Edge — path graphs and their fundamental groups

Edge-path graphs (often simply called graphs) are an important class of spaces, and they are
also excellent test cases for applying the methods and results of this course.

DEFINITIONS AND BASIC PROPERTIES

Definition. Let X be a compact space, and let £ be a finite collection of closed subspaces of X.
The pair (X, ) is said to be a (finite) edge-path graph if the following hold:

(1) Every subset E € £ is homeomorphic to the closed unit interval [0, 1].

(7i) The space X is the union of all the sets E € £, and if Ey # E; € € then E; N Es is an
endpoint of both F; and Es. (Note that the endpoints of E are precisely those points p
such that F — {p} is connected.) the closed unit interval [0, 1].

The endpoints of a subset E are called its vertices.

Some results about such objects appear in Sections II1.7 and IIL.8 of Bredon (but apparently
no definition of the term “graph” is given). Here are two more detailed references:

J. R. Munkres. Topology (Second Edition), Prentice-Hall, Saddle River NJ, 2000.
ISBN: 0-13-181629-2.

A. Hatcher. Algebraic Topology (Third Paperback Printing), Cambridge University
Press, New York NY, 2002. ISBN: 0-521-79540-0.

The second book can be legally downloaded from the Internet at no cost for personal use; here is
a link to the online version:

www.math.cornell.edu/~hatcher/AT/ATpage.html
Both of these books also discuss infinite versions of edge-path graphs.

Edge-path graphs have been studied extensively (this branch of mathematics is called graph
theory), and these objects have applications to many other branches of science (for example,
chemistry and physics, computer science, industrial engineering, and the biological sciences) and
even to other areas of knowledge where it is useful to look at chains of relationships or passage
from one state of a system to another.

An alternate definition

Our definition of a graph assumes that two edges meet in just one endpoint, but in some
situations it is convenient to consider examples for which the intersection of two edges is also
allowed to be both vertices of the two edges as in the following illustration:

D

(Two vertices at the corners, two faces have these edges.)

We shall prove that every object of this more general type can be expressed as a graph in the
sense of our definition.



LEMMA. Let I be a system satisfying the conditions for an finite edge-vertex graph except that
two edges may have both of their vertices, and let £ be the collection of edges for this system. Then
there is another family of closed subsets €' such that the following hold:

(1) The family &' is a collection of edges for a graph structure on T'.

(ii) Each element of £’ is contained in a unique element of £ such that one endpoint of £’ is
also an endpoint for £ but another is not, and each edge in £ is a union of two edges in £’.

(73i) The intersection of two distinct edges in £’ is a single point which is a common vertex.

Proof. For each edge EF € &, pick a point by € E that is not an endpoint. It follows that
E — {bg} has two connected components, each of which contains exactly one endpoint of E. If =
is an endpoint of E define the set [z, E] to be the closure of the component of E — {bg} which
contains x. If £ denotes the set of all such subsets [z, E], then it follows immediately that £’ has
the properties stated in the lemma. Note that by construction the endpoints of a given edge [z, F]
are ¢ and bg.m

The family £’ is frequently called the derived graph structure associated to £.

As noted in one of the exercises, many examples of edge-vertex graphs are suggested by ordinary
letters and numerals.

Subgraphs

Definition. Let (X, &) be a finite edge-path graph. A subgraph (X, &) is given by a subfamily
&y C & such that X is the union of all the edges in &y. It is said to be a full subgraph if two
vertices v and w lie in Xy and there is an edge E € £ joining them, then E € &,.

Proposition. Let (X, &) be a finite edge-path graph, and let (Xo,&y) be a subgraph. Then the
derived graph (Xo, &) is a full subgraph of (X,&’").

The proof is left as an exercise for the reader.
Connectedness

One immediate consequence of the definitions is that every point of a graph lies in the arc
component of some vertex; specifically, if z lies on the edge E and the vertices of the latter are a
and b, then x lies in the same arc component as both a and b. In fact, one can prove much stronger
conclusions:

PROPOSITION. If (X&) is a finite edge-path graph, then X is connected if and only if for
each pair of distinct vertices v and w there is an edge-path sequence Eq, --- , F, such that v is
one vertex of E1, w is one vertex of F,, for each k satisfying 1 < k < n the edges E} and Fy_;
have one vertex in common, and v and w are the “other” vertices of E1 and FE,. Furthermore, X
is a union of finitely many components, each of which is a full subgraph.

IMPORTANT: In a general edge-path sequence defined as in the statement of the proposition,
we do NOT make any assumptions about whether or not these two vertices are equal. If they are,
then we shall say that the edge-path sequence is closed or that it is a circuit or cycle.

Proof. First of all, since every point lies on an edge, it follows that every point lie in the connected
component of some vertex. In particular, there are only finitely many connected components.
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Define a binary relation on the set of vertices such that v ~ w if and only if the two vertices are
equal or there is an edge-path sequence as in the statement of the proposition. It is elementary to
check that this is an equivalence relation, and that vertices in the same equivalence class determine
the same connected component in X.

Given a vertex v, let Y, denote the union of all edges containing vertices which are equivalent
to v in the sense of the preceding paragraph. If we choose one vertex v from each equivalence class,
then we obtain a finite, pairwise disjoint family of closed connected subsets whose union is X, and
it follows that these sets are must be the connected components of X. In fact, by construction each
of these connected component is a full subgraph of (X,&).m

Frequently it is convenient to look at edge-path sequences that are minimal or simple in the
sense that one cannot easily extract shorter edge-path sequences from them. Here is a more precise
formulation:

Definition. Let F; ,--- | E, be an edge-path sequence such that the vertices of F; are v;_; and
v;. This sequence is said to be reduced if v; ,--- , v, are distinct and either n > 2 or else vy # vo
(the latter case is just a sequence with Ey = FEj, physically corresponding to going first along F
in one direction and then back in the opposite direction).

We then have the following result:

PROPOSITION. If two distinct vertices x and y can be connected by an edge-path sequence,
then they can be connected by a reduced sequence.

Proof. Take a sequence with a minimum number of edges. We claim it is automatically reduced.
If not, then there is a first vertex which is repeated, and a first time at which it is repeated. In
other words, there is a minimal pair (4, ) such that ¢ < j and v; = v;, which means that if (p, q)
is any other pair with this property we have p > i and ¢ > j. If we remove F;; through E; from
the edge-path sequence, we obtain a shorter sequence which joins the given two vertices.m

There may be several different reduced sequences joining a given pair of vertices. For example,
take X to be a triangle graph in the plane whose vertices are the three noncollinear points a, b
and ¢, and whose edges are the three line segments joining these pairs of points. Then ab, bc and
ac are two reduced edge-path sequences joining a to c.

Definition. A circuit (or cycle) Ey ,--- , E, is called a a simple circuit or simple cycle if it is
reduced.
COROLLARY. Every simple circuit in a graph contains at least three edges.m
Topological properties of graphs
By definition and construction, a finite edge-path graph is compact Hausdorff, and in fact one
can say considerably more:
PROPOSITION. A finite edge-path graph is homeomorphic to a subset of R" for some n.

Proof.  Suppose that the vertices are vy, --- ,v,. Consider the graph in R" whose vertices
are the standard unit vectors e; and whose edges are the closed line segments A; ; joining these
vertices; the resulting compact subspace of R™ is a graph because two of these segments intersect
in at most a common endpoint (use linear independence of the unit vectors to prove this). Define
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a continuous map f from original the graph X to the new graph Y such that if E is an edge with
vertices v; and j for i < j and E is a homeomorphism from [0, 1] to E such that v; corresponds to
0 and v; corresponds to 1, then ¢ € [0, 1] is sent to

te;, + (1—t)e;

(since E is homeomorphic to [0,1] and endpoints are topologically characterized by the property
that their complements are connected, it follows that either v; corresponds to 0 and v corresponds
to 1 or vice versa; in the second case, if we compose the original homeomorphism with the reflection
on [0, 1] sending s to 1 — s, then we obtain a homeomorphism for which the first alternative holds).

It is a routine exercise to verify that f is continuous and 1-1, and therefore it maps X home-
omorphically onto its image.m

The next result implies that a graph has a simply connected (universal) covering space.

PROPOSITION. If (X,€) is a finite edge-path graph and x € X, then x has a (countable)
neighborhood base of contractible open subsets.

Proof. Suppose first that z is a vertex of X, and view X as a subset of R™ using the previous
result. Define OpenStar (x,€) to be the complement of the set of all points on edges E’ which do
not have x as a vertex. The described set is the union of all E’ which do not have x as a vertex and
hence is closed, so its complement OpenStar (z,£) must be open. For every e such that 0 < ¢ < /2
let

OpenStar (e;z, &)

denote the points in OpenStar (z,€) whose distance from x is less than €. Then it follows that
there is a straight line homotopy from the identity on OpenStar (¢;x, ) to the constant map with
value z, and therefore every such neighborhood is contractible. Since X is presented as a metric
space, it follows that a suitably chosen countable of this neighborhood family will be the desired
countable neighborhood base of .

Now suppose that = is not a vertex of X, so that there is a unique edge E containing x;
by assumption z lies in the complement of the end points in F, and the corresponding subset of
E is homeomorphic to the open interval (0,1). Since every point in (0,1) has a neighborhood
base of contractible open subsets, the conclusion to the proposition will follow if we know that
E — endpoints is open in X. The complement to this set is the set of all points that are either
vertices of F or else lie on some edge other than F. This is a finite union of closed sets and hence
closed, and therefore the set F — {endpoints} must be open in X as desired.m

FUNDAMENTAL GROUP CALCULATIONS

The goal of this section is to show that the fundamental group of a graph is completely
determined by the numbers of its edges and vertices. One further consequence is a somewhat
counter-intuitive fact about free subgroups of a finitely generated free group; namely, the smaller
group may have more generators than the larger group containing it.

Trees
Definition. The graph (X, &) is said to be a tree if for distinct vertices u and v in X there is a

UNIQUE reduced edge path sequence
Ey, - ,E,



such that u is the “initial” endpoint of F; and v is the “final” endpoint of F,.
A reduced edge path sequence is sometimes called a simple chain in the graph.

One can visualize many examples of trees by looking at letters of the alphabet; examples
include the letters

E.F,HILK MN,V,W,X,Y,Z

The numerals 4 and 5 as depicted on a standard calculator display (with an open top on the 4) also
correspond to examples of trees. On the other hand, the linear graphs corresponding to triangles,
rectangles, pentagons, etc. are not trees. Other nonexamples include the letter A, the numeral 4 as
depicted in print with a closed top, and the numerals 6 and 8 as depicted on a standard calculator
display.

PROPOSITION. Every tree has a vertex that lies on only one edge.

Proof. If the tree has only one edge, then the result is trivial. Assume now that the tree (X, &)
has m > 2 edges. We shall assume further that every vertex of (X, &) lies on at least two distinct
edges and derive a contradiction.

Let A; be an edge of (X, &), and let vy and vy be its edges. Let As be a second edge which
has v; as a vertex, and let vy be its other vertex. Continuing in this manner, we obtain an infinite
sequence of edges A,, with vertices v,,_; and v, such that A, # A,,_1. Since there are only finitely
many edges and vertices, there must be some first value of k such that vy = vj; for some j > 0
(in other words, there is a first repeated value in the sequence). By construction, we must have
j = 3. By construction, we know that A,; defines a simple chain joining vy = vy to vjyr_1
and similarly the sequence Ayyi, --- Ag4j—1 defines a simple chain joining these two vertices.
Now the first simple chain consists of one edge, while the second consists of at least two because
k+j—1>k+2>k+ 1, and thus we have constructed two simple chains joining these vertices.
Since we are assuming the graph is a tree, this is impossible, and therefore it follows that there
must be some vertex which lies on only one edge.m

We shall also need the following companion result:

PROPOSITION. Suppose (X, &) is a tree and vq is a vertex which lies on only one edge, say
Ey. Let (Xo,&) be the subgraph given by the union of all edges except Ey (hence its vertices are
all the vertices of the original graph except vg). Then (Xg, &) is also a tree.

Proof. Suppose that v and w are vertices of the subgraph and A, --- , A, is a simple chain
connecting them. We claim that none of the edges A; can be equal to Ey; if this is true then it will
follow that the subgraph will be a tree (see the final step of the argument).

As usual, label the vertices of the edges A; such that u = ag, w = a,, and the vertices of A;
are a; and a;—1. By hypothesis, A; # A1, for all <. Suppose that we have A; = E; for some j;
then either vg = a;_1 or else vy = a;. Let v; be the other vertex of Ej.

CASE 1: Suppose that vg = a;_1. Since ag = u # vg, it follows that ¢ > 0. Since Fy is the
only edge containing the vertex vy, it follows that A; 1 = A;, with v1 = a;_o = a;. This contradicts
the definition of a simple chain, and hence we can conclude that vg # a;_1. CASE 2.  Suppose
that vg = a;. Since a, = w # vy, it follows that i < r. Since Ej is the only edge containing the
vertex vy, it follows that A1 = A;, with v;1 = a;—1 = a;41. This contradicts the definition of a
simple chain, and hence we can conclude that vg # a;. Combining these results, we can conclude
that Fy does not appear in the simple chain sequence A7, --- , A,, so that the latter is a simple
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chain in (X(.€y. This simple chain is unique in the smaller complex by the uniqueness condition
on the larger complex, and therefore the smaller complex must also be a tree.m

We are now ready to state one of the most important properties of trees:

THEOREM. If (T,€) is a tree and v is a vertex of this graph, then {v} is a strong deformation
retract of X.

Proof. This is trivial for graphs with one edge because they are homeomorphic to the unit
interval. Suppose now that we know the result for trees with at most n edges, and suppose that
(T, &) has n + 1 edges.

By Lemma 84.2 we may write T' = To U A where A is an edge and Ty is a tree with n edges
such that AN Ty is a single vertex w. Let y be the other vertex of A. The proof splits into cases
depending upon whether or not the vertex v of T' is equal to y, w or some other vertex in 1.

We shall need the following two results on strong deformation retracts; in both cases the proofs
are elementary:

(1) Suppose X is a union of two closed subspaces AU B, and let ANB = C. If C is a strong
deformation retract of both A and B, then C' is a strong deformation retract of X.

(2) Suppose X is a union of two closed subspaces AU B, and let AN B = C. If C is a strong
deformation retract of B, then A is a strong deformation retract of X.

Suppose first that the vertex is w. Then {w} is a strong deformation retract of both A and
Ty, so by the first statement above it is a strong deformation retract of their union, which is 7.

Now suppose that the vertex is y. Then the second statement above implies that A is a strong
deformation retract of T'. Since {y} is a strong deformation retract of A, it follows that {y} is also
a strong deformation retract of T'.

Finally, suppose that the vertex v lies in Ty but is not w. Another application of the second
statement implies that T} is a strong deformation retract of 7', and since {v} is a strong deformation
retract of Ty, it follows that {v} is also a strong deformation retract of 7'.m

COROLLARY. The fundamental group of a tree is trivial.m

Definition. Let (X,&) be a graph. A subgraph M C X is a maximal tree in X if M is a tree
and there is no tree M’ in X which properly contains M.

It is fairly straightforward to show that maximal trees exist. First of all, X must contain
subgraphs that are trees, for any subgraph consisting of a single edge is a tree. Because of this,
it follows that there must be some tree in X with a maximal number of edges, and this will be a
maximal tree.m

For the sake of completeness, we state the following elementary result:

LEMMA. If(X,€) is a graph with a maximal tree M and Y is a subgraph of X containing M,
then M is a maximal tree in Y .m

Finally, we shall need the following important property of maximal trees:

PROPOSITION. If (X,€) is a connected graph and T C X is a maximal tree, then all the
vertices of (X, &) belong to T



Proof. Asusual, assume the conclusion is false; then there is some vertex v ¢ T'. By connectedness
there is an edge-path sequence joining v to some point in 7', and among these sequences there is one
Ey ,--- | E, of minimum length. Since we have an edge-path sequence we can denote the vertices
on the edges by vy, --- ,v, such that v = vy, v, € T, and the edges of E; are v; and v;_1. By the
minimality of this sequence we know that v; € T if and only if i = n.

Let Ty =T U E,. We claim that T} is also a tree. The key point in verifying this will be the
following observation:

If an edge-path sequence in T} contains FE,,, then E,, is either the first edge or the last edge,
and v,,_1 is either the initial vertex or the final vertex.

This is true because the vertex v,,_; lies on E,, but not on any edges in 7" (if it did, then v,,_; € T
and by our assumptions this is not the case). If E,, appeared in the middle of the sequence, the
one of the two edges containing v,,_1 would have to lie in T', and this would imply v,_1 € T.

To prove that T} is a tree, consider an arbitrary pair of vertices w and w’. If they both lie in
T, then there is a unique reduced edge-path in T joining them, and we claim that there is no other
reduced edge-path in T which joins them. Any such path would have to contain the edge E,, (the
only edge not in T'). Since a reduced edge-path containing F,, must start or end with E,,, such an
edge-path cannot join two points in T. — Now consider reduced edge-path squences joining v,,_1
to some vertex w in T'. Since v,, € T, there is a unique edge-path sequence K1 ,--- , K,, joining v,
to w. If we insert E,, at the beginning of this sequence, we obtain a reduced edge-path sequence
joining v, _1 to w in T7. To see that this sequence is unique, note that every edge-path sequence
joining v, _7 to w must start with F,, because no other edge in T} contains v, _1. If we remove E,
from the sequence, we obtain a reduced edge-path sequence joining v,, to w, and since F,, does not
appear in this sequence it must be an edge-path sequence in 1. Therefore the sequence joining v,
to w must be the previously described edge-path sequence K ,--- , K,,, and it follows that there
is only one edge-path sequence in T} joining v,,_1 to w.

The preceding shows that T} is a tree in X which properly contains T'. Since T was assumed
to be a maximal tree, this yields a contradiction, so our hypothesis about a vertex not in T must
be false and hence T" must contain all the vertices.m

Fundamental groups and maximal trees

We have already computed the fundamental groups of trees, and the next step is consider
examples for which a maximal tree contains all but one of the edges.

PROPOSITION. Suppose that the connected graph (X, ) contains a maximal tree T' such that
X is the union of T with a single edge E*. Then X is homotopy equivalent to S*.

Proof. Since T is a maximal tree, the vertices of E* lie in T'. If a and b are these vertices, then
there is a reduced edge-path sequence E4, --- , E, joining a to b, and if we let I" be the union of
the E —i’s and E*, it follows that I’ must be homeomorphic to S'. By construction I' determines
a subgraph of X. For the sake of uniformity, set vo = a and v,, = b.

We claim that I' is a strong deformation retract of X. Let Y be the subgraph obtained by
removing the edges E* and E; from &, and for each i let Y; be the component of v;. By our
assumptions it follows that Y and the subgraphs Y; are trees. It will suffice to prove that if ¢ #£ j
then v; ¢ Y;, for then we have ¥; NT' = {v;} and we can repeatedly apply the criteria in the
previous argument to show that I' is a strong deformation retract of X.
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Suppose now that v; ¢ Y; for some j # i. Then there is some reduced edge-path sequence
Fy, -+, F,, joining v; to v; in Y;. Since the vertices of the edges F. contain at least one v; other
than v;, there is a first edge in the sequence Fs which contains such an edge, say vi. Of course,
none of the edges F) lies in I'. However, we also know that there is a reduced edge path sequence in
I'NT which joins v; to v, and we can merge this with the edge-path sequence Fy, --- , Fy (whose
edges lie in T" but not I') to obtain a reduced cycle in T'. Since T is a tree, this is a contradiction,
and therefore we must have Y; NT' = {v;}. As noted before, this suffices to complete the proof.a

The preceding special case is a key step in proving the following general result:

THEOREM. Let (X,€) be a connected graph, let T be a maximal tree in X, and let p be a
vertex of T. Then 71(X,x) is a free group on k generators, where k is the number of edges that
are in X but not in T.

Let T be a maximal tree in the connected graph X, and let Fy, --- , F}, denote the edges of
X which do not lie in T. Let W C X be the open set obtained by deleting exactly one non-vertex
point from each of the edges Fj, and let U; = W U F};. It then follows that each U; is an open
subset of X and if ¢ # j then U; NU; = W. Furthermore T' is a strong deformation retract of
W and for each subset of indices iy, --- ,i; the set F;, U Fj, is a strong deformation retract
of U;; U U;,. In particular, we know that the sets W and U; are all arcwise connected. By the
preceding result we know that F; and U; are homotopy equivalent to S!, and we claim by induction
that the fundamental groups of F4y U --- U F; and Uy U --- UU; are free on t generators. For if
the result is true for ¢ > 1, then we have

UUi: UUi U Uty1 s W = UUi N U

i<t4+1 i<t i<t

so that the Seifert-van Kampen Theorem implies that the fundamental group of Uy U --- U U4
is the free product of the fundamental groups of U; U --- U U; and Uzy1. By induction the group
for the first space is free on ¢ generators while the group for the second is infinite cyclic, and this
completes the proof of the inductive step.m

The preceding results yield a few simple criteria for recognizing when a connected graph is a
tree.
THEOREM. If X is a connected graph, then the following are equivalent:

(i) X is a tree.

(i) X is contractible.

(#31) X is simply connected.
Proof. We already know that the first condition implies the second and the second implies the
third, so it is only necessary to prove that (i7) implies (7). However, if T' is a maximal tree in X
and T # X, then we know that the fundamental group of X is a free group on k generators, where

k > 0 is the number of edges which are in X but not in T'. Therefore if X is simply connected we
must have T'= X »

The Euler characteristic of a graph
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If (X, ) is a connected graph, then the preceding discussion shows that the fundamental group
of X is a free group on a finite set of free generators. We would like to have a formula for the
number of generators which can be read off immediately from the graph structure and does not
require us to find an explicit maximal tree inside the graph.

Definition.  The Euler characteristic of (X,€) is the integer x(X,€) = v — e, where e is the
number of edges in the graph and v is the number of vertices.

If there is exactly one edge, then clearly v = 2, e = 1, and the Euler characteristic is equal to
1 =2 — 1. The first indication of the Euler characteristic’s potential usefulness is an extension of
this to arbitrary trees.

PROPOSITION. If(T,€) is a tree, then x(T,&) = 1.

Proof. Not surprisingly, this goes by induction on the number of edges. We already know the
formula if there is one edge. As before, if we know the result for trees with n edges and T has
n 4+ 1 edges we may write T = Ty U A, where Ty is a tree, A is a vertex, and their intersection is a
single point. For each subgraph Y let e(Y') and v(Y') denote the numbers of edges and vertices in
Y. Then we have e(T") = e(Tp) + 1, v(T') = v(Tp) + 1, and hence we also have

X(T) = o) —eT) = [pTo)+1]—[e(To)+1] = v(To) —e(To) = 1
which is the formula we wanted to verify.m

THEOREM. If (X,&) is a connected graph, then the fundamental group of X is a free group on
1 — x(X,€&) generators.

Proof. We adopt the notational conventions in the preceding argument. Let T be a maximal
tree in X, and suppose that there are k edges in X which are not in 7', so that the fundamental
group is free on k generators. By construction we know that v(7") = v(X) and e(X) = e(T) + k,
and by the preceding result we know that the Euler characteristic of T" is 1. Therefore we have

X(X,E) = vX)—eX) = v(T)—eT)—k = 1—-k
so that k =1 — x(X, &) as required.m

In the exercises we note that the theorem is also valid for the edge-path graphs as defined in
the files for this course.

COROLLARY. If two connected graphs X and X' are base point preservingly homotopy equiv-
alent as topological spaces, then they have the same Fuler characteristics.

In particular, the corollary applies if X and X’ are homeomorphic. For this reason we often
suppress the edge decomposition and simply use x(X) when writing the Euler characteristic.

Proof. If X and X’ are homotopy equivalent, then their fundamental groups are isomorphic, and
hence they are both free groups with the same numbers of generators. Since the Euler characteristics
can be expressed as functions of these numbers of generators, it follows that the Euler characteristics
of X and X’ must be equal.m

COROLLARY. A connected graph X is a tree if and only if x(X) = 1.
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Proof. We know that x(X) =1 if and only if X is simply connected.m

REMARK. More generally, one has the following criteria for recognizing whether two connected
graphs X and Y are homotopy equivalent:

(1) The connected graphs X andY are homotopy equivalent if and only if their fundamental
groups are isomorphic.m

(2) The connected graphs X and Y are homotopy equivalent if and only if their Euler char-
acteristics are equalm

The results of this course show that the fundamental groups are isomorphic if and only if the
Euler characteristics are equal, so (2) will follow from (1). Proving the latter is not all that difficult,
but we shall not give the details here.

Subgroups of free groups

We shall conclude this document by proving some mildly counter-intuitive results on subgroups
of free groups using the fundamental groups of graphs. We begin with the following result on
subgroups of finite index:

PROPOSITION. Let F be a free group on k generators, and let H be a subgroup of index n.
Then H is free on nk — n + 1 generators.

A standard result in algebra states that if M is a finitely generated free module on m generators
over a principal ideal domain D and N C M is a D-submodule, then N is free on n generators
for some n < m. In contrast, the result above says that a free subgroup of a free group may have
more generators than the group containing it. After proving this result, we shall also show that a
finitely generated free group also contains a non-finitely generated free subgroup.

Proof. Let (X,€&) be a connected graph whose fundamental group is free on k generators; one
method of constructing such a graph is to take edges A;, B; and C; for 1 < i < k, where the
edges of A; are x, p;, and ¢;, the edges of B; are x, r;, and s;, and the edges of B; are z, u;, and
v; (topologically, X is a union of k circles such that each pair intersect at z and nowhere else).
By the formula relating the number of generators for F' and the Euler characteristic, we know
that £ = 1 — x(X), or equivalently x(X) = 1 — k. Let Y be the connected covering space of X
corresponding to the subgroup H. Then Y is a graph, and the fundamental group of Y is H, so
that H is a free group.

We know that the number of free generators for H is given by 1 — x(Y), so it is only necessary
to compute this Euler characteristic. Let e and v be the number of edges and vertices for (X, &),
so that n =1 — x(X), where x(X) = v —e. Since Y is an n-sheeted covering of X, if we take the
associated edge decomposition of Y (such that each edge of Y maps homeomorphically to an edge
of X)) we see that the numbers of vertices and edges for Y are nv and ne respectively, so that

WY) = nex(X).

Therefore the number of generators for the fundamental group of Y is given by
1—-x(Y) = 1=-n-x(X) = 1-n(l—k) = nk—n+1

which is what we wanted to prove.m
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COROLLARY. If F is a free group on k generators for some k > 2, then F contains free
subgroups on m generators for all m > k.

QUESTION. Does this result extend to the case k = 1?7 Prove this or explain why it cannot
be true.

Proof. It suffices to prove this result when k = 2 since F’ automatically contains a free subgroup
with 2 generators (take a subset of some generating set for F').

Let X be a graph whose fundamental group is free on 2 generators u and v, and let Y,, be the
n-sheeted covering space whose fundamental group is the (free) subgroup generated by by u and v"™
for some n > 2. Then the fundamental group of Y, is isomorphic to a free group on n+1 generators.
It follows that for every positive integer m > 3 there is some n such that m(Y;,) contains a free
group on m generators.m

EXAMPLE. The free group on two generators also contains a free subgroup with a countably
infinite set of generators. Here is a sketch of the argument. Filling in the details is left to the reader
as an exercise:

Let X = S' v S! with base point given by the common point of the two circles, and let u and
v be free generators of m(X) which are represented by the two circles. Let K denote the kernel of
the homomorphism from 71(X) to Z which sends u to zero and v to a generator.

Let Y be the covering space of X whose fundamental group is isomorphic to K. It follows that
Y is homeomorphic to a copy of the real line with a circle attached at each point 2¢m where ¢ runs
through all integers (verify this!). An explicit model for Y is the set of all points (z,v, z) € R® such
that either (z,y) = (1,0) (in other words, the line with parametric equations (1,0,t) for ¢t € R) or
22 +y? =1 and z = 2¢r for some integer ¢. If we view X as the subset of R? given by

{2 +y* = B U{(@@-2°+y"=1}

then the covering space projection corresponds to the map sending (x,y,2) to (z,y) on the first
piece and sending (1,0,¢) to
(2 — cost,—sint)

on the second.

Let A,, C Y be the set of all points such that |z| < m. Then A,, consists of a closed line
segment with 2m + 1 circles attached symmetrically with respect to the end points. It follows that
m1(Ap,) is a free group on 2m + 1 generators, and the inclusion of 71 (A,,) in 7 (An41) is a 1-1
map sending the free generators of the first group to a subset of a set of free generators for the
second.

Since every compact subset of Y is contained in some A,,, it follows that the fundamental
group of Y is an increasing limit of the fundamental groups of the subspaces A,,. Since this limit
is a free group on a countably infinite set of generators, it follows that 71(Y’) must have the same
property.m
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