Chapter 2

21 Let x € (X\C)ND. Then z € X,z € D,z ¢ C. So z € D,z ¢ C which
gives € D\ C. Hence (X\C)NDCD\C.

Conversely, if x € D\ C then z € C so x € X\ C, and also z € D. So
z e (X\C)ND. Hence D\C C (X \C)nD.

Together these prove that (X \C)ND =D\ C.

2.3 Suppose that € V. Then z € X and z ¢ X\V = XNU, so z ¢ U.
So 1€ XCY and ¢ U, so x €Y \U. This gives z € XN (Y \U). Hence
VCXnY\D).

Conversely suppose that =z € X N (Y \ U). Then =z € X and z ¢ U, so
& XNU=X\V. Hence z € V. This shows that XN (Y \U)C V.

Together these show that V =X N (Y \U).

25 If (x,y) € (Up xVi)N(Uz x Vo) then z € U; and z € Uz soz € Uy NUy,
and similarly y € ViNVa, so (z,y) € (U NUz) x (V1 NVa). This shows that

(U1 X V1) N (UQ X VQ) - (U1 N UQ) X (V1 N Vz).

Conversely, if (x, y) € (U1NU2)x(ViNV,) then x € Uy, x € Us and y € Vi, y € Vs
so (z,y) €Uy xVy andalso (z,y) € Uy x Va, so (x,y) € (U x Vi) N (Uz x Va).
This shows that

(UlﬂUg) X (VlﬂVQ) - (U1 X Vl)ﬁ(UQ X Vz).

Together these show that

(Ul X Vl) N (UQ X Vg) = (U1 N UQ) X (Vl N Vg).

2.7 (a) Let the distinct equivalence classes be {A; : i € I}. Each A;, being an
equivalence class, satisfies A; C X. To see that the distinct equivalence classes are
disjoint, suppose that for some 4, j € I and some z € X we have x € A; N A;.
Then for any a € A; wehave a~ 2 and x € A;, hence a € A;. This shows that
A; € Aj. Similarly A; C A;. This shows that A; = A;. Thus distinct equivalence
classes are mutually disjoint. Finally, any x« € X is in some equivalence class with
respect to ~, so X C UAZ" Also, since each A; is a subset of X we have
i€l

U&QX
i€l
So X = U A; and the union on the right-hand side is disjoint.

i€l

(b) We define x1 ~ zo iff xy, 29 € A; for some i € I. This is reflexive since
each = € X 1isin some A; so x ~ x. It is symmetric since if z; ~ x2 then
x1, x9 € A; for some i € I and then also x9, 1 € A; so xy ~ x1. Finally it is
transitive since if x1 ~ x9 and x9 ~ x3 then x1, z9 € A; for some i € I and
zg, x3 € Aj forsome je€I. Now z9€ A;NA; andsince 4, NA; =0 for i#j
we must have j = i. Hence xz1, x3 € A; and we have x1 ~ x3 as required for
transitivity.



Chapter 3

3.1 Suppose that y € f(A). Then y = f(a) for some a € A. Since A C B,
also a € B so y = f(a) € f(B). By definition f(B) C Y. This shows that
f(A) € f(B)CY.

Suppose that x € f~1(C). Then f(x) € C, sosince C C D we have also that

)- C
f(x) € D. Hence z € f~%(D). By definition f~!(D) C X. This shows that
fFHe)y c D) c X,

3.3 First suppose that z € (go f)~1(U), so g(f(z)) = (go f)(z) € U. Hence
by definition of inverse images f(z) € g~'(U) and again by definition of inverse
images = € f~1(g~1(U)). This shows that (go f)~1(U) C f~1(g~1(U)).

Now suppose that = € f~1(¢g7'(U)). Then f(x) € g~ (U), so g(f(z)) € U, that
is (go f)(z) € U, and by definition of inverse images, x € (go f)~*(U). Hence
FHg ) S (go H)HU).

These together show that (go f)~Y(U) = f~1(g~1(U)).

3.5 We know from Proposition 3.14 in the book that if f : X — Y is onto then
f(f~YC)) = C for any subset C' of Y.

Suppose that f: X — Y is such that f(f~1(C)) = C for any subset C of Y.
For any y € Y we can put C = {y} and get that f(f~'(y)) = {y}. This tells
us that there exists x € f~!(y) (for which of course f(z) =y ), so f~(y) # 0.
This proves that f is onto.

3.7 (i) We can have y # ¢/ with neither y nor ¢’ in the image of f , so that
f~Yy) = f~%%') = 0. For a counterexample, we may define f: {0} — {0, 1, 2}
by f(0)=0 andtake y=1,¢y =2.

(ii) Suppose that f: X — Y isonto and y,y € Y with y # ¢/, and sup-
pose for a contradiction that f~'(y) = f~'(y/). Since f is onto, there exists
€ f~y) = f1(y/). This gives y = f(x) = ¢/, a contradiction. Hence (ii) is
true.

3.9 (a) Suppose that y € f(A)NC. Then y € C and y = f(a) for some a € A.
Then a € f~5C), so a € AN f~YC) and y = f(a) € f(AN f~1(C)). Hence
FANC C fANFHO)).

Conversely suppose y € f(ANf~Y(C)). Then y = f(a) forsome a € AN f~1(C).
Then y € f(A) since a € A and y= f(a) € C since a € f~1(C). Hence
fLANfH0)) C f(ANnC.

Together these show that f(A4)NC = f(AN f~1(0)).
(b) We apply (a) with C' = f(B). This shows that

FANF(B) = f(ANFTH(f(B)), so since f~(f(B)) = B we have f(A)Nf(B) = f(ANB).



Chapter 4

4.1 Suppose that w is an upper bound for B. Then since A C B we have a < u
for all a € A. So A is bounded above. In particular since sup B is an upper
bound for B it is also an upper bound for A. Hence sup A < sup B.

4.3 (a) We prove that if ) # A C B and if B is bounded below then A is
bounded below and inf A > inf B. For if [ is a lower bound for B then a >1
for all @ € A since A C B. So A is bounded below. In particular inf B is a
lower bound for A, so inf A > inf B.

(b) We prove that if A and B are non-empty subsets of R which are bounded
below, then AU B is bounded below and inf (AU B) = min{inf A, inf B}. For
let | = min{inf A, inf B}. If x € AUB then either z € A so = > inf A > [,
or x € B so z > inf B > 1[. In either case x > [. Hence [ is a lower bound
for AUB. So AUB is bounded below and inf(AU B) > 1. Now let ¢ > 0. If
Il = inf A then there exists © € A such that =z <l+¢, and if f = inf B then
there exists x € B such that x < [+ ¢e. In either case there exists v € AUB
such that = <l+¢e. Hence [ is the greatest lower bound of AU B. We now have
inf (AU B) = min{inf A, inf B} as required.

4.5 Suppose for a contradiction that ¢? =2 where ¢ =m/n, with m, n mutu-
ally prime integers. Then m? = 2n%. Now 2 divides the right-hand side of this
equation, hence 2 divides m? (we write 2|m? ). Since 2 is prime, we must have
2|m. So in fact 4/m?, and from the equation m? = 2n? again we get 2[n? so
2|n. But now 2/m and 2|n together contradict the hypothesis that m, n are
mutually prime. Hence there is no such rational number g.

4.7 Suppose that S is a non-empty set of real numbers which is bounded below,
say s > k forall s €S Let —S mean the set {z € R: —z € S}. Then for
any x € —S5 we have —x > k so x < —k. This shows that —S is bounded
above, so by the completeness property —S has a least upper bound sup(—5S).
Put | = —sup(—S). For any y € S we have —y € =5 so —y < sup(—95),
whence y > —sup(—S) =1[. Thus [ is a lower bound for S.

Now let [’ be any lower bound for S, so that y > I’ for any y € S. Then
—y < =1’ forany y € S, which says that x < —I' forany z € —S. Thus —I’ is
an upper bound for —S , and by leastness of sup(—S) we have —I’ > sup(—59).
This gives I’ < —sup(—S) =1. So [ is a greatest lower bound for S.

4.9 Since y > 1 we have y = 1+ x for some z > 0. Hence y" = (1 + x)".
Choose some integer r with r > a and let n >r. Then

nn—1)n-2)...(n—r+1)z"

(I4+2)" > o

)

a

rin
0<—< —0
5 y* nn—-1)Mn-2)...(n—r+1)z"

as n — oo, since there are r factors on the denominator involving n, and r > a.
The result now follows by the ‘sandwich principle’.



4.11 Suppose a = aj,. Then a" =aj < af +ay+...+a. Also, a; < a for
any i€ {1,2,...,r} so a} <a". Hence a} +ay + ...+ a} <ra”. As the hint
suggests we now take nth roots and get

a<(af +a5+...+a)/" <,

Now /™ 1 as n — oo (this follows from Exercise 4.10, since 1 < 7%/ < nl/m

for all n > ). So by the sandwich principle for limits (a} +a% +...+a?)"/" = a
as n — 0.

413 (a) If y > z then max{y, z} =y and |y—z| =y—2 so (y+z+|y—=z])/2 =y.
If y<z then max{y,z} =2 and |[y—z|=2—y so (y+z+|y—2z])/2=-=z

If y>2z then min{y,2} =2 and |[y—z|=y—2 so (y+z—|y—z|)/2==2 1If
y <z then min{y, z} =y and |[y—z2|=2z—y so (y+z—|y—2z])/2=y.

These prove (a).

(b) We use (a) to see that for each x € R we have

1

h(z) = 5(f(2) + g(2) +[f () = g(@)]), k(z) = %(f(x) +g(z) = [f(x) = g(2)]).

Now f and ¢ are continuous, hence f+g¢g and f—g are continuous by Propo-
sition 4.31 (we note that the constant function with value —1 is continuous, hence
—g is continuous since ¢ is continuous). Hence, again by Proposition 4.31, |f —g|
is continuous. Hence f+ g+ |f — g| is continuous, so h, k are continuous.

4.15 Let z € R and take ¢ =1/2. If f were continuous at = there would exist
0 >0 such that |f(x)— f(y)] <1/2 for any y € R such that |y —z| <. Now
we know from Corollary 4.7 and Exercise 4.8 that there exist both a rational number
x1 and an irrational number z2 between z and x+ 0. Thus |z — 21| <J and
|z —x2| < 6. Hence we should have |f(z)—f(z1)] <1/2 and |f(x)—f(x2)| <1/2,
SO

[f (1) = fa2)] <[f(21) = fl2)] + [f(2) = fa2)| < 1.

But in fact f(z1) =0 and f(x2) =1, so |f(z1)— f(x2)| =1. This contradiction
shows that f is not continuous at =z.

4.17 We use the fact that the graph of a convex function is convex, that is if x, y
are real numbers with = < y then the straight-line segment joining the points
(z, f(z)) and (y, f(y)) lies above or on the graph of f between z and y. (See
Figure 1 below.)

A
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Figure 1:  Convexity

Any point on this straight-line segment is of the form

Az + (1 =Ny, Af(x) + (1 —X)f(y)) for some X € [0, 1].



Now the graph of f at the point Az+(1—\)y hasheight f(Ax 4+ (1 — \)y) and the
definition of convexity says that this height is not greater than Af(x) + (1 — \) f(y).
For any point a € R choose b<a and ¢ >a, so a=Ab+ (1 — \)c for some
A€ (0,1). Let L; be the straight line through the points (a, f(a)) and (¢, f(c))
and let Lo be the straight line through (b, f(b)) and (a, f(a)) (see Figure 2).
The idea of the proof is that by convexity the graph of f on [b, ¢] is trapped in
the double cone formed by the lines Li, Lo and from this we can deduce continuity
of f at a.

Ly

Figure 2: Convex continuity

First, by convexity applied on [a, ¢] for any x € (a, ¢) the point (z, f(z)) is
below or on Lj. Less obvious but also true is the fact that (z, f(z)) is above
or on Ly. This follows from convexity applied between b and =z : if (z, f(x))
were below Lo then (a, f(a)) would be above the straight-line segment joining
(b, f(b)) to (z, f(x)), contradicting convexity. By a similar argument we can show
that if = € (b, a) then the point (x, f(x)) lies below Ly and above Lj.

Now to prove continuity at a, , let 61, 65, 03, 84 be the angles indicated in Figure
2. Given € >0 choose a positive § < &/M where

M = max{|tan 6|, | tan 6|, | tan 63|, | tan O4]}.

Then for any =z satisfying |z —a| < 0 we have |f(z)— f(a)] < Md and so
|f(z) — f(a)| < e as required.

Chapter 5
5.1 From the triangle inequality d(z, z) < d(z, y)+d(y, z) so d(x, z) — d(y, z) < d(z,
From the triangle inequality and symmetry d(y, z) < d(y, z) + d(z, z) = d(z, y) + d(=z,
so (y, z) —d(z, z) < d(z, y). Together these give |d(x, z) —d(y, z)| < d(z, y).

5.3 The proof is by induction on n. For n = 3 it is the triangle inequality. Suppose
it is true for a given integer value of n > 3. Then, using the triangle inequality and
the inductive hypothesis we get that d(z1, p4+1) is less than or equal to

d(z1, Tn) + d(Tn, Tnt1) < d(T1, T2) + d(T2, 23) + ... + d(Tn-1, Tn) + d(Tn, Tnt1),

which tells us the formula is true for n 4+ 1. By induction it is true for all integers
n > 3.

Y).

2),



5.5 Suppose for a contradiction that z € B.(x) N B:(y). Then d(z, x) <e and
d(z, y) < e, so by the triangle inequality and symmetry we get

Az, y) < d(w, 2) +d(z, y) = d(z, 7) +d(z, y) < 2.
This contradicts the fact that d(zx, y) = 2e.

5.7 Since S is bounded, we have for some (ai, ag, ..., a,) € R” andsome K € R
Vi(zy—a)? + (22 —a2)2 4 ... + (zn — an)? < K for all (zq, z2, ..., z,) € S.

In particular, for each ¢ = 1,2, ..., n, |z; —a;| < K so z; € [a; — K, a; + K].
Let a=m—K and b= M + K where we define m =min{a; :i=1, 2, ..., n},
and M = max{a; :i=1,2,...,n}. Then z; € [a,b] foreach i =1,2,...,n
so (1, o, ..., xy) € [a,b] X [a, b] x ... X [a, b] (product of n copies of [a, ] ).
This holds for all (z1, 2, ..., x,) in S, so S C [a, b]x[a, b]x...x]a, b] (product

of n copies of [a, b] ).

5.9 Let the metric space be X. There exists some xy € X and some K € R such
that d(b, zop) < K for all b € B. Since A C B this holds in particular for all
pointsin A ;so A is bounded.

If A=10 then by definition diam A =0 so diam A < diam B, since the latter
is the sup of a set of non-negative real numbers. Now suppose A # (). Since
d(b, v') < diam B for all b, € B, in particular d(a, a’) < diam B for any
a,a € A. Since diam A is the sup of such distances, diam A < diam B.

5.11 Since doo((z, y), (0, 0)) = max{|z|, |y}, (z,y) € B{=((0,0)) iff -1 <z <1
and also —1 <y < 1, so the unit ball is the interior of the square shown in Figure
3 below.

Figure 3

5.13 Since any open ball is an open set by Proposition 5.31, any union of open balls
is an open set by Proposition 5.41.

Conversely, given an open set in a metric space X, for each x € U there exists by

definition e, > 0 such that B, (x) CU. Then U = U B, (z). For since each

zeU
B.,(x) C U, their union is contained in U. Also, any = € U isin B, (z) and

hence is in the union on the right-hand side.

5.15 (a) If y € Bg;k(x) then we have d'(y, ) <e/k, so d(z,y) < kd'(z,y) <e
and y € Bd(z), showing that Bg;k(x) C Bd(x).

6



(b) If U is d-open then for any x € U there exists ¢ > 0 such that Bd(z) C U.
Then Bg;k(:v) C Bd(x)CU. So U is d -open.

(c) This follows from (b) together with Exercise 5.14.

5.17 Let z,y, z,t € X. From Exercise 5.2,
A, y) — d(z D] < dle, ) +dly, 1) = dy((z, ), (2 1),
So given € >0 we may take 6 =¢ andif di((z, y), (2, 1)) < then

|d(z, y) —d(z, t)] <d=¢, sod: X x X = R is continuous.

Chapter 6

6.1 (a) (i) The complement of [a, b] in R is (—o0, a)U (b, c0), a union of open
intervals which is therefore open in R. So [a, b] is closed in R.

(ii) The complement of (—oo, 0] in R is (0, co) whichisopenin R so (—oo, 0]
is closed in R.

(iii) The complement (—oo, 0) U (0,00) is openin R so {0} is closed in R.

(iv) The complement is (—oo, 0) U (1, co) U U (1/(n+1), 1/n) which is open in

neN
R so this set is closed in R.

(b) The complement of the closed unit discin R? is S = {(x1, 22) € R? : 22 + 23 > 1}.
If (z1,22) €S, let us put e=+/zf+x5—1. Then B.((x1,x2)) C S since if
(yla y2) is in BE((:L'l’ $2)) then writing 0, z, y for (07 O)a (1:17 $2)a (yla yQ) re-
spectively, we have from the reverse triangle inequality

d(0,y) = d(0, x) —d(z,y) > d(0, x) —c = /22 + 23 —e =1,

so y€S. Hence S isopenin R? so the closed unit disc is closed in R2.

(c) Let S be the complement of this rectangle R in R?. Then S may be written
as the union of the four sets

Ui =R x (—o00,¢), Up=R x (d, >0), U3 =(—00,a) xR, Uy = (b, o0) x R.

Each of these is open in R2. For example if (z1, x2) € Uy then z9 < c¢. Take
e = ¢ — x9. We shall prove that B.((x1, z2)) C Uy. Forif (y1, y2) € Be((1, x2))
then |yo—x3| <e=c—z2 S0 ya—xo < c—cy which gives y2 < ¢ so (y1, y2) € Ur
as claimed. This shows that U; is open in R2. Similar arguments show that
Us, Us, Uy are open in R%. Hence S =U;UU,UU3UU, isopenin R? and R
is therefore closed in R2.

(d) In a discrete metric space X any subset of X is open in X ; in particular
the complement in X of any set C' isopenin X so C isclosed in X.

(e) It was proved on p.61 of the book that this subset is closed in C([0, 1]).

6.3 The complement of a singleton set {x} in a metric space (X, d) is open in
X, forif y # x then B.(y) C X\ {z} where ¢ = d(x,y). So {x} is closed



in X. The union of a finite number of sets closed in X is also closed in X by
Proposition 6.3, and the result follows.

6.5 Since C), is the union of a finite number (namely 2" ) of closed intervals, C,
is closed in R for each n € N so C isclosed in R by Exercise 6.4.

6.7 We note first that {0, 1} are points of closure of each of these intervals, since
given any ¢ > 0 there is a point of each of these intervals in B.(i) for =1, 2.

But also, if z ¢ [0, 1] then either <0 or z > 1, and in either case there exists
e >0 such that B.(z) N[0, 1] =0, so x is not a point of closure of [0, 1]. This
completes the proof.

6.9 Suppose that A is a non-empty subset of R which is bounded above and let
u = sup A. Take any € > 0. Then by leastness of w there is some a € A with
a > u—e¢e. Since wu is an upper bound for A, also a < wu. So a € AN B.(u).
this shows that « € A. The proof for inf is similar.

6.11 The sets in Exercise 6.2 (a) and (d) are closed in R so by Proposition 6.11 (c)
they are their own closures in R. The closure of the set in (b) is R: for given any
z € R and any ¢ >0 there exists an irrational number in (for example) (z—¢, z)
by Exercise 4.8. The closure of the set A in 6.11(c) is AU {1} : for given any
e >0 thereexists n € N with 1/(n+1) <e, which says that 1—n/(n+1) <,

and this shows that 1 € A. Also, no point in the complement of AU{1} isin A:
for the complement of AU {1} in R is

1 > n n—+1
<—oo, 2) U (1, o) U U (n—l—l’ m) , which is open in R.

n=1

The closure of the set in (d) is the set itself, since it is closed - its only limit point
in R is 0.

6.13 First suppose that f: X — Y is continuous. Let y € f(A) forsome A C X
and let ¢ > 0. Then y = f(z) for at least one z € A. By continuity of f at =
there exists § > 0 such that f(Bs(z)) C B-(y). By definition of A there exists
some a € ANBs(z). Then f(a) € f(Bs(z)) C Bs(y). So f(a) isin B:(y)Nf(A)
which shows that y € f(A). Hence f(A) C f(A).

Conversely suppose that f(A) C f(A) for any subset A of X. We shall prove
that the inverse image of any closed subset V' of Y is closed in X | so that f
is continuous by Proposition 6.6. For suppose that V is closed in Y. We have

FOFEV) C F(fHV), and f(f HV)C Vso f(fL(V)CV =V,

where the last equality follows from Proposition 6.11 (c) since V is closed in Y.
Hence f(f~1(V)CV, so f~1(V)C f~1(V). Since we always have the other in-
clusion f=Y(V) C f~1(V), this shows that f~1(V) equals f~1(V), and f=%(V)
is closed in X by Proposition 6.11 (c).

6.15 Since for each i € I we have that A; C A;, it follows that ﬂ A; C ﬂE
il iel



But each A; is closed in X by Proposition 6.11 (c) so ﬂfl is closed in X by
i€l
Proposition 6.4, and hence by Proposition 6.11 (f) ﬂ A; C ﬂE
i€l i€l
In R we may take Al = (07,1), As = (1, a Then A1NAy=0 so A1 N Ay =10,
whereas A; = [0, 1] and Ay =1, 2] so A; N Ay ={1}.

6.17 (a) Each point in A = [1, c0) is a limit point of A , since given any = € R
with 1 <z and any € > 0, the open ball (x —e, z +¢) contains points of A
other than x (for example z+¢/2 ). Also, no point in the complement of A is a
limit point of A , since any limit point of A isin A, and we have seen in Exercise
6.9 that A = A. So the set of limit points of A in R is precisely A.

(b) Any real number is a limit point of R\Q in R | since given x € R and € > 0,
by Exercise 4.8 there is an irrational number for example in (z — &, ) and this is
not equal to . So the set of limit points here is R.

(¢c) We know from Definition 6.15 that any limit point of A in R is a point of
closure of A, and we have seen in Exercise 6.9 that A = AU {1}. Now 1 isa
limit point of A in R, since given any & > 0 there exists an n € N such that
1/(n+1)<e, so 1—e<n/(n+1) <1, showing that 1 is a limit point.

Butif x =n/(n+1) for some n €N then we may take
e=n+1)/(n+2)—n/(n+1)=1/(n+1)(n+2)

and then (z—e,2+e)NA={n/(n+1)}, so x isnot a limit point of A. The
upshot is that the set of limit points here is the singleton {1}.

(d) The only limit point of the set in Exercise 6.2 (d) is 0.

6.19 Assume the result of Proposition 6.18, and first assume that the subset A is
closed in X. Then A= A by Proposition 6.11 (c). By Proposition 6.18 all limit
points of A arein A, hencein A.

Conversely suppose tILat the subset A C X contains all its limit point in X. Then
by Proposition 6.18 A=A and A isclosed in X by Proposition 6.11 (c).

6.21 (a) In each case we have already seen that the closure in R is [a, b] (this
is the same as Example 6.8 (a)) so it is enough to show that the interior is (a, b).
This follows from Proposition 6.21 (f) - the interior of aset A in X is the largest
set contained in A and open in X.

(b) We have seen that the closure of Q in R is R. It is therefore enough to show
that the interior of @ in R is (). But this is true, since given any = € R and any
open set U in R containing x, there is an € > 0 such that (z —¢, x+¢) C U.
But any such open interval contains irrational numbers, so U cannot be contained
in Q, so z isnot in the interior of Q in R.

6.23 (a) By definition 0A = Z\j , and ;Dl CACA so 1?1 = A\ 0A. Since
@] O
A CA, infact A =A\0JA.

(b) This holds since for z € X,



reX \ A< anyopenset US> x has non—empty 1ntersect10n with X\ A< no
open set U >z is contained in A & :U¢A <:>ZL‘€X\A

— (@]
(c) By definition 0A = A\ A. Now using Exercise 2.1 (with the C, D of that
o __ _ o (¢] J—
exercise taken to be A, A respectively) we have A\ A = (X \A)N A So

(@] J— _ J—
0A = (X\A)NA=X\ANA, where the second equality uses (b) above. The
second equality in the question follows by symmetry.

(d) This follows from (c), since QA is the intersection of the two closed sets X \ A
and A.

6.25 Let the metrics on X,Y be dx,dy. First suppose that f : X — Y
is continuous. Let (x,) be a sequence in X converging to a point zy € X.
Then by continuity of f at x, given ¢ > 0 there exists § > 0 such that
dy (f(z), f(y)) < e whenever dx(z,y) <. Since (x,) converges to zg there
exists an integer N such that dx(z,, xg) < whenever n > N. So for n > N
we have dy (f(xn), f(xo)) <e. This proves that (f(z,)) converges to f(xo).

Conversely suppose that (f(z,)) converges to f(zp) whenever (x,) converges
to a point xg. We shall prove by contradiction that f is continuous at xg. For
if it is not, then for some & > 0 there is no § > 0 such that dy(f(z), f(y)) <e
whenever dx(x, xg) < 0. In particular, for each n € N there exists a point, call it
Zn, such that dx(z,y) <1/n yet dy(f(z), f(y)) = e. Now (x,) converges to
xo but (f(z,)) does not converge to f(x¢). This contradiction proves that f is
continuous at xp, and the same applies at any point of X.

6.27 Since d®(z, y) < d(z, y) forall z,y € X , wesee that as in Exercise 5.15 (a),
Bl(z) C B® (z) forall z € X and € > 0. Henceif U C X is d® -open it is also
d -open. Conversely suppose that U is d -open and let z € U. Then Bg(x) cU
for some e >0, and we may take ¢ < 1. Then Bg(z) (r) = Bd(z) CU, so U is
d® -open. This shows that (X, d) and (X, d®) are topologically equivalent.
Since d®(z, y) < d(z,y) forall z,yc X, asfor d® when asubset U C X is
d®) -open it is also d -open. Conversely suppose that U is d -open and z € U.
Then B4(x) C U for some & > 0. Let & = min{e/2, 1/2}. If d®(z,y) < §
then d®(z, y) < 1/2, so

d® (z, y)

2 I < 9qB)
o, ) 2PV

d(iL‘, y) =

Then Bg(s) () € BY(x) CU, so U is d® -open. This proves that (X, d) and
(X, d®) are topologically equivalent.

Chapter 7

7.1 (a) Any topology on {0, 1} has to contain () and {0, 1}. It may contain
either, neither or both of {0} and {1} and each of these possibilities gives a
topology. So there are precisely four distinct topologies on X = {0, 1}, namely

T = {Xv (Z)}v T2 = {Xa @7 {0}}> T3 = {X7 (Z)’ {1}} and Ty = {Xa @7 {0}7 {1}}

10



(b) The combinatorics of the situation rapidly increase in complexity with the num-
ber of points in X. If X = {0, 1, 2} then again any topology on X must contain
X and (), but there are now many topologies (29 in fact). One way to keep track
of them is to list them by the number of singleton sets in them.

If there are no singleton sets in the topology, then the topology must have at most
one set of order two in it (for if say {0, 1} and {0, 2} are in the topology then
by the intersection property (T2) so is the singleton {0} : we get four topologies

{0, X}, {0, {0, 1}, X}, {0, {0, 2}, X}, {0, {1, 2}, X}.

If there is just one singleton set in the topology, and if it is {0}, then there are five
possible topologies: these are {0, {0}, X}, {0, {0}, {0, 1}, X}, {0, {0}, {0, 2}, X},
{0, {0}, {1, 2}, X}, {0, {0}, {0, 1}, {0, 2}, X}.

There are five analagous topologies in which the only singleton is {1} and another
five in which the only singleton is {2}.

Next we list the topologies with precisely two singleton sets in them. There are
those with just one set of order two and those with two sets of order two in them.
For example if the two singleton sets are {0}, {1} then we get just one topology
with precisely one set of order two, namely {0, {0,}, {1}, {0, 1}, X} . We get
two topologies with these same singleton sets and precisly two sets of order two,
{0, {0}, {1}, {0, 1}, {0, 2}, X} and {0, {0}, {1}, {0, 1}, {1, 2}, X}. We also get
three topologies in which the singletons are {0}, {2} and three more in which the
singletons are {1}, {2} .

Finally, if the topology contains all three possible singletons, then it is the discrete
topology (all subsets of X are in the topology). Altogether this gives 29 distinct
topologies.

7.3 Suppose that 7, T3 are topologies on a set X. Then sois 71 N73. For
(T1) 0, X €Ty and 0, X €Ty so 0, X € TN Ts.
(T2) If U,V € T1NTy then U,V €7y and T; is a topology so UNV € Ti.
Similarly UNV €T3 so UNV € T1N7Ts.
(T3) If U; € iNT, forall i insome index set [, then forall i€ I, U; €T
SO U U; € 71 since 7Tq is a topology. Similarly U €Ty so U Ui e TiNTs.

i€l el iel
The union of the topologies {0, {0}, {0, 1}} and {0, {1}, {0, 1} is the discrete
topology on {0, 1}. But the union of the topologies {0, {0}, X} and {0, {1}, X}
on X ={0,1,2} is {0, {0}, {1}, X} which is not a topology on X since the
union of {0}, {1} is not in it.

We see that the argument above for the intersection of two topologies works exactly
the same way for the intersection of any family of topologies.

7.5 Let T be defined on a set X as in Example 7.9.

(T1) By definition @ € 7. Also, since X \ X =( is finite, X € T.

(T2) Suppose that U, V € T. If either is empty, then sois UNV so UNV € T.

Otherwise X\U and X \V are both finite, hence X\ (UNV) = (X\U)U(X\V)

is also finite, so UNV € T.

(T3) Suppose that U; € T for all ¢ in some index set [. If all the U; are empty

then so is U U; and hence it is in 7. Otherwise U;, # 0 for some ig € I, so
i€l

X\ U, is finite. Then X\ (U UZ-) C X\ Uj, is also finite, so | JU; € T
i€l iel

11



Chapter 8

8.1 (a) In this case the inverse image of any open set is itself hence it is open, so f
is continuous.

(b) Let the constant value of f be yg €Y. Then f~}(U)=X if yo€ U and
7Y U)=0 if yo ¢ U. In either case f~!(U) is openso f is continuous.

(c) In this case f~!}(U) isopenin X foranysubset U CY so f is continuous.

(d) The only open sets of Y are 0, Y. Now f~'(0) =0 and f~(Y)=X. So
f is continuous since both ) and X are open in X.

8.3 Suppose first that A is open in X . The only open sets in S are , S and
{1}. Now x,'(#) =0, x;'(S)=X and x,'(1) = A, all of which are open in X
SO XA is continuous.

Conversely suppose that x4 iscontinuous. Then A isopenin X since A = X;‘l(l)
and {1} isopenin S.

8.5 We need to show that any open subset U C R is a union of finite open intervals.
By definition of the usual topology on R, for any z € U there is some ¢, > 0
such that (x — ez, x +¢5) CU. It is straightforward to check that

U= U(ﬂf—€z,£€+€x)-
zelU

8.7 We have to show that B is a basis, and that it is countable. We first show that
B is a basis. For this we need to show that any open subset U C R? is the union
of a subfamily of B.

Solet U be an open subset of R? and let (z,y) € U. It is enough to show that
there is a set B € B such that (z,y) € B C U. First, there exists ¢ > 0 such
that Bs:((z, y)) € U. Now choose a rational number ¢ such that ¢ < g < 2e.
Let q1, g2 be rational numbers with |z —q1| < ¢/v2 and |y — 2| < &/v/2. Let
us write d for the Euclidean distance in R2. Then

d((q1, g2), (2, 9) = V(& —@1)> + (y — q2)?
Hence (z,y) € B:((q1, @2)) € Bq((q1, ¢2)) € B. Also,
B,((q1, 2)) € Bs:((w, y)) CU : forif (2, ') € By(q1, q2) then

)
(@', '), (z, y)) <d((@, ¥), (g1, @) + d((q1, @), (x, y)) < g+ € < 3e.

This shows that U is a union of sets in B.

To show that B is countable, note that there is an injective function from B to Q°
defined by By((q1, ¢2)) — (¢, q1, g2). Now B is countable by standard facts about
countable sets: @Q is countable, a finite product of countable sets is countable, and
any set from which there is an injective function to a countable set is countable.

Chapter 9

12



9.1 The complement of any subset V of a discrete space X isopenin X, so V
is closed in X.

9.3 We may choose for example U = (0, 1)U (2, 4), V = (1, 3). Then

UNnV=(23, UNnV=[2,3), UnV={1}U[2,3], UNnV = [2, 3].

9.5 (a) This is false in general. For a counterexample let X be the space {0, 1}
with the discrete topology, let Y be the space {0, 1} with the indiscrete topology,
and let f be the identity function. Then f is continuous e.g. by Exercise 8.1 (c)
r (d). Also, A= {0} isclosedin X but f(A) = A is not closed in Y. (The
analogous counterexample would work for any set with at least two points in it.)

(b) Again this is false: Exercise 9.3 gives a counterexample - take A = (0, 1)U(2, 4)
and B=(1,3) in R, and we have AN B = (2, 3] while ANB =2, 3.

(c) This is also false. Let f be as in the counterexample to (a) and let B = {0}.
Then the closureof B in Y is B = {0, 1} so f~1(B)={0, 1} but f~(B) = {0}
so the closure of this in X is f~1(B) = {0}.

9.7 Suppose first that f: X — Y is continuous and that A C X. Let y € f(A),
say y = f(z) where x € A. Let U be any open subset of Y containing y. Then
f~YU) isopenin X and z € f~1(U). Hence there exists a € AN f~1(U), and
then f(a) € U. Hence y € f(A). This shows that f(A) C f(A).

Conversely suppose that f(A) C f(A) for any subset A C X. In particular we
apply this when A = f~%(V) where V isclosed in Y. Then

FEV) S (V) SV =T

Hence f1(V) C f7'(V). Since [~ (V) C [7I(V) we have f~I(V) = f~'(V)
so by Proposition 9.10 (¢) f~1(V) isclosed in X, showing that f is continuous.

e}
9.9 (a) If a € A then by definition there is some open set U of X such that
O
a €U C A. In particular then a € A. So A C A.

(e]
(b) if ACB and x € A then by definition there is some open subset U of X
[¢]
such that reUCA. Since ACB thenalso UC B, so x € B. This proves
[¢]
that A CB.

(¢c) If A isopenin X then for every a € A there is an open set U (namely
U=A)suchthat a €U C A, so ac€ A This shows that A C A and together
O
with (a) we get A=A .
O
Conversely if A = A then for every a € A there exists an open set, call it U,,

such that a € U, C A. It is straightforward to check that A = U U, which is a

acA
union of sets open in X hence is open in X.

O (e) O
(d) by (a) the interior of A is contained in A . Conversely suppose that a € A .
Then there exists a subset U open in X such that a € U C A. Now for any

13



o O
point x € U wehave x € U C A, soalso x € A. This showsthat ac U C A,
o
and U is open in X, so a is in the interior of A . These together show that
(e) o
the interior of A is A.

(e) This follows from (c) and (d).

o
(f) We know that A is open in X from (e). Suppose that B 1s openin X and

[©]

that B C A. By (b) then B C A. Since B is open we have B -B by (c). So
(e} ]
B C A, which says that A is the largest open subset of X contained in A.

IDE

(¢] m (@]
9.11 Since A; C A; foreach 7 = 1,2,...,m we get ﬂAi C A;. Also,
i=1

i=1

O
ﬂAi is the intersection of a finite family of open sets hence is open in X,

m m
hence it is contained in the interior of ﬂ A;. Conversely ﬂ A; C Aj for each
i=1 i=1
m O
j=1,2,..., m; it follows (9.9 (b)) that the interior of ﬂ A; is contained in A;
O
for each j=1,2,..., m, so the interior of ﬂ A; is contained in ﬂ A;. This

i=1 i=1
proves the result.

9.13 This follows from the fact that A = AN X \ A (Proposition 9.20) since each
of A, X\ A isclosed in X hence so is their intersection.

9.15 Since 9A = A\ fol we have DANA = (. By the definition 0A = Z\;l
we know that 94 C A and A C ACA So the disjoint union 9A L A C A.
Conversely since 9A = A\ A we have A C A L OA. These two together show
that A = A L OA.

J— O
Now if BC X and BNA # () then BNA # () soeither BNA # (0 or
BNoA#0.

Chapter 10

10.1 The subspace topology T4 consists of all sets U N A where U € 7. Hence
Ta=A{0, {a}, A}.

10.3 We have to show that the subspace topology T4 on A is the same as the
co-finite topology on A. First suppose that V C A is in the co-finite topology for

14



A. Either V =0 and then V. =AN0 € Ta, or A\V is finite. In this latter
caselet U= (X\A)UV. Then ANU =V, and U is in the co-finite topology
for X since X \U = A\V and the latter is finite.

Conversely suppose that V= ANU where U is in the co-finite topology T for
X. Then either U =10, so V=ANU =0, and V is in the co-finite topology
for A, orelse X \U is finite, in which case A\ V C X \ U is finite and again
V' is in the co-finite topology for A.

10.5 Since V isclosed in X its complement X \V isopenin X. Now we have
A\(VNA)=AN(X\V) by Exercise 2.2. So A\ (VNA) € Ty. This shows that
VNA isclosed in (A, Ta).

10.7 (a) We use Proposition 3.13: for any subset B CY we have

1B = JUu)7(B).
1€l
Now let B be open in Y. For each i € I continuity of f|U; implies that
(f|lU:)"Y(B) is open in U; and hence, by Exercise 10.6 (a), open in X. Hence
f~1(B) is a union of sets open in X , so f~'(B) is open in X. Thus f is
continuous as required.

(b) We again use Proposition 3.13: for any subset B CY we have

B =Uuvy ().
i€l
Now suppose that B is closed in Y. Then continuity of f|V; ensures that
(fIVi)"%(B) is closed in V , and hence, by Exercise 10.6 (b) it is closed in X.
Hence f~!(B) is the union of a finite number of sets closed in X, so f~!(B) is
closed in X, and f is continuous as required.

10.9 (a) First suppose x € B;. Then z € X; and also for any set W open in
X1 with 2 € W we have WNA#(D. Nowlet U be any set open in X, with
x€U. Then W =UNX; isopenin X; and contains x, so WNA=#(. Then
UNA=UNANX)=UNX)NA=WNA#0D, so € By. Sincealso = € X;
this shows that B; C By N Xj.

Conversely suppose that = € BoN X;. Then x € X7 and for any subset U open
in Xo weknow UNA#(. Nowlet W be an open subset of X; with = € W.
Then W = X;NU for some U openin Xo with x € U. Hence UNA #(), so
since ACX; wehave UNA=UNX NA=WnNA, so WNA#( , showing
that = € Bj.

Taking these two together, we have B; = Bs N Xj.

10.11 Any singleton set {(z, y)} in X xY isthe product {z}x{y} of sets which
are open in X, Y since they have the discrete topology so {(x, y)} is open in the
product topology. Hence any subset of X X Y is open in the product topology,
which is therefore discrete.

10.13 Consider the case when Y is infinite, and X contains at least two points.
Then we may let U be a non-empty open subset of X with U # X. The
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complement of U xY is (X \U) xY, which is infinite. So U xY is not open in
the co-finite topology on X x Y although it is open in the product of the co-finite
topologies on X and Y.

10.15 (a) Any open subset W of X x Y is a union U U; x V; for some index
i€l

set I , where each U; isopenin X andeach V; isopenin Y. We may as well

assume that no V; (and no U; ) is empty, since if it were then U; x V; would

be empty, and hence does not contribute to the union. The point of this is that

px(U; x V;) =U; forall i €l. Now

px(W) = px (U Ui % V) =Jpx (Ui x Vi) = U,

icl icl icl
which is open in X as a union of open sets. Similarly py (W) is open in Y.

(b) Consider the set W = {(z, y) € R?: zy = 1} . Thisis closed in R?: a painless
way to see this is to consider the function m: R x R — R given by m(z, y) = xy.
Since m is continuous by Propositions 8.3 and 5.17, and {1} is closed in R,
W =m~1(1) isclosed in R xR by Proposition 9.5. But p;(W) =R\ {0} is not
closed in R.

10.17 Since t is clearly one-one onto, it is enough to prove that ¢t and ¢! are
continuous. Now ¢ is continuous by Proposition 10.11, since if p;, po are the
projections of X x X on the first, second factors, then p;ot =ps and psot = p;
and pi, po are both continuous. Now we observe that t is self-inverse,i.e. t71 =t
so t is a homeomorphism.

10.19 (a) The graph of f is a curve through the point (0, 1) which has the lines
x=—1, x =1 as asymptotes. We argue as in the proof of Proposition 10.18: let
6 : X — Gy be defined by 6(x) = (z, f(z)) andlet ¢: Gy — X be defined by
¢(x, f(z)) =x. Then 6 and ¢ are easily seen to be mutually inverse. Continuity
of 6 follows from Proposition 10.11, since pjof is the identity map of X and poof
is the continuous function f. Continuity of ¢ follows since ¢ is the restriction to
G of the continuous projection p; : X x R — X. Hence ¢ is a homeomorphism
(with inverse ¢ ).

(b) The graph of f isnot easy to draw, but it oscillates up and down with decreasing
amplitude as x approaches 0 from the right. The continuity of f: [0, co) = R
on (0, co) follows from continuity of the sine function together with Propositions
8.3 and 5.17. Continuity (from the right) at 0 follows from Exercise 4.14. Now
arguing as in Proposition 10.18 we see that = + (z, f(x)) defines a homeomorphism
from [0, c0) to GY.

Chapter 11

11.1 Suppose that x, y are distinct point in a space X with the indiscrete topol-
ogy. Then there are no disjoint open sets U, V with x € U, y € V since the only
open set containing x is X , which also contains y.
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11.3 We can prove this by induction on n. When n =2 the conclusion is simply

the Hausdorff condition. Suppose the result is true for a given integer n with

n > 2 andlet xq, xa, ..., Tp41 be distinct points of X. By inductive hypothesis,

for ¢ =1, 2, ..., n there exist pairwise disjoint open sets W,; with x; € W;. Also,

by the Hausdorff condtion, for each i =1, 2, ..., n there exist disjoint open sets

Si, T; such that z; € S;, xp41 € T;. Foreach i=1,2,....,n put U; =5;NW;,
n

and put Upy1 = ()TZ Then Uy, Us, ..., U, are disjoint since Wy, Wy, ..., W,

i=1
are, and for each i = 1,2, ..., n we have U; NU,11 = 0 since U; C S; and
Un+1 CT;. Also, by construction each of Uy, Us, ...U,, Uys1 isopenin X. Thus
Uy, Us, ..., Upy1 are pairwise disjoint open sets. This completes the inductive step.

11.5 We prove that (X xY)\ Gy is openin X x Y. (Once we have opted for
this, the rest of the proof ‘follows its nose’.) It is enough, by Proposition 7.2, to
show that for every point (z,y) € (X xY)\ Gy there exists an open subset W
of X xY with (z,y) e W C (X xY)\Gy. Solet (z,y) e (X xY)\Gy. Then
(z,y) € Gy so f(x) # y. Since Y is Hausdorff there exist disjoint open sets
Vi,V of Y suchthat f(x) € Vi, y€V. Since f iscontinuous, U = f~1(1}) is
open in X. Note that = € U since f(z) € Vi. Also, y € V. Write W =U x V.
Then (z,y) € UxV =W, and W C (X xY)\ Gy sinceif (2/,3y) € W then
el and ¢y €V so f(2/)eVy and ¢y €V, but NV =0 so f(2') #v,
which says that (', y') € Gy.

11.7 (a) Suppose first that X is a Hausdorff space. We shall prove that (X xX)\A
is open in X x X from which it will follow that A is closed in X x X. (This
proof is almost identical to that in Exercise 11.5.) Solet (z,y) € (X x X)\ A. By
Proposition 7.2 it is enough to show that there is an open set W of X x X with
(z,y) € W C (X x X)\ A. Since (z,y) € (X x X)\ A we have (z,y) € A,
so y # x. Since X is Hausdorff there exist disjoint open subsets U, V of X
such that = € U,y € V. Then W = U x V is an open subset of X x X,
and (z,y) € U x V. Moreover W C (X x X)\ A since if (2/,y') € W then
el y eV and UNV =0 so y #a', which says (2, y') & A.

Conversely suppose that A is closed in X x X. Then (X x X)\ A is open in
X x X. Let z,y be distinct points of X. Then y # x so (z,y) € A. Hence
(x,y) is in the open set (X x X)\ A and by definition of the product topology
there exist open sets U, V' of X such that (z,y) e U xV C (X xX)\A. Now
xelU yeV and UNV =0 sinceif ze UNV then (z,2) e AN{UNV)=0.
So X is Hausdorff.

(b) Consider the characteristic function x4 : XxX — S oftheset A = (X xX)\A.
Since x ;' (0) =0, x;'(1) = A and x;'S = X xX wehave that x. is continuous
iff A=(XxX)\A isopenin X x X, ie. iff A isclosedin X x X, and by
(a) this holds iff X is Hausdorff.

11.9 Since fa and fp are continuous, so is g¢. So since (—oo, 0) and (0, co)
are open in R we know that ¢g~!(—o0, 0) and ¢~'(0, c0) are openin X. Also,
A and B are closed sets, so A = A and B = B. Now from Exercise 6.16,
fa(x) 20 forall z € X and fu(x) =0 iff = € A. Similarly fp(z) >0 for all
rze€X and fp(z)=0 iff x € B. Hence, since A and B are disjoint, for z € A
we have f4(z) =0 and fg(x) >0, so g(x) < 0. Similarly for z € B we have

g(z) > 0. Thus A C g (—o00,0) and B C ¢g~'(0, c0). Finally, g~!(—o0, 0)
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and ¢~ !(0, oo) are clearly disjoint (if = € g~'(—00,0) then g(x) < 0, while if
z € g0, 00) then g(z)>0.).

Chapter 12

12.1 (i) has the partition {Bi((1,0)), B1((—1, 0))} so it is not connected, hence
not path-connected. The others are all path-connected and hence connected. We can
see this for (ii) and (iii) by observing that any point in B;((1, 0)) may be connected
by a straight-line segment to the centre (1, 0) (and this segment lies entirely in
B1((1, 0)) ), any point in X = By((—1, 0)) or Bi((—1, 0)) can be connected by a
straight-line segment in X (or in Bj((—1, 0)) ) to the centre (—1, 0). Moreover
the points (1, 0) and (—1, 0) can be connected by straight-line segment which lies
entirely in B;((—1, 0)) U B1((1, 0)), hence certainly in B ((—1, 0)) U B1((1, 0)).

To see that (iv) is path-connected note that any point (g, y) € Q x [0, 1] can be
connected by a straight-line segment within @Q x [0, 1] to the point (g, 1) and
that any two points in the line R x {1} can be connected by a straight-line segment
entirely within this line.

Finally to see that the set S in (v) is path-connected, it is enough to show that
any point (x, y) € S can be connected to the origin (0, 0) by a path in S . If
x € Q we first connect (x,y) to (x,0) by a vertical line-segment in S, then
we connect (x, 0) to (0,0) by a (horizontal) line-segment in S. If = ¢ Q then
y € Q and we first connect (z,y) to (0,y) by a straight-line segment in S and
then we connect (0, y) to (0, 0) by a (vertical) straight-line segment in S.

12.3 Suppose that X is an infinite set with the co-finite topology and let U, V
be non-empty open sets in X . The X \U and X \V are both finite, hence
X\UNV)=(X\U)U(X\V) is finite. This shows that UNV is non-empty -
indeed it is infinite. Hence there is no partition of X, so X is connected.

12.5 We may prove that this is true for any finite integer n by induction. The result
is certainly true when n =1 and if it holds for a given integer n then for n +1
it follows from Proposition 12.16 applied to the connected sets A3 U Ao U...UA,
(which is connected by inductive hypothesis) and A, 41 : these have non-empty
intersection since A, N Apy1 # 0.

The analogous result is also true for an infinite sequence (A4;) of connected sets such
that A; N A;11 # (0 for each positive integer 4 . For suppose that {U, V} were
oo

a partition of U A;. For each i € N we have either A; CU or A; CV, since

i=1
otherwise {UNA;, VN A;} would be a partition of A;. Let Iy be the subset of
all ¢ € N for which A; C U and let Iy be the analogous set for V. Suppose
w.lo.g. that 1 € Iy (otherwise switch the names of U and V ). Now n € Iy
implies n+ 1 € Iy, for if A, C U then the connected set A, U A,4+1 is also
contained in U, otherwise {(A, U An11)NU, (Ap U Any1) NV} would partition

[e.9]

Ap,UA,y1. Tt follows that N C Iy, so U A; CU , contradicting the assumption
i=1

that {U, V'} is a partition of this union.
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12.7 This follows from the intermediate value theorem since we may show that if the
polynomial function is written f, then f(x) takes a different sign for z large and
negative from its sign for x large and positive, so its graph must cross the =z -axis
somewhere. Explicitly, we may as well assume that the polynomial is monic (has
leading coefficient 1)

flx)=a"+ n12" V4 a4 ag = 2" + g(z), say.

Since g(z)/2"™ — 0 as x — +oo, there exists A € R such that |g(x)/z"| < 1
for |z| > A. This says that for large |z|, we have that f(z) and 2" have the
same sign. But n is odd, so f(z) <0 for z large and negative, and f(z) > 0
for x large and positive.

12.9 Define ¢ as the hint suggests. Then g is continuous on [0, 1] and
9(0)+9(1/n)+...+g((n=1)/n) = f(0) = f(1/n)+ f(1/n)+...+ f((n—1)/n)— f(1)
= f(0) — f(1) =0.

Hence we have only the following two cases to consider.
Case 1. All the g(i/n) are zero. Now if g(i/n) =0 then f(i/n)= f((i+1)/n)
and the conclusion holds with z = i/n.

Case 2, For some i=0,1,...(n—1) the values g¢(i/n), g((i+1)/n have opposite
signs. Then by the intermediate value theorem there exists some z € (i/n, (i+1)/n)

with g(z) =0, so f(z) = f(z +1/n).

12.11 (a) This is false. For example let X =Y =R and A= B = {0}. Then
X\A=Y\B=R\{0}

which is not connected, but X x Y\ (Ax B) = R?\ {(0,0)} which is path-connected
and hence connected.

Note that common sense suggests (b) false (c) true, since the conclusion is the same
for both, but the hypotheses are stronger in (c). (This proves nothing, but it is
suggestive.)

(b) This is false. For example let X =R and let A = {0, 1}, B = (0, 1]. Then
both of ANB = {1} and AUB = [0, 1] are connected, but A is not connected.

(c) This is true. We prove it in the style of Definition 12.1. Solet f: A — {0, 1} be
continuous, where {0, 1} has the discrete topology. Then f|AN B is continuous,
and since ANB is connected, f|ANB is constant, say with value ¢ (where ¢ =0
or 1). Define g: AUB — {0, 1} by g|A = f, g|B =c. Then g is continuous
by Exercise 10.7 (b), since each of A, B is closed in X and hencein AU B, and
on the intersection AN B the two definitions agree. But AU B is connected, so
g is constant. In particular this implies that f: A — {0, 1} is constant, so X is
connected. Similarly B is connected.

12.13 Let yj,y2 € Y. Since f is onto, f(z1) = y1, f(x2) = y2 for some
x1, 290 € X. Let ¢ :[0,1] — X be a continuous path in X from z; to xs.
Then fog:[0,1] — Y is a continuous path in Y from y; to y. So Y is
path-connected.

12.15 This follows from Exercise 9.14 (b), which says that a subset A is open and
closed in X iff it has an empty boundary. Since X 1is connected iff no proper (i.e
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# X ) non-empty subset of X is open and closed in X | it is connecetd iff every
proper non-empty subset of X has non-empty boundary.

12.17 Suppose that f: AUB — {0, 1} is continuous, where {0, 1} has the discrete
topology. Since A and B are connected, both f|A and f|B are constant, say
with values c4 and cp in {0,1}. Let a € ANB. Then f~!(ca) is an open
set containing a and hence some point b € B. But then f(b) = ¢4 and also
f(b) = ¢p since b € B. So ¢4 = cg, and f is constant. Hence AU B is
connected.

12.19 The idea of this example is an infinite ladder where we kick away a rung at a
time. Explicitly, let

Vo= ([0, 00) x {0, 1)U [ {i} x [0, 1].

i€N,izn

Then it is clear that each V,, is path-connecetd hence connected and that V, 2 V41
for each n € N. But

o
ﬂ Vi, =[000) x {0, 1}, which is not connected.
n=1

Chapter 13

13.1 Suppose that the space X has the indiscrete topology. Then the only open
setsin X are (), X. So any open cover of X must contain the set X, and {X}
is a finite subcover.

13.3 Suppose that U is an open cover of AU B. In particular U is an open cover
of A, so there is a finite subfamily U4 of U which covers A. Similarly there is
a finite subfamily Up of U which covers B. Then UsUUp is a finite subcover
of U which covers AU B and this proves that AU B is compact.

13.5 Suppose that U is any open cover of (X, 7). Since 7 C T’, each set in U
isin 7', hence U is an open cover of (X, 7’) as well. But (X, 77) is compact,
so there is a finite subcover. This proves that (X, 7) is compact.

13.7 This is immediate since any finite subset of a space is compact.

13.9 Suppose first that X C R is unbounded. Let us define f : X — R by
f(z) = 1/(1 + |z|). Then the lower bound of f is 0, since f(z) > 0 for all
x € X, but for any d > 0 there exists « € X such that 1+ |z|] > 1/§, and
then f(z) <d. But f does not attain its lower bound 0 since f(z) >0 for all
z e X.

Secondly suppose that X C R is not closed in R, and let ¢ € X \ X. Define
f:X — R by f(x) =|z—c|. Then the lower bound of f is 0 since for any
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0 >0 there exists x € X with |z —¢| <J. But this lower bound is not attained
since f(x) >0 forall z € X.

13.11 This follows from Exercise 13.6 since the family {V,, : n € N} has the finite

intersection property - the intersection of any finite subfamily {V,,, Vi, ..., Vi, }

is Vy where N = max{ni, ng, ..., n,} and Vy # (). Hencesince X iscompact,
oo

Exercise 13.6 says that ﬂ V,, is non-empty.

n=1

13.13 (a) We show that the X, form a nested sequence of closed subsets of X.
Note that X; = f(Xy) = f(X) € Xp. Suppose inductively that X, C X, 1
for some integer n > 1. Then f(X,) C f(X,—1) which says X,+1 € X,. So
by induction X, C X, for all n € N. Also, since X is compact and f

continuous, X; = f(X) 1is compact by Proposition 13.15. Suppose that X, is
compact for some integer n > 0. Then since f is continuous, X,i11 = f(X,) is
also compact by Proposition 13.15. By induction X,, is compact for all integers
n > 0. But X is Hausdorff, so each X, is closed in X. Also, each X, is

oo

non-empty by inductive construction. Now by Exercise 13.11, A = m X, is non-

n=0
empty.

(b) The inclusion f(A) C A is straightforward: if a € A then a € X, for
any integer n > 0, so f(a) € f(X,) = Xp41 for any mteger n > 0. But since
o0

Xo2X12...C X2 ..., wehave [ Xp41= ﬂX_ﬂXn_A and we
n=0 n=1 n=0
see that f(a) € A.

To prove the other inclusion we follow the hint: forany a € A let V,, = f~}(a)NX,.
Since the X,, are nested so are the V,,. Since X is Hausdorff, {a} is closed in
A, hence since f is continuous, f~!(a) is closed in X by Proposition 9.5. Also
each X, isclosed in X asin (a). So each V, is closed in X. Moreover, for
each integer n > 0 we know a € X, 11 = f(X,,) so there exists x € X,, such
that f(x) = a. This says that V, = f~'(a) N X,, # 0. Now by Exercise 13.11,
[e.e]

ﬂ V,, is non-empty. Let b be a point in this set. Then b€ V, = f~(a) N X,
n=0
for any integer n > 0. Also, b= f~1(a) saysthat f(b)=a, and b€ X, for all

integers m > 0 says that b€ ﬂ X, =A. So A C f(A). We have now proved

that f(A) = A. i

13.15 The exercise gives the procedure for constructing the sequences (ay), (by).
The sequence (a,) converges to some real number ¢ since it is monotonic increas-
ing and bounded above (for example by b; ). Likewise since (b,) is monotonic
decreasing and bounded below (for example by a; ) it too converges to some real
number d. Note that for any m > n we have a, < @, < by, so in the limit as
m — oo we have a, < d. Thisis true for all n € N so in the limit as n — co we
have ¢ < d. Forany n €N we have a, <c¢<d<b,. Since b,—a, = (b—a)/2",
also d —c< (b—a)/2". This gives ¢c=d. But ce U forsome U €U, and U
is open in R, so there exists € > 0 such that (¢—e, c4+¢) C U. Hence for large
enough n theinterval [ay, b,] CU (since c € [an, by] and b,—a, = (b—a)/2" ).
This contradicts the construction. So ¢ must have a finite subcover after all.
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13.17 Suppose that 71, T2 are topologies on a set X such that 71 C 73, and that
(X, T1) is Hausdorff and (X, 72) is compact. Consider the identity function from
(X, T2) to (X, T1). Thisis continuous since 7; C 7o, and it is one-one onto. Since
(X, T1) is Hausdorff and (X, 72) is compact it follows from the inverse function
theorem Proposition 13.26 that the identity function from (X, 72) to (X, 71) is
a homeomorphism, i.e. the identity function from (X, 7;) to (X, 72) is also
continuous. This says that 75 C 7;. So 71 = 72 as required.

In particular if X = [0, 1] and 77 is a Hausdorff topology on [0, 1] which is
contained in the Euclidean topology 73, then since we know that ([0, 1], 72) is
compact, the first part of this exercise shows that 71 = 75. So 7Ti is not strictly
coarser than the Euclidean topology 7s.

13.19 Let X be a compact Hausdorff space, let W C X be closed in X and let
y€ X \W. Since W is a closed subspace of a compact space, W is compact by
Proposition 13.20. For any w € W, by the Hausdorff condition there exist disjoint
open subsets Uy, Vi, of X such that y € Uy, w e V. Now {V,,:we W} is

an open cover of compact W , so there is a finite subcover {Vi,, Vi, -+, Vi, }-
Put
T T
U=V V=V
i=1 i=1

Then U, V areopenin X. Also, W CV since {Vi,, Vipy, -+, Va, } covers W.
Next, y € U since y € Uy, forall ¢ € {1,2,...,r}. Finally U and V are
disjoint, since for any point v € V' we have v € V,,, for some i€ {1,2,...,r}
so since U,, and V,, are disjoint, v & U,, hence v ¢ U. This proves that X
is regular.

The proof that X is normal is similar. Suppose that W, Y are disjoint closed
subsets of X. From the first part of this exercise, for each y € Y there exist
disjoint open subsets Uy, V,, of X suchthat y € U,, W CV,. Now {U,:y €Y}
is an open cover of Y, and Y is compact by Proposition 13.20, so there is a finite
subcover {Uy,, Uy,, ..., Uy, }. Put

s

U:Uij, V=V

j=1 j=1
Then U,V areopenin X. Also, Y CU since {Uy,, Uy,, ..., Uy} isacover for
Y. Next, W CV since W CV,, forall je{l,2,...,s}. Finally U and V
are disjoint, since if u € U then w € Uy, forsome je€ {1,2,...,5} so ugV,

since Uy, and V,, are disjoint,so u ¢ V. Hence X is normal.

13.21 First, following the hint we prove that
F7HV) = px(Gy Npyt(V)) for any subset V C Y .

For if x € f~1(V) then f(z) €V, and z = px(z, f(x)) where (z, f(z)) € Gy
and also (z, f(z)) € py (V) since py(z, f(z)) = f(z) € V.

Suppose = € px(G;Npy' (V). Thereexists y € Y such that (z, y) € GyNpi (V).
Now (z,y) € Gy saysthat y = f(x) and (x,y) € p;l(V) says that y € V, so
f(x) eV so z € f1(V) asrequired.

Still following the hint we apply the above to a closed subset V' C Y. The graph
Gy is given to be closed in X xY and p{,l(V) is closed in X xY by Proposition
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9.5since V isclosedin Y. So GyNpy'(V) isclosedin X xY and since Y is
compact, by Exercise 13.20 (a) px(G;Npy (V) is closed in X. This tells us that
f~H(V), which equals px (G Npy(V)), is closed in X whenever V is closed
in Y ,so f iscontinuous by Proposition 9.5.

Chapter 14

14.1 Consider the sequence (1/n) in (0, 1). This has no subsequence converging
to a point of (0, 1) since the sequence (1/n), and hence every subsequence of it,
converges in R to 0.

14.3 Let A be a closed subset of a sequentially compact metric space X. Let (x,)
be any sequence in A. Then (x,) is also a sequence in X, which is sequentially
compact, hence there is a convergent subsequence (z,,.). The point this converges
to must liein A since A is closed in X (see Corollary 6.30). Hence A too is
sequentially compact.

14.5 Let (yn) be a sequence in f(X). For each n € N there is a point =, € X
such that y, = f(x,). Since X is sequentially compact there is some subsequence
(xn,) of (x,) which converges to a point x € X. Then by continuity of f the
subsequence (yn,) = (f(zn,)) convergesin Y to f(x) (see Exercise 6.25). Hence
f(X) is sequentially compact.

14.7 This follows from Exercises 14.5 and 14.2. For if f: X — Y is a continuous
map of metric spaces and X is sequentially compact, then by Exercise 14.5 so is
f(X), and hence by Exercise 14.2 f(X) is bounded.

14.9 Suppose that (X, dx) and (Y, dy) are sequentially compact metric spaces.
In X xY we shall use the product metric d; : recall that

di((z, y), (@', y)) = dx(z, 2') +dy (y, ).

Let ((zn, yn)) be any sequence in X x Y. First, since X is sequentially com-
pact there is a subsequence (x,,.) of (z,) converging to a point = € X. Now
consider the sequence (y,.) in Y. Since Y is sequentially compact there ex-
ists a subsequence (yn, ) of (yn,) converging to a point y in Y. Then (z,,,)
is a subsequence of (x,.) hence also converges to x. Consider the subsequence
((zn,,» Yn,,)) of ((xn, yn)). This convergesto (z,y). Forlet > 0. Since (zp,,)
converges to x, there exists S; € N such that dx(z,, ,x) < /2 whenever
s > S1. Similarly there exists Sz € N such that dy(yn,,,y) < /2 whenever
s> Sy. Put S =max{Si, S2}. If s> S then

dl((mnTs7 ynr5)7 (':L'7 y)) = dX(J:nrs7 ;L') + dY(yan? y) <E&.

So ((zn, yn)) has a subsequence converging to a point in X x Y. This shows that
X x Y is sequentially compact. (As we have seen, any product metric gives the
same answer.)
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14.11 Let =z, € V, for each n € N. Since X is sequentially compact, there is
a subsequence (x,,) of (z,) converging to some point in X. Since the V;, are
nested, =, € V,, for all r such that n, > m. But V,, is closed in X, so

x € Vp, (by Corollary 6.30). This holds for all m € N so z € ﬂ V., and this

n=1
intersection is non-empty.

14.13 The exercise does most of this! As suggested, we prove inductively that
[a, a;] € A for ay,as,...,a, =0b. Thisis true for ¢ = 1 since ag = a € A,
and since a; —ap < ¢ where ¢ is a Lebesgue number for the cover {4, B}, we
know that [ag, a1] is contained in a single set of the cover, and this must be A since
AN B ={. Suppose inductively that [a, a;] C A for some i€ {1,2,...n —1}.
We can repeat the above argument with a replaced by a,_1 and deduce that also
[an—1, an] € A. Hence [a,b] C A, so {A, B} is not a partition of [a, b] after
all. So [a, b] is connected.

o0

14.15 If, say, V,, is empty, then ﬂ V,, =0 and its diameter is 0 by definition.
n=1

Likewise in this case diam V,, =0 so

inf{diamV,, : n € N} =0 also.

Suppose now that all the V,, are non-empty. (We already know from Exercise 14.11

oo
that their intersection is then non-empty.) Now ﬂ Vo CVy forany m € N so

n=1

diam (ﬂ Vn> < diam V,,. Hence
n=1

o0
diam (ﬂ Vn) < inf{ diamV},, : m € N} = mg say.
n+1

Conversely mg is a lower bound for the diameters of the V,, so for any ¢ >0 and
any n € N we know that diam V,, > mg—¢e. Hence there exist points x,, y, € V,
such that d(xy,, x,) > mo—e. Since X is sequentially compact (z,) has a sub-
sequence (z,,) converging to a point = € X, and then (y,.) has a subsequence
(Yn,,) converging to a point y € X. Since (z,,, ) is a subsequence of (z,,) it
too converges to x. Also, by continuity of the metric, d(xn, , Yn, ) — d(z,y) as
s — oco. Hence d(z,y) >mg—e. Also, z,y €V, foreach n €N since V, is

[e.e]
closed in X. Since this is true for all n € N we have z, y € m V. Hence diam

n=1

o o
ﬂ Vi, = mg —e. But this is true for any ¢ > 0, so diam m Vi = mo.
n=1 n=1

The above taken together prove the result.

14.17 (a) Let =z € X. We want to show that x € f(X). Consider the sequence
(rp) in X defined by

1 =2, ZTp+1 = f(zy) for all integers n > 1.
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Since X is sequentially compact there is a convergent subsequence, say ().
Any convergent sequence is Cauchy, so given € > 0 there exists R € N such that
|Tn, — Tn,| <& whenever s> r > R. Now we use the isometry condition, iterated
nr—1 times, to see that |x; —xp,—n,+1| <& whenever r > R. But z; =z and
Zn,—np+1 € f(X) whenever r > R. Hence z € f(X). But X iscompact and f
is continuous, so f(X) is compact. Also, X is metric so Hausdorff, hence f(X)
is closed in X. Hence f(X)= f(X). So z € f(X) for any x € X , which says
that f is onto. Hence f is an isometry.

(b) We can apply (a) to the compositions go f: X — X and fog: X — X to
see that these are both onto. Since go f is onto, g is onto. Similarly since fog
is onto, f is onto. Hence both f and ¢ are isometries.

(c) We define f: (0, 00) = (0, 00) by f(x)=x+1.

Chapter 15

15.1 (a) A figure-of-eight.

(b) A two-dimensional sphere. (See below.)

a

(c) This gives a Mobius band. (See below.) For we first cut along the dashed vertical
line in the triangle abc to get two triangles as in the middle picture, with vertical
sides labelled to recall how these are to be stuck together. Then we reassemble these
middle triangles to get the picture on the right, which represents a Md&bius band.

a
|
|
|

N PARAN ;

15.3 Tt is clear that (0,¢) ~ (1,1 —¢) for any t € [0, 1], by (iv). What needs
proving is that the equivalence classes are no bigger than the sets described in the
question.

First if 0 <s<1 and (so, t3) ~ (s, t) then (i) must apply and (so, t2) = (s, t).
So (s, t) cannot be equivalent to any point other than itself - {(s, t)} is a complete
equivalence class.

Consider now what points can be equivalent to (0, ¢t), for some ¢ € [0, 1]. So
suppose that (s2, t2) ~ (0, t). Then either (i) applies and (s2, t2) = (0, t) or (ii)
applies and sy =1 and ty =1—¢. Thus theset {(0,¢), (1, 1—¢)} is a complete
equivalence class.

Thus each equivalence class is either a singleton set {(s, ¢)} with 0 <s <1 and
t €10, 1] or a set containing two elements {(0, t), (1,1 —1¢)} for some t € [0, 1].
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15.5 For example since [0, m) = (—oo, m) N [0, 27] it follows that [0, w) is open
in [0, 27]. Now f([0, 7)) is the upper semi-circle of S!, closed at the end with
co-ordinates (1, 0) and open at the end (—1,0). This is not open in S, since
any open set in S! containing the point (1, 0) also contains points (z, y) € S!
with y < 0, and such points are not in ([0, 7)).

15.7 This is proved by complements. By Proposition 3.9, X\ f~1(V) = f~}(Y'\ V)
for any subset V C Y. Suppose that f: X — Y isa quotient map. Then V CY
is closed in Y iff Y\V isopenin Y, which happensiff X\ f~ (V)= f"1(Y'\V)
is open in X iff f~1(V) is closed in X,

Conversely suppose that V CY isclosed in Y iff f~1(V) isclosed in X. Then
UCY isopenin Y iff Y\U isclosedin Y iff X\ f1(U)=f"YY\U) is
closed in X iff f~!(U) isopenin X, so f is a quotient map.

15.9 We proceed in the same way as in the proof that the quotient space of the square
S =10, 2x] x [0, 2w] by an appropriate equivalence relation is homeomorphic to 7.
Define

f:R* =T by f((s,t)) = ((a +rcost)coss, (a+rcost)sins, rsint).

Then as in the proof mentioned above, we show that

(a) f isamapto T,

(b) iof:R? = R?® is continuous, where i : 7T — R3 is the inclusion, so f is
continuous by Proposition 10.6.

(c) f respects the equivalence relation ~ just as before.

Hence f induces a well-defined continuous map g : R?/ ~— T. Just as before
(with S replacing R? in the proof), we can show that ¢ is one-one onto 7.
Since T is Hausdorff as a subspace of R3, it remains to prove that R%/ ~ is
compact and this is really the only difference from the proof when R? is replaced
by S. Butif j: S — R? is the inclusion map then the composition po j is
onto where p: R? — R?/~ is the quotient map: for given any point (s, t) € R?
we can find a point (s, ¢') € S such that p((s', t')) = p((s, t)). [If S were the
square [0, 1] x [0, 1] we could take s = s—[s] and ¢ =t — [t] where [s], [t]
are the integer parts of s, t. Since S is actually [0, 27] x [0, 27] we scale this
and take s = 2m(s/2m — [s/2n]) and t' = 2n(t/2w — [t/27]). Hence since S is
compact so is R?/~ and as before we can apply Corollary 13.27 to see that g is
a homeomorphism.

Chapter 16

16.1 Let f be the pointwise limit of (f,) on D, which certainly exists since
each x € D belongs to some D;, so (fn(x)) converges. Let ¢ > 0. For each

i€{l,2,...,r} the sequence (f,) converges uniformly on D;, so there exists
N; € N such that |f,(z) — f(z)] < € whenever n > N; and z € D;. Let
N = max{Nj, Ny, ..., N}, let = be any point in D and let n > N. Then
x € D; forsome i€{1,2,...,7} and n>N > N,;, so |fu(z)— f(x)| <e. Thus

(fn) converges uniformly on D.

16.3 (i) Since 0 < z/(1+nz) < 1/n forall xz € [0 1] (including =z =0 ) it follows
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that the pontwise limit of (f,) here is the zero function. The same inequality
shows that the maximum M, of f, on [0, 1] satisfies M, <1/n so M, — 0
as n — oo and convergence is uniform on [0, 1].

(ii) Again the pointwise limit exists and is the zero function: for f,(0) = 0 for
all n €N, and when z € (0, 1] we have 0 < f,(x) < 2nz/(nz?)? = 2/nx®. But
fi(x) = ne " — 2n222e ~"*  which is zero when z = \/1/2n. Also, f.(z) >0
for x < /1/2n and f/(z) <0 for = = 4/1/2n, so the maximum M, of f,
on [0, 1] is attained at +/1/2n. Hence M, = /n/2e /2. Since M, /4 0 as

n — oo convergence is not uniform on [0, 1].

(iii) Here fn(z) =0 foral ne€N when =0 or 1. For x € (0,1) Exercise
4.9 shows that f,(z) = 0 as n — oo. Soagain (f,(x)) converges pointwise to the

zero function. Now f!(z) = n?z" 1(1—x)—na", which is zero when z = n/(n+1).

Since f,(0) = f(1) =0 and fu(n/(n+1)) >0, we get

M, = f n _ n n“_ 1 "on _)17&0
"M \n+1) \n+1 S \1+1/n) n+1 e

as m — oo. Hence convergence is not uniform on [0, 1].

(iv) Again f,(0) = f,(1) =0 for all n € N and f,(z) - 0 as n — oo for

x € (0, 1) by Exercise 4.9, so again the pointwise limit is the zero function. Now

fi(x) = n'2(1 — 2)» — n322(1 — 2)»'. This is zero for = = 1/(n + 1). Since
(1/(n+1)) >0 and f,(0) = fn(1) =0 we have

In
1/2 n
Mn:fn< ! >=n < " > —0asn— 0.

n—+1 n+1\n+1

So convergence is uniform on [0, 1].

v) Again as before (f,) converges pointwise to the zero function. The derivative
g ges p

fi(z) =n(l- 22)"* — 222n3(1 — 22)"° 1 which is zero when z =1/v2n2 + 1. As

before then

2
n 2n? " 1
= ANV = e <2n2+1> 7 Ve

as n — oo. Hence convergence is not uniform on [0, 1] in this case.

(vi) Here the limit function is discontinuous - it takes the value 0 when z € [0, 1)
but the value 1/2 when x =1. Each f, is continuouson [0, 1] so by Theorem
16.10 convergence is not uniform on [0, 1].

(vii) The pointwise limit is again the zero function (we can argue separately for
z € [0,1) and for « = 1). The function f, satisfies |fn(z)] < 2™ < 1/2"
for = € [0,1/2], while |f.(x)| < 1/nY/? for z € [1/2,1]. These give uniform
convergence on [0, 1/2] and [1/2, 1] respectively hence Exercise 16.1 gives uniform
convergence on [0, 1].

16.5 Using 16.4 (b) let K be a uniform bound for the set {f, : n € N}, and using
16.4 (a) let L be an upper bound for |g(z)| on D. We may assume that K, L
are strictly positive. Let & > 0. By uniform convergence of (f,) to f , there
exists N € N such that |f,(x) — f(z)| <e/2L for all n > N; and all = € D.
Similarly there exists No € N such that |g,(z) — g(x)| < /2K for all n > N
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and all x € D. Put N = max{Nj, No}. Then for any n > N and any z € D
we have

[fn(@)gn(z) — f(2)9(2)] = | fn(2)(gn(z) — 9(2)) + g(x)(fu(x) = f(2))]
< |fa(@)llgn(x) — g(@)| + |g(0)[[fn(2) — f(2)| < Ke/2K + Le/2L = &.

Hence (fngn) converges to fg uniformly on D.

16.7 We may let
1/n if x #0,

0 if x =0.

Then (f,) converges uniformly on R although each f, is discontinuous at 0 .

If we wish, we may even make each f,, discontinuous everywhere by setting

0 if x € Q,
fo(z) = { n ifzdQ.

16.9 We first make a reduction of the problem by setting g¢,(z) = fn(z) — f(x), so
that (g,) converges pointwise to the zero function and we still have that each g,
is continuous on X and that g,(z) > gnyi1(z) forall n € N and all z € X.

Let ¢ > 0. By pointwise convergence, for any x € X there exists an integer N,
such that 0 < gn(z) < ¢/2 for all n > N,. Now gy, is continuous at z so
there exists an open set U, C X containing z and such that |gn,(y) —gn,(z)] <
£/2 whenever y € U,. Hence 0 < gn,(y) < € whenever y € U,. Hence by
monotonicity 0 < g,(y) < e whenever y € U, and n > N,. Now {U,:z € X}
is an open cover of the compact space X , so there exists a finite subcover, say
{Usys Uy ..., Up, }. Let

N =max{Ngz,, Npy, ..., Ny }.

Then for any n > N andany y € X wehave y € Uy, forsome i€ {1,2,...,71}.
So n >N > N, and we get 0 < gn(y) < e. So (gn) converges to the zero
function uniformly on X | hence (f,) converges to f uniformly on X.

Chapter 17

17.1 Let (x,) be a Cauchy sequence in a discrete metric space (X, d). There exists
N € N such that d(z,, ,) <1 whenever m >n > N, so in fact d(x,, x,) =0
whenever m > n > N since the metric is discrete. This says that the sequence
is ‘eventually constant’, i.e. z, = xy forall n > N. So (z,) converges, hence
(X, d) is complete.

17.3 (a) Suppose that A and B are complete subspaces of a metric space X and
let (z) be a Cauchy sequence in AU B. Then either (z,) has a subsequence
which lies entirely within A, or it has a subsequence in B, or both of these are
true. Such a subsequence is Cauchy since (x,) is, so it converges by completeness
of A (or of B ). But if a Cauchy sequence has a convergent subsequence, the
whole sequence converges by Lemma 17.10. Hence AU B is complete.
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(b) Suppose for each i in some index set I that A; is a complete subspace of
a metric space X, and let (z,) be a Cauchy sequence in ﬂ A; assuming this
el
intersection is non-empty. Then for any particular iy € I, the sequence ()
is a Cauchy sequence in A;, hence it converges. Hence ﬂAi is complete. (If
el
this intersection is empty then it is vacuously complete since there are no Cauchy
sequences in it for which to check convergence.)

17.5 Let us label these metrics d,, dp, d..

(a) Then (R, d,) is complete. For let (z,) be a d, -Cauchy sequence. Then
(z3) is a Cauchy sequence in the ordinary sense, so it converges say to y € R.
Let = = y'/3. Then (z,) converges to x in the metric d,. This holds since
do(zp, ) = |23 — 23| = |23 —y| = 0 as n — oco.

(b) This is not complete. Consider the sequence (—n). Then e ™™ — 0 as n — oo,
so (e™™) is Cauchy in the usual sense, so (—n) is dp -Cauchy. But suppose
that (—n) converged to a real number zy in (R, dy). Then dy(—n, xo) - 0 as
n — oo, which says that (e ™) converges to e® in the usual metric on R. But
we know that (e™"™) converges to 0 in the usual metric, so we’d have e® = 0.
But there is no such real number xy ,so (—n) cannot converge in (R, d;). Hence
(R, dp) is not complete.

(c) For similar reasons this is not complete either. Consider the sequence (n) in
R. The sequence (tan~!'(n)) converges to 7/2 in the usual sense as n — co. So
(tan~1(n)) is Cauchy in the usual sense which says that (n) is d. -Cauchy. But
suppose that (n) converges to some zp € R in the metric space (R, d.). Then
(tan=!(n)) convergesto tan~!(xq) in the usual sense. This gives tan~!(zg) = 7/2.
But there is no such real number zg. So (n) does not converge in (R, d.) and
this space is not complete.

17.7 (a) Suppose that D CR and f:D — R satisfies |f(x)— f(y)| < K|z —y|*
for some constants K, a with « > 0 and all z,y € D. Let ¢ > 0 and put
§ = (¢/K)Y*. Then whenever z,y € D and |z —y| < we have

1f(@) = f(y)| < K|z —y|* < K(e/ K)o = ¢,
So f is uniformly continuous on D.

(b) Suppose that for any =z, y € [a, b] we have |f(z)— f(y)| < K|z —y|* for some
constants K, « with « > 1. Then for any z € [a,b] and h € R with h >0
and z+h € la, b] we get

|[f(x+h) = f(2)]

] < K|h|*7!, and as h — 0 we have

0<

|h|*~! — 0 since a > 1. This shows that f is differentiable on [a, b] with
derivative zero everywhere in [a, b], so f is constant on [a,b] (by the mean
value theorem).

(¢) By the mean value theorem, for any z, y € [a, b], f(x)— f(y) = (z —y)f (&)
for some & between z and y . The conclusion follows.

17.9 The derivative of the cosine function is the negative sine function, which satisfies
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0<sinz <sinl for x €0, 1]. So cosz is decreasing on [0, 1], with cos0 =1
and cos1 > 0. So the cosine function does map [0, 1] into itself. Moreover, since
|sinz] < sinl < 1 for = € [0, 1], by Exercise 17.7 (c) the cosine function is a
contraction on [0, 1 and by Theorem 17.22 we can get successive approximations
Ty, to a solution of cosz = x by iterating the cosine function beginning with
x1 = 0.5 say. This gives xo = cosx; = 0.88, x3 = cosxo = 0.64, and successive x,
thereafter as 0.80, 0.70, 0.76, 0.72, 0.75, 0.73, 0.745, 0.735, 0.737. So it begins to
look as if the unique solution of cosz =z in [0, 1] is 0.74 correct to two decimal
places. To check this we calculate cosz —x at x =0.735 and at « = 0.745, and
get respectively positive and negative answers, so by the intermediate value theorem
there must be a point between 0.735 and 0.745 where cosx — x = 0, This
checks that 0.74 is a solution of cosz =z correct to two decimal places. (There
are faster ways to get an approximate solution. For example the Newton-Raphson
method with the same starting point is correct to two decimal places after only two
stages.)

17.11 Clearly f has no fixed point in (0, 1/4) since the only solutions of z% =z
are * =0,1. Now f does map (0,1/4) into itself, since 0 < 2? < 1/16 when
0 <z < 1/4. Moreover, for any z, y € (0, 1/4) we have

f(x) = f(y)] = 2* = v*| = [(& — y)(z + )| < |z —yl/2,

so f is a contraction of (0,1/4). But (0, 1/4) is not complete, so this does not
contradict Banach’s fixed point theorem.

17.13 (a) By the contraction map theorem applied to f (k) there is a unique fixed
point p € X , with f*)(p) =p. Now we have f®)(f(p)) = f(f®)(p) = f(p), so
f(p) is a fixed point of f*) and by uniqueness f(p) = p. This says that p is a
fixed point of f itself. Moreover, if also f(g) = ¢ then by an easy induction we
see that f("(q) = ¢ for any n € N. In particular f*)(¢) = ¢, so by uniqueness
q =p. Hence f itself has a unique fixed point in X.

Now for any fixed z € X consider the sequence (f™(x)). We wish to show that
it converges to p. This is true for the subsequence (f"¥)(z)) by the contraction
map theorem, since f*¥) is a contraction of X. Let K be a contraction constant
for f®). Let e > 0. Since (f"")) converges to p there exists N; € N such
that d(f"¥)(z), p) <e/2 for all n > Ny, where d is the metric on X. Let

M = max{d(f(z), p), d(fP (@), p), ..., d(f*V)(2), p)}

and let Ny € N be such that K™2M < /2. (We may choose such an Ny since
0< K <1.)Put N =max{N;, No}. Whenever n > Nk we have n = mk +i
for some m > M and some integer ¢ satisfying 0 <i < k. We get

(1™ (), p) < d(f ) (@), F) () + d(fF) (@), p)
< K™d((fD(z), 2)+¢/2 < K™ M+¢/2 < KN*M+¢/2 < e.

This shows that (f((z)) converges to p.

(b) The idea for seeing that cos: R — R is not a contraction is that its derivative
can get arbitrarily close to 1. Suppose for a contradiction that cos: R — R is a
contraction with contraction constant K < 1. Since sinx — 1 as = — 7/2— we
may choose § > 0 such that sinaz > K for all = € [7/2 — 0, 7/2]. By the mean
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value theorem, |cosw/2—cos(w/2—0)| = |dsing| for some & € (7/2—9, 7/2), so
|cosm/2 — cos(m/2 — §)| > K6, contradicting the contraction condition.

To see that cos® : R — R is a contraction, put
g(z) = cos(cosz). Then ¢'(z) = sin x sin(cos ),
and for any = € R we have
|g'(z)] < |sin(cosz)| < sin 1, 1.

so g is a contraction by Exercise 17.7 (c).

17.15 Consider the composition

XA xux 2 xox 4 g

FEach map here is continuous by Propositions 5.19, 5.22 and Exercise 5.17 so the
composition, F say, is continuous by Proposition 5.18. Since X is compact, F
attains its lower bound I, say, on X. Suppose that [ > 0 and that it is attained
at xp, so d(xo, f(zg)) =1. Then zy and f(zp) are distinct, so by assumption
Il = F((f(zxo)) = d(f(x0), f(f(x0))) < d(xo, f(xo)) = I. This contradiction shows
that [ must be 0. Since [ is attained d(p, f(p)) = 0 for some p € X, so
f(p) = p and we have proved the existence of a fixed point.

Uniqueness: for distinct fixed points p, ¢ we would have
d(p, ) = f(f(p), f(q)) <d(p, q), a contradiction. So p is the unique fixed point.
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