Mathematics 205A Topology — I Course Notes Revised, Fall 2005

Department of Mathematics University of California, Riverside

Table of Contents I. Foundational material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1. Basic set theory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 2. Products, relations and foundations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 3. Cardinal numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 4. The real number system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 II. Metric and topological spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1. Metrics and topologies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2. Closed sets and limit points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3. Continuous functions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .21 4. Cartesian products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 III. Spaces with special properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 1. Compact spaces — I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 2. Complete metric spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3. Implications of completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 4. Connected spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 5. Variants of connectedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 IV. Function spaces. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .67 1. General properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 2. Adjoint equivalences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 V. Constructions on spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 1. Quotient spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 2. Sums and cutting and pasting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 VI. Spaces with additional properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 1. Second countable spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 2. Compact spaces – II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 3. Separation axioms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 4. Local compactness and compactifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 5. Metrization theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 Appendices: A. Topological groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 B. Stereographic projection and inverse geometry . . . . . . . . . . . . . . . . . . . . . . 121 C. Homogeneity of open sets in Euclidean spaces . . . . . . . . . . . . . . . . . . . . . . 125 D. Normal forms for orthogonal transformations . . . . . . . . . . . . . . . . . . . . . . . 128 References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .131 Summary of Files in the Course Directory . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

Comments on the 2005 version

September, 2005

These notes are very close to those for my Fall 2003 course, but there are a few differences.

(1) There have been some minor changes in the first unit and inclusion of online references to a course in set theory (Mathematics 144) that I am also offering in Fall 2005.

(2) Some material has been added to the section on second countable spaces to describe examples of spaces that are separable and/or Lindelöf but not second countable.

(3) The most important change is that Unit IV has been replaced by entirely different material on the topological properties of spaces of continuous functions. The treatment differs significantly from that in Munkres; these notes only consider certain special cases that are adequate for many applications and for which one can give greatly simplified proofs.

(4) There is now only one required text. References to the other have been removed from the body of the notes.

(5) There have been some minor alterations to the listing of materials in the course directory.