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Solutions to Chapter 11 exercises

11.1 Suppose that x, y are distinct points in a space X with the indiscrete topology. Then
there are no disjoint open sets U, V with x € U and y € V', since the only open set containing

x is X, which also contains y.

11.2 (a) Suppose that X is Hausdorff and {z} is a singleton set in X. For any y # z in X,
there exist disjoint open sets Uy, V, such that « € U,, y € V,. In particular « ¢ V. Now
X \ {x} is the union, over all y € X \ {z} of the V}, and hence is open so {z} is closed.

(b) Now if X is finite and Hausdorff then any subset of X is a finite union of singletons, hence
by (a) a finite union of closed sets, hence is closed in X . Then by taking complements we see

that every subset of X is open, so X has the discrete topology.

11.3 We can prove this by induction on n. When n = 2 the conclusion is simply the Hausdorft
condition. Suppose the result true for a given integer n > 2, and let xq, x9, ..., 2,41 be distinct
points in X . By inductive hypothesis, for ¢« = 1, 2, ..., n there exist pairwise disjoint open sets
W; with x; € W;. Also, by the Hausdorff condition, for each i =1, 2, ..., n there exist disjoint
open sets S;, T; s;,lch that z; € S;, 41 € T;. Foreach ¢« = 1,2, ....n put U; = S§; NW,,
and put U,11 = ﬂTZ Then Uy, Us, ..., U, are pairwise disjoint since Wy, Wy, ..., W, are,

i=1
and for each i = 1,2, ..., n we have U; N U,y1 = () since U; C S; and U,y C T;. Also,

by construction each of Uy, Us, ..., U,y1 is open in X. Thus Uy, U,, ..., U,y are pairwise

disjoint. This completes the inductive step.

11.4 (a) Suppose that X is Hausdorff and A is a subspace of X. For any distinct points
ai, as € A there are disjoint open subsets U, V of X with a1 € U, a; € V. Now by definition
of the subspace topology ANU, ANV are open in A; also, a; € ANU and a; € ANV, and
ANU, ANV are disjoint since U, V' are. Hence A is Hausdorff.

(b) First suppose that X and Y are Hausdorff spaces, and let (z1, y1), (72, y2) be distinct
points in the topological product X x Y. Then either z; # x5 or y; # yo (or both). If 21 # x9
then there exist disjoint open subsets U, V of X with x1 € U, x5 € V. Then U XY, V xY are
disjoint open subsets of X xY with (z1, y1) € U XY and (x9, y2) € V x Y. There is an entirely
similar argument if y; # ys.

Conversely suppose that X x Y is Hausdorff. Let x;, x5 be distinct points in X . Then since
Y is non-empty, there is some y € Y with (z1, y) # (22, y). Since X x Y is Hausdorff, there
exists disjoint open subsets Wy, Wy of X x Y such that (zy, y) € Wi, (22, y) € Ws. Since W)
is open in X x Y and contains (z1, y) there exist open subsets U;, V; of X, Y respectively
such that (z1, y) € Uy x V3 € Wj. Similarly there exist open subsets U, Vo of X, Y such that
(w9, y) € Uy x Vo CW,. Now 11 € Uy, 29 € Us, and Uy NUy = (since if z € Uy NUy we would
have (x, y) € Wy N Wy). This proves that X is Hausdorff. Similarly Y is Hausdorff.



(c) Let xy1, 9 be distinct points in X . Since f is injective, f(z1) and f(z2) are distinct points in
Y. Since Y is Hausdorff, there are disjoint open subsets Vi, V, of Y with f(x;) € Vi, f(xq) € Va.
By continuity of f the sets Uy = f~1(V}) and U, = f~1(V4) are open in X. Moreover, z; € U;
since f(x1) € Vi, and similarly x5 € Us. Finally, U; and U, are disjoint, since f is injective

and Vi, V5 are disjoint.
(d) This follows from (c), since if f: X — Y is a homeomorphism then both f and f~!:V — X

are continuous injective maps, so if Y is Hausdorff so is X and vice-versa.

11.5 We prove that X x Y \ Gy is open in X X Y. (Once we have opted to try this, the rest
of the proof ‘follows its nose’.) So let (z, y) € X x Y \ Gy. It is enough, by Proposition 7.2, to
show that for every point (z, y) € X x Y \ Gy there exists an open subset W of X x Y with
(x,y) e WC X xY\Gy. Solet (z,y) € X xY \Gy. Then (z, y) € Gy, so f(x)#y. Since
Y is Hausdorff, there exist disjoint open subsets Vi, V of Y such that f(z) € V3, y € V. Since
f is continuous, U = f~(V}) is open in X. Note that x € U since f(x) € Vi. Also, y € V.
Write W = U x V. Then (z,y) e UxV =W, and W C X x Y \ Gy since if (z/,y) € W
then 2’ € U and v/ € V so f(2/) € Vi and 3y € V., but V1NV =0 so f(z') # v/, which says
that (2, ') & Gy.

11.6 (a) Clearly x is in the intersection S of all open subsets of X containing x. Suppose that
y # x. Then by the Hausdorff condition there are disjoint open sets U, V' such that x € U
and y € V. In particular there is an open subset U containing x which does not contain y, so

y ¢ S. This shows that S = {x}.

(b) Let X be an infinite set and consider it as a space with the co-finite topology. Then X is
not Hausdorff, by Example 11.6. But for any x € X let .S be the intersection of all open subsets
of X containing x. Then = € S, but if y # x then X \ {y} is a set with finite complement
(namely {y}) hence is open in X and contains x but not y, so y ¢ S. Hence S = {z}.

11.7 (a) Suppose first that X is a Hausdorff space. We shall prove that X x X \ A is open in
X x X, from which it follows that A is closed in X x X. Solet (z, y) € X xX\A. By Proposition
7.2 it is enough to show that there is an open set W of X x X with (z,y) e W C X x X \ A.
Now (x,y) € A so y # x. Since X is Hausdorff there exist disjoint open subsets U, V' of X
such that z € U,y € V. Then W = U x V is an open set in X x X, and (z,y) € U x V.
Moreover W C X x X \ A since if (2, ¢') € W then 2’ € U,y € V and UNV =0, so y' # 2/,
which says (2/, ¢') € A.



Conversely suppose that A is closed in X x X. Then X x X \ A is open in X x X. Now
let x, y be distinct points of X. Then y # x so (x, y) € A. Hence (z, y) is in the open set
X x X\ A and by definition of the product topology there exist open subsets U, V' of X such
that (z,y) eUXxV CX xX\A. Nowz e U, yeV,and UNV =0 since if z € UNV then
(2, z) € AN (U x V) - but this set is empty. So X is Hausdorff.

(b) Consider the characteristic function x4 : X x X — S of the set A = X x X \ A. The
open sets in S are (), {1}, S. Now x;'(0) =0, x;*(1) = A and x;'(S) = X x X. Thus x4 is
continuous iff X x X \ A is open in X x X, that is iff A is closed in X x X, and by (a) this
holds iff X is Hausdorft.

11.8 Suppose for a contradiction that f(z) # g(x) for some z € A. Since Y is Hausdorff, there
exist disjoint open subsets U, V' of Y such that f(z) € U, g(x) € V. By continuity of f the sets
f~HU) and g~ (V) are open in X; also, € f~1(U) since f(z) € U, and similarly z € g7'(V).
So W= f~1({U)ng ' (V) isopenin X and x € W. Now z € A, so there is a point a in ANW .
But now since a € W C f~}(U) we have f(a) € U and similarly g(a) € V. This contradicts
UNV =0 since f(a)=g(a) for all a € A. Hence f(x) = g(z) for all z € A.

11.9 Since fa and fp are continuous, so is g. So since (0, c0) and (—oo, 0) are open in R we
know that ¢g=*(0, oo) and g~'(—o0, 0) are openin X . Also, A, B are closed sets, so A = A and
B = B. Now from Exercise 6.16, fa(r) =0 for all z € X and fa(z) =0 iff z € A. Similarly
fe(x) 20 for all z € X and fp(z) =0 iff + € B. Hence, since A, B are disjoint, for z € A
we have fa(z) =0 and fp(z) > 0, so g(z) < 0. Similarly for z € B we have g(z) > 0. Thus
A C g (00, 0) and B C g7*(0, o). Finally, g~ (—o00, 0) and g~'(0, co) are clearly disjoint
(if z € g7'(—00, 0) then g(z) < 0 and if z € g7(0, c0) then g(z) > 0).

11.10 This follows from previous results. First, the composition (f x g)o A : X — Y xY
is continuous, where A : X — X x X is the diagonal map of X. (This uses Propositions
10.13, 10.12 and 8.4). Also, the diagonal set Ay in Y x Y is closed in Y x Y by Exercise
11.7(a). But C = A7'(f x g)"'(Ay) since x € C iff f(z) = g(x) iff (f x g)(z, z) € Ay iff
(f xg)oA)(x) € Ay iff x € A™(f x g)"*(Ay). So C is closed in X, by Proposition 9.5. In
particular we can apply this for any continuous self-map f: X — X, taking g : X — X to be
the identity function; in this case C'= {z € X : f(z) = a2} = F', and we get that the fixed-point
set F' is closed in X.



Additional exercise(s)

1.  Following the hint, let f(z) = 1/x for x # 0 and set f(z) = 0. Then the graph is the
union of the closed sets {(x,y) | xy = 1} and {(0,0)}, so the graph is closed. However, the function
is not continuous at 0, for if f were continuous at 0 then there would be some § > 0 such that
|f(@)] < % for |z| < ¢ for all & such that 0 < &' < 6. Since |f(z)] > 3 for 0 < |z| < 2, the
inequality |f(z)| < 3 is never satisfied if we choose 6’ < 2 and |z| < 0’

2. If X is Hausdorff and x # y, then there are disjoint open neighborhoods U and V of z
and y respectively. Since B is a base for the topology, there are open sets U’ and V' in B such that
xeU cUandye V' CV. This proves the “only if” implication. — The reverse implication is
trivial because basic open subsets are open.m

3. Since A and B are closed subsets of X and Y respectively, by continuity the inverse
images 7y [A] and 7y '[B], are closed in X x Y. As indicated in the hint, A x B is the intersection
of 75" [A] and 7;'[B], and therefore the set A x B is closed in X x Y.u

12. Connected spaces

Ezercises from Sutherland

See the next six pages.



Solutions to Chapter 12 exercises

12.1 (i) has the partition {B;((1, 0)), Bi((—1, 0))} so it is not connected, and hence not path-
connected. The others are all path-connected and hence also connected. We can see this for (ii)
and (iii) by observing that any point in m may be connected by a straight-line segment
to the centre (1, 0) (and this segment lies entirely in By((1, 0))), any point in X = B;((—1, 0))
or Bi((—1, 0))) can be connected by a straight-line segment in X to the centre (—1, 0) (and
this segment lies entirely in B;((—1, 0)) or in B;((—1, 0))). Moreover the points (-1, 0) and
(1, 0) can be connected by a straight-line segment which lies entirely in By ((—1, 0))UB;((1, 0)),
hence certainly in By ((—1, 0)) U B1((1, 0)).

To see that (iv) is path-connected, note that any point (¢, y) € Q x [0, 1] can be connected

by a straight-line segment within Q x [0, 1] to the point (g, 1), and that any two points in the
line R x {1} can be connected by a straight-line segment entirely within this line.

Finally, to see that the set S in (v) is path-connected, it is enough to show that any point
(x,y) € S can be connected to the origin (0, 0) by a path in S. If x € Q we first connect
(z, y) to (z, 0) by a (vertical) straight-line segment in S, then (z, 0) to (0, 0) by a (horizontal)
straight-line segment in S. If x ¢ Q then y € Q and we first connect (z, y) to (0, y) by a
(horizontal) straight-line segment in S, then (0, y) to (0, 0) by a (vertical) straight-line segment
in S.

12.2 This follows from either Exercise 10.7 (a) or 10.7 (b), since each of A, B is open (and also
closed) in X.

12.3 Suppose that X is an infinite set with the co-finite topology, and let U, V' be non-empty
open subsets of X. Then X \ U and X \ V are both finite. So X\ (UNV) = (X\U)U(X\V)
is finite. This shows that U NV is non-empty (indeed, infinite). Hence there is no partition of
X, and this says X is connected.

12.4 Suppose that {U, V'} is a partition of (X, 77). Since 73 C 7 it follows that U, V' € 75, so
{U, V'} is a partition of (X, 73) also. Hence if (X, 75) is connected then so is (X, 77).

The converse is not true in general: for a counterexample, consider X = {0, 1} with 77 the
indiscrete topology and 7 the discrete topology. Then 7; C 75 but (X, 77) is connected while
(X, 73) is not connected.

12.5 We may prove that this holds for any finite integer n by induction: the result is certainly
true when n = 1 and if it holds for a given n then for n + 1 it follows from Proposition 12.16
applied to the connected sets A; U As U...U A, (which is connected by inductive hypothesis)

and A, 1; these have a non-empty intersection since A, N A, # 0.



The analogous result is also true for an infinite sequence (A;) of connected sets such that

A;N A1 # 0 for every positive integer i. For suppose {U, V'} is a partition of U A;. For each
i=1
i € N we have either A; CU or A; C V, since otherwise {A; NU, A; NV} would be a partition

of A;. Let Iy be the subset of i € N such that A; C U and let [, be the analogous set for V.
Suppose without loss of generality that 1 € Iy (otherwise exchange the names of U, V). Now
n € Iy implies n+1 € Iy, for if A,, C U then the connected set A, U A, is also contained in
U, since otherwise {(A, U A,+1) NU, (A, UA,+1) NV} would partition A, U A,41. It follows
that N C Iy, so UAZ- C U, contradicting the assumption that {U, V'} is a partition of this

) i=1
union.

12.6 Let b be any real number in the image of f, so there exists a € X such that f(z) =b. Let
V = f~Yb) Then V is open in X: by Proposition 7.2 it is enough to show that for any z € V
there exists an open set U, of X with x € U, C V. This follows from the definition of locally
constant, since f(z) = b and there exists an open subset U, of X containing x and such that
f|U. takes the constant value f(z) =0 on U,, so U, C V.

Likewise for any point y € R the set f~'(y) is open in X. But if f~(y) is non-empty for
any y # b then we would get a partition {U, V'} of X, where

v="J f'w, V=750

yeR\{b}
Hence V = X and f is constant on X.

If R is replaced by any topological space in the above argument it is still valid.

12.7 This follows from the intermediate value theorem since we may show that if the polynomial
function is written f, then f(x) takes a different sign for = large and negative from its sign
when x is large and positive, so its graph must cross the z-axis somewhere. Explicitly, we may

as well assume that the polynomial is monic (has leading coefficient 1) say
fx)=a2"+a,12" '+ ... Far +ag = 2" + g(x) say.

Since g(x)/2"™ — 0 as x — £o00, there exists A € R such that |g(x)/2"| <1 for |z| > A. Thus
f(z)/a™ =1+ g(x)/z" > 0 for |x| > A. This says that for x large enough in size (positive or
negative) f(x) has the same sign as z. But n is odd, so f(x) < 0 for = large and negative

and f(x) > 0 for x large enough and positive.

12.8 Since f([a, b]) C [a, b], we see that f(a) > a and f(b) < b. Now define ¢ : [a, b] — R by
g(x) = f(z) — . then we have ¢ is continuous since f is, and g(a) > 0, g(b) < 0. hence by the

intermediate value theorem there is at least one point x in [a, b] such that g(z) = 0, which says

flz) ==x.



12.9 Define g as the hint suggests. Then ¢ is continuous on [0, 1] and

9(0) +g(1/n) + ...+ g((n = 1)/n) = f(0) = f(1/n) + f(1/n) = f(2/n) + ... f((n = 1)/n) = f(1)
= f(0)=f(1) =0.

Case 1 All the g(i/n) are zero. Now if g(i/n) = 0 then f(i/n) = f((i+1)/n) and the conclusion
holds.

Case 2 For some ¢ =0, 1, ..., (n — 1) the values g(i/n), g((i + 1)/n have opposite signs. But
if g(i/n), g((¢ +1)/n) have opposite signs then by the intermediate value theorem there exists
some z € [i/n, (i + 1)/n] with g(z) =0, so f(z) = f(z + 1/n).

12.10 Suppose for a contradiction that there is a continuous function f : R — R such that for
every € R the set f~!(z) contains exactly two points.
The way to get a contradiction is reasonably clear geometrically, but the proof needs some

organisation.

Choose some z € R and let a, b be the two points in f~(z). We may assume without loss
of generality that a < b (otherwise interchange their names). From standard properties of
continuity of a real-valued function of a real variable (which will be generalised in Chapter 13),
f is bounded on [a, b] and attains its bounds there. Now the given condition means that f
cannot be constant on the interval [a, b], so either the maximum M of f on [a, b] satisfies
M > f(a) or the minimum m satisfies m < f(a).

Suppose that M > f(a), and that f attains M at ¢ € (a, b), i.e. f(c) = M. Choose
some value d with f(a) < d < M. Since f(b) = f(a), the intermediate value theorem tells
us that there exist at least one value z; € (a, ¢) and at least one value x5 € (¢, b) such that
f(z1) = d = f(x2). Now choose some real number A > M. We are given that f(z) = A for
precisely two values of x. Since M is the maximum of f on [a, b], neither of these values of z is
in [a, b]. Suppose for example that f(z) = A for some x < a. Since d lies between f(a) and A,
the intermediate value theorem tells us that f(z3) = d for some x3 € (2, a). This contradicts
the assumption that f~!(d) contains exactly two points. A similar argument leads to the same
contradiction if f(z) = A for some x > b.

If m < f(a) an entirely similar pair of arguments again lead to a contradiction. Hence there

is no such continuous function.

12.11 (a) This is false. For example let X =Y =R and let A= B = {0}. Then
X\A=Y\B=R\{0}

which is not connected, but X x Y\ (A x B) = R?\ {(0, 0)} which is path-connected and hence

connected.



Note that common sense suggests (b) false, (c) true, since the conclusions of both are the same,

but the hypotheses are stronger in (c¢). (This proves nothing, but it is suggestive.)

(b) This is false. For example let X = R and let A = {0, 1}, B = (0, 1]. Then both of
ANB={1} and AU B =0, 1] are connected, but A is not connected.

(c) This is true. We shall prove it in the style of Definition 12.1. So let f : A — {0, 1} be
continuous, where {0, 1} has the discrete topology. Then f|ANB is continuous, and since AN B
is connected, f|ANB is constant, say with value ¢ (where ¢ = 0 or 1). Define g : AUB — {0, 1}
by g|A = f, g|B = ¢. This is continuous by Exercise 10.7 (b), since each of A, B is closed in
x and hence in AU B, and on the intersection AN B the two definitions agree. But AU B is
connected, so ¢ is constant. In particular this implies that f: A — {0, 1} is constant. So A is

connected. Similarly B is connected.

12.12 Suppose that f, g are any two points in C[0, 1]. We define a path A : [0, 1] — C[0, 1] by
At) =tf + (1 —t)g. Then for each t € [0, 1] the function A(¢) is continuous hence in C[0, 1].
Also, the function A is continous since
doo(A(t), A(s)) = sup (& =) f(z) + (s = t)g(x)| <[t — s|(My + My),
z€|0,1

where |f(z)| < My and |g(z)| < M, for all z € [0, 1]. Now given ¢ > 0, let § =¢/(M; + M,),
and we get doo(A(t), A(s)) < & whenever |t —s| < 0.

Finally, A(0) = g and A(1) = f, so A is a continuous path in C[0, 1] from g to f. Hence

C[0, 1] is path-connected and so connected.

12.13 Let y;, yo € Y. Since f is onto, f(x1) = y1, f(22) = y2 for some points z1, o € X. Let
g:]0, 1] = X be a continuous path in X from x; to z3. Then fog: [0, 1] — Y is a continuous

path in Y from y; to y,. So Y is path-connected.

12.14 There are various approaches. Here is one (possibly slightly unusual) which uses the
previous exercise. Write Y for the annulus in the question, and let X = [\/a, vb] x R C R?.
Define f: X — Y by f(z, y) = (c+xcosy, d+xsiny). First, (c+zcosy, d+xsiny) € Y since
(zcosy)?+ (zsiny)? = 22, and we know a < 22 < b since = € [/a, Vb]. Also, f is continuous
since the cosine and sine functions are continuous (and using Propositions 8.3 and 5.17). To see
that f is onto, let (z, y) € Y. Then a < (x—c¢)*+ (y—d)? < b, say (x —¢)* + (y —d)* = r? for

2 2
r—c —d
some 7 > 0 such that a < r? <b. This gives ) + y =1, so there exists 0 € R
r r

such that cosf = (z — ¢)/r and sinf = (y — d)/r. Now we can see that f(r, ) = (z, y). Since
X is path-connected (any two points in X may be joined by a straight-line segment in X') it
follows from Exercise 12.13 that Y is path-connected.



12.15 This follows from Exercise 9.14 (b), which says that a subset A is open and closed in X
iff it has empty boundary. Since X is connected iff no proper non-empty subset is open and

closed in X, it is connected iff every proper non-empty subset of X has non-empty boundary.

12.16 Suppose that for the given subsets, B has non-empty intersection with A and with X \ A.
Suppose for a contradiction that B N 0A = (). By Exercise 9.15 then B N A # (). Recalling
that (X \ A) = JA, the same argument shows that B has non-empty intersection with the
interior of X \ A. But the interiors of A and X \ A are open in X, so given that BN 9A = ()
by assumption, Exercise 9.16 shows that B is partitioned by its intersections with the interiors
of A and X \ A. This contradicts connectedness of B, so BNAJA # (.

12.17 Suppose that f: AU B — {0, 1} is continuous, where {0, 1} has the discrete topology.
Since A, B are connected, both f|A and f|B are constant, say with values cu, cg € {0, 1}.
Let a € AN B. Then f~(cy4) is an open set containing a and hence some point b € B. But
then f(b) = ca and also f(b) = cp since b € B. So ¢4 = cp, and f is constant. Hence AU B

is connected.

12.18 As the hint suggests, let ¢ ¢ X and consider the family of subsets 7’ of Y = X U {t}
consisting of ) together with {U U {t} : U € T} where 7 is the topology on X . We prove first
that 7" is a topology for Y.

(T1) By definition 0 € 7', and Y = X U {t} € 7’ since X € T .

(T2) Suppose that Vi, Vo € T'. If either of V4, V4 is empty then Vi NV, =) and is in 77 by
definition. If ‘/1 = U1 U{t} and ‘/2 = U2 U {t} where Ul, UQ € 7 then ‘/1 m‘/g = (U1 ﬂUQ) U {t}
and UyNUy, €7 soViNVyisin 7.

(T3) Suppose that V; € 7’ for all i in some indexing set I. If all the V; are empty then so is
their union, and is in 7’ by definition. Suppose that not all the V; are empty. Then we may
omit any empty sets since they do not contribute to the union - in other words we may assume
that every V; is non-empty. Hence for each i € I there is some U; € 7 such that V; = U; U {t}.

Then
Jvi= (U UZ-) U {t}.
i€l iel
Now 7 is a topology so U U; € T, and this shows that UV" cT'.

iel iel

Next we show that (X, 7) is a subspace of (Y, 77). We first show that the topology induced

on X by 7' is contained in 7. If U = VN X for some V € 7' then either V = () and

U=0eT,or V=UU({t} for some U € T, and then VN X =U € T. Secondly we show

that 7 is contained in the topology on X induced by 7”. For if U € 7 let V = U U {t}. Then
VeT and VN X =U,so U is in the induced topology as required.

The last requirement, that Y\ X is a single point, is clear from the construction.



12.19 The idea of this example is an infinite ladder where we kick away a rung at a time.

Explicitly, let

Vo= ([0, 00] x {0, 1H)u | J {i} x [0, 1].

i€N, i>n
Then it is clear that each V,, is path-connected hence connected, and that V,, O V,,.; for each

n € N. But .
() Vi =10, 0] x {0, 1},
n=1

which is not connected.



Additional exercise(s)

1. Following the hint,let z,y € X, and define f(y) = d(x,y). Since X is connected, the same
is true for f[X], and therefore f takes every real value between 0 = f(x) and f(y). In particular,
for each a such that 0 < a < d(z,y), there is some point z € X such that f(z) = d(z,2) = a. By
Rule 2 for cardinal numbers, we know that | X| is greater than or equal to the cardinality of f[X].
Since the latter contains the open interval (0, f(x)) and the cardinality of the latter equals |R| by
the proposition in cardinals.pdf, it follows that |X| > |f[X]| > |R|.=

2. (i) The closure of U = (0,1)? is [0,1]?, and therefore A satisfies U C A C U . Therefore
A is connected by Proposition 12.19 of Sutherland.m

(1) If S # T then
SX{l}:As—U, TX{l}:AT—U

which implies that As # Ap. Therefore there is a 1-1 map from the set of subsets of (0,1) to
K where X is the set of connected subsets of R?. Since R and (0,1) have the same cardinality, it
follows that |P(R)| < |X|. On the other hand, by construction we have X C P(R?), which yields
|K| < |P(R?)]. Since |R*| = |R| by Rule 6, we can use Rule 7 to conclude that |X| < |P(R?)| =
|P(R), and the desired identity |X| = |P(R) now follows from the Schréder-Bernstein Theorem.m

3. Notational convention for this exercise.  The standard notation for point set theory
contains a built-in conflict which is usually not a problem, but for this exercise it can lead to
confusion; namely, if a and b are real numbers then (a,b) can mean either an open interval or a
point in R?. In this exercise, we shall eliminate this ambiguity by using (a;b), [a;b], etc. to denote
intervals.

Let C be a nonempty connected subset of R, so that u,v € C and u < v imply [u,v] C C.
Let a(C) be the greatest lower bound of C' if C has a lower bound, and let a(C) = —oo otherwise.
Similarly, let b(C') be the least upper bound of C' if C' has an upper bound, and let b(C') = +o0
otherwise. Let p be some point of C.

CLAIM: The set C' is an interval whose lower endpoint is a(C) and whose upper endpoint is
b(C). — Since a(C) and b(C) are lower and upper bounds for C, it follows that C' is contained in
the set of all points z satisfying a(C) < x < b(C'), with the convention that there is strict inequality
if a(C) = —o0 or b(C) = 400. If a(C) < b(C) and p € C lies between these values, take sequences
{u,} and {v,} in C such that u,, — a(C), v, — b(C), and u,, < p < v, for all n. By the assertion
in the first sentence of the first paragraph, then [u,;v,] C C for all n, and therefore the union of
these subsets, which is the set of all z such that a(C) < z < b(C), is contained in C. Combining
this with the previous paragraph, we have

{reR|alC) <z < bC)} ¢ C C {zeR|a(C)<z<bC)}
with the previous conventions if a(C') = —oo or b(C') = +oo. For each pair of values a(C') and b(C)
there are up to four choices for C, depending upon whether or not a(C) or b(C') belong to C.

The preceding discussion reduces the solution of the exercise to finding the cardinality of the
set of intervals in R. We shall do this by splitting the family of intervals into nine pairwise disjoint
subfamilies:

(1) F1 consists only of the real line R = (—o0; +00).
(2) F2 consists of the open half-lines (—oo;b) where b € R.
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3
4
)

F5 consists of closed half-lines (—oo;b] where b € R.
F, consists of the open half-lines (a; +00) where a € R.

F5 consists of the closed half-lines [a; +00) where a € R.

7
8
9

F7 consists of the half-open intervals (a;b] where a,b € R.

3)

(4)

(5)

(6) Fg consists of the open intervals (a;b) where a;b € R.

(7)

(8) Fg consists of the half-open intervals [a;b) where a,b € R.
(9)

Fo consists of the closed intervals [a; b] where a,b € R.

By Rule 6 and Proposition 1 in cardinals.pdf it will suffice to construct 1-1 mappings ¢
from J; to some R” for each J, and we shall do so case by case. Take ¢; to be the map sending
the unique element of F; to 0 € R, take po and 3 to be the maps into R sending a half-line with
a finite right hand endpoint to its right hand endpoint b, and take ¢4 and @5 to be the maps into
R sending a half-line with a finite left hand endpoint to its left hand endpoint a. If 6 < j < 9, take
¢; to be the map into R? sending an interval with finite left hand endpoint @ and finite right hand
endpoint b to (a,b) € R? (recall the conventions regarding (a,b) at the beginning of the exercise).

By construction each of these mappings into some RF is 1-1, and therefore Proposition 1 and
Rule 6 in cardinals.pdf implies that the cardinality of the set of connected subsets of R is less
than or equal to |R|. Since the cardinality of the set of open half-lines (a, +00) is clearly equal to
|R|, it follows that the cardinality of the set of connected subsets of R is also greater than or equal
to |R[, so by the Schréder-Bernstein Theorem the cardinality of the set of connected subsets of R
is in fact equal to |R].

We can use the results on cardinalities of connected subsets to give another proof that R and
R? are not homeomorphic provided we can show the following:

CLAIM: If f: X — Y is a homeomorphism of topological spaces, then it induces a 1-1 correspon-
dence from the family of connected subsets in X to the corresponding family in Y. In fact, A C X
is connected if and only if f[A] is connected in'Y.

Proof of Claim. We know that if A is connected then so is f[A]. Conversely, if f[A] is connected
and h is inverse to f, then A = h[ f[A]] is also connected.m

Since the cardinalities for the connected subsets of R and R? are different, this result shows
that the two spaces cannot be homeomorphic.m

4. (i) If X is a discrete space, then a base for the topology is given by the one point subsets
{x} where z runs through all the points of X; since these one point subsets are both open and
closed, the topology consists entirely of open and closed subsets and hence X is totally disconnected.

As indicated in the hint, a subset A of a discrete space has no limit points, for if x € X and
U = {z} then U — {z} = 0, so that AN (U —{z}) = 0. Now if S is the set of all points  in R such
that z = 0 or = 1/n for some positive integer n, then S is not discrete because 0 is a limit point
of S, but S is totally disconnected; specifically, a base of subsets which are both open and closed in
S is given by the one point sets {1/n} and the neighborhoods N.(0) NS for e = 2/(n + 1) because
N:(0)N S is also the intersection of S with both the open interval (—1,1/n) and the closed interval
~1,1/(n + 1)

(74) As noted in the hint, for each positive integer n the sets

(q—%\/i, q—i—%\/i)ﬁ(@ and [q—l\/i, Q-I—%\/i]ﬂ(@

n
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are equal; this is true because [q — %\/5, q+ %\/ﬂ is obtained from (q — %\/5, q -+ %\/5) by
adjoining two endpoints which are irrational numbers, and it follows that the intersection of these
subsets with Q is both open and closed in Q. If we denote this subset of Q by M, (q) then for each
e > 0 there is some n such that M, (q) C (¢ —¢,q+¢), and therefore the subsets M,,(q¢) — where n
runs through all positive integers and ¢ runs through all rationals — form a base for the topology
of Q whose subsets are both open and closed, and hence Q is totally disconnected. To see that
every point of Q is a limit point of Q, it suffices to consider the sequences {q+ %} for each rational

number g.m

(73i) Since X and Y are totally disconnected, there are bases B x and By for the topologies
on X and Y which consist of subsets that are both open and closed. By definition and a previous
exercise, we know that if U € Bx and V € By then U x V is both open and closed in X x Y. Since
product sets of this type form a basis for the product topology on X x Y, we have shown that the
product topology has a base of subsets which are both open and closed, and therefore X x Y is
totally disconnected.m

5. (i) Following the hint, define a binary relation on U such that y ~ z if and only if either
y = z or there is a regular piecewise smooth curve v : [a,b] — U, where [a, b] is some closed interval,
such that y(a) = y and y(b) = z. We need to show this is an equivalence relation.

By definition, the relation is reflexive, and it is symmetric because the reverse curve 3 :
[—b, —a] — U with 3(t) = y(—t) is a regular piecewise smooth curve with 3(—b) = z and B(—a) = y.
Transitivity follows from the concatentation construction used in the proof (in the text and lecture
notes) that U is arcwise connected.

If z € U and N,.(z;R"™) C U, then z ~ w for every point in N, (z;R"™) because the latter is
convex and hence contains the straight line (regular smooth) curve a(s) = z+ s(w — z). This means
that the equivalence class of a point is open in U. Therefore the equivalence classes of the binary
relation partition U into pairwise disjoint open subsets, one for each equivalence class. If V. C U
is the equivalence class of V', this means not only that V is open, but also that its complement —
which is the union of all other equivalence classes (if there are any others) — is also open. Therefore
V' is both open and closed in U, and by connectedness we must have V' = U. But this means that
if p and ¢ are points of the open set U satisfying the conditions at the beginning of this exercise,
then there is a regular piecewise smooth curve 7 : [a,b] — U such that v(a) = p and v(b) = ¢.m

Note. The same general considerations imply that two points in an open connected subset of R™
can joined by regular piecewise smooth curve which have additional properties. For example, if we
define a broken line curve such that on each of the subintervals [tj_1, tx] it is a closed segment with
a linear parametrization

t—1k-1

e — o1 ('Y(tk) - ’Y(tkfl)) for t € [tw_1,ts]

y(t) = (tk—1) +

then it is a straightforward exercise to modify the preceding argument to prove that each pair of
points in U can be joined by a broken line curve in U. In a different direction, one can also prove
that each pair of points in U can be joined by a curve that is everywhere regular and has infinitely
differentiable coordinate functions, but this requires some additional input. Details for this result
(and the previous one on broken lines) appear in the course directory file nicecurves.pdf.m

(71) Once again follow the hint. The binary relation is reflexive since f(y) = f(y), reflexive

since f(y) = f(z) implies f(z) = f(y), and transitive since f(y) = f(z) and f(z) = f(w) implies
fly) = f(w). If z € U and N,(z;R"™) C U, then a standard result on partial differentiation implies
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that a function which satisfies the vanishing condition on partial derivatives will be constant on
N,-(z;R™). This means that the equivalence class of a point is open in U. Therefore the equivalence
classes of the binary relation partition U into pairwise disjoint open subsets, one for each equivalence
class. If V' C U is the equivalence class of V', this means not only that V is open, but also that
its complement — which is the union of all other equivalence classes (if there are any others) — is
also open. Therefore V' is both open and closed in U, and by connectedness we must have V = U.
But this means that f is constant on U.m

Note. The preceding argument can be put into the following abstract form: Suppose that V' is a
connected open subset of R™ and f : V — Y is a function which is locally constant; in other words,
each point of V has an open neighborhood on which f is constant. The f is a constant function.m
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