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File Number 02

DEFAULT HYPOTHESES. Unless specifically stated otherwise, all spaces are assumed to be
Hausdorff and locally arcwise connected.

1. Suppose we are given groups F and Fy with subsets X; C F; such that F; is a free group
on X; for i = 1,2. Using the Universal Mapping Property, prove that F x F5 is free on the disjoint
union X7 I Xs.

2. If G is a group, then the commutator subgroup or derived subgroup G’ (also written [G, G])
is the normal subgroup normally generated by all commutators; in other words, all products of the
form zyx~ly~! where x,y € G. Let p: G — G/G’ be the quotient projection.

(a) Prove that G/G" is abelian, and if f : G — A is a homomorphism into an abelian group
A, then there is a unique homomorphism f : G/G’ — A such that f = fep (this is a Universal
Mapping Property for homomorphisms into abelian groups).

(b) Prove that if ¢ : G — K is a homomorphism into abelian groups which also has the

Universal Mapping Property in (a), then K is isomorphic to G/G’.

(c¢) Suppose that the group G can be written as a free product Gy * G3. Prove that G/G’ is
isomorphic to (G1/G)) x (G2/GY).

3. Suppose that X is (arcwise) connected and locally simply connected, and assume further that
X the union of two (arcwise) connected open subspaces U; and Us such that U; N Us is (arcwise)
connected and the map 71 (U1 NUs, p) — m1 (X, p) induced by inclusion is the trivial homomorphism,
where p € Uy N Us. Prove that there is an isomorphism

(m1(Ur,p)/N1) * (ma(Us,p)/N2) — m(X,p)

where N; C 71(U;, p) is the normal subgroup generated by the image of 71 (Uy NUs, p) — w1 (U, p).
[Hint: Use the Universal Mapping Property.|

4. (a) Suppose that X is a union of two closed subspaces A and B such that A U B consists
of a single point p. Also assume that p has contractible open neighborhoods U and V in A and B
respectively. Prove that w1 (X, p) is the free product of m1(A,p) and 71 (B, p).

(b) Given two positive integers m,n > 1, construct a space X whose fundamental group is
Lo, * Lo, .

5. Let p : E — X be a covering map (with the usual assumptions that all spaces be locally
arcwise connected, but not necessarily connected), and let f : A — X be a subspace inclusion,
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where A and X are both connected and A is locally arcwise connected. Denote the pullback covering
by E|A.

(i) Show that A is evenly covered if the induced map of fundamental groups f, is the trivial
homomorphism.

(77) Show that if the induced map of fundamental groups f, is onto, then E|A is connected if
E is connected.

(7i1) Suppose that E is simply connected. Show that if the induced map of fundamental groups
f« is 1-1, then the components of FE|A are all simply connected.

6. Determine the number of equivalence classes of based 2-sheeted covering spaces of the Figure
Eight space SV S!, and determine the number of equivalence classes of regular based 4-sheeted
coverings of the same space. [Hints: Every subgroup of index 2 is a normal subgroup, and normal
subgroups of index n are the kernels of surjective homomorphisms onto groups of order n. Up to
isomorphism there are only two groups of order 4.]

7. (a) Suppose that X is the Utilities Graph with six vertices A, B, C,G, W, E and nine edges,
joining each of A, B,C to each of G,W,E. Compute the fundamental group of X and find a
maximal tree in X.

(b) Suppose that X,, is the complete graph on n > 4 vertices vy, -+ ,v,, with edges joining
each pair of points v; # v;. Compute the fundamental group of X,, and find a maximal tree in X,.

8. Let F5 denote the free group on the generators x and y. Prove that there is a chain of
subgroups
c H, ¢ H,. C --- C Hs; CkFk

such that for each k£ > 3 the subgroup Hy, is free on k generators.

9. Suppose that Y is a connected graph whose fundamental group is free on n generators,
and suppose that p: X — Y is a connected n-sheeted covering space projection. Find the unique
positive integer m such that the fundamental group of X is free on m generators.

10. Let X,, be the graph in R? whose vertices are the lattice points (p,q) where p and ¢ are
integers such that 0 < p, ¢ < n, and whose edges are the segments which join (p,q) to (p,q + 1) if
g < nor join (p,q) to (p+1,q) if p < n (physically, this is a square grid with n rows and n columns
whose lower right corner is the origin). Compute the fundamental group of X,, and determine the
number of vertices in a maximal tree T,,. Describe an explicit maximal tree when n = 3 or 4.

11. Suppose that X is an arcwise connected space such that X = U UV, where U and V are
open and arcwise connected and their intersection U NV is also arcwise connected. Let p e UNV.
(7) Show that if U is simply connected and 71(V,p) is abelian, then 7 (X) is also abelian.

(77) Explain why the same conclusion does not hold if we merely assume that 7, (U, p) is abelian.

It will suffice to give a counterexample.

12. Suppose that the topological space X is the union of the arcwise connected open subsets
U and V and that U NV is also arcwise connected. Let p € U NV, and assume that the canonical
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map from 71 (U NV, p) to m1 (U, p) is an isomorphism. Prove that the canonical map from 7 (V,p)
to m1 (X, p) is also an isomorphism. [Hint: Show that the commutative diagram

mUNV,p) ——— m(Up)

I Lo

m(V,p) ——— m(V,p)
has the Universal Mapping Property for pushouts.]

13. Let X be a connected space (satisfying the default conditions) whose fundamental group
is finite. Prove that every continuous map from X to S! is homotopic to a constant. [Hint: Show
that the map lifts to the universal covering of S .]

14. If (X,€) is a tree, then it is said to be reduced if there are no vertices which lie on exactly
two edges.

(1) Prove that if (X, &) is a tree, then it is a subdivision of a reduced tree. [Hint: If the tree
is not reduced, why is it possible to find a new graph complex structure whose vertices are all but
one of the vertices in the original tree.]

(1) Prove that an irreducible tree with two vertices is equivalent to [0, 1] with its usual structure
as a graph complex, and prove that for each n > 4 there is a reduced tree with n vertices [Hint:
Think about a star which has rays of light coming from it.].

(7i1) Prove that there are no reduced trees with exactly three vertices. [Hint: By considering
the set of all pairs (v, E) where v is a vertex of E in a reduced tree, prove the formula

Zk‘Nk = 2e

k#2

where e denotes the number of edges and Ny denotes the number of vertices which lie on exactly
k edges; we have Ny = 0 if the tree is reduced. Explain why a tree with v vertices has v — 1 edges
and use this to conclude that the displayed equation has no solutions if v = 3.]

Popular culture footnote. In the movie Good Will Hunting, the title character is given
credit for a major mathematical advance when he solves the problem of classifying all irreducible
trees with 10 vertices. The online site

blogwillhunting.com/homeomorphically-irreducible-trees

discusses the actual mathematical significance of this problem and includes a video presentation by
a well known graph theorist.



