and if we compose this with the isomorphism between smooth and ordinary singular co-
homology we obtain an isomorphism from the de Rham cohomology of U to the ordinary
singular cohomology of U with real coefficients. The aim of this section is to show that
both [J] and its composite with the inverse map from smooth to ordinary cohomology is
an isomorphism for an arbitrary open subset of R". As in Section II.2, an important step
in this argument is to prove the result for open sets which are expressible as finite unions
of convex open subsets of R".

PROPOSITION 1. IfU is an open subset of R" which is expressible as a finite union
of convex open subsets, then the natural map from H}ys(U) to H} ... (U;R) and the
associated natural map to H*(U;R) are isomorphisms.

Proof. If W is an open subset in R™ we shall let 1"V denote the natural map from de
Rham to singular cohomology. If we combine the Mayer-Vietoris sequence of the preceding
section with the considerations of Section I1.2, we obtain the following important principle:

If W = U UV and the mappings Y, 1" and ¢ (U N'V) are isomorphisms, then
YUYV is also an isomorphism.

Since we know that 1" is an isomorphism if V is a convex open subset, we may prove
the proposition by induction on the number of convex open subsets in the presentation
W = ViU --- UV, using the same sorts of ideas employed in Section II.2 to prove a
corresponding result for the map relating smooth and ordinary singular homology.m

Extension to arbitrary open sets

Most open subsets of R™ are not expressible as finite unions of convex open subsets,
so we still need some method for extracting the general case. The starting point is the
following observation, which implies that an open set is a locally finite union of convex
open subsets.

THEOREM 2. IfU is an open subset of R", then U is a union of open subsets W,
indexed by the positive integers such that the following hold:

(1) Each W, is a union of finitely many convex open subsets.

(2) If |m —n| > 3, then W,, N W,,, is empty.

Proof. Results from 205C imply that U can be expressed as an increasing union
of compact subsets K, such that K, is contained in the interior of K, ; and K; has
a nonempty interior™. Define 4, = K, — Int(K,_1), where K_; is the empty set; it
follows that A,, is compact. Let V,, be the open subset Int(K,,11)— K,,_1. By construction
we know that V,, contains A,, and V,,NV,, is empty if [n —m| > 3. Clearly there is an open
covering of A,, by convex open subsets which are contained in V,,, and this open covering
has a finite subcovering; the union of this finite family of convex open sets is the open set
W,, that we want; by construction we have A,, C W,,, and since U = U,, 4,, we also have
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U =U,, W,,. Furthermore, since W,, C V,,, and V,, NV, is empty if |n — m| > 3, it follows
that W,, N W, is also empty if [n — m| > 3=

We shall also need the following result:

PROPOSITION 3. Suppose that we are given an open subset U in R" which is
expressible as a countable union of pairwise disjoint subset Uy. If the map from de Rham
cohomology to singular cohomology is an isomorphism for each Uy, then it is also an
isomorphism for U.

Proof. By construction the cochain and differential forms mappings determined by the
inclusions iy, : Uy — U define morphisms from A*(U) to the cartesian product I, A* (Uy)
and from SZ oo (U) to Iy SE o oen(Ur). We claim that these maps are isomorphisms. In
the case of differential forms, this follows because an indexed set of p-forms wy, € AP(Uy)
determine a unique form on U (existence follows because the subsets are pairwise disjoint),
and in the case of singular cochains it follows because every singular chain is uniquely
expressible as a sum Y, ¢, where ¢ is a singular chain on Uy, and all but finitely many
cx’s are zero (since the image of a singular simplex 7' : A, — U is pathwise connected and
the open sets Uy are pairwise disjoint, there is a unique m such that the image of T is
contained in Up,).

If we are given an abstract family of cochain complexes C} then it is straightforward
to verify that there is a canonical homomorphism

H* ([T Cx) — 11, H*(Ck)
defined by the projection maps
T Hk: Cy — Cj

and that this mapping is an isomorphism. Furthermore, it is natural with respect to
families of cochain complex mappings fi : Cp — Ej.

The proposition follows by combining the observations in the preceding two paragraphs™) <

We are now ready to prove the main result, which G. de Rham (1903-1990) first
proved in 1931:

THEOREM 4. (de Rham’s Theorem. ) The natural maps from de Rham cohomology
to smooth and ordinary singular cohomology are isomorphisms for every open subset U in
an arbitrary R".

Proof. Express U as a countable union of open subset W,, as in the discussion above,
and for £ = 0,1,2 let Uy = Uy, Wapqk. As noted in the definition of the open sets W,

the open sets Wi, are pairwise disjoint. Therefore by the preceding proposition and
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the first result of this section we know that the natural maps from de Rham cohomology
to singular cohomology are isomorphisms for the open sets Uy.

We next show that the natural map(s) must define isomorphisms for Uy U Uy. By the
highlighted statement in the proof of the first proposition in this section, it will suffice to
show that the same holds for Uy N U;. However, the latter is the union of the pairwise
disjoint open sets Ws,, N W3, 11, and each of the latter is a union of finitely many convex
open subsets. Therefore by the preceding proposition and the first result of this section
we know that the natural maps from de Rham to singular cohomology are isomorphisms
for Uy N U; and hence also for U* = Uy U Uj.

Clearly we would like to proceed similarly to show that we have isomorphisms from
de Rham to singular cohomology for U = Uy U U*, and as before it will suffice to show
that we have isomorphisms for Uy N U*. But Uy NU* = (Us NUy) U (U N Uy). By
the preceding paragraph we know that the maps from de Rham to singular cohomology
are isomorphisms for Uy N U, and the same considerations show that the corresponding
maps are isomorphisms for Uy N Us and U; N Us. Therefore we have reduced the proof
of de Rham’s Theorem to checking that there are isomorphisms from de Rham to singular
cohomology for the open set Uy N Uy N Us. The latter is a union of open sets expressible
as W; N W; N W}, for suitable positive integers ¢, j, k which are distinct. The only way such
an intersection can be nonempty is if the three integers i, j, k are consecutive (otherwise
the distance between two of them is at least 3). Therefore, if we let

Smo= | Wam—r N Wams1—x N Wamiak
0<k<2

it follows that S, is a finite union of convex open sets, the union of the open sets S, is
equal to UyNU;NUs, and if m # p then S,,NS), is empty (since the first is contained in W,
and the second is contained in the disjoint subset W3,). By the first result of this section
we know that the maps from de Rham to singular cohomology define isomorphisms for
each of the open sets S,,,, and it follows from the immediately preceding proposition that
we have isomorphisms from de Rham to singular cohomology for U,,, S,, = U, NU; NUs.
As noted before, this implies that the corresponding maps also define isomorphisms for U .=

Some applications

In Section 6 we shall use de Rham’s Theorem to generalize results multivariable cal-
culus on path independence for line integrals in open subsets of R? and R3. For the
time being we shall limit ourselves to verifying another result which sometimes appears in
multivariable calculus texts.

PROPOSITION 5. Suppose that U C R? is a contractible open set and F is a smooth
vector field on U whose divergence V - F is zero. Then F =V x P for some vector field P
onU.
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Proof. Given F = (Fy, Fy, F3) as in the statement of the proposition, let g be the
2-form

Fld.rz/\dﬂig + ngl‘g/\dl‘l + ngwl/\dl‘g

and note that dfg = (V- F) dzy Adzs Adxs. Therefore the divergence condition translates
into dfg = 0. Since HL» (U) = H?(U;R) by de Rham’s Theorem and the latter is trivial
by contractibility, it follows that #g = dw for some 1-form w. Expand w as >, P;dx;
and write w = wp to reflect this expansion. Then direct calculation shows that dwp is the
2-form Oy «p in the notation at the beginning of the proof. Therefore O = Oy «p, and by
construction this means that F =V x P.a

Generalization to arbitrary smooth manifolds

In fact, one can state and prove de Rham’s Theorem for every (second countable)
smooth manifold if we use Conlon’s approach to define differential forms (and related
constructions) more generally; details are given in Chapters 6-8 of Conlon. The details of
this generalization are beyond the scope of this course, so we shall only give a purely formal
method for deriving the general case of de Rham’s Theorem from the special case of open
sets in R™ and a generalization of differential forms satisfying a few simple properties.

FACT 6. The category of (second countable) smooth manifolds and smooth mappings
has the following properties:

(7) It contains the category of open sets in R™ as a full subcategory.

*

(#4) The cochain complex functors A* and S

rooth €xtend to this category, and likewise
for the natural transformation 0* : N\* —

;mooth‘
(iii) Every smooth manifold M™ is a smooth retract of some open set U C RY for
sufficiently large values of N.

Property (i) follows directly from the construction of the category of smooth mani-
folds and smooth mappings, while (i7) clearly must hold in any reasonable extension of
differential forms to smooth manifolds. Finally, (i) is an immediate consequence of the
Tubular Neighborhood Theorem for a smooth embedding of M in some RY: one reference
is Lee, Proposition 10.20, page 256.

In view of the preceding discussion, the general case of de Rham’s Theorem will be a
consequence of the following very general result:

THEOREM 7. Let A be a category, let VW C A be a full subcategory, and assume that
every object in A is an A-retract of an object in VWW. Assume further that E and F are
contravariant functors from A to the category of abelian groups and that 0 : E — F' is a
natural transformation. Then 0(X) is an isomorphism for all objects X in A if and only
if it is an isomorphism for all objects X in W .

Proof. One implication is trivial, so we shall only look at the other case in which 6(X)
is an isomorphism for all objects X in W.
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Suppose that X is an object of A, choose a retract i : X — Y, where Y is an object
of W, and let r : Y — x be such that rei = id(X). Consider the following commutative
diagram: " .
E(Y) - E(X) — E®Y)

[
F(Y) 5 FX) 25 FY)

Since i*°r* is the identity on F(X) and F(X), it follows that ¢* is onto and r* is 1-1. To
see that fx is 1-1, notice that Ox(u) = Ox(v) implies Oy r*(u) = r*0x (u) = r*x(v) =
Oy r*(v). Since Oy is an isomorphism it follows that r*(u) = r*(v), which in turn implies
u = v because r* is 1-1. To see that Ox is onto, given u € F(X) use the surjectivity of i*
to write w = ¢*(v). Since fy is an isomorphism it follows that v = fy (w) for some w, and
thus we have u = i*0y (v) = Oxi*(w)m

V.5: Multiplicative properties of de Rham cohomology

(Hatcher, §§ 3.1-3.2; Conlon, § D.3; Lee, Ch. 15)

DEFAULT HYPOTHESIS. Unless specifically stated otherwise, all cochain complexes, mod-
ules in this section are vector spaces over the real numbers, all algebraic morphisms are
linear transformations, and all tensor products are taken over the real numbers.

As in the case of simplicial cup products, the Leibniz rule for for differential forms
d(w1 /\(A.)Q) = (dwl) N wo + w1 A d(WQ)

implies that the wedge of two closed forms is closed and the wedge of a closed form with
an exact form is exact. Consequently there is a well defined (bilinear) cohomology wedge
product

Hpg (M) ®r Hbg (M) — HERI(M)

sending [w] @ [A] to [w A 0] (where w and 6 are closed forms). It follows imeediately that
this product makes the de Rham cohomology of a smooth manifold into a graded algebra
and this structure is functorial. Since the de Rham and singular cohomology groups of a
smooth manifold are isomorphic, it is natural to ask if the wedge product and cup product
correspond under the isomorphism in de Rham’s theorem, and it turns out that this is
the case. We shall not give all the details of the argument; the references mentioned at
appropriate points contain the omitted steps. Our approach will involve some explicit
constructions involving simplicial chains and cochains which are taken from Eilenberg and
Steenrod and also from the following classic text (which we shall simply call Homology):

S. MacLane. Homology (Reprint of the first edition). Grundlehren der math-
ematischen Wissenschaften Bd. 114. Springer-Verlag, Berlin-New York, 1967.
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LEMMA 1. Let A be a p-simplex in R" with vertices ag, --- ,ap, and let B be a
p-simplex in R™ with vertices by, --- ,b,. Then there is a simplicial decomposition of
A x B C R"™ x R™ such that every point likes on at one (p + ¢)-simplex and an arbitrary
(p + q)-simplex of the decomposition has vertices

(aim bjo)’ R (aierq’ bijrq)

where iy > iy+1, ji > jiy1 for all t and exactly one of these two inequalities is strict for each
t.

For future reference, we note that the vertices of this decomposition for A x B have
a standard lexicographic ordering obtained from the given orderings for the vertices of A
and B.

Lemma 1 is a special case of the construction appearing in Section I1.8 of Eilenberg
and Steenrod.m

We shall also need an explicit singular (in fact, simplicial) chain
X(p,a) € Cpig(Ap xAg) C Spig(Ap X Ag)

defined on page 243 of Homology. This chain contains plus or minus each of the affine
ordered simplices mentioned in Lemma 1, and the sign is that of det T, where T, is the
unique affine map sending the vertices of A1, monotonically to those of the (p+¢)-simplex
a C Ay x A, (the assertion about signs requires a little work). The choice of signs leads
to the following result:

LEMMA 2. Let f be a smooth real valued function defined on an open neighborhood
of Ay x Ay CRP x R?. Then

/ fydat = / fydtt n --- AdtPTe
ApxAqy X(p,q)

where the left hand side is the usual Riemann or Lebesgue integral and the right hand side
is the differential forms integralm

Again turning to page 743 of Homology, we see that there is a natural chain trans-
formation
v Ssmooth(M) ® Ssmooth(N) Ssmooth(M % N)

such that if M and N are open neighborhoods of A, and A, in R” and R? respectively and
0% : Ay — R¥ is the standard inclusion, then Y(op @ 0q) = X(p,q); in fact, the map v is an
explicit chain inverse to the Alexander-Whitney map (see pages 743-744 of Homology).

NOTATIONAL CONVENTIONS. Given forms w € AP(M) and 7 € AY(N), the external
wedge w x 1 € APT4(M X n) is equal to

(p]\#/[w) A (p]\#/[w) € APYY(M x N) .
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In coordinates, if w = f(z)dx' A -+ AdzP and n = g(y)dy' A -+ Ady9, then
wxn = f(x)gly)da' A - NdzP Ndy' A - AdyT

Given a chain complex S,, a commutative ring with unit R, and cochains f : S, — R,
g:Sq — R, define the map fixg: S5, ® 5, = R by the formula

fgluev) = f(u)-g(v).

We can now state and prove a key fact relating the cross product in singular cohomology
and the external wedge product in de Rham cohomology.

PROPOSITION 3. The following diagram is commutative:

AP(M) @ AN(N) =5 APTY(M x N)
leM ® 0N laMxN
5P oot (M) @ S (N)  — SPHL (M x N)
IS LGlIs, @8,
[Sp @ Sql* = [Sp ® Sql*

In this diagram W* denotes the dual space to the vector space W .

Proof. By the naturality properties of the constructions in the diagram, it suffices
to consider the case in which M and N are open neighborhoods of the simplices A,
A, € RP,R? and to evaluate both composites applied to a tensor product of forms w®n on
the universal example ¢, ® 0,. Assume w and 7 are given as in the notational conventions.
Then the value of the composite i ° (0 ® On) °(w ® n) at 0, @ 0, is equal to

/ap ° /a T /A fw)de - /A 9(y)dy = /Aprq f(@) - g(y) dvdy

(the last equation follows from Fubini’s Theorem). By Lemma 2, the last integral in the
display is equal to

[ t@ewdsta ond = [ wxy
X(p.a) X(p.a)

and by definition the latter is equal to
(71Sp @ Sg) °Orrxn°(w®n) evaluated at o, ® 0

which is what we wanted to prove.s

The next result is nearly as important as the previous one for relating the cup and
wedge products.
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PROPOSITION 4.  Suppose that r +t = p + q but (s,t) # (p,q). Then (v|S, ®
Si)*0(w®n) =0.

Proof. Again by naturality it suffices to consider the case where M and N are open
neighborhoods of the simplices A, A; € R”,R" and to evaluate at ¢, ® o;. The hypothesis
implies that either » < p or ¢t < q. Since dim M = r and dim N = ¢, it follows that either
AP(M) or AY(N) is trivialm

The preceding results give us a cochain level formula relating the cross and external
wedge products (and thus also for the cup and ordinary wedge products).

PROPOSITION 5. In the setting above, let ¢ : S, (M x N) — S, (M) ® S«(N) be the
Alexander-Whitney map. Then 0y (w) x On5(n) = *ey* O« n(w x n).

Proof. The left hand side is equal to ¥*°p(p, q)°0n ® On(w @ 1), where p(p, q) projects
[Sgmeoth (M) @ S5m0 (N)],4q onto the direct summand S5met (M) @ Sgmeoth(N). By
Proposition 4 the composite ¥* °y* 20« n (wxn) is equal to p(p, ¢)* ° (7|Sp®Sy)* *Orrx N (WX}
1), and therefore 057 (w) X On(n) = V* °v* °Opr« y(w X ) by Proposition 3.

We can now state and prove the main result of this section:

THEOREM 6. Let§: Hj\z (M) — H*(M) be the isomorphism in de Rham’s Theorem,
and let w and 1 be closed forms on M. Then 0y ([w] A [n]) = Oa([w]) U Ons([0)])-

Proof. Let M = N in the preceding discussion, and let Ay, : M — M x M be the
diagonal. Applying the cochain mapping Aﬁ to the right hand side of the equation in
Proposition 5, we get 6y (w) U Ops(n) on the cochain level. Applying Aff to the left hand
side, we get Aﬁj cp* ey e fprypr(w X m). Since e is chain homotopic to the identity (y
is a a chain homotopy inverse to 1), the conditions dw = dn = 0 imply that

Ve o Oym(wxn) = Opsxm(wxn) + dz for some 2z .
Therefore we have
O (w)UOM(n) = AY Orwn(wxn) + 62) =

On "A?@(w xn) + (SAf\fIz = Ou(wAn) + 6A7&z
where the last equation follows because w A n = Af& (w x n). This means that if w and 7

are closed forms, then the closed forms 0p;(w A7) and 0pr(w) U6a(n) determine the same
singular cohomology class.m

V.6: Path independence of line integrals
(Conlon, § 8.2; Lee, Chs. 11, 16)
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