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EXERCISES
1. Isolate the single real root of the following equations:
() 2*+32—1=0 () 22 —32+2=0
B z2*+3z+2=0 Na*+222+4=0
(¢) 222 4+2z—1=0 @ z2*+22+4=0
(d) 22 —322+4x—1=0 h) 2* —2*—2—2=0
2. Isolate the three real roots of the following equations:
(@) 2*—42—1=0 ) 22=T724+7=0
@B 2*—56x+2=0 @ z2*—=32x2—=224+2=0
() 223 —3z—1=0 (h) 2* — 322 — 13z 4+ 7 =0
(@) 20 —42+1=0 (@) 2+ 322 —32—3=0
() 28 —322 -2 +5=0 () 2*—6z—1=0
3. Isolate the two real roots of the following:
(a) 2* —42+2=0 (g) 28 —28 — 422 —32—-1 =0
@ 2z*—3+1=0 (h) 2* — 423+ 522 — 22 — 2 =0

(2t —Tat—6z—2=0 @) 2*+ 2% — 322 — 8z — 6 = 0
(@) 2* — 822 — 202 —21 =0 () z*+ 2% — 62? — 10z — 12 = 0
() a* —72* — 262 —40 =0 (k) o*+323+ 22+ 2% —4=0
(f) 28 — 140 + 452 — 50 = 0 (I) z* — 32 + 40 = 0

4. Isolate the four real roots of the quartics:

(@) 78 — 1522 — 122 — 2 =0 (f) 42* — 28 + 122 +3 = 0
(b) * —220* +82+8=0 (g z*+42*—2?—8—2=0
() 2* — 402> — 64z +80 =0 (h) o* — 4® — 42 + 120 + 3 =0
@ 2*— 1122 —62+10=0 () 2*—42° — 322+ 8 +2 =0
() 42* — 242* + 8z +3 =0 (j) 42* — 322+ 242 —3 =0

7. Descartes’ rule of signs (FULL COURSE). An estimate
of the number P of positive roots of an equation f(z) = 0
may be made by counting the number V of variations of
sign in the sequence of nonzero coefficients of f(z). Con-
secutive terms of like sign may always be grouped together
and the result may be written as

() @) = fo(z) + fi(=) + -+ + + fo(2).
For example, if

fx) = (32" 4 4x'%) — (22° + 42® + z°) + (3z%)
= (2z* + 62%) + (112),
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the polynomnrials are fo = 3z'% + 4210, f; = —22° — 42° — 28,
fa=325% fs= —2z* — 62% fy = 1llz,and V = 4.

The factors « of f(x) and corresponding zero roots may be
removed without altering the value of V, and we may
assume that f(z) = @™ 4+ - - - + a, in which a, and
a, are both not zero. Then V is the number of times we
change sign if we start with a, and pass through the coeffi-
cient sequence to a,. Hence V is even if ao and a, have
the same sign and 18 odd otherwise. The number P is the
number of roots between 0 and an upper bound U and
f(0) = an, f(U) has the same sign as a,. By Theorem 8,
P is even precisely when V is even. It follows that V — P
is an even integer.

Let us now introduce a notation b;zz™ for the term of
highest degree in the polynomial f; = f;(x) of formula (5),
c;z™ for the term of least degree. Then

bo = Qg Nog = N, Cv = Qp, my = 0.

Note that in the special example above f, = 3z° and so
bg = (g, Mg = MNa.

We let r be any positive number and form the product
E—nrf@)=@—rfot+@—1fst -+ (- n)f
The term of highest degree in (z — 7)f; is baz"*! and the
term of least degree is —rcz™. These terms have opposite
signs. The leading coefficient of (x — r)f(z) is the leading
coefficient a, of f(z), and so we start the count of variations
of sign of (z — r)f(z) with the same real number a,. The
term of least degree in every (z — r)f;, fort =0,1, - - -,
V — 1, has the same sign as the term of highest degree in
(x — r)fiy1 and a sign opposite to that of the term of
highest degree in (z — r)f;. It follows that the number of
variations in the sequence of coefficients beginning with
ag and passing on to the term of highest degree in (z — 7)fy
is at least V. The constant term —a,r has sign opposite
to the leading term of (z — r)fy, and so the number of
variations in sign for the coefficient sequence of (z — r)f(x)
is at least V + 1.
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Let us now suppose that f(z) is a polynomial with P
positive roots i, 73, . . . , rs. Then

fl@) = (@ —1rp) =+ (2 — )@ — r1)g().

The result just proved implies that, if V, is the number of
variations for g(z), then (z — r;)g(x) has at least V, + 1
variations, (x — ro)[(x — ri)g(z)] at least V, + 2 varia-
tions, - « « , f(z) at least Vo + P variations. Then V = P.
We have derived the following:

. DuscarTEs’ RULE OF SIGNS. Let V be the number of
variations of sign in the sequence of nonzero coefficients of
f(z) and P be the number of positive roots of f(x). Then

V-P

18 @ nonnegative even integer.

This rule states that there can never be more positive
roots than variations of sign. It gives a precise result
only when V =1 and so P = 1, or when ¥V = 0 and so
P = 0. Itmay be applied to f(—z) to provide an estimate
of the number of negative roots of f(z).

ORAL EXERCISES

Use Descartes’ rule to estimate the number of positive and negative
real roots of the following polynomials:

(a) 325 — 224 — 4z? — 1 (c) 227 + 3z* + 522 + 6

(b) 227 + 4a° — 3z° — 2z (d) 627 — 5ot — 1

(e) 5z° 4 62° — 4x® — 322 422 — 1

(f) 2 + 32° — 42 — 22 4 1

(g) 2 + 92° + 624 — 32° — 22 — 1

(h) 21 — 92° + 827 — Tad + 8zf + 1

@) ettt +z2—2041

() 2* a2t —at—2* 22z —1

8. Sturm’s theorem (ruLL coursE). Let us designate
any given polynomial f(z) by fo and its derivative f’(z) by
fi.  Apply the division algorithm to write

Jo=qif1 — fa
Note that we have designated the remainder polynomial
by —f;. The minus sign is important.



