Solutions to Homework 5.
(1) Prove the Five Lemma:
Consider a commutative diagram with exact rows:

A f1 A, f2 As f3 A, fa As

N

B1 g1 B2 92 33 g3 B4 94 B5

and prove:

(a) [4pts] If t2 and t4 are surjective and ¢5 is injective, then t3 is surjective.
(b) [4pts] If t2 and t4 are injective and t; is surjective, then ¢3 is injective.
(c) [2pts] If ¢1,ta,ts and t5 are isomorphisms, then t5 is an isomorphism.

Proof. (a) Let bg € Bs.

= Jay € Ay with t4(as) = g3(bs) (t4 surjective)

= 9493(b3) = 0 = gats(as) = t5 fa(as)

= fa(as) =0 (t5 injective)

= Jaz € Az with f3(a3) = a4

= g3(b3 — t3(az)) = g3(bs) — gstz(az) = ta(as) — tafs(az) = ts(as) — ta(as) =0
= 3by € By with ga(bs) = bs — t3(as)

= Jag € As with ty(as) = b (t2 surjective)

Then

t3(fa(az) + az) =tz f2(az) + t3(as)
= gata(az) +t3(as)
= ga2(b2) + t3(as)
= b3 —t3(a3) + t3(as3)
= b3

(b) Let ag € Az with t3(ag) = 0.

= tafs(az) = gsts(az) =0

= f3(az) =0 (¢4 injective)

= Jag € Ay with fa(as) = as

= gat2(az) = t3fa(az) = t3(az) =0

= 3b; € By with g1(b1) = t2(az)

= Ja; € Ay with t1(a1) = b1 (t1 surjective)
= giti(a1) = g1(b1) = tafi(a1) = t2(az)

= fi(a1) = a2 (t2 injective)

= fa(az) = fafi(a1) =0=as
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