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Abstract

In this paper, we extend Grayson’s theorem [Gra89] on curvature flow of embedded
curves in a compact Riemannian surface. The main result is a new proof of a theorem of
X. Zhu that, if a singularity develops in finite time, then the curve converges to a round
point in a C* sense. The proof will extend Huisken’s distance comparison technique
for curvature flow of embedded curves in the plane [Hui98].
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1 Introduction

Let v be a closed embedded curve evolving under the curvature flow in a compact surface
M. If a singularity develops in finite time, then the curve shrinks to a point [Gra89].
So when t is close enough to the blow-up time w, we may assume that the curve is
contained in a small neighborhood of the collapsing point on the surface. Using a local
conformal diffeomorphism ¢ : U(C M) — U’ C R? between compact neighborhoods,
we get a corresponding flow in the plane which satisfies the following equation:

o' k' VnJ
m(ﬂtﬂ N’ (1)

where v/ (p, t) = ¢(y(p,t)), k' is the curvature of 4/ in U’, N’ is the unit normal vector,
and the conformal factor J is smooth, bounded and bounded away from 0.

We define the extrinsic and intrinsic distance functions
d,l:TxT x[0,T] - R

by
q

d(p.q.t) = (p.t) — 7(a. Dlge wdlm%ﬂZ/d&Z&@—&m

where T is either S! or an interval.
We also define the smooth function

Y8t xSt x[0,T] = R



by

P (p,g,t) = L7(Tt) sin <l(piq(;;f)7r> .

We use the distance comparison % and % to prove the following theorem.

Main Theorem. Let v be a closed embedded curve evolving by curvature flow on a
smooth compact Riemannian surface. If a singularity develops in finite time, then the
curve converges to a round point in the C*° sense.

This extends Huisken’s distance comparison technique for curvature flow of embed-
ded curves in the plane [Hui98]. Hamilton used isoperimetic estimates techniques to
prove that when a closed embedded curve in the plane evolves by curvature flow the
curve converges to a round point [Ham95b], and Zhu used Hamilton’s isoperimetric
estimates techniques for asymptotic behavior of anisotropic curves flows [Zhu98].

2 Evolving Closed Curves in a Surface

Grayson [Gra89] and Gage [Gag90], generalized the study of curvature flow of closed
curves in the plane to that in surfaces. The curvature flow is a gradient flow for the
length functional on the space of immersed curves in the surface M? with Riemannian
metric g.

Let (M, g) be a smooth compact oriented 2-dimensional Riemannian manifold with
bounded scalar curvature. Let 7o : S — M be a smooth embedded curve in M and let
v : S x [0,w) — M be a one-parameter smooth family of embedded curves satisfying
(+,0) = 9. If v evolves by curvature flow, then

Oy
5 PO =k, N (1), (pt) € St x [0,w), (2)
where k is the geodesic curvature of v and N is its unit normal.

Arclength is given by

Oy

P
s(p,t) = —(q,t)| dq.
(p, 1) /0 8q(q )‘ q
Differentiating,
Js 0y
= (p,t) = |=(p,t)| = v(p, t
ap(p, ) ’ap(n )‘ v(p;t)
9] 10
;\78375781)7 and ds = vdp.

From the Frenet formulas, we have
Vs T'=kN and Vi N = —FkT.

Now we recall some standard results for the evolution [Gra89].

Lemma 2.1. For the curvature flow:

1. The speed v evolves according to % = —k%v.
9 91_120
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3. ViT = %N and V,N = — 25T
- dL _
4. The arclength L of the curve evolves according to <7 = — f% k2ds.
5. ViVs=V,V; +k*V, — kR(T,N).
6. The curvature k of the curve evolves according to % = % + k3 + Kk, where

K = (R(N,T)T,N)) is the Gaussian curvature of M restricted to (-, t).

Theorem 2.1. [Gra89] A closed embedded curve moving on a smooth compact Rie-
mannian surface by curvature flow must either collapse to a point in finite time or else
converge to a simple closed geodesic ast — oo.

Grayson proof was rather delicate, requiring separate analyses of what may happen
under various geometric configurations, and special arguments for each cases. First he
showed that the solution remains smooth and embedded as long as its curvature remains
bounded. He then proved that if a singularity develops in finite time, then the curvature
remains bounded until the entire curve shrinks to a point. Finally, he proved that if the
length of the curve does not converge to zero, then its curvature must converge to zero
in the C'* norm and that the curve approaches a geodesic in the C*° sense.

In this paper, the proof has been simplified using distance comparison techniques
to rule out certain kinds of singularity and we extend Grayson’s theorem [Gra89] by
showing that if the curve shrinks to a point, then it shrinks to a round point in a C*°
sense. Since the curve does shrink to a point, we can transform the curvature flow in
surfaces to a corresponding flow in the plane (more general than the curvature flow in
the plane per se). In a series of papers, Angenent [Ang90, Ang91b, Ang91a] developed
a more general theory of parabolic equations for curves on surfaces. We now summarize
some of the important results of Angenent that we will need.

2.1 Parabolic Equations for Curves on Surfaces

Consider a closed curve evolving by an arbitrary uniformly parabolic equation,

oy
ot
on a smooth oriented 2-dimensional Riemannian manifold M, and denote its unit tan-

gent bundle by SY(M) = {£ € T(M) : g(&,€) = 1}. Then the normal velocity is

vt (pa t) = V(Tv k) (pv t) = V(T’Y(pvt)’ k’Y(Pvt))’

for some function V : SY(M) x R — R which satisfies:

V(T,k)N, 3)

Vi) V(T,k)is C*',
oV

o <
Vo) A —ak—)\’

(V1)

(V2)

(V3) |V(T,0)| < p forall T € S*(M),
(Vi) |[V"V|+ [EV°V] < v(1 + E?),

( ) V(_T7 _k) = _V(T7 k)a



for positive constants A, u, and v.

The tangent bundle to S (M) splits into the Whitney sum of the bundle of horizontal
vectors and bundle of vertical vectors. V*V and V"V denote the vertical and horizontal
components of V(V) (holding the second argument of V fixed).

These assumptions on V' are necessary to make the set of allowable initial curves
as large as possible, and necessary for the short-time existence of the solutions. The
way in which maximal classical solutions can become singular (limit curves) is based
on these assumptions on V' and the initial curves. Our application of this theory will
be for the flow given by V(T,k) = (45 — ¥%Z), where J(z,y) is a smooth bounded
function that is also bounded away from 0. We will see that the curvature flow in a
surface corresponds to the flow with this normal velocity in a plane.

Lemma 2.2. For the flow (3):

1. The speed v evolves according to % = —kVo.
2. 2, 2]=kVE.

. VT =9%%N, and V,N = —2XT.

3

4. The arclength L of the curve evolves according to & = — f% kVds.
5. ViVs =V Vi +kVV,—VR(T,N).

6

. The curvature k of the curve evolves according to g’“ = V 4+ KV, where

K = (R(N,T)T,N)) is the Gaussian curvature of M restmcted to y(-,t).

7. The enclosed area A of the curve evolves according to & ﬁ =— f% Vds.

We now state the main result from [Ang90] and [Ang91b].

Theorem 2.2. Let V satisfy (V1) — (Vs), and let v : S* x [0,w) — M be a mazimal
classical solution of (3) which becomes singular in finite time. Then the limit curve v*
of the v(-,t) either has fewer self-intersections than any of the v(-,t)’s, or else the total
absolute curvature of the limit curve drops by at least .

Oaks [Oak94] improved Theorem 2.2 by showing that the latter case never occurs.
So if the initial curve is embedded, and the singularity develops in finite time, then the
curve shrinks to a point. So when t is close enough to the blow-up time w, we may
assume that the curve is contained in a small neighborhood of the collapsing point on
the surface.

Now from the following theorem, it is enough to work locally in R2.

Theorem 2.3. [Oak94] Let ¢ : U(C M) — U’ C R? be a conformal diffeomorphism
between compact neighborhoods. If V : S1(M) x R — R satisfies (V1) — (V5), then there
is a function V' : SL(U’) x R — R which satisfies (V1) — (V) such that whenever v(p,t)
is a curve in U evolving by (3), 7' (p,t) = ¢(v(p,t)) satisfies 5 a'y =V/(T',K')N', where
T’ and N’ are the unit tangent and normal vectors, and k' is the curvature of v in U’.

Moreover, V(T,k) = J(p)V'(T', k') and ds = J(p)ds’, where J(p) > 0 is smooth,

bounded, and bounded away from 0.

The metric in U can be written as

g = J*(z,y)(dz® + dy?),



where the coordinates in U are obtained by ¢ 1. Because U’ is compact, J(z,y) is both
bounded{ and bqurlded away from O. ) )
Let % and 8% be the coordinate vector fields on U, and let X = %a%, andY = %8%‘
Then X and Y are unit vectors. Since ¢ is conformal, ¢.(N) = %N . So 4/ evolves by
the equation:
o' 1
— = (=V)N'.
ot (J )
Therefore, V' = %V.
We next show that k' = kJ + V v J. First, we need the following lemma.

Lemma 2.3.

vix=_ Ty gy =Ty
J J
vex =YXy gy oYXy
Proor
Since 0 = [£, Z] = [JX, JY], we have V;xJY = Vv JX. Therefore, JVxY +

(VxJ)Y = JVyX + (VyJ)X. Since VxY 1Y and Vy X 1X, we get VyV = 22X
and Vy X = %Y. The other two formulas follow from differentiating (X,Y) = 0
with respect to X and Y. O

Let 6 be the angle T makes with X in U. Then

T =cos0X +sinfY, N = —sinfX + cosbY.

Thus,
VTX:*COSQ¥Y+SHI9MY
= (_v;']cosﬁ—‘,— V§J81n9> Y,
and VydJ VxJ
VrY = (YCOSH— X sin@) X.

We have V70 = %k’. Then

kN =+" =V7T =Vr(cos0 X +sinfY)
/

. k' VydJ VxdJ . k
= —slnﬂ(j)X + cosd (—J cosf + 7 bln@) Y + cosﬁ(j)Y

+ sin 6 (v?]/JCOSH - VxJ

sin 9) X

!/
— ((k] + Y5 Gne - V§J cos@) N,

J



and thus,

!
k:z(lf]—&—v);']si 0 — JCOSG)
K1
=7 jVNJ.
That is,
K =kJ+VnJ. (4)

J is bounded away from 0 and both J and VyJ are bounded. So lim;_,, |k(p,t)]| is
unbounded if and only if lim;_,, |k’ (p, t)| is also unbounded.

When V = k, i.e., for the curvature flow in a surface M, we have V' = %V = % = ’j—; - Vﬁ'].
So the curvature flow in a surface corresponds to the following flow in R?:
o' K VnJ
— == - ——|N. 1
ot <J 2 J? (1)

3 Distance Comparison Principles for Evolving Curves

Huisken [Hui98] showed that the curvature flow of an embedded curve in a plane con-
verges smoothly to a round point using his distance comparison principles to eliminate
type-1I singularities for the curvature flow and also measure the deviation of the evolving
curve from a round circle.

From [Gra89] when a closed embedded curve evolves under the curvature flow in a
surface, the solution remains smooth and embedded as long as its curvature remains
bounded. If a singularity develops in finite time then the curve shrinks to a point. So
when ¢ is close enough to the blow-up time w, we may assume that the curve is contained
in a small neighborhood of the collapsing point on the surface. Now by theorem 2.3,
using a local conformal diffeomorphism ¢ : U(C M) — U’ C R? between compact
neighborhoods, we get a corresponding flow in the plane which satisfies the following
equation:

oy (K VnJ
= (- M

where ~/(p,t) = ¢(y(p,t)), k' is the curvature of 4/ in U’, and N’ is the unit normal
vector.

In this section, we will apply Huisken’s techniques to the flow (1) in R? which
corresponds to the curvature flow in a surface.

3.1 Comparison between Extrinsic Distance and Intrinsic Dis-
tance

We define the extrinsic and intrinsic distance functions
d,l:TxIx[0,T] - R

by
d(p,q.t) = [y(p.t) — v(q, t)|r2,



and

l<p,q,t>:/qut:saq)—st(p),

where I is either S* or an interval. Notice that 0 < % < 1, with equality on the diagonal
of I' x I or if v is a straight line. The ratio % can be considered as a measure for the
straightness of an embedded curve.

We now prove that under the parabolic flow (1), the ratio % improves at a local
minimum. This proves that embedded curves stay embedded for this parabolic flow.
Lemma A. Let v : I x [0,7] — R? be a smooth embedded solution of the flow (1),
where I is an interval such that 1 is smoothly defined on I x I. Suppose % attains a local

minimum at (po, qo) in the interior of I x I at time to € [0,T]. Then

d [d
pn (l) (po, qo, to) >0,

with equality if and only if v is a straight line.
Proor

We may assume, without loss of generality, that pg # qo, and s(qo,t0) > $(po,to).
Since % attains a local minimum at (pg, go), we have

€ (7) tnanato) =0, and #(6) (§) Gmanate) 20, )

where 6(¢) and §2(€) denote the first and second variation with regard to the variation
vector £ = v1 D v2 € Ty Ve D Lo Vio-

€2

Po



‘We have

d d d
5(¢) () (Pos qo, to) = ——= () (ap(T), aq(7), o),
I dr| _,\1 )\
where
O‘,’D(O) =7(po,to) and a;(O) =1 € TpeVto;
Qq (0) = 7(qo, to) and O‘f} (0) =2 € TQO’ytO'
Also,
d d? d
PO (F) nanto) = 57| (§) @ulantnm)
I dr2| _ \1) '\
Let
Iy Oy v(qo,to) — ¥(po, to)

= D po, t = =~ (qo.1 d w=
e1 = 5-(po,to), e2=5-(a0,%0), and w d(po, 0, to)

Then using (5), we will show that (w,e1) = (w,es) = <.
First, calculate d(e; @ e2)d(po, qo, to):

L (o (), aq() o) = -\l (7) = (7). ap(7) — g (7)

dr
(0, (1) = (1), ap(T) — (7))

T e (1) — ag(7); ap(r) — ag(r))

Therefore,
d(e1 @ e2)d(po, qo,to) := % d(ap(7), aqg(T),t0)
7=0
_ (03(0) = 24(0), 2, (0) — g (0))
d(po, o, to)
= (e1 — e, —w). (6)

Assume £ = e; @ 0:
Then using d(e1 ® 0)d(po, qo,to) = (e1, —w) and
8(er @ 0)l(po, g0, to) = F=|r=0(l(po. qo, to) — 7) = —1, we get

0=d(e; ©0) (7) (P qo, to)

1(pos qo, to)d(e1 @ 0)d(po, qo, to) — d(po, qo, to)d(e1 ® 0)I(po, qo to)
2

l{e1,—w) —d(-1)
12 '

Hence,
(w,e1) = 7. (7)

Assume £ =0 @ ea:



Then using 6(0 @ e2)d(po, g0, t0) = (—e2, —w) and §(0 @ e2)l(po, o, to) = 1, we get

0=25(0® es) (7) (o, g0, to)

_ I{ea,w) —d(1)
2 ’

and hence,

(w, €2 = %l. (8)

Then either e; = es or e; # es. Notice that in the later case e; + es is parallel to w.
Case 1: e; = ey. In this case, we choose & = e1 @ es.
Since (0, (1), aq(T),t0) = 0, we have §(€)(1) = 0. Hence,

d d? d
62 7 ) ) = 5 5 - Oép T ,Oéq T),
08 (7) ot = 53| (7) n(rhagn)te)
_d ILd—dtl 4 1d
i AP N
- [t e e - aue)]
= {(lldd)Q (o (1) — aly(7), a(7) — (7)) + (ap (T) — ) (7), op(T) — g (7))

+@ (ap (1) — (1), ap(T) — ag(7)) ddf(ld)] =0

1 /- - .

7 < k (po,to) — k (qo,to), —w> Since  a;,(0) — oy (0) = 0.

Thus,

<W, k (qo,to) — k (po,to)> > 0. (9)

Case 2: e; # e5. In this case, we choose £ = e1 © es.



Since d%l(ap(T),ozq(T),to) = %(l(po,go,to) —27) = —2, we have §(£)(!) = —2. Thus,

d d?
0 <8¢ <l> (Po, qo,to) = )

(D @raino

d 1Ld—dii

B E 7=0 T

- e el an - o)+ 5

- [(lldd)z ((ap(1) = g (1), ey (1) — (1)) + (e (1) = g (1), ap(T) — g(7)))
X d d 212Ld —2d.21. 41

R (ap (1) — (1), ap(T) — ag(7)) (ZchH-ddTl) + ( dr -

< (po, to) — % (g0, to), —W> \61 + e’ + = (e1 + €2, w)

l2d
2 4d
(l <61 + eq, —w) - 2d) + ﬁ <€1 + ea, _w> - F(_Q)

N"—\

1 — — 1
— 7 <w, k (C]O,t()) — k (p()7t0)> + m|61 —|— e2|2 — —(e1 —|— €9, w>2

1
ld<
8d
_172<61+627w>+173

1 — —
=7 <w7 k (qo,t0) — k (P07t0)> .

The last line follows from (w, e; + e2) = Ql—d, which implies that

).

—l% (e1 + €2, w) = —%. Also w || e1 + ex gives (e; + ea, w>2 = |le1 + e2]?, and so

i (e1 + eq, w>2 = ﬁ|€1 + ea?.
Hence,

<W k (qo,to) — k (Po, to >
d
dt

We now use the evolution equation (1) to compute (%) (po, g0, to)-

d (d 14d—d<l 1d dd
(2 ) = 4t~ _“dt’ - g T
dt <1) (Po 0, to) 2 lat" " 2t

we have

d d
—d(po, qo, to) = g \/<’Y(p07 to) — (40 to), ¥ (Po, to) — ¥(q0 to))

dt
<§(po,t0) - %(QOat0)77(p0>t0) - 7((10,750)>
d(pO,qutO)

10

(10)



and

Y

d d /q 1 (k; VNJ)
— ] == ds; = —/ k|l — — ds;.
dt tJp » \J?2 J?
Since (w,e1) = (w,e2) = 4, let a = Z(w,e1) = Z(w,ez) with 0 < a < 7/2. Then

(w, N(qo,t0)) = —sina and (w, N(po, o)) = sina. Since <w, ?(qo,to) - ?(p07t0)> >
0, we have —sin a(k(po, to) + k(qo, to)) > 0. Therefore,

d k k . VnJ Vnd .
%d(pm%,fo) == (ﬂ(p07t0) + ﬂ(tho)) sin OH-( i (po, to) + ;;(%Jo)) sin av.

J2
Hence,
d (d
t
o ( )(po%]m 0)
17 d dl
l 12 dt

d
dt

k VnJ VndJ .
<— sin o ( (posto) + ﬂ(qut0)> + < JI\; (Pos to) + };(QOJOO Slna)

k. VnJ
+12/pk(J2 Jg)dst
1

. . d a d a
> — [—sina(k(po, to) + k(qo, to))C1 — 2Cy sin o] + Z—2Cl/ k? ds — Z—2C2/ kds
P

p

1 d [ d [
=7 { <— sin a(k(po, to) + k(qo, to)) + 7/ k? ds> Cy — (QSinoz + 7/ kds) 02} ,
P P

where ) V]
N
C’l—mln<J2) Cg:ml?x( 72 )

If ¢y is close enough to the blow-up time w, we can make C; approach 1 and Cy
approach 0. By the Holder inequality,

q q 2
z/ k2d52</ |k|ds> > 40% > 0.
p p

The last inequality is true since cosa = (w, e1) = (w, e2) = ¢ = cosa < 1= a > 0. So
we have —sin a(k(po, to) + k(qo, to)) > 0, 2sina+ ¢ f; k ds is bounded, and %f; k2 ds

is bounded away from 0, hence % (%) (o, go,to) > 0. O

o~

3.2 Deviation of the Evolving Curve from a Circle

Now let v : S x [0,7] — R? be a closed smooth embedded curve moving by the flow
(1). Let L(t) be the total length of the curve. The intrinsic distance function [ is now
only smoothly defined for 0 <1 < é We define the smooth function

Y8t xS x[0,T] = R

11



by

PR 103 <z<p,q,t>w> |

in

So the isoperimetric ratio % =4 (ﬁ) — 1 on the diagonal of S* x S and % =1
L

on any circle. We now prove that the ratio % improves at a local minimum under the

parabolic flow (1). Therefore, it plays the role of an improving isoperimetric ratio that

measures the deviation of the evolving curve from a circle.

€2

9o

Lemma B. Lety: S x [0,T] — R? be a smooth embedded solution of the flow (1).
Suppose % attains a local minimum (%)(po, qo,to) < 1 at some point (po,qo) € S* x St
at time to € [0,T]. Then

d (d

pn <¢) (Pos qo, o) > 0,
with equality if and only if% =1 orv(S',) is a circle.
Proor

We may assume, without loss of generality, that 0 = s(po,to) < s(qo,t0) < Lgo),

such that {(po, g0, t0) = s(qo, to) — $(po, to). Since % attains a local minimum at (po, qo),
we have

€ (5) Goriot0) =0, and #©) () o t0) 20 (11)

where 6(¢) and §2%(€) denote the first and second variation with regard to the variation
vector £ = v @ v2 € T, vty @ Ty Veo- Let

v(q0,t0) — ¥(po, to)
d(po, qo, to)

0 0
€1 = %(pOat0)7 €2 = 87’;/((107&))’ and w=

12



Then using (11), we first show that (w,e;) = (w, ea) = %cos(%).
Now from (6), we have

d(e1 @ e2)d(po, qo,to) = (€1 — ez, —w) ,

and

Assume £ = e; @ 0: Then

0=24(ey ®0) (Z) (Po, 90, to)

~ ¥(Po, 90, t0)d(e1 @ 0)d(po, g0, t0) — d(po, g0, t0)d(e1 & 0)1(po, o, to)
- 5

P (e, —w) — dcos(lf”)(—l)

P2 7
and hence,
(w,e1) I (12)
w, ey T/J cos | 7
Assume £ =0 es:
d
0=105(0 e2) (1/)) (Po; qo to)

Y (e2,w) —dcos(F)(1)

_ 2 7

and hence,

(w, e5) = %COS (lg) . (13)

Then either e; = es or ey # es. Notice that, in the later case, e; + es is parallel to w.
Case 1 e1 = ez. In this case, we choose £ = e; @ es.
Since £4)(a,y(T), aq(T), o) = 0 we have §(£)(¢)) = 0. Then

0@ (§) toant = 3] () @inantre

_d| Ygd-dgy _d| 1d
dr| _, o2 Tl wdr

= [ e - el ) - )]

— [ (el () = ). () = ) + ) — ). ylr) = )
+w;2@uﬂ%w»%v>cMﬂxiwwLﬂ
1

= 5 (Flwo,t0) = F(ao o), ) Since o, (0) — a}(0) =0.

13



Thus,
— —
(w0, & (q0,t0) = & (po.t0) ) > 0. (14)

Case 2: e1 # es. In this case, we choose £ = e; © es.

Since -1 (ap(7), g (1), t0) = COS(T) - (1(po, g0, to)—27) = cos('F)(—2), we have 6(¢)(¥) =
—2cos(‘Z). Then,

2
086 (§) moannto) = 33| (§) (0p(rau(r)o
_d| vd-di
dr 7=0 ¢2
d

= [wld (g (1) = af (1), ap(r) — ag(7)) + ZTZ o8 (lgﬂ

— | () = a4, a4l) = (1)) + () = 4. plr) = ()

_@ <a;)(7—) - 06;(7—), Olp(T) — aq(7—)> <1/}dd+ ddw)

() () () (SRR

1 /— — 1
= 5 (F o t0) = Flao,to), ~w) + Joler +eal’ +

1/12d (e1+ €2, w)

(1/1 (e1 + €2, —w) — 2d cos <2>) 1/J2L si (ZEJT) + % cos (ZZ) (e1 + €2, —w)

— %(—2) cos? (T)

= i <w7 ?(QOvtO) - ?(povto)> 1/Jd|el + ea|? — w (e1 + e, w >2
4

cos <Z7T> (e +e w)—l-;ldw Lsin I 8d cos? In
w2 \L) T z/ﬂﬂ(w <>) ¢ <>

472d
L2y’

1 — —

= E <w7 k (QO7t0) -k (p07t0)> +
The last line follows from (w, e; + 62> = %Zi cos ( ) which implies that
_ﬁ cos (&) (e1 + €2, w) = —i—g cos? (). Then w || e; + e gives

<61 + ea, w>2 = |€1 —|—€2|2, and so wd <61 + e, w >2 = w|€1 + 62‘ .

Hence,

472d
> 0.
%0 >0 (15)

i <wa ?(Q(%to) - ?(p07t0)> +

dt

da(d (po qoto):w:lid,ii
dat \p ) VO I0 e vdtt prdt

We now use the evolution equation (1) to compute % (%) (o, qo, to)-

14



‘We have

d d
7d 09 7t = -5 7t - 7t ) 7t - 7t
7 (Po» 90, to) 7 \/<7(P0 0) — Y(40- o), Y(Po, to) — V4o, to))

<%(p0,to) — B (g0, t0), Y(po, to) — ’Y(flo,to)>
d(po,QO,tO)

0 0
= <8t(p0’t0) — G*Z(QOyto)a —w>

k VnJ k VnJ
=< 73 JA; )N(pmto)—(ﬂ—;)N(QO7to),—w>,
d (L dL1 g (In
Ta\r) @\
_ In\ (L4l —14L 1. [Ix\ dL
LCOS< > T +7TSIH<L> dt
d

r dL
_ N dl) (L (7Y 2 Lo (7)) 4L
N\ ) 2\ T) T\ T ) ) w

and
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w,e1) = (w,e2) = cos(iF), let @ = L(w, e1) = Z(w, e2) with 0 < o < 7/2. Then
= —sina, and (w, N(po,tp)) = sina. Therefore we have

)
d (d
0t (1/)) (Po, qo, to)
1d dd
“valT Ea
1

k k VnJ VinJ .
= ~ (<ﬂ(po,to) + = 72 (%,to)) - (Jz(po,to) + ﬁ(907t0)>> sin
d 4 k  VnJ
) r )
d 0

I
+ECOS f 5

1 . I l l k VndJ
T ( <L> A (L))/Sl"“(ﬂ‘ i ) ot

1 .
> E[(k:(po,to) + k(qo, to))C1 — 2Cs] sina
d Ir 4 d I q
+,¢)2(}OS< >C’1/p k2d8¢2608< >C’2/p kds
d l Ir
Bt I il _
+1/JL< ¢COS<L>> {Cl Slk ds Cg/ kds]
1
= i |:— Sina(k‘(po,to) + k(QQ,to)) ( ) / k;2 ds
d l I 9
+f (1 - JCOS (L)) /S1 k ds} 4
1 d Ir a d l Ir
— — |[2sina+ —cos | — / kds+ — <1 — cos <>)/ kds] Cs,
Y { Y <L> » L\ ¢ \L)) /s ’
where ) V]
. N
C’lmUln<J2), CQIHI?,X( T2 )
Since
icos <Z7T> e lg <1
p L tan(4X) ’
we have

If ¢y is close enough to the blow-up time w, we can make C approach 1 and C5 approach
0. We also have f k?ds > 0. We now consider case 1 and case 2 separately to show

% (%) (p07q07t0) > 0.

Case 1: e¢; = ey. Since <w, (qo, to) — ?(po,t0)> > 0, we have —sin a(k(po, to) +
k(QOatO)) > 0. Hencea dt (%) (pOaQOatO) > 0.

Case 2: e] # es. Since i< k (qo,t0) — ?(po,t0)>+4L772 d > (), we have — MZ“ (K(po, to)+

2
k(q0,t0)) > =)

16



Claim:
d 9 47?d 4r?dl I
— — _——_— > — — .
oL (1 COS( )) W s~ Tag 2 Tyere O (L)
> -

Using —Smo‘ (k(po,to) + k(qo,to0))

d (d
P (¢) (Pos qo to)
473d d I 4
T e (D) )
—i}[Qsma—i—cos( )/ kds
r l 4m2dl
e (5) [ £
—i}[?sma—l—wcos( )/ kds
() oo )
) 1 . d I
—¢[251na+wCOS(L)/p kds

d l I
1—— — kds| Cs.
£ (=5 (7)) Loroe
By the Holder inequality,

q q 2 4A72]2
z/ k2d52</ k|ds) > 402> =
p p L

4 and then the claim, we have

¢

=
[N}
Qu
V)
+
|

17icos (?))/Slkzdﬁs} Ch
l lm
1-— @cos <L>>/Slkzds} Cy

Y
/\ + <

SIESE S

IV
Q
[}
3

+\/+

I

The last inequality is true since cosa = (w,e1) = (w,e3) = %cos(f) = cosa <

cos( )=« > = Hence, jt (%) (Po, qo.to) > 0.
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We now prove the claim:

d
w:(l‘

dn’d > i (1 — i cos <Z7T>>
L2y — oL i L
_ An*dl [yL (1 L (“)) _ ﬂ
Y22 | 12 P L l
_ Amrdl [4 (L _ 1) _L s (hﬂ
Y2L? |1\l l L
> Amdl ﬂ - £ cos (lﬂ)]
202 |1 l L
_ 4r2dl
= W

S 4r2dl | L _ £ ZLT
> TQLQ cos 7 i cos T

4r2dl

l Im
i = k2 ds —
s (7)) e

= ——5— CO8 I L_ 1
R L l

_ _47r2dl I

= ere cos| 7 )

O

The distance comparison principles thus established immediately rule out slowly
forming (type-II) singularities for the flow, where the ratios estimated above tend to
zero. Thus, using only the known classification of possible singularities, we have proved
the main theorem using distance comparison principles.
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