4. Alexandrian mathematics after Euclid ˙ I

(Burton, 4.1 ˘ 4.5 )

During the 150 years af ter the death of Alexander the great, there were three mathematicians whose accomplishments in the subject were particularly outstanding.

The f irst of these was Euclid, and in chronological order the others were Archimedes of

Syracuse (287 ˘ 212 B.C.E.)

and Apollonius of Perga (262 ˘ 190 B.C.E.). W hile Euclid is mainly known f or his masterf ul exposition of earlier results by Greek and other mathematicians, both A rchimedes and Apollonius are recognized f or their deep and original work that went f ar beyond the f indings of their predecessors in several respects.

In particular, much of their research f oreshadowed the development of analytic geometry and calculus more than 18 centuries later. Some of their major accomplishments will be summarized below.

Another extremely important contributor f rom this period was Eratosthenes of Cyrene

(276 ˘ 197 B.C.E.); there is an extensive summary of his work in Burton, and we sh all add a f ewremarks and links to related web sites. The centuries af ter Alexander the

Great were an extremely productive time f or Greek mathematics, and many other talented individuals also made important contributions during this period. W e shall ment ion a f ewof them at the end of this unit.

Archimedes

Archimedes is generally viewed as the most important contributor to mathematics during the classical Greek period (and even the period up to the Renaissance in Europe). This is due to the depth, insig ht, extent and originality of his work. It is only possible to mention a f ewof his contributions in a brief summary like these notes.

Although Archimedes and Euclid are two particularly outstanding f igures in ancient

Greek mathematics, the reasons are quite dif f erent. W hile Euclid is mainly known f or presenting a large body of known mathematical results in a f orm that could be studied ef f ectively, the writings of Archimedes are mainly devoted to newtypes of problems and newperspectives on old ones. Hi s writings were addressed to individuals who had already mastered basic material, and as such they were less widely read or understood.

This is probably one reason why Archimedes’ work was preserved less systematically than Euclid’s.

Here is a brief selec tive summary of some contributions to mathematics by Archimedes:

Measurement of the the circle. There is also a discussion of this in Burton f rom the bottom of page 191 to the end of the paragraph on page195. Themaincontributionhere is a proof that t he area of a circle is

� r 2 , where � is the ratio of the circumf erence to the

diameter (f or whatever it might be worth, we should mention that the letter � was f irst

used to denote this quantity in the early seventeenth century). Archimedes also

estimates this number as lying between 3 + (10/71) and 3 + (1/7). This is done using the

method of exhaustion developed by Eudoxus; similar but less logically sound ideas were

previously advanced by the Sophist Antiphon (480 - 411 B.C.E.), who concluded that the ac tual values were reached f or some f igure with sides of some minimal inf initesimal

length. The idea behind this is an example of the method of exhaustion f irst employed

by Eudoxus; specif ically, the region inside a circle is ^exhausted~ by taking an increas ing

sequence of inscribed regular polygons with 3 ´ 2 n sides f or larger and larger values of

n, and one examines the behavior of these measurements as n becomes increasingly

large.

Quadrature of the parabola. The problem here is to f ind the area of a r egion bounded

by a parabola and a segment joining two points on the parabola. This again uses the

method of exhaustion and it is enlightening to compare his method with a more modern

one that uses integral calculus at two key points. In particular, this pr ovides some insight

into just howclose Archimedes came to discovering calculus 1900 years bef ore Newton

and Leibniz (and possibly what he missed). Archimedes proved that the area of the

parabolic segment depicted belowis 4/3 the area of the triangle in scribed in it according

to the picture (specif ically, the bottom vertex is situated so that its tangent line is parallel

to the chord joining the other two points on the curve).

The f irst crucial step in his proof is an observation related to the pictu re below; namely, he shows that the combined areas of the smaller inscribed triangles ACJ and BCK are equal to one f ourth the area of the larger triangle ABC . Thus the area of the inscribed polygon AJCKB is 5/4 the area of the area of the original triangl e.

http://mtl.math.uiuc.edu/modules/module15/Unit%202 /archim_ex.html

One can nowapply the same argument to each of triangles ACJ and BCK, obtaining a third inscribed polygon whose area is

1 + (1/4) + (1/16) times the area of the original triangle, and af ter doing this one can continue the proce ss indef initely. The site belowhas a nice animated picture of a f ewsteps in the process:

http://www.ms.uky.edu/~carl/ma330/projects/parasegf in1.html

If we continue in this m anner indef initely we shall exhaust the entire region bounded by the parabola and the chord, and using inf inite series we would conclude that the ration of the parabolic sector´s area to that of the original triangle is equal to

However, as noted in the discussion of Zeno´s paradoxes, the Greek mathematicians did not work with inf inite series, and theref ore it was necessary f or Archimedes to use ano ther method (a double reductio ad absurdum proof ) to verif ythat the ratio was indeed equal to this value.

In supplementary notes to this unit we shall indicate howone can retrieve Archimedes´ result on the area of the parabolic sector using methods f rom integral calculus.

Sphere and cylinder. This is the work that Archimedes himself liked the best. Using a mixture of intuition based upon mechanical experiments, manipulating inf initesimals that he did not f eel were logically adequate to use in f ormal proof s, and f ormal proof s themselves, Archimedes obtained the standard results we knowtoday; f or example, if one circumscribes a right circular cylinder about a sphere, the volume of the sphere is

2/3 the volume of the cylinder, and the surf ace of the sph ere is 2/3 the total surf ace area of a circumscribed cylinder (including its bases). An illustration of this relationship became his epitaph.

Another important contribut ion of this work is a solution to the f ollowing problem: Given a number r between 0 and 1, determine where to cut a sphere by a plane so that the ratio of one part’s volume to that of the entire sphere is equal to r.

The Method [ of Mechanical Theorems ] . This manuscript, which was lost f or 1500 years or more, unknown during the Middle Ages, and not discovered until 100 years ago, details howArchimedes obtained his results on areas and volumes by a mixture of mechanical experiments and logical deducti on. He devised inf ormal techniques using statics and inf initesimals to derive some conclusions that we would characterize today as integral calculus, but he then presented rigorous geometric proof s using the method of exhaustion f or his results. This meth od of discovery is of ten described as a heuristic argument; f or the sake of completeness we describe the latter more precisely:

� something "providing aid in the direction of the solution of a problem but otherwise unjustif ied or incapable of justif icat ion." So heuristic arguments are used to show what we might later attempt to prove, or what we might expect to f ind in a computer run. They are, at best, educated guesses.

( Source: http://primes.utm.edu/glossary/page.php?sort=Heuristic )

Mathematicians and others have f requently used heuristic arguments to search f or answers to questions bef ore attempting to write down f ormal proof s, and it is dif f icult to imagine that this will e ver change. In the words of Archimedes f rom the introduction to

The Method , "It is easier to supply the proof when we have previously acquired, by the method, some knowledge of the questions than it is to f ind it without any previous knowledge."

The f o llowing link provides a good description of Archimedes´ approach to measurement problems using inf initesimals:

http://en.wikipedia.org/wiki/How_Archimedes_used_inf initesimals

The importance of Archimedes´ manuscript on The Method was immediately recognized upon its discovery. Unf ortunately, f or many years scholars had no access to the manuscript. In particular, it seems certain that modern technology would lead to the recov ery of more inf ormation f rom the text than we currently have. Ownership of the manuscript changed hands in 1998, and the newowner has promised scholars access to this unique document, but apparently some issues still need to be resolved.

This and other works lead naturally to questions about howclose Archimedes actually came to discovering integral calculus; however, the extent to which he actually discovered integral calculus nearly 2000 years bef ore Newton and Leibniz is debatable.

Additional inf o rmation on The Method appears on pages 198 ˘ 199 of Burton.

Conoids and spheroids. This work calculates the area of the region bounded by an ellipse and volumes of some simple surf aces of revolution. In this book Archimedes calculates the areas and volum es of sections of cones, spheres and paraboloids. Here is one typical result: Suppose that we are given a parabolic segment as in the picture below an inscribed isosceles triangle as illustrated. Let P and C be the respective solids of revolution formed by rotating the parabolic segment and triangle about the x - axis.

Then the volume of C is two thirds the volume of P.

One can use calculus to derive such a f ormula f airly easily, particularly with a simplif ying assumption such as p = h = 1 in the f igure below.

Other results include volume f ormulas f or hyperboloids of revolution and spheroids obtained by rotating an ellipse either about its major axis or about its minor axis.

On spirals. Since ancient times, many have viewed this as Archimedes’ bes t and most remarkable work. He studies the properties of the curve given in polar coordinates by r =

(the so - called Archimedean spiral , also considered by Archimedes´ close associate

Conon of Samos, who lived f rom 280 B.C.E to 220 B.C.E.), and he proves a long list of

f acts about this curve. Many of these results are relatively straightf orward once one has

calculus at hand, and it is particularly striking to examine howArchimedes obtained all

these results apparently without having calculus at his disposal. In particular, he gives

results on tangent lines to the spiral as well as f inding the areas of certain regions whose

boundaries include pieces of the spiral.

Two important results in this work were the applications of the spiral to classical

construction problems; namely, n ˘ secting an angle f or arbitrary n > 2 and squaring

the circle. Additio nal inf ormation about Archimedes´ results on the spiral appears on

pages 196 -- 197 of Burton and also in Exercises 10 ˘ 12 on pages 200 ˘ 201 of the

latter.

The Sand Counter.

This was aimed at a more popular audience. The objective was to showhowone could

express and handle verylarge numbers like the number of grains of sand on a beach. In

particular, this provided a method f or describ ing numbers up to 10

64 . Archimedes´

approach to this problem anticipates the power notation that we use today f or large

numbers. A more detailed discussion of this work appears in Burton, beginning with the

f irst newparagraph on page 195 and continuing t hrough the f irst paragraph on the next

page.

Equiponderance of planes. (also called On the Equilibrium of Planes ). This is more

mechanics than mathematics, but it is relevant to both subjects because it develops the

basic ideas involving the center o f mass f or a physical object. He was the f irst to identif y

the concept of center of gravity, and he f ound the centers of gravity of various geometric

f igures, assuming unif orm density in their interiors, including triangles, paraboloids, and

hemispheres. U sing only the standard methods of Greek geometry, he also gave the

equilibrium positions of f loating sections of paraboloids as a f unction of their height [in

his work On floating bodies ], a computation that is even a challenge f or someone who

has mastered f irst year calculus. This was probably an idealization of the shapes of

ships’ hulls. Some of his sections f loat with the base under water and the summit above

water, which is reminiscent of the way icebergs f loat, although Archimedes probably

wasn’t thin king of this application.

The respect f or Archimedes among ancient scholars is ref lected in their use of the term

Archimedean Problem to denote one that was exceptionally deep and dif f icult (cf . the

term Herculean task ) and Archimedean proof to denote an argument that was absolutely

reliable and in the best possible f orm.

Biographical information about Archimedes

Some inf ormation about Archimedes´ lif e is indisputable, but many aspects of the more

colorf ul stories are questionable. He def initely had c lose ties to the rulers of his native

city, Syracuse (Siracusa) in Sicily, and many things he did were f or the benef it of the

rulers of the city and the city itself . His resourcef ulness and knowledge of mathematics

and mechanics played an important role i n the resistance that Syracuse mounted

against Roman ef f orts at conquest, and it is universallyaccepted that he was killed when

the Romans f inally overran the city in 212 B.C.E., even though this was against the

orders of the Roman general Marcellus who l ed the assault. On the other hand, ancient

historians mention at least three possible ways in which the latter took place, and still

other scenarios seem very plausible. The stories related to his best known scientif ic

discovery ˘ the Archimedean buoyan cy principle f or f luids ˘ are also at least somewhat

questionable, and in f act there are conf licting accounts f or some details of these stories.

Fortunately, the record of his scientif ic and engineering achievements is much more

reliable than the person al anecdotes.