Products, Relations and Functions

For a varietyof reasons, in this course it will be useful to modifya few of the set - theoretic preliminaries in the first chapter of Munkres. The discussion below explains these differences specifically.

Cartesian Prod ucts and Relations

Given two set - theoretic objects a and b , there is a set - theoretic construction which yields an ordered pair ( a , b ) which has the fundamental property

( a , b ) =

( c , d ) if and only if a = c and b = d .

Given two sets A and B , the Ca rtesian product A

B is defined to be the set of all

ordered pairs

( a , b ) where a A and b B .

We shall define a binary relation from A to B to be a triple

= ( A , R

0

, B ) where A and B are sets and R

0

is a subset of A B . This differs from the st andard definitions and the one in Munkres in two respects. First of all, the description in

Munkres requires A = B. Also, we take the sets A and B as specific pieces of extra structure. Following standard notation we saythat R

0

is the graph of

, and for a A

and b B we write

a b if and only if

( a , b ) R

0 and saythat a b is true or a is - related to b.

If B = A then we often saythat is a binary relation on A. Important special cases of

binaryrelations including partial orderings and equivalence relations are discussed in

Munkres.

Functions

Formallyspeaking, a function is a special type of relation. The main difference between

our definition and the standard one is that the source set A (formally, the domain ) and the

target set B (formally, the codomain ) are included explicitlyas part of the structure. This point is often ignored in discussions of set theory(but an equivalent piece of structure is

mentioned on page 16 of Munkres). Given the importance of the concept of function in

mathematics, we shall give a complete formal definition.

Definition.

A function is a triple f = ( A

+ � B ) where A and B are sets and + is a

subset of A B with the following property :

($$) For each a A there is a unique element b B such that

( a , b ) � +

�

The sets A and B are respectivelycalled the dom ain and codom ain of f , and + is called the graph of f. Frequentlywe write f : A B to denote a function with domain A and codomain B, and as usual we write b = f ( a ) if and onlyif ( a , b ) lies in the graph of f.

Given a function and a subset of its domain or codomain, we shall often need to work with the image or inverse image of the subset as defined on page 19 or Munkres. Many important properties of these constructions are summar ized in the exercises on pages 20 and 21 of Munkres. One further propertyof the same sort is the following identity:

If f : A B and g : B C, then g ( f ( S ) ) = [ g

¯ f ] ( S ) for all

S A.

Conceptually, the crucial point in our definition is that it keeps track of the codomain.

This turns out to be crucial for manymathematical constructions (for example, the

fundamental group that is discussed in the se cond half of Munkres´ book). In particular,

if B is a subset of B* then + can be viewed as the graph of a function

A B* as well

as the graph of a function f : A B.

Notation. If f : A B is a function whose image lies in C B ( i.e. , the grap h of

f is actuallya subset of A C ), then the associated function

( A � + � C ) will be denoted

by C

_ f and called the corestriction of f to C. The notation is meant to suggest that

this is somehow complementary(or ^dual~) to the notion of restricti on defined on page

17 of Munkres; in our notation the latter can be expressed as

f _ S = ( S � + � ( S

B ), B )

where

S A.

Disjoint unions

In manysituations it is useful or even necessaryto have a set S created from disjoint

copies of two given se ts A and B. Formally, the disjoint sum (or disjoint union ) is defined to be the set

A

1 ) consisting of a set

and a function 1 : with the following properties [which reflect the nature of

sigma as a map taking each natural number m to its ^successor~ m + 1 ]:

(1) There is exactly one element (the zero element) not in the image of 1

�

(2) The map sigma is one - to - one.

(3) If A is a sub set of such that

(i) 0 A,

(ii) for all k , k A implies

1 ( k ) A,

then

A = .

The third axiom is just the (weak) principle of finite mathematical induction.

The Peano axioms are sufficient to yield all the properties of natural numbers that are

use d in Munkres. Strictlyspeaking, the proofs of results like Theorem 4.1 and 4.2

require our axioms for the real number system, but we shall not have anyneed for these

results until after the real number system has been introduced. All of the results in

Sections 6 and 8 of Munkres ˙ except those requiring the real numbers explicitly ˙

follow as in the text.

The Axiom of Choice and Logical Consistency

Although set theoryprovides an effective framework for discussing questions involving

finite sets, its initial and most important motivation came from questions about infinite

sets. As research on such sets progressed during the late nineteenth and earlytwentieth

century, it eventuallybecame evident that most of the underlying principles involved

con structing new sets from old ones and the existence of the set of natural numbers.

However, it also became clear that some results depended upon the Axiom of Choice

�$&�

� which is an abstract and basicallynonconstructive existence statement.

There are ma nyequivalent ways of formulating set - theoretic assumptions that are logicallyequivalent to the Axiom of Choice. Here is a list of several that appear in

Munkres:

Axiomof Choice. If A is a nonempty set and

� Specifically, he showed that one can construct models for set theory such that

$& was true for some models and false for ot hers.

The Continuum Hypothesis

Another question about set theorythat arose veryearlyin the studyof the subject was the

Continuum Hypothesis :

�&+�

If A is an infinite subset of the real numbers

4 and there is no one - to - one

correspondence between A and the natural numbers , then there is a one - to - one

correspondence between A and 4 .

Since there is a one - to - one correspondence between

4� and the set

( )

of all

subsets of , one can reformulate this as the first case of a more sweeping conjectu re

known as the Generalized Continuum Hypothesis :

�*&+�

If S is an infinite set and T is a subset of

(

S

)

, then either

( i ) there is a one - to - one correspondence between T and a subset of S, or else

( ii ) there is a one - to - one correspondence between T and

(

S

)

.

G. Cantor originallyformulated

&+ in his work establishing set theory, the motivation being that he could not find anysubsets whose cardinal numbers were between those of and 4 .

As in the case of

$& � the work of Gödel showed that i f a contradiction to the axioms for set theoryarose if one assumes

&+ or

*&+� then one can also obtain a contradiction without such an extra assumption, and the work of P. Cohen shows that one can construct models for set theorysuch that

&+ was true for some models and false for others. In fact, one can construct models for which the number of cardinalities between those of and 4� can varyto some extent (for example, there might be one or two cardinalities between them). Because of Cohen´s work, most mathematicians are not willing to assume

&+ or

*&+ for the same reason that theyare willing to assume

$&�

Theywould prefer to include as manyobjects as possible in set theoryso long as

these objects do not lead to a logical contradiction.