1 Introduction

We consider the Hull-White model with constant variables. In this model
the interest rate r; satisfies the following stochastic differential equation
(SDE):

dry = odW; + (6 — ar)dt (1)

where 0,6, and « are constants.
By solving this SDE, we will get,
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The price of a discount bond at time ¢ with expiration time T is,
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2 Computation of Vj
Some of the computations will be done with the help of Maple software.

The price of a call option at time s, with strike price K, and time of
maturity ¢, on underlying bond with time of maturity 7, is,

Ve=B.E (B ' (P(t,T) - K)" | Fy) (8)

Where, 0 < s <t <T.
First we compute Vj , and then using the Markov property we get V;
from our expression for Vj.

We have,
Vo=E (B (P(1.T) - K)*) (9)
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Since B, = elo "% we first compute Jo Tudu.
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P(t,T)— K > 0 if and only if r < % if and only if

fot e““dW, < D, where

D(t,T) = ezt <A(t’£2t7_Tl§’gK) - é (ro + g (e — 1)) (13)

Now we will compute B; ' P (t,T) and B;'K.



and
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where G(t,7T),

G(t,T) = C(t) + A(t,T) — B(t, T)e~** (m + g(e—at - 1)) (16)
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Let X = [)e®dW, and Y =W, - 250X,
Then we easily see that E(X) = E(Y) =0 and Cov(X,Y) =
E(XY)=0. Since (X,Y) is a Gaussian vector, we have that X and Y

are independent Gaussian variables.
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V(ZT(X) = (UX)2 — 622;_1 and V&T(Y) = (UY)2 — t+(3t7—1) (1 _ 2622%1)
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Substituting X and Y in equations (14) and (15), we get,

B'P(t,T) = exp (G(t, T) - gY +A(t, T)X> (17)
where
B(t,T) = Zw 4 et <; _ B(th)> (18)
B'K = K exp <C’(t) - gY + ’y(t)X) (19)
where
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Y(t) = o B(X?) + ae_at (20)

Now we get that E (B; ' (P (t,T) — K)*) =1, — I, where,
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Now we can write I;and I as
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Suppose now that X ~ N (O, 02), then
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where @ (z)= % I ez ds =P(N (0,1) < 2)

We use the above formula to compute the integral with respect to x and
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After lengthy and tedious computation we can obtain that
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Therefore by using the Markov property we get,
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3 Conclusion
We observe that the formula for Vi is similar to the usual Black-Scholles

formula for a stock.



