Category Theory

Categorytheoryis a general mathematical theoryof structures, systems of structures and relationships between systems of structures. It provides a unifying and economic mathematical modeling language. Categorytheorylends itself very well to extracting and generalizing elementaryand essential notions and constructions from manymathematical disciplines (and thus it is half - jokinglyknown as ^abstract nonsense~) . Thanks to its general nature, the language of categorytheoryenables one to ^transport~ problems from one area of mathematics, via suitable transformations known as ^functors,~ to another area, where the solution maybe easier to find; there is a clear parallel with the Laplace transform, which allows one to find solutions to differential equations bytranslating an analytic problem into a purelyalgebraic question.

Although categorytheory was originallydeveloped to deal more preciselywith relationships between topologyand algebra, it soon became more than a convenient lan guage and evolved into a field in itself. It is currentlyused in a wide range of areas within mathematics as well as some areas of computer science and mathematical physics. In fact, some mathematicians have used categorytheoryto construct an alternat ive to set theoryas a foundation for mathematics.

Categories

A category attempts to capture the essence of a class of related mathematical objects, for instance the class of groups. Instead of focusing on the individual objects (groups) in the traditio nal manner, the m orphism s ˙ i.e ., the structure preserving maps ˙ between these objects receive almost equal emphasis. In the example of groups, these are the group homomorphisms.

Definition.

A category

&

�

is a triple consisting of the following p ieces of data:

· a class (or collection) Obj

( &

¯

� f or simply g f .

These are assumed to satisfythe following conditions:

· The various sets

Mor( A , B ) are pairwise disjoint (hen ce the domain A and the

codomain B of a morphism are well defined).

· ( associativity ) If f : A

B , g : B C and h : C D then we have h

¯

&

can itself be considered as a new categoryin a different way: The

objects are the same as those in the original categorybut the arrows are those of the

original ca tegoryreversed. This is called the dual or opposite category and is denoted by

& OP

.

· If

&

and

’ are categories, one can form the product category

&

�

’

�

:

The objects are pairs consisting of one object from

& and one from

’

, and the morphisms are als o pairs, consisting of one morphism in

& and one in

’

. Such pairs can be composed componentwise.

Special types of morphisms

Let X be an arbitraryobject in C . A morphism f : A B in C is called a/an

· monomorphism if f g

1

= f g

2

implies g

1

= g

2

for a ll morphisms g

1

, g

2

: X A ,

· epimorphism if g

1

f = g

2

f implies g

1

= g

2

for all morphisms g

1

, g

2

: B X ,

· isomorphism if there exists a morphism g : B A with f g = 1

B

and g f = 1

A

,

· retract if there exists a morphism g : B A with g f = 1

A

,

· retraction if there exists a morphism g : B A with f g = 1

B

,

· automorphism if f is an isomorphism and A = B .

In manystandard categories such as the categoryof sets and functions or the categories of vector spaces and linear transformations, mon omorphisms turn out to be maps that are one - to - one and epimorphisms turn out to be maps that are onto (check this out on your own!). Furthermore, in these categories one also has that the retracts and monomorphisms are the same, and similarly the retracti ons and epimorphisms are the same. In an arbitrarycategoryone knows that retracts and retractions are monomorphisms and epimorphisms respectively(verifythis!), but the converse statements do are false in general (for example, the inclusion of the inte gers mod 2 in the integers mod 4 sending 1 to 2 is a monomorphism of abelian groups that is not a retract, and the projection from the integers mod 4 to the integers mod 2 is an epimorphism of abelian groups that is not a retraction).

There are contexts in which it is useful to consider categories in which everymap is an isomorphism. Such categories are known as groupoids.

Having defined isomorphisms we can now formulate an extremelyuseful generalization of the concept of a small category. Before doing so we need a few preliminarydefinitions.

Definition.

Let

&

�

(2) if a morphism of

&

lies in

6 �

then so do its d omain and codomain as well as their

identitymaps,

(3) if the morphisms f and g lie in

6

and their composite in

&�

is defined, then this

composite also lies in

6

�

Definition.

A subcategory

6 of

& is said to be a full subcategory if for all objects A and B in

6�

the

6 -

morphisms from A to B are the same as the

& -

morphisms from A to B.

In particular, the categoryof abelian groups is a full subcategoryof the categoryof all groups.

Definition. A category

�& �

is said to be locally small if there is a small full subcategory

6

such that everyobject in

&

is isomorphic to an object in

6

�

If F is a field, then the category

& of finite - dimensional vector spaces over F (with linear transformations as the morphisms) is not a small category, but if

6 is th e full subcategorywhose objects are the coordinate spaces F n , then everyobject in

& is isomorphic to an object in

6 and thus

& is locallysmall.

It is important to note that the morphisms are the crucial structure that characterizes a category rather than objects. Thus, a categoryof vector spaces over the real numbers with additive maps as the morphisms is different from the categoryof vector spaces over the real numbers with linear transformations as the morphisms. In particular, the latter will have different properties as a categorywhen compared to the for mer (for example, all nonzero finite dimensional vector spaces are isomorphic in the former but not in the latter ! ). The previous examples have something in common: the objects are all structured sets with structure preserving maps.

However, anyentitysat isfying the conditions given in the definition is a category.

Functors

An important underlying idea in categorytheoryis that when one defines a type of mathematical object, there should be a corresponding definition of morphisms between objects of the g iven type. Needless to say, this should applyto categories themselves, and functors are the structure - preserving maps between categories. Manyof the ^natural~ or ^canonical~ constructions in mathematics can be expressed as functors.

Definition.

A ( covariant) functor F from one category

& to another category

’ assigns

· to each object X in

& an object F ( X ) in

’

,

· to each morphism f : X Y a morphism F ( f ) : F ( X ) F ( Y ) such that the following two properties hold:

· F ( 1

X

) = 1

F ( X )

for everyobject X in

& � �

· F ( g ¯ � f ) = F ( g ) ¯ � F ( f ) for all morphisms f : X Y and g : Y Z .

A contravariant functor F between categories

& and

’ is a functor that ^turns morphisms around.~ The quickest wayto define it is as a covariant funtor between

& OP and

’

, but due to the importance of the concept we shall write out the definition more explicitly:

Definition.

A contravariant functor F from one category

& to another category

’ assigns

· to each object X in

& an object F ( X ) in

’

,

· to each morphism f : X Y a morphi sm F ( f ) : F ( Y ) F ( X ) such that the following two properties hold:

· F ( 1

X

) = 1

F ( X )

for everyobject X in

& � �

· F ( g ¯ � f ) = F ( f ) ¯ � F ( g ) for all morphisms f : X Y and g : Y Z .

Examples of Functors

Sets to vector spaces:

An example of a covariant functor from the categoryof sets to the categoryof all real vector spaces maybe defined as follows. Given a se t A let V ( A ) be the ^real vector space which has A as a basis.~ Formally, an element of V ( A ) is a real valued function v on A such that v ( a ) = 0 for all but finitelymany a A, with addition and real multiplication defined in the usual way. Following s tandard practice, we shall write a typical element of V ( A ) as a sum

� t a

a where t a

= 0 for all but finitelymany a and the elements of a correspond to the basis elements

( i.e ., the functions that are 1 at the element a of A and 0 at all others). If f : A B is a set - theoretic function then there is a unique linear t ransformation V ( f ) : V ( A ) V ( B ) that sends s to f ( s ).

It is left as an exercise to verifythat this construction defines a covariant functor.

Dual vector space:

A less trivial example of a contravariant functor from the categoryof all real vector space s to itself is given byassigning to everyvector space its dual space and to every linear map its dual or transpose; specifically, if f is a linear functional on V and T : W V is a linear trahsformation, then T* : W* V* is the linear transformation s ending f to f ¯ T.

Homomorphismgroups:

To everypair A, B of abelian groups one can assign the abelian group Hom( A , B ) consisting of all group homomorphisms from A to B. This is a functor which is contravariant in the first and covariant in the se cond argument; i.e ., it is a covariant functor

Ab

OP

Ab ® Ab

(where

Ab denotes the categoryof abelian groups with group homomorphisms as the morphisms). If both f : A

1

® A

2

and g : B

1

B

2

are morphisms in

Ab, then the group homomorphism

Hom( f , g ) : Hom( A

2

, B

1

) Hom( A

1

, B

2

) is given by

�

[ X ] denote the set of all subsets of X ( i.e ., the power set of X ).

This construction leads to a pair of functors on the categoryof sets, one of which is covariant and the other of which is contravariant. Specifically, if f : X Y is a map of sets d efine

· �

[ f ]

:

�

[ X ]

�

[ Y ]

bythe formula · �

[ f ] ( A ) = f ( A ) Y

for

A X, and similarlydefine

·

�

[ f ] :

�

[ X ]

�

[ Y ]

bythe formula

· [ f ] ( B ) = f ˘ 1 ( B ) X

for

B Y . It is easilyverified that these define functors (see the exercise s in Munkres and the

remarks in the earlier notes on set theory).

Remark. If S is a set, then �

[ S ]

has an algebraic structure given byunions and

intersections, and these operations make it into a type of system known as a Boolean algebra.

The exerc ises in Munkres show that

·

�

[ f ]

is always a homomorphism of Boolean algebras

(because taking inverse images preserves unions and intersections), and thus can be viewed as a

contravariant functor from the categoryof sets to a suitablydefined categoryo f Boolean

algebras. In contrast, the map · �

[ f ]

is not necessarily a homomorphism of Boolean algebras

because it does not necessarilypreserve intersections or the unit element, but it does define a

homomorphism of the monoid structure determined byset - theoretic union (where the emptyset

is the identityelement), so it can be viewed as a covariant functor from the categoryof sets to a

suitablydefined categoryof monoids.

Categorical Constructions

Categorytheoryunifies mathematical structures in anot her, perhaps more far - reaching, manner.

Once a type of structure has been defined, it quicklybecomes imperative to determine how new

structures can be constructed out of the given one and how given structures can be decomposed

into more elementarysubstru ctures. For instance, given two sets A and B, set theoryallows us to

construct their cartesian product A B. For an example of the second sort, given a finite

abelian group, it can be decomposed into a product of some of its subgroups. In both cases, it is

necessaryto know how structures of a certain kind combine. The nature of these combinations

might appear to be considerablydifferent when looked at from too close. Categorytheoryreveals that manyof these constructions are in fact special cases of objects in a categorywith what is

called a "universal property". Indeed, from a categorical point of view, a set - theoretical cartesian

product, a direct product of groups, a direct product of abelian groups, and numerous other such

constructions are all i nstances of a categorical concept: the categorical product. What

characterizes the latter is a universal property. Formally, a product for two objects A and B in a

category

&

is an object P of

&

together with two morphisms called the projections

u : P ® A and v : P ® B

such that the following universal propertyholds:

For all objects X with pairs of morphisms f : X ® A and g : X ® B, there is a

unique morphism h : X ® P such that u ¯ h = f and v ¯ h = g .

Notice that we have defined A product for A and B and not THE product for A and B. Indeed,

products, and in fact all objects with universal properties are defined up to (a unique)

isomorphism. Thus, in categorytheorythe actual process for carrying out a certain construction

is irrelevant, and the important point is the wayan object is related to the other objects of the

categorybythe morphisms going in and the morphisms going out; i.e ., how certain structures

can be mapped into or out of it and how it can map its structure into other str uctures of the same

kind.

Natural transformations

Two functorial constructions are often ^naturallyrelated~ in some sense, and this leads to the

concept of na tural transformation , which maybe viewed as a ^morphism of functors.~

Definition. If F and G are (covariant) functors from the category

&�

to the category

’

�

�

then a natural transformation from F to G associates to everyobject X in

& �

a morphism

�

X

:

F ( X ) G ( X ) in

’

such that for everymorphism f : X Y in

&

we have

�

Y

¯ � F ( f ) = G ( f ) ¯ � �

X

.

The two functors F and G are said to be naturally isomorphic if t here exists a natural

transformation from F to G such that �

X is an isomorphism for everyobject X in

& �

� �

Modification for contravariant functors. If F and G are contravariant functors from the category

&� to the category

’

�

� there is a similar definition of natural transformation, the onlydifference being that the final equation is replaced by �

X

¯ � F ( f ) = G ( f ) ¯ � �

Y

.

The need to understand natural equivalence was the basic motivation for S. Eilenberg and S.

MacLane to develop the notions of categorythe ory. Their original objective was to make the notion of natural equivalence mathematicallyprecise, and of course this was formulated in terms of natural transformations. In order to give a general definition of the latter, theydefined the notion of funct or, borrowing the terminologyfrom Rudolf Carnap (a twentieth century philosopher whose work dealt extensivelywith the philosophyof science and semantics), and in order to give a general definition of functor, theydefined the notion of category, borrowi ng this time from Kant and Aristotle.

Examples

Double dual spaces: If F is a field, then for everyvector space V over F we have a

^natural~ linear evaluation map e

V

: V V **

(= the double dual space of V ) sending x V to the linear functional on V * g iven byevaluation at x , and this is an isomorphism of vector spaces when V is finite - dimensional. These maps are ^natural~ in the following sense: The double dual operation is a covariant functor, and the linear transformations determine a natural transfo rmation from the identityfunctor to the double dual space functor. In contrast, if V is finite - dimensional then V is isomorphic to its own dual space V * , but in order to specifyan isomorphism one needs some extra ^unnatural~ structure like an ordered b asis or, over the real numbers, an inner product.

Pow er set functors:

Let S be a set, and let · �

[

˘

] be the covariant power set functor described earlier. Consider the function

S �

: S

�

[

S

] sending x S to the singleton set { x } , which is a subset of S and thus an element of �

[

S

].

The system of such functions can be viewed as a natural transformation

�

: I where

I denotes the identityfunctor on the categoryof sets, because of the commutativity condition

Y

¯ I ( f ) = �

[ f

] ¯

X which holds because the values of both sides at an arbitrary x S are equal to

{ f ( x ) } Y .

Equivalence of categories

Intuitively, two categories are equivalent if theycannot be distinguished from the standpoint of categorytheory.

Definition.

Two categorie s

& and

’ are said to be equivalent if there exist covariant functors F :

& ’ and G :

’ & such that FG is naturallyisomorphic to

1