3.C. Further comments on axioms for geometry

One important f eature of the Elements is that it develops geometry f rom a very short list of assumptions. Although axiom systems like Hilbert´s (or G. D. Birkhof f ´s) eliminate the logical def iciencies of Euc lid´s f ramework in the Elements , they are certainly f ar less concise and require several additional undef ined concepts. For several reasons it is worthwhile to know whether there are alternatives which require f ewer undef ined concepts and postulates abou t these concepts. Here are a f ew:

1. The conciseness of Euclid´s assumptions is one of the most striking f eatures of his work, and it illustrates the power of logical deduction very convincingly. One would like a system that is logically rigorous but not s o long that it dilutes this impression any more than it absolutely necessary.

2. W henever one makes a list of assumptions, it is f air to ask f or some assurance that they do not lead to logical contradictions. Fewer assumptions allowone to study such issues of logical consistency more ef f ectively.

3. Notwithstanding the points raised above, f or many points it is also desirable to have working versions of axiomatic systems that are not so terse that they are needlessly dif f icult or awkward to handle. It is des irable to strike a balance between eliminating redundancy and sacrif icing clarity.

Initially the second point might be surprising, especially if one views axioms f or geometry as ref lecting the properties of physical space. However, since the f ormal sett ing f or deductive geometry is an idealization of these properties, it is legitimate to ask f or evidence that such axioms do not lead to problems like conclusions that logically contradict each other. In mathematics the appropriate evidence is known as a relative consistency proof . In other words, the objective is to prove that the setting f or geometry is consistent if our standard assumptions f or the arithmetic of positive whole numbers are consistent, so that a lack of consistency f or the geometric axio ms would imply deeper problems with our understanding of simple arithmetic. Landmark results of K. G ö del (1906 ˘ 1978) showthat one can never be absolutely sure that our logical setting f or arithmetic is logically consistent, but f or thousands of years t his has proven to be a totally reliable working assumption.

Important note. In any discussion of simplif ied axiom systems, it is important to remember that one rarely gets something f or nothing. Showing that some axioms are logical consequences of other s will always require proof s, and some might be extremely long, dif f icult, or not especially well motivated at f irst glance.

As noted in the main notes f or this unit, the axiom systems of both Hilbert and Birkhof f can f ound at the f ollowing online site:

http://www.math.uncc.edu/~droyster/math3181/notes/hyprgeom/hyprgeom.html

Both of these axiom sets give priority to clarity over conciseness. In f act, the f ollowing earlier paper by Birkhof f gave an extremely economical list of axioms f or Euclidean geometry:

G. D. Birkhof f , A set of postulates f or plane geometry (based on scale and protractors), Annals of Mathematics (2) 33 (1932), pp.

329 ˘ 345.

Similarly, an ext remely short list of axioms f or Euclidean geometry based upon Hilbert´s approach is given in the f ollowing book:

H. G. Forder, The foundations of Euclidean geometry (Reprint of the original 1927 edition). Dover Books, NewYork, NY, 1958. ASIN:

B0007F8NLG.

The axioms described beloware not quite as terse or strong as those in Birkhof f ´s paper, but they are in the same spirit as Birkhof f ´s axioms described in the online link, and they rely very substantially on certain results f rom Forder´s book. As in Bi rkhof f ´s approach, the underlying idea is that one should use the algebraic and other properties of the real numbers to expedite the development of geometry. In keeping with the modern f ormulation of mathematics in terms of set theory, the axioms f or plan e geometry begin with a set

(3/$1(� containing at least two

elements. The points in this geometry will simply be the elements of the given set

(3/$1(�

Euclidean plane geometry can then be based upon the f ollowing six axioms.

AXIOM 1:

There exist nonempt y proper subsets of (3/$1( called lines , with the properties that each two points belong to exactly one line.

AXIOM 2:

Corresponding to any two points A , B

(3/$1( there exists a unique nonnegative

real number

5

� denotes the set of real numbers, there exists a one - to - one correspondence ( X

< x ) between the points X k and the real numbers x 5 such that

_ AB _ =

_ a ˘ b _ where A < a and B < b.

Digression. Bef ore proceeding we need to def ine betweenness and convexity f or a system satisf ying the f irst three axioms. Given three collinear points A, B, C, we shall say that

A * B * C holds (equivalently , B is between A and C ) if

_ AC _ = _ AB _ + _ BC

_� .

A subset K of

(3/$1( is said to be convex if A K , C K and A * B * C imply B K .

Equivalently, this means that if A and C lie in K then so does the whole closed segment joining

them. Intuitively, this means that the set has no dents or holes.

AXIOM 4 (Plane Separation Postulate):

For each line k there are exactly two nonempty convex sets H and H satisf ying

i )

(3/$1(� = H È k È H .

ii ) H H = Ø , H k = Ø , and H k = Ø . That is, the three sets are

pairwise disjoint .

iii ) If X H and Y H and [ XY ] is the closed segment joining X to Y , then we

have [ XY ] k Ø .

A f igure illustrating this axiom is given below. A s in the statement of the third condition, one has

X H and Y H , while the point Z lies on the same side H as X. Note in particular that the

entire segment [ XZ ] lies in H .

+3/$1( , � with a suitable no tion of distance between two points and a corresponding f amily of abstract subsets as lines, such that our f irst f ive axioms f or geometry hold but the sixth, which is equivalent to

Euclid´s Fif th Postulate, is f alse. In particular, Beltrami showed that th e axiomatic system given by assuming

1. all of Axoms 1 ˘ 5 as above are true

2. the f inal Axiom 6 as above is false is logically consistent . Subsequently other models proving the independence of the Parallel

Postulate were constructed by F. Klein (1849 ˘ 192 5) and H. Poincaré (1854 ˘ 1912). The book by Moise also outlines a proof that Poincaré´s model satisf ies the same two conditions as

Beltrami´s.

Given that Axioms 1 ˘ 6 are categorical, it is natural to ask what happens if Axioms 1 ˘ 5 remain true but A xiom 6 is f alse. The answer is that the axioms are very nearly categorical. More precisely, if we are given two such systems with underlying sets of points 3� and �4 , then there is a one - to - one correspondence between the sets of points 3� and �4� such that � collinear sets of points in 3 correspond to collinear sets of points in 4 , noncollinear sets of points in 3 correspond to noncollinear sets of points in 4 , and if the points X and Y in 3� correspond to the points A and B in 4 , then there is a unique positiv e constant r such that the distances between points satisf y _ AB _ = r �_ XY _� f or all choices of A , B , X and Y . A proof of this result is described in an online site we have previously mentioned:

http://www.math.uncc.edu/~droyster/math3181/notes/hyprgeom/hyprgeom.html

One point to note in the uniqueness result is the need to introduce a positive constant r . The uniqueness result f or systems satisf ying all six axioms d id not require a positive constant. One manif estation of this dif f erence is that the usual theoryof similar triangles in Euclidean geometry breaks down completely if the Parallel Postulate is f alse.