one gets bounds on k and all of its derivatives. Using the evolution equation,
one can also bound the time derivatives. So, suppose the solution exists on
the time interval [0,7), and lim; 7 A(¢) > 0. Then k has a limit as t — T,
and one can extend the solution past 7. Thus the solution continues until
the area goes to 0.

Finally, by re-scaling the curve so that the curve encloses constant area m
and using a priori estimates, they showed that the higher derivatives of the
curvature x for the normalized curve converge to 0 and, therefore, the curve

converges to a unit circle in the C'*° sense.
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1.3 Non-Convex Curves in the Plane

For higher dimensions, Huisken [Hui84] proved that under mean curvature
flow, a convex hypersurface in R"*! contracts smoothly to a single point in
finite time, and becomes spherical at the end of the contraction. This result
is not generally true for nonconvex embedded hypersurfaces. A barbell with
a long, thin handle develops a singularity in the middle in short time. But
under curvature flow for curves, Grayson [Gra87] showed that the assumption
of the convexity of the initial curve can be removed, and he proved that the
result holds for arbitrary smooth embedded closed initial curves by showing

embedded curves become convex without developing singularities.

Theorem 1.3.1. [Gra87] Under the curvature flow, an embedded curve in a

plane becomes convex and thus eventually shrinks to a round point.

The main ingredients of the proof contain the following: The solution
remains smooth and embedded as long as its curvature remains bounded, the
proof of the nonexistence of corners, which says that, if the curvature blows
up anywhere, then it does so along an arc which has a total curvature of at
least 7, and the 6-whisker lemma, which says that, under certain conditions,
the curve cannot get too close to itself. In the end, everything has been ruled
out, except the case of the curve becoming convex before it becomes singular.

Recently, new direct proofs of Grayson’s theorem [Gra87] for curvature

11



flow of embedded curves in planes have been given by Hamilton [Ham95b] and
Huisken [Hui98]. Hamilton proved this using monotonicity of isoperimetric
estimates, and Huisken proved it by obtaining a lower bound for the quotient

of the extrinsic distance in the plane to the intrinsic distance along the curve.

It is also important to study the way in which solutions can become
singular, and methods for continuing solutions through a singularity:

A natural classification of singularities arises from the blow-up rate of
the curvature into type I and type II singularities [Alt91, Ang91a]. In a type
[ singularity, |k|neev/w — ¢ is bounded, where w is the blow-up time, the
singularity looks asymptotically like a contracting self-similar solution. In a
type II singularity, |k|mezv/w — t is unbounded, there is a sequence of points
and times {(py, t,)} on which the curve blows up such that a rescaling of the
solution along this sequence converges to the Grim Reaper (y = Insecz).

If the initial curve has self-intersections, then small loops may contract
in short time, causing the curvature to become unbounded. That is, the
corresponding solution can become singular without shrinking to a point. A
typical example is the flow of a limacon of Pascal (r = 1 4 acos@, a > 1).
The small loop of the limacon of Pascal contracts and develops a cusp when
the large loop still exists. In this case, the curve converges to some singular

limit curve which is piecewise smooth, with a finite number of singularities.

12



Therefore to continue solutions through a singularity, the allowable set of
initial curves should be expanded so that it contains limit curves, and there
would be a solution for (1.2) which has a singular limit curve as initial data,
in some weak sense.

In a series of important papers, Angenent [Ang90, Ang91b, Ang9la]
showed that locally Lipschitz or even worse initial data can be used as initial
curves, using more specialized theory of parabolic partial differential equa-
tions. Having dealt with the initial value problem, he then showed that a
limit curve always exists, and that it is a locally Lipschitz curve with finite
total absolute curvature. He also proved that the singular curves are nice
enough that, with some possible trimming, they may be used as initial data
for the curvature flow, and the number of self-intersections of an evolving
curve can not increase with time. So a generalized solution of (1.2) that
becomes singular at a discrete set of times, either exists forever, or shrinks

to a point in finite time.

13



Chapter 2

Evolving Closed Curves in a
Surface

2.1 Introduction

Grayson [Gra89] and Gage [Gag90|, generalized the study of curvature flow
of closed curves in the plane to that in surfaces. The curvature flow prob-
lem is to analyze the long term behavior of smooth curves immersed in a
surface (M?, g) with Riemannian metric g. The curvature flow is a gradient
flow for the length functional on the space of immersed curves in the surface
M?. Therefore, one can try to use curvature flow to prove existence of closed
geodesics by variational methods. Although evolution by curvature is a nat-
ural way to shorten the curves, it leads to number of complex problems. Can
the curve do this at all: is there short-term existence? If so, for how long do

the solutions exist? What do the limiting solutions look like?

14



2.2 Some Basic Results of the Evolution

Let (M, g) be a smooth compact oriented 2-dimensional Riemannian manifold
with bounded scalar curvature. Let 7y : S' — M be a smooth embedded
curve in M and let y : S* x [0,w) — M be a one parameter smooth family of

embedded curves satisfying v(+,0) = 7o. If v evolves by curvature flow, then

oy

5P t) =k, ON (1), (pt) € St x[0,w), (2.1)

where k is the geodesic curvature of v and N is its unit normal.

Arclength is given by

P a,y ‘
s(p,t) = —(q,1)| dq.
0= [ |Ghan|dg
Differentiating,
ds 0y
—(p,t) = |=—p,t)| = t
o0 =10 = vl
o 10
#a—aa—p, and ds = vdp.

First we recall the curvature of a curve on a surface.

15



The curvature of a curve on a surface

Let T = %, and ¢ be the standard unit normal to the surface, and
N = ¢xT. That is, N is chosen such that (7', N) agrees with the orientation

of the surface. Then T, N, and £ are mutually perpendicular unit vectors

and the Frenet formula is given by

aT
& k&t kN
ds $+k
AN

a5 - kT TS
d§
%:—knT—TgN

where k, = <82”’ 1S > is the normal curvature of the curve, k, = <827 N > is

Bs2 ds2
the geodesic curvature of the curve, and 7, is the geodesic torsion, given by

ap

7. Where 7 is the torsion, and ¢ is the angle between £ and ZQTZ.

Tg =T —

16



If we use k instead k4 for the geodesic curvature, then from Frenet formula,

we have

VI =kN and VN = —kT.
Now we recall some standard results for the evolution [Gra89].

Lemma 2.2.1. For the curvature flow:

~

: ov __ 2
. The speed v evolves according to G = —k*v.

2. (2, 2] =k2.

3. VT = %N and V,N = —%T.

4. The arclength L of the curve evolves according to % = — f% k2ds.
5. ViVy=V,Vi+k*V, - kR(T,N).

6. The curvature k of the curve evolves according to % = % +k+ Kk,

where K = (R(N,T)T,N)) is the Gaussian curvature of M restricted

to 7(7 t) :
7. The enclosed area A of the curve evolves according to % = —27.

Now we state the main theorem in [Gra89].

Theorem 2.2.1. [Gra89] A closed embedded curve moving on a smooth com-
pact Riemannian surface by curvature flow must either collapse to a point in

finite time or else converge to a simple closed geodesic as t — oo.

17



Grayson first showed that the solution remains smooth and embedded as
long as its curvature remains bounded. He then proved that if a singularity
develops in finite time, then the curvature remains bounded until the entire
curve shrinks to a point. Finally, he proved that if the length of the curve
does not converge to zero, then its curvature must converge to zero in the
C* norm and that the curve approaches a geodesic in the C'™ sense.

In this thesis, we will extend Grayson’s theorem [Gra89] for curvature flow
of embedded curves in a compact Riemannian surface, by showing that if the
curve shrinks to a point, then it shrinks to a round point in the C'* sense.
We give two different proofs; one using Hamilton’s isoperimetric estimates
technique, and the other one using Huisken’s distance comparison technique.

In order to apply the above techniques, we first need to transform the
curvature flow in surfaces to a corresponding flow in the plane. We will see
in the next section that the corresponding flow is no longer the curvature
flow. It is a more general flow. In a series of papers, Angenent [Ang90,
Ang91b, Ang91la] developed a more general theory of parabolic equations
for curves on surfaces. We now summarize some of the important results of

Angenent that we will need.

18



2.3 Parabolic Equations for Curves on Sur-
faces

Consider a closed curve evolving by an arbitrary uniformly parabolic equa-

tion,
22l
— =V(T,k)N 2.2
V(T KN, (22)
on a smooth oriented 2-dimensional Riemannian manifold M, and denote its
unit tangent bundle by S1 (M) = {£ € T(M) : g(¢,£) = 1}. Then the normal
velocity is

UL(p, t) = V(Ta k)(P> t) = V<T'y(p,t)7 kv(p,t))v

for some function V' : S*(M) x R — R which satisfies:

(Vi) V(T,k)is C*,
ov
ok
(Vs) [V(T,0)| < p forall T € S'(M),

(Vo) A1< <,

(Vi) V"V + |EVV| < v(1 +K?),

(Vs) V(-T,—k)=-V(T,k),

for positive constants A, u, and v.

19



The tangent bundle to S*(M) splits into the Whitney sum of the bundle of
horizontal vectors and bundle of vertical vectors. V'V and V"V denote the
vertical and horizontal components of V (V') (holding the second argument
of V fixed).

These assumptions on V' are necessary to make the set of allowable initial
curves as large as possible, and necessary for the short-time existence of the
solutions. The way in which maximal classical solutions can become singular

(limit curves) is based on these assumptions on V' and the initial curves.

Examples:
1. V(T, k) = k, the curvature flow problem, and

2. V(T,k) = (% — %), where J(z,y) is a smooth bounded function

that is also bounded away from 0. We will see that the curvature flow

in a surface corresponds to the flow with this normal velocity in a plane.
First, we state some basic results similar to lemma 2.2.1.

Lemma 2.3.1. For the flow 2.1:

: ov __
1. The speed v evolves according to G = —kVv.
2. [2, 2] =kVE.

3. ViT = %N, and V,N = —9°T.

20



4. The arclength L of the curve evolves according to % = — f% kVds.
5. ViVy=V,Vi+kVV,—VR(T,N).

6. The curvature k of the curve evolves according to % = 6827‘2/—1—1621/—1—}( V,

where K = (R(N,T)T,N)) is the Gaussian curvature of M restricted

to 7(7 t) .
7. The enclosed area A of the curve evolves according to % =— [ Vds.
Tt
We now state the next four results from [Ang90] and [Ang91b].

Theorem 2.3.1. If V satisfies (V1) — (Vy), then for any locally Lipschitz
initial curve o there is a family of curves vy : S x [0,w) — M which satisfies

(2.2), and has the initial position y(-,0) = 7o.

Theorem 2.3.2. Let V' satisfy (V1) — (V5). Then the initial value problem
(2.2) has a short time solution for any initial curve which is locally C* and

reqular.

Having dealt with the initial value problem, we now state the way in

which a maximal solution of (2.2) can become singular.

Theorem 2.3.3. Let V satisfy (V1) — (Vs), and let v : ST x [0,w) — M be a
mazximal classical solution of (2.2). Then the limit curve v* of the (-, t) is

a piecewise C1 curve, which is C* away from its singular points.

21



Theorem 2.3.4. Let V satisfy (Vi) — (Vs), and let v : S x [0,w) — M be
a mazximal classical solution of (2.2) which becomes singular in finite time.
Then the limit curve v* of the (-, t) either has fewer self-intersections than
any of the y(+,t)’s, or else the total absolute curvature of the limit curve drops

by at least 7.

Oaks [Oak94], improved Theorem 2.3.4 by showing that the latter case
never occurs. So if the initial curve is embedded, and the singularity develops
in finite time, then the curve shrinks to a point. So when ¢ is close enough
to the blow-up time w, we may assume that the curve is contained in a small

neighborhood of the collapsing point on the surface.

Now from the following theorem, it is enough to work locally in R2.

Theorem 2.3.5. [Oak9/] Let ¢ : U(C M) — U’ C R? be a conformal
diffeomorphism between compact neighborhoods. If V : SY(M) x R — R
satisfies (V1) — (Vs), then there is a function V' : SY(U’) x R — R which
satisfies (V1) — (Vi) such that whenever v(p,t) is a curve in U evolving by
(2.2), ' (p,t) = &(v(p,t)) satisfies 86—'1/ = V(T',K')N', where T" and N' are

the unit tangent and normal vectors, and k' is the curvature of v in U’.
Moreover, V(T k) = J(p)V'(T", k') and ds = J(p)ds’, where J(p) > 0 is

smooth, bounded, and bounded away from 0.

22



The metric in U can be written as
g = J*(x,y)(da? + dy?),

where the coordinates in U are obtained by ¢~!. Because U’ is compact,
J(x,y) is both bounded and bounded away from 0.
Let % and a% be the coordinate vector fields on U, and let X = %a%’

Then X and Y are unit vectors. Since ¢ is conformal,

oy 1 ,
E_<JV>N'

Therefore, V' = %V.

We next show that k' = kJ + VJ. First, we need the following lemma.

Lemma 2.3.2.
VyX = Yl ViV = Vvd
J J
vyx = Yxly gy o Yy
J J
PRrRoOOF

Since 0 = [a%,a%] = [JX,JY], we have V;xJY = V,;yJX. Therefore,
JVxY + (VxJ)Y = JVy X + (VyJ)X. Since VxY 1Y and Vy X 1 X we
get VxY = %X and Vy X = %Y. The other two formulas follow from

differentiating (X,Y) = 0 with respect to X and Y. O

23



Let 6 be the angle T' makes with X in U. Then

T =cosfX +sinfY, N = —sinfX + cosbY.

Thus,
VX =cos0VxX +sinfd Vy X
= —cosf V}/JY + sin 6 %Y
= (— V§J cosf + V}(J sinH) Y,
and
V7Y = (VYJ cosf — VxJ sin&) X.

We have V6 = %k/. Then

kN =~"=V1T = Vr(cos§ X +sinfY)

= —sinf(Vy0) X + cos O(VrX) + cos (V)Y +sinf(VyY)

/

/
= _Sing(kj)X + cos 0 (—E cosf + V}(J sin@) Y + cos Q(kj)Y

J
+ sin @ (VYJ cosf — vXJsinQ) X
(K VxJ VyJ .
= <,]+ ¥ sinf — 7 cos@) (—sinf X + cos@Y)
(K VxJ VyJ
= (J + 7 sinf — cosG) N,
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and thus,

/
k= (kj + V}(J sin @ — V§J cos@)

(s OV 4 cos 09y
_ k’j -V
That is,
K = kJ + V. (2:3)

J is bounded away from 0 and both J and V yJ are bounded. So lim,_., |k(p, )|
is unbounded if and only if lim,_.,, |k’ (p, t)| is also unbounded.

When V = k, ie., for the curvature flow in a surface M, we have

! .
V= %V = % = % — VJN2J. So the curvature flow in a surface corresponds

to the following flow in R?:

07’ . K’ VNJ ’
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Chapter 3

Formation of the Singularity

From the previous chapter, we know that when a closed curve evolves under
the curvature flow in a surface, the solution remains smooth and embedded
as long as its curvature remains bounded. If a singularity develops in finite
time, then the curve shrinks to a point. So when t is close enough to the
blow-up time w, we may assume that the curve is contained in a small neigh-
borhood of the collapsing point on the surface. Now by theorem 2.3.5, using
a local conformal diffeomorphism ¢ : U(C M) — U’ C R? between compact
neighborhoods, we get a corresponding flow in the plane which satisfies the

following equation:

87’ o K VNJ /
B ) 31)

where v'(p,t) = ¢(v(p, t)), k" is the curvature of 4/ in U’, and N’ is the unit

normal vector.
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Hamilton [Ham95b] showed that a certain isoperimetric ratio G(v(-,t))
improves under the curvature flow in the plane when G(v(-,t)) < 7. In the
next section, we will prove Lemma A by showing that the isoperimetric ratio

G(#/(+,t)) improves under the parabolic flow (3.1).
3.1 Monotonicity of an Isoperimetric Ratio

For a smooth embedded closed curve v in R?, consider any curve I' which
divides the region enclosed by = into two pieces with areas A; and Ay, where

Ay + Ay = A is the area enclosed by «. Let L be the length of I'. Define the

ratio
”
G(v,T) = L? I (3.2)
77 - Al A2 9 .
and let
G(y) =inf G(7,T) (3.3)

be the least possible value of G(v,I") for all curve segments I'. Hamilton

[Ham95b| takes the infimum over all possible straight lines for (3.3). He also
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defines another isoperimetric ratio, and for that ratio he takes the infimum
over all possible curves. We will use the following theorem of Hamilton and

its proof.

Lemma 3.1.1. [Ham95b] The minimum G(7) is attained by a single smooth

curve I'y of constant curvature perpendicular to .
PROOF

For any division of area A = A; + As, there will be a shortest curve (or
collection of curves) effecting this division, and the curve (or each component
curve) will have constant curvature and be perpendicular to the boundary
7. It is among such curves that we see one I' of minimum length L(I"), and
since this set is compact we can surely find one. Now we show the best I

will have only one component.

Suppose for example, that I" has two components I'” and I'” of lengths L’
and L”, dividing A into regions of area A'+ A"+ A" = A. Take L=L"+L"

and Ay = A"+ A" and Ay = A”. Then we have

1 1 . 1 ! !
(L'+L")? (m + m) > min {L” (z i m) - (A_ AT A

28
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So using only one part of the curve for the division gives smaller ratio. Hence

the best I' will have only one component. |

We now show, in the rest of this section, that the isoperimetric ratio
G(7/(+,t)) improves under the parabolic flow (3.1).

Let’s fix the time at t = t;, and consider any one-parameter family of
curves I'), with parameter p € [—po, to, 1o > 0. We will compute the first

and second variation of the length L(I',) and the areas A;(I',) and Ay(T',).

We assume I’y is our arc of constant curvature which gives the infimum for

G (- t0),T,) at u = 0.

In polar coordinates, I',, is given by the graph of

T:T(Q,M)a 9 c [ef(U)veJr(u)]a
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where 0_ is the portion of 7/ near where it meets the bottom of I'y and 6, is

the portion of 4/ near where it meets the top of I'y. So,

Ty = {(ro,6) : 1o = Kio,e & [0(0), 0, (0]},

and we have

&
o0

or
20 0, and

u=0

~0. (3.4)

=0

Since I'y is perpendicular to +/(-,ty) at u = 0, and we have

06_

o0, o0
op

i =0, and

—0. (3.5)

The curve 7' has curvatures £/, at 0,(0) and £’ at §_(0) which can be

computed as the curvatures of the graphs of

O (1), ra(p) =7r(0+(1), 1)

and

The curvature of a parameterized curve P(u) = (rcosf,rsin#) is given by

= 1P x P(p)|

|P'(p) P
) , (3.6)

By using the above formula, we get

’ 8T+
= —I{j _—
p=0 " ( O

30
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and

2
d*6_ ;o Or—
| =k, aL . (3.7)
For the variation, let the velocity v = g—; and the acceleration z =
n=0
93r

> .
o §=0

The arclength is given by

oP

/‘9+(M)
0—(n) 90
0+ (u) 2
= / r? 4+ (&) do.

0— () 90

=
=
I

=
=

=
I

do

Therefore,
~1/2
dL O I A ar\” or or 9*r
dn /ML) 2 <7” - (ae) ( "o 700 aeau>

+ 7"2+ g ’ % _ 7a2+ % ’ &L
a0 N 0 N
)

04 (p —(1)
Thus,
bl _ / OOl
ditlo Joo0) Onluzg
That is,
) _ / R (3.8)
dptl,—o  Jo_
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Now consider the second variation of L.
d2_L_/9+(M) ey (or : 3/22 ﬁ+ﬁa2r i
a2 Jow | 2\ T \o8 "ou " 90 000
+ T2 + g 2 *1/2 g 2 + T8_27" + 827" 2 + & a3r d@
00 o ou? 000 00 000>

or\’ 920, d or\” a0,
2 or s 2 i -t
Ty (39) o an (VT <89> O
04 (1) 04 (1)
N PN A B 00.
00 ou?  du 00 ou
0_(u) 0 ()
Thus,
A2 /9+ (0) 0+0) / dv
it = z2df + K / (—) do — (k' 02 + k02 3.9
el A A )y o \ao (kyv? ). (39

Now we compute the first and second variation of the areas A; and A,. Since

Ay (p) + Az(p) = A, we have d;;l = dc‘éj’ and d Al = dQAQ. We have

Area A= //rdrd@—//r—dud@

If A;(p) denotes the area on the origin side of I',,, then

04 (T
Aq( / / T—d@dT

Therefore,

A 0+ (1) A
A _ / gy o A
dp 6 o dp |,—g
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and we have

A A 1 6+(0)
) dAy —/ vde. (3.10)
dp 1=0 dp 1=0 Ky 6_(0)
Now,
d2A, 0+ 92 [ or\? or 90,  or 90
5 = ) — | do+r— - — T -
dp o_(n) On op O, () Om Ot lp_ () On
Thus,
A2 A A2A 1 0+(0) 6+(0)
cA) P _/ zd9+/ 2do. (3.11)
T dp? |,—o Ko Jo_o) 6-(0)

Having found the first and second variations of L, A; and Ay, we can now

write down the condition that G = L? (A% + A%) attains its minimum at I'y.

- da _ d2G
As usual, this says that £l 0 and el

> 0. It is easier to express
n=0

this inequality in terms of logarithms; thus

1 1 A
G:L2(—+—>:L2( ):>lnG:21nL+lnA—lnA —In As,.
AT A A Ay ! ?

Since
d 2 dL 1 dA 1 dA 1 dA
0= —| IG=2=-"-| 42| =y - 22
du =0 L du =0 A du =0 Ay dp =0 Ay du =0
we have

) /9+(0) 1 1 0+(0) 1 1 /9+(0)

— vdf — —— vdd + —— vdf = 0.

L Jo_(0) A1 Ko Jo_(o) Az Ko Jo_(0)
Therefore,

i — (3.12)



Next, we have

d2
0< — InG=—
dp? =0 du =0

d (QdL_dAl(l_l))
d,u =0 Ld,u dﬂ, Al A2
2 (dL 2+2d2L_d2A1 11 +dA1 1 dA, 1 dA,
L2 \ du Ldp?  dp? A1 A, du \A? dpy A3 du .
H:
2
2 /9+(0) 2 0+(0) 0+(0) (dv>2 ) )
== vdf | + = / zd9+K/ — ) df — (kv +k_v*
L2 ( 6-(0) L Jo_(0) "Jo \db (Fox )
2
1 1)\ |1 /9+<O> /9+<0> ) ( 11 ) 1 /0+<o>
- == |= zdf + VAo + 5+ 5] | = vdf
(Al A2> Ko Jo_ (0 9_(0) At A3) | Ko Jo o)
2
2 1 /1 1 0+(0) 2 1 /1 1 0+(0)
= l-=+==+-= vdf +{———(———)}/ 2 do
{ L2 Kg (A% Ag)} </9_(0) L Ko \Ar A/ ] Jo (0
2K, [+ (dv)2 2 , (1 1) 0+(0)
+ = — | do— Z(k w2 +Ek_v?)— | — — — / v2db.
L Jo o \df L( o ) A As) Jo o
So, by using (3.12), we get
2
2, 1 /1 1\ %O
- < - [ — 4 —
7 (kv +k_vl) < K2 <A1 + A2) (/6(0) vdf

2K, /9+<0> (dv) S
+=— — ) —v*| dh. (313

The curvature flow in a surface corresponds to the following flow in the plane

d (2 dL 1 dA, 1 dAQ)

R? (see (3.1)),

e o

8’7/ K VNJ
A\ e

) N =V'N'".
We will now use (3.12) and (3.13) to show that <% 1oy G > 0. First we

need to compute the evolution of L, A, A; and A, at time ¢y3. The evolution
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of the length L is the sum of the normal velocity of 7/(-,¢) at the two ends

of Iy, so that

% :—(V+’+VL>.

t=to

The evolution of the areas are given by:

A dA dA
A :—/ V'ds, —t :—/ Vids, —2= :_/ V'ds.
dt t=to v (-,to) dt t=to 71 (ko) dt t=to Yo (ko)
Since
1 1 A
— L2 o o _ L2
“ (A1 * Az) A Ay
we have
InG=2InL+InA—1InA; —InA,,
and
d 2 dL 1 dA 1 dA; 1 dA,
— InG=—-— + - — e —— e —
dt t=to L dt —to A dt t=to A, dt ity Ao dt ity
Thus,
d 2 (K. k- 2 (VnJ VnJ
— InG =—-=2[ =% 4+ = z
at),_, " L<J3+JE>+L(J2 PRE >
1 1
- = Vids + — Vids + — V'ds. (3.14)
A S o) Av Sy o) Az Sy t0)

If we choose the variation such that

1
J(rgcosf,rosinf)

v(ro,0) = 0 € [0-(0),0,(0)],
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then we could use the result from (3.13) in (3.14). Consider the RHS of

(3.13). First,

6+(0) 1
vdf < max — ) (0L —6.).
/9_(0) T 0-(0)<604.(0) (J ) (6+ )

Using (04 — 6_) = LK,, we get that the first term of the RHS of (3.13) is

bounded by
2
1 /1  1\*[ [~© CiL2 /1 1)\?
S vdf | < —+— . 3.15
2K3 <A1 A2> </e(0) 2 <A1 Az) (3.15)
where
) = ! 3.16
LT 5N\ 2 ) (3.16)

Now considering the second term in the RHS of (3.13), we have

dv 1 :
i —E[Jm(—ro sin @) + J,(ro cos 6)]
To
< 72 J?2 + Jy2,

so we get the bound

2K0 0+(0) dv 2 2K0 02
— — | dd < ——=(LKy) =2 1
L L_(O) de — L Kg( 0) 027 (3 7)
where
J2+J;
CQ = H_Igeagxe+ ( J4 ) . (318)

Now using (3.12) we get the bound for the third term in the RHS of (3.13),

7 v2dh >

_(0) L

2K, /9+<°> 2K,
) 2 \A, A,

L2/1 1\
C3(LKy) = 2C3K¢ = GL7 <— - —> , (3.19)
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where

. 1
n i (2)

So now (3.13), (3.15), (3.17), and (3.19) give

2 (K, K L2 /1 1) CsL2 (1 1Y)
B ) (o ) oo, - 2 (- ) 321
3 <J3+JE) = (A1 +A2) 20 -—-\4, ) o B

So we have a bound on the first term in the RHS of (3.14). We now bound

the last three terms in the RHS of (3.14). First,

k' VaJ
V'ds :/ (— — ) ds
L MR
204/ k’ds—C5/ds,
,y/ ,y/

where
) 1
Cy = min | = |, (3.22)
and
VnJ
Cs = max ( ¥E ) . (3.23)
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Therefore,

1 1 1
- — V'ids + — Vids + — V'ds

A S to) 1 (o) 2 Sl (ko)

4 A\ Ay A) S \2 2
C / K ds — C, / d +( ! 1) C / k' ds — C / d ]
4 s — Ugp S - — — 4 s — Ugp S
" 7 Ay A V5 Vs

1

:(i_%)wmpwa—an—%uﬂﬂ

+<i_%qu+@—9»—ﬁuw]
:aﬂ(ﬁ1+éio%{M&_ﬂ)<_ﬁ2+gi0
o (A e+ (1) pen]

_ Cym(AT + A3) CM2CL_EJ (A} — A7) +O{MVX;M%X_M%)
A1 Ay (A + Ag) 2 Ay Ay ) AjAs(A + Ay) A Ay Ao
Since
1
5(Al + Ap)? < (A2 + A2) < (A + Ay)?,
we have
(A + Ap)? < (A7 4 A3) oAt Ay)?
2A1A2(A1 4+ Ay) — A1A(A1 4+ Ay) T A1Ax(Ar + Ay)’
that is,

1(1 1) (A7 + A3) <1 1)
S|+ < <=+
2\ A Ay A1 As (AL + Ay) A A
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Also,

L(y) L(v) L)
A A Ay
B Ly+ Lo _ ﬂ _ é
A+ A A A
 ASLy + ALy

A1 As(Ar + Ag)
AT+ AY
A A (AL + Ag)

1 1
> _ 4
B L(A1+A2)

where L' = max(Ly, Ls).

So now we have bound on the last three terms in the RHS of (3.14):

1
——/ V’ds+— V'ds + — V'ds
/(o) 7, (to) Az S 10

_ Cim 1)  CuL? 1 b (11

Next we compute the second term in the RHS of (3.14). Let

Then
V}ZJ - V}VZJ (rocosf_,rosin_,0_)
=200,
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and

V}\;J = Vj\;J (rocosf,,rosinfy, 0, + )
+
J
= — VJ]\; (rocosf,,rosinfy, 0, )
Vi
= —J—]\;(9+)
By the mean value theorem,
VnJ|  VnJ 2 ZAY
< J? N J? > = ( J? ) (90)(6* _eJr)u

for some 6y € (6_,60). Therefore

__ (v;y)’ (60)L (Ail - A%) . (3.2)
Thus (3.14), (3.21), (3.24), and (3.25) give

2 2 2 2
G > -9k (L+L) o0, 4+ &L <i—i>

VnJ
J?2

2 (VnJ
L\ J?

+

2 A A,
Oy (11 CuL2 /1 1Y) (11
+7(A—1+A—2)— 2 (AT‘A—Q) BV AR
\\PAY 1 1
() e (- )

1/1 1 _ ) VaJ\ Ay — A
==+ = — —2CsL — 2 —= L
2 <A1 +A2) (C‘*” GG =265 ( J2 ) O0) 3574, )

L? (1 1

T (AT - A_2)2 (Cy— Cy) — 20y, (3.26)
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If to is close enough to the blow-up time w, we can make Cy and C} ap-

proach 1, and C5 and Cy approach 0. The term (VJNQ‘])/ (0o) ﬁf;ﬁ; is bounded.

We also have C3 > C,. The lengths L’ and L approach 0, and <Ai1 + A%)

becomes larger. Hence when G gets smaller, % =t InG > 0.

Thus we have proved the following main lemma.

Lemma A. If~/(-,t) is evolving by the parabolic flow (3.1), and ty is close
enough to the blow-up time w < oo, then there is some € > 0 such that
G/ (-, 1)) > € for all t € [ty,w).

In the next two sections we will study the formation of singularity by

re-scaling the solutions, and then prove our main theorem using lemma A.
3.2 The Limit of the Re-Scaled Solutions

If the evolution equation has a smooth solution on a maximal time interval
0 <t < w < oo, then the supremum norm of the curvature must blow up
as t — w. We say that Q € R? is a blow-up point or singularity if there is
p € S such that y(p,t) — Q and k(p,t) becomes unbounded as t — w. We
define {(pn,t,) € S x [0,w)} to be a blow-up sequence if lim,, . t, = w,

lim,, o0 k(pn, tn) = oo, and

k(p,t)| < |k(pn,tn)| p €S, tE€(0,t).
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Let M; = sup k*(-,t). Then we will use the following dilation-invariant cate-

gorization of singularity formation:
1. Type-I singularity if lim; ., M;.(w — t) is bounded, and
2. Type-1I singularity if lim;_,,, M;.(w — t) is unbounded.

We next re-scale the solution along a blow-up sequence {(pn,t,)}: for
every n we obtain a new solution -,, from ~ by translating ¢, — 0, and
dilating the solution in space and time (scaling time as space squared) so

that k2(p,,0) — 1. First, we will give a precise definition: We have
78t % [0,w) — R

We define the re-scaled solutions v, of v along the blow-up sequence {(p,, t,)}

to be as follows:
Yot ST X [ A2, A (w —t,)) — R?

is given by

(1) = Ay (0] = Ay (-t + A70)]
where A\, = |k(pn,t,)| and & = N2(t — t,,). So, we have
te0,w) &t [Nty \2(w—1,)) = [an, wy) say

That is,
Yot St X [, wy) — R
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is given by

fYn(W t) = /\n’}/(" t)'

Since A,, — 00, we have lim,,_, . a,, = —oc0 and

lim w, =
n—oo

finite if type I,
+oo if type 1L

The curvature of v, satisfies |k,(p,t)| <1 for all ¢ € [a,,0]. We have

0\ ovdi 0

_ oy 9yat 2
ot ""otdt "8t()\" )
So
Om _ 1 (O
ot M\ \ ot )’
Since
87 . . k VNJ
Fri V(T, k)N = (J2 7 )

(notice that we have dropped the prime), we have

0Vn 1
ot An (T, )
ky, 1 VnJ
=2z N.
(ﬂ Ao J? )

A limit solution, if it exists, may be a family of noncompact curves. So think

of our solutions as a family of L(t) (length of v(-,¢)) periodic curves,

Tt R X [an, wn) — R2,
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such that 7,(0,-) = v,(pn, ). We also parameterize the curves by arclength
from the origin 0 € R.

Now as in [Ang90|, a uniform bound on the curvature implies bounds
on the higher derivatives. Therefore, by the Ascoli-Arzela theorem one can
extract a subsequence of 7,(-,t) which converges on compact sets of R x
(—00,Wso) to a smooth family of curves 7.

The limit solution 74, is either closed, or unbounded and complete. We

will denote by 7, one period, possibly infinite, of 7, which satisfies

Vo ks
e 0 N = kN,
o JAQ)

where @ is the collapsing point of y(,t), and k., is the curvature of (-, ).
So |koo(p,t)| < 1 for all £ < 0 with |k (0,0)] = 1, and hence the process of
re-scaling does not allow the limit solution to be trivial, that is, a straight

line.

Lemma 3.2.1. [Alt91] For a closed embedded curve in the plane evolving by

curvature flow we have

Ok

d

— klds = —2

i), Has=-2 >
' p:k(p,t)=0

Theorem 3.2.1. v is a family of convex curves.

PROOF
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On the limit solution, f%o(. 9 |koo| ds is constant. We also have

d Ok o
— klds=—-2 > |==|.
dt ’Yoo("t) p:koo(pvt):(] 38
Hence,

Woo k

[ [5G a-o

oo ds

pkos (p)t)=0

Therefore, any inflection points for the limit curve must be degenerate (i.e.,

koo = 5= = 0). So [Ang91lb] implies that if a solution has degenerate
inflection points for any interval in time, then the solution must be a line.

Since v is not trivial, the family of curves must have no inflection points

and therefore must all be convex. 0

3.3 Limiting Shapes of Re-scaled Solutions
along Blow-up Sequences

3.3.1 Type-I Singularities

In this section we assume {(py, t,)} is type-I blow-up sequence. We will prove
that the re-scaled solutions 7., on [0,ws) of the curvature flow converge to
a solution which moves simply by homothety. It is convenient to drop the oo

symbol in this section and consider the solution as v(p,t) on [0,w).

The blow-up rate of the curvature still satisfies M; < % For cur-

vature flow in a plane, we have the evolution equation for the curvature:

9k — %3 | k3 and also |k|max(t) has a lower bound ——=—. Thus, the cur-
ot Os 2(w—t)
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vature of v is uniformly pinched between two positive constants, and so all
higher derivatives of the curvature are bounded as well.

Now we want to re-scale (-, t) near a singular point as ¢ — w, such that
the re-scaled curve remains uniformly bounded. So we define the re-scaled

solution 7 of the solution v on [0,w) by

. 7(p: 1)
7t = )
Y(p.t) 2o
where
— 1 1
t= —§1n(w—t) € [—ilnw,—i-oo) = [to, +00).
That is,
7151 X [to,OO) —>R2
and
dt 1 0
e = = 2w—t)=.
i awon o Wy
Arclength is given by
_ Ploy, -
s(p, ¢ =/ —q,t‘dq
wi)= [ |5
Differentiating,
_ 05, - oy _’ 1 Oy ‘
) = —(p, 1) = |=—(p,T)| = —(p,t
(0.8) = 50D = 30| = e | Ty
Thus,
Js 1 s 0 0
= 2w —t)=—.
dp /2(w —t) dp Js 0s



Hence we have the following operators:

0 0 0 0
Therefore,
v d gl
e — ) — | — L
or = )6t< 2<w_t)>
vy g
= 2w —-t)= +
L T ey
%y
= 2(&)—15)@4—’7
_ 0 (oY) -
_ag(as)ﬂ'
But,

%: 2@-@%( 2(3-@)2 2@-1&)%%( Z(Z—t)>
1 167_@

V2w—tvdp 0s’

so the re-scaled solutions satisfy the equation

=2(w—1)

oy 0 _
% o T

The curvature of the modified solution is

k(p, 1) = /2(w — t)k(p,1).

Since we are assuming the forming singularity is type-I, the curvature EQ(-, t)
is uniformly bounded, and all higher derivatives of the curvature are bounded

as well.
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Monotonicity and self-similar solutions

Huisken [Hui90] proved a general monotonicity formula for hypersurfaces
moving by mean curvature flow. Then he used the monotonicity result to
show that singularities satisfying the growth rate estimate M; < % (type-1),
are asymptotically self-similar. As in [Alt91], we apply the Huisken mono-
tonicity formula for the curves evolving by curvature flow in a plane.

—_—
Let p(z,t) be the backward heat kernel at (0 ,w), i.e.,

I S e o
p(x,t) = g gy p<4(w—t))7 t<w.

In the re-scaled setting we obtain a monotonicity formula if we define the

modified kernel by

p(x,T) = e 2l T € R
We now state the monotonicity formula:

Theorem 3.3.1. [Hui90]

1. For~y, when t € [0,w), we have the formula

d / 0%y 1 1 ?
— p(x,t)ds = —/ p(x,t) + v ds. (3.27)
dt Jo (. () 0s* 2w —t)
2. For#, when t € [ty,0), we have the formula
d 2y I
— pds = —/ Pl= +7 | ds, (3.28)
dt Jy(. 7o |08
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where vt = y—~T, and y" is the tangential component of the position vector.

Proor

First we compute g—? Arclength is given by

_ Pl oy _‘
s(p,t) = —(q,t)| d
(p,t) /0 8q(q )| dq
Differentiating,
Js, - oy, -
D) = | S| = 0.1

In addition,

which implies that

Thus,
_0v
ot

%/ St
I
ik
_l’_
2

< (kN +7), @> because

_ON 0Ok— Oy 87>
= (k=—+ —N+ =, =L

< dp dp  Op Op
e 07\ |7
= (FECFT). )+
a_ — 12
il I il
op dp

— PR

Hence,



Now we complete the proof of (3.28):

i/ pds = i/ e~ 3 (TPDAPD) 5 4y
dt J5 5 dt J5¢5)
_ oy
=/ A=K+ )7+ p(-1) <77 —7>@ dp
7('70 at
[ 97| 5
= 0 — | Y= 1 — P\ 7= v S
/w(.,n _p< o] p<% 05 M> *
[ oy | "5
= —y —_— ~ — 2 N, —= -
/v(.,n p( o5 <% a§2> |
ey P o\
_/v(.,t) __p o 7 +p+p<% @> =
- B 827 B 2 B ) B 87
827 2 aﬁ 87
/’Y(~,t) os* 7 95\ 08
0%y 0%y 95
= —_— ~—o 2 5,7
/’Y(-,t) <<8_2 3§2> 5 7> +
0*y 0%y Py _. L
= -0 9 Ao 2 = 7 v
/w(-,t)[ p(<5§2 5§2>+ < 27 )T

N R
_/v(-,t) —p ﬁ*‘V —P<%£>
’Py ’
= —P |5 7| ds.
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We will use theorem 3.3.1(2) to study the behavior of ¥(-,t) as t — oo.
First notice that 7(-,f) cannot disappear at infinity. Let 0 € R? be the

blow-up point. Then we have

Iy (p, )] < / kldr
t

< (CVw —t,

and so,

Y, B < C.

Now, integrating the monotonicity formula in time gives the following lemma.

l L.
to 7(72)

Corollary 3.3.1. Ve > 0, JT < oo such that

| Lo

From the corollary above we get

Lemma 3.3.1.
2

L dsdt < co.

—1—7 d§df<e.

8—2

o*y
7|

That is,
k=<7%,—-N>.
Hence the limit is an asymptotically self-similar homothetically shrinking
solution. These are classified by Abresch and Langer [AL86], and the only

o1



embedded one is the circle. Hence if the forming singularity is type-I, then

the curve converges to a round point in the C'*™° sense.
3.3.2 Type-1I Singularities

We will now assume a type-II singularity is forming at time w. Our model
for this type of behavior is the formation of a cusp.

We will use the re-scaling from previous section. By [Alt91], the limit
solution v, exists for all time and the curvature k satisfies 0 < k£ < 1, and
k = 1 at the origin at t = 0. Therefore, by [Ham95a|, the limit is a translating

soliton. It is then necessarily the graph y = f(z,t) of a function where

dy _ 0 e o
ot oz " (835) =1

which is solved to give the grim reaper
y =t + In(secx).

In the grim reaper, a horizontal line segment has length L < 7, while if it is
high enough, it encloses an arbitrarily large area A;, while there is still an
arbitrarily large area A, on the other side if we go out far enough. If the
grim reaper is to be the limit, then the original curve comes arbitrarily close
to it after translating, rotating, and dilating; all of which do not affect the

constant G. But then we must have G — 0, which is impossible.
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Thus we have proved the following main theorem.

Main Theorem. Let v be a closed embedded curve evolving by curvature
flow on a smooth compact Riemannian surface. If a singularity develops in

finite time, then the curve converges to a round point in the C* sense.
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Chapter 4

Distance Comparison
Principles for Evolving Curves

Huisken [Hui98| showed that the curvature flow of an embedded curve in a
plane converges smoothly to a round point by using a distance comparison
principle to measure the deviation of the evolving curve from a round circle
and to eliminate type-II singularities for the curvature flow.

From Chapter two, we know that when a closed curve evolves under the
curvature flow in a surface, the solution remains smooth and embedded as
long as its curvature remains bounded. If a singularity develops in finite time
then the curve shrinks to a point. So when ¢ is close enough to the blow-up
time w, we may assume that the curve is contained in a small neighborhood
of the collapsing point on the surface. Now by theorem 2.3.5, using a lo-
cal conformal diffeomorphism ¢ : U(C M) — U’ C R? between compact

neighborhoods, we get a corresponding flow in the plane which satisfies the

o4



following equation:

8”}// . k' VNJ ,
a—(ﬁ— J2>N’ (41)

where +'(p,t) = ¢(v(p,t)), k' is the curvature of 4/ in U’, and N’ is the unit
normal vector.

In this chapter, we will apply Huisken’s techniques to the flow (4.1) in R?
which corresponds to the curvature flow in a surface.

We define the extrinsic and intrinsic distance functions

d,[:TxTx[0,T] =R

d(p,q,t) = |v(p, t) —v(q,t)|r2,
and

l(p,q,t) = /q ds; = s1(q) — s¢(p),

where I is either S' or an interval. Notice that 0 < ch < 1, with equality on
the diagonal of I' X I' or if ~ is a straight line. The ratio %l can be considered

as a measure for the straightness of an embedded curve.
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4.1 Comparison between Extrinsic Distance
and Intrinsic Distance

In this section we will prove our next main result, that under the parabolic
flow (4.1), the ratio % improves at a local minimum. This proves that em-
bedded curves stay embedded for this parabolic flow.

Lemma B. Let v : I x [0,T] — R? be a smooth embedded solution of the
flow (4.1), where I is an interval such that | is smoothly defined on I x I.
Suppose %l attains a local minimum at (po, qo) in the interior of I x I at time
to € [0,T]. Then

d (d
% (7) (po,Qo,to) 2 07

with equality if and only if v is a straight line.

PRrROOF

We may assume, without loss of generality, that py # qo, and s(qo, o) > s(po, to)-

Since % attains a local minimum at (po, qo), we have

5(¢) (%) (Po; g0, to) =0, and  §%(€) (%l) (Po, 4o, to) > 0, (4.2)

where §(¢) and §2(£) denote the first and second variation with regard to the

variation vector £ = vy @ v € Ty Vo D Lo Veo-
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€2

o

Po

We have

5(€) (C—Z) (P qo, to) == % B

l
where
a,(0) = v(po, to) and a,(0) = v1 € Ty Vi,
ag(0) = v(qo,to) and aj(0) = vy € Ty,
Also,
d d? d
2 a — & a
#) (5) anto) = 75| () @l eatrt
Let
v vy ¥(q0,t0) — 7(Po; to)
€1 ds (Po,to), €2 Ds (q0,t0), and w d(po, 0, o)
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Then using (4.2), we will show that (w,e1) = (w, e2) = .

First, calculate d(ey @ e2)d(po, qo, to):

L d(ay(7), () 10) = -1/ () = (), () — ()

dr
(ap(7) — ag(7), ap(T) — (7))

~ 0n(7) = (), ap(7) — g7}

Therefore,

5(61 @Gz)d(po,(m,to) = d(Oép(T),O!q(T),to)

E 7=0
_ (05(0) — ag(0), ap(0) — ag(0))
d(po, qo, to)
= (e1 — €2, —w) . (4.3)

Assume £ = e; P 0:
Then using d(e; & 0)d(po, o, to) = (€1, —w) and

d(e1 @ 0)l(po, qo, to) = %\Tzo(l(poj%,to) —7) = —1, we get

0=24(e; ®0) (%i) (Po» o, to)

1(po, qo, to)d(e1 @ 0)d(po, qo, to) — d(po, qo, to)d(e1 ® 0)I(po, qo, to)
l2

l{e1,—w) —d(—1)
[2 '

Hence,

(w,e1) = . (4.4)
Assume £ = 0@ es:
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Then using 6(0 @ e2)d(po, qo, to) = (—e2, —w) and 6(0 @ e2)l(po, o, to) = 1,

we get
d
0= 5(0 ©® 62) (7) (pO; qo, t(])

[ {eq,w) —d(1)
= l2 9

and hence,
d

(w,e2) = 7. (4.5)

Then either e; = ey or e; # e5. Notice that in the later case e; + ey is parallel
to w.
Case 1: e; = e5. In this case, we choose £ = e; @ es.

Since “L1(0,(7), g (7), t0) = 0, we have 6(¢)(I) = 0. Hence,

080 (7) vt = 75| (5) @olrhontr)o
d| lEd—dEl 4| 1d
A = W v
- 2 [ e = i) k) = )
= [ (lldd)Q (Cap (1) = ag(7), (1) = aq(7)) + (g (7) — ag(T), ap(7) — (7))

+(1;)2 <O/p(7—) - 0421(7), ap(T) — ozq(r)> d%(ld)}

7=0
1

g — . ’ ’
=7 < k (po,to) — k (qo, o), —w> Since o, (0) — a,(0) = 0.

Thus,
— —
(0, F (g0, t0) = & (po,t0)) 0. (4.6)
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Case 2: e; # e5. In this case, we choose £ = e; O es.
Since Li(a, (1), ag(7), to) = <L (I(po, go, to) —27) = —2, we have §(£) (1) = —2.

Thus,

d d’
0 S 52(6) (7) (p(bQO»tO) = P

. (le) (ap(7), ay(7), o)

_d| lkd-ddl
dr|__, 12
d 1 2d

T L entn e, o) = antr)) + 5

— [%;2 ({ap (1) — i (1), al (1) — (7)) + (e (1) — @l (T), o (T) — g (7))

, , d d 202Ld — 2d.21. L1
_(ld)2 <ap(7') — (1), ap(T) — aq(7)> (lEdﬁL dal> + ( d 7 d )] y

/- - | , 1
= —</€(P0,750)— k (qo.to), —w>+m|61+€2| + — (e1 + €2, w)

{ 12d
2 4d
(I {e1 + €2, —w) — 2d) + B (€1 + €9, —w) — 1—3(—2)
1 — — 1 1
=7 <W7 k (qo,t0) — k <p07t0)> + H|€1 + €2|2 T (€1 + e, w)2
4 d
—l—2<€1+€2, w>+l—3
1

=7 <w, ?(QOatO) - ?(poato)> :

The last line follows from (w, e; + ey) = 27‘17 which implies that
—Alertes, w)=—39 Alsow | e + e gives (e1 + ez, w)* = |e1 + e2f?, and
s0 4 (e1 + e, w)? = Zler + e,

Hence,

<w, ?(QOatO) - ?(po,to)> > 0. (4.7)
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We now use the evolution equation (4.1) to compute % (%) (po, qo, to)-

d (d 14d—ddl 14 dd
(= ) = dt— Tt — g 7]
dt (z) (Po, 40, t0) 2 Lat T rat

we have

d d
Ed(pm qo.to) = E\/ﬁ(po, to) — Y(qo: o), 7 (Po, to) — V(4o to))

<%Z(poyto) - %(%Jo);’)’(poato) — (g0, t0))
d<p07QO7t0)

<8 (po, to) — gZ(quto) >
<(J£ - V]\;J) N(po,to) — (% - %) N(qo, to), —W> :

and

d d 1 k VnJ

—l = ds;=— | k| — — d

dt dt/p o /p (J2 J? ) !
Since (w,e1) = (w,e2) = 4, let @ = L(w,e1) = L(w,ez) with 0 < a <
w/2. Then (w, N(qo,t0)) = sina and (w, N(po,tp)) = —sina. Since

<w, ?(qo,to) — ?(po,t0)> > 0, we have k(po,to) + k(qo, to) > 0. Therefore,

k \ \

dt

61

d k . .
oo t0) = (J5om o) + Gt ) sina= (0 o) + ¥ a1 ) sin



Hence,

i gl ( t)
1d dd
= d

T ldt PRdt
= 7 ((ﬁ(p(),to) + ﬁ(q(); t(])) - (J—J\;(p(],to) + L;\; (q07t0))) SN «v

d [1? k- VnJ
+l_2\/l;k:<ﬁ_ JZ)dSt

d 1 d 1
[(k’(p(), to) + k?(qO, to))Cl - 202] sin a + l_QCI / k‘2 ds — l—202/ kds
p p

)
) q 92 4i a
- {Sma(k(po,to) + k(qo,t0)) + l%/ k? ds] Ci — [ Slané —I—% kds] Cs,
v p

i 1 Vnd
Ol:m[}n(ﬁ)’ CQ:m[E}X( NE )

If to is close enough to the blow-up time w, we can make C approach 1
and Cy approach 0. Since qu k*ds > 0, and 2o 4 4 qu k ds is bounded, we

have % (%) (po, 90, to) > 0. O

4.2 Deviation of the Evolving Curve from a
Circle

Now let v : ST x [0,7] — R? be a closed smooth embedded curve moving
by the flow (4.1). Let L(t) be the total length of the curve. The intrinsic

distance function [/ is now only smoothly defined for 0 < [ < % We define
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the smooth function

P St x ST x[0,T] - R

by

L) . (Up,qt)r

: t) = —=sin| ——— | .
Yi(pgt) = — < L)
Ir

So the isoperimetric ratio % =4 ( , (Ll,T)) — 1 on the diagonal of S! x S* and

sin T
% = 1 on any circle. We now prove our last main result: the ratio % improves

at a local minimum under the parabolic flow (4.1). Therefore, it plays the
role of an improving isoperimetric ratio that measures the deviation of the

evolving curve from a circle.

€2

do

Po

Lemma C. Letv:S' x [0,T] — R? be a smooth embedded solution of the

flow (4.1). Suppose % attains a local minimum (5)(po, qo,t0) < 1 at some

<l
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point (py, qo) € S* x St at time ty € [0,T]. Then

d [d
i (E) (Po, g0, to) > 0,

with equality if and only if% =1 or (S, ) is a circle.
PROOF

L(to)

We may assume, without loss of generality, that 0 = s(po, o) < 5(qo, o) < =5,

such that I(po, qo, to) = s(qo, to) — s(po, to). Since % attains a local minimum

at (p()u QO>7 we have

(8 (&

where 6(€) and §?(¢) denote the first and second variation with regard to the

5(&) (ﬁ) (Po: qo, to) = 0, and  6%(¢) (ﬁ) (po, o, to) > 0, (4.8)

variation vector § = v1 @ vo € Tp Ve, @ Tyt Let

0 8
‘= 3_Z<p0’t0)’ €2 = 1(QO7t0), and w =

Y(q0,t0) — ¥ (Po. to)
Os )

d(po, qo, to)

Then using (4.8), we first show that (w,e;) = (w, e9) = %cos(lf).

Now from (4.3), we have

d(e1 @ e2)d(po, qo, to) = (€1 — €2, —w) ,

and



Assume £ = e; @ 0: Then

0=0d(e; ©0) (g) (Pos qo, to)

Y (Po, o, to)d(e1 ® 0)d(po, qo, to) — d(po, o, to)d(ex & 0)1(po, qo, to)
2

_Yler, —w) — dcos(&F)(—1)
P2 ’

and hence,

(wre1) = cos (f> . (4.9)

Assume £ =0 es:

(0
W (eg,w) — dcos(lf“)(l)

= 7 ;

0=25(06 es) (ﬁ) (Pos qo, to)

and hence,

e = e (1) w0

Then either e; = e; or e; # e5. Notice that, in the later case, e; + es is
parallel to w.

Case 1: e; = e;5. In this case, we choose £ = e; D es.
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Since L) (a,(7), ag(7), to) = 0 we have §(£)(¢)) = 0. Then

00 (£) maot) = 32| (5) (@ eutrn
d Vkd—ddy  d 1d
Cdrl, WP dr| g vdr
— ] G - e, apte) - (o)
_ | v o (1) —a (), o (1) = (T (1) — (7)), a,(T) — a,(T
= | ) = ) ) = ) + () = (e, ) — ()
! 1) — (1), ap(T) — (T 4
+W <ap(7_) q( )7 p( ) q( >> d7<¢d):|T0
= i <?(p07t0) - ?(QO,to), _w> Since Oé;(O) - 041(0) =0.
Thus,

<w, ?(QOatO) - ?(Po,to)> > 0. (4.11)

Case 2: e; # e,. In this case, we choose £ = e; © es.
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Since “Lip(ay,(T), ag(7), t0) = cos(2)<L(I(po, qo, to) — 27) = cos(F)(-2), we

have 6(€)(¢) = —2cos(Z). Then,

080 (£) maoto) = 32| (§) (@ eutron
d Lg—dL
a E 7=0 ¢2
d d I
= » [ﬁ (a(T) — (1), ap(T) — g (7)) + % cos <f)}
—ﬂ o (r)—a (r), o (1) —a (T (1) = (7)), a,(T) — a,(T
_ [(W (b (r) = al(7), ab(r) — al(r)) + (ali(r) — ali(7), ap(r) — ag(7)))
L, , d d
e (o) = @ r) anl) = ay(m) (w5 + d o)

(o (2) () o) oo (B) ()

1
(g0, t0), —W> + —d|€1 + €2|2 + @ (€1 + eg, w)

(w (€1 + €9, —w) — 2d cos (h)> + ;‘Zj—zsi (h) + %c S (lw) (€1 + ea, —w)
4

=|

= $<w, ?<QOat0) —?(po,to)> ¢d|el+€2| 1/1(1 (€1 + e, )2

4 o (l?T) (61 + e, ) + 4dm? <Lsin (lw)) 8d cos? (l?T)
= P T e ¢ v\ L

1 * bl
_ @<w, K (q0,t0) — k<p0’t°)> * Lﬂw

The last line follows from (w, e; + e3) = %d cos ( ), which implies that

—% cos (&) (e1 + €2, w) = —fz—%l cos? (£). Then w || e + e, gives

(e1 + e, w>2=|61—|-62| and so w (e1 + ea, > :¢—d’€1+62‘.
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Hence,

— — 2
7 (o Flansto) = F (oo, ta)) + 4;5 >0, (4.12)

We now use the evolution equation (4.1) to compute % (%) (Po, 90, to)-

T\ (Poﬂo,to) Zdt—th:—_d__Q_ )
dt \¢ (0 vdt Y2 dt

We have

d d
—d(po, qo, to) = E\/ﬁ@o,to) — Y(4o: to), ¥(Pos to) — V(4o to))

dt
<%(p0,t0) - %(%Jo)/)’(poato) — (g0, t0))
d(po, qo, to)
0 0
= <a—Z(p0,t0) — 6_Z(q0’t0)’ —W>
k VnJ k VnJ
= < 7T ) N (po,to) — (ﬁ - 7) N(Qo,to)y—w>,
and
d@/}_LCOS I d (1 —I—dLlsn I
dt 7 L) \L) " a7\ L

I L] —14p, 1 I\ dL
:LCOS(W> %)‘F}Slﬂ(%)a
d

(e () e ()) (T
P \T) T TN\T)) Je I\ )
Since (w, e1) = (w, e2) = 4cos(i2), let @ = L(w, €1) = L(w, e2) with 0 < a < 7/2.
Then (w, N(qo,t0)) =sinc, and (w, N(po,to)) = —sina. Therefore we
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have

d (d .
E (E) (p07q07 0)
= 1d d — ii¢

Cgdt YRt
k k T 7
= % ((ﬁ(po,to) + ﬁ(QOatO)) - (VJLQ(Z?O,M) + VJ—]\;((]o,to))> sin «

S— \/
—
Q
T
P?A

[\
QL
[V}
|
Q
T
™
QL
V)
| I |

d I T,
+Ecos(f>/p k2 ds

Since
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we have

If ¢4 is close enough to the blow-up time w, we can make C approach 1 and

Cy approach 0. We also have [ k?ds > 0. We now consider case 1 and case

2 separately to show 4 (%) (po, g0, to) > 0.

Case 1: ¢; = ey. Since (w, ?(qo,to) - ?(po,t0)> > 0, we have k(po, to) +

k(qo,to) > 0. Hence, 4 (%) (o, g0, to) > 0.

Case 2: e¢; # ey. Since %<w, ?(qo,to) — ?(po,t0)> + i@ij > 0, we have

2 (k(po, to) + k(do, o)) > — s

d 1 l cos lm / 12 ds 4r2d S _47r2dl o8 lm
3 b L)) )" T T2y = TR L)
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Using the claim, we have

d [(d

a0 (E) (Po> q0, to)

Z{ 4;254—%005(%) /qkrzds
a1t (2)
YL (0 L

2sin a d I a d ) I

—{ 2/} +ECOS<Z)/IJkds—i_w_L(l_ECOS(f))/slkds]CZ

[ ()i S ()]

2 si d [ d l l

e (3) [ re iz (g (3)) e e

q 272
[ ) (fro
p
2sin a d I d d ) I

B d 2o s [ kds| Cs.

2 e g (7) [ g (1 5o (7)) [k

By the Holder inequality,

q q 2 4 2l2
z/ k2dsz(/ |kyds) > 40% > =
p p L

The last inequality is true since cosa = (w,e1) = (w,ey) =

cosa < cos(f”) = a > l—” Hence, % (%) (po, qo, to) > 0.
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We now prove the claim:

i (1—iCOS

)) [ weas-

Am?d d ) I
L2’¢ Z ¢_L ]_ — ECOS f
B 4m2dl [ L l
- P22 _1_2 "
Am2dl [y (L
=z |7\ !
Ar2dl [ L I
e |11\ T
_ 4m2dl _sin(lf) L
el R
N 4Ar2dl -cos l_7r B
Lt | L
B _47r2dl cos l_7r
22 L
B _47T2dl lm
= L coS 7 )

The distance comparison principles thus established immediately rule out

slowly forming (type-1I) singularities for the flow, where the ratios estimated

above tend to zero. Thus, using only the known classification of possible sin-

gularities, we have again proved the main theorem using distance comparison

principles.
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